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Motivation: Why real time?

CR:T%

Study QCD phase diagram through heavy-ion collisions:
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Figure adapted from C. S. Fischer, Prog. Part. Nucl. Phys. 105, 1 (2019)

Figure from
MADAI collaboration

Fireball passes critical point:

Critical slowing down ~
System falls out of equilibrium

* non-perturbative

- off-equilibrium

~ proper description needs
genuine real-time methods
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Outline cncﬁﬁ

1. The Schwinger-Keldysh contour
2. Renormalization in Minkowski spacetime
3. Field theory applications
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The Schwinger-Keldysh contour



The Schwinger-Keldysh contour cncﬁﬁ

von Neumann equation: z’d— p(t) =H(t), p(t)] (Schrédinger picture)

- formal solution: p(t) = U(t, —00)p(—o0)U(—00,t)

Ul(t,tg) = T exp {—i /t dt’H(t’)}
- expectation value of observable: ¢

<O(t)> — tr (U(_OO’ tzgij_(f;o;oo)p(_oo)) (Heisenberg picture)
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The Schwinger-Keldysh contour cncﬁﬁ

von Neumann equation: z’d— p(t) =H(t), p(t)] (Schrédinger picture)

- formal solution: p(t) = U(t, —00)p(—o0)U(—00,t)

Ul(t,tg) = T exp {—z‘/t dt’H(t’)}
- expectation value of observable: ¢

<O(t)> — tr (U(_OO’ tzgoij_(i’o;m)p(_oo)) (Heisenberg picture)
extend evolution to t = +oo _ tr (U(—OO, —I—OO)U(—I—QQ, t)OU(t’ —OO),O(—OO))
tr p(—o0)
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The Schwinger-Keldysh contour cncﬁﬁ

von Neumann equation:  i—p(t) = [H(t), p(t)] (Schrédinger picture)

- formal solution: p(t) = U(t, —00)p(—o0)U(—00,t)

Ul(t,tg) = T exp {—z‘/t dt’H(t’)}
- expectation value of observable: ¢

<O(t)> — tr (U(_OO’ tzgoij_(i’o;m)p(_oo)) (Heisenberg picture)
extend evolution to t = +oo _ tr (U(—OO, —I—OO)U(—I—QQ, t)OU(t’ —OO),O(—OO))
tr p(—o0)

measure (O(t))

Figure taken from A. Kameneyv, Field Theory of Non-Equilibrium Systems (Cambridge University Press, 2011)
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The Schwinger-Keldysh contour cncﬁﬁ

Partition function:

tr [U (=00, +00)U(+00, —00) p(—0)]

g tr p(—o0)

=1

Suzuki-Trotter decomposition along contour  (here for scalar field theory)

~  Z= | Dt Dy ST 6]
PO

Keldysh action: path-integral description
of non-equilibrium systems

5= / (C(6F) — L(67))

(requires doubling number of fields
in comparison to Matsubara formalism)
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The Schwinger-Keldysh contour cncﬁﬁ

Partition function:

tr [U (=00, +00)U(+00, —00) p(—0)]
tr p(—o0)

A =1

Suzuki-Trotter decomposition along contour  (here for scalar field theory)

~ Z= | Dt Dy ST 6]
PO

initial state

Keldysh action: path-integral description
of non-equilibrium systems

5= / (C(6F) — L(67))

(requires doubling number of fields
in comparison to Matsubara formalism)
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The Schwinger-Keldysh contour cncﬁﬁ

Partition function:

tr [U (=00, +00)U(+00, —00) p(—0)]

g tr p(—o0)

=1

Suzuki-Trotter decomposition along contour  (here for scalar field theory)

~  Z=| Dt Dp ST 6]
PO

initial state non-equilibrium dynamics

Keldysh action: path-integral description
of non-equilibrium systems

5= / (C(6F) — L(67))

(requires doubling number of fields
in comparison to Matsubara formalism)
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The Schwinger-Keldysh contour cncﬁﬁ

Partition function:

tr [U (=00, +00)U(+00, —00) p(—0)]
tr p(—o0)

A =1

Suzuki-Trotter decomposition along contour  (here for scalar field theory)

~ (0)= [ Dyt Dy 00
PO

initial state non-equilibrium dynamics

Keldysh action: path-integral description
of non-equilibrium systems

S=/Kﬂ¢ﬂ—£@ﬂ)

(requires doubling number of fields
in comparison to Matsubara formalism)
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The Schwinger-Keldysh contour

Which correlation functions can we access?

both times on forward (+) branch:

t t Ct
b o — « @ . -

t N . ) . . .
o

G () = i(Te(t)o(t') = G (¢, 1)

time ordered

CR:T%
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The Schwinger-Keldysh contour cncﬁﬁ

Which correlation functions can we access?

times on different branches:

lesser/greater
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The Schwinger-Keldysh contour cncﬁﬁ

Which correlation functions can we access?

both times on backward (-) branch:

G~ (t,t') = i(THp(t)p(t')) = G (t, 1)

anti-time ordered
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The Schwinger-Keldysh contour cncﬁﬁ

not independent:

GT(t,t) + GT(t,t) — G (t, 1)) — G<(t,t') = 0

- exploit through Keldysh rotation
— two popular conventions ~

Clpy — * E 1
=5 @O+ o(t) = 5 (67 (1) + 6™ (1)
1 ~
¥t = 7 (67 (1) — o~ (1) ot)= ¢t (1) — o (1)
‘rotate’ propagators:

Gt (t,t") G=(t,t) GE(t,t) GE(t,t)
<G><t,t'> G%t’)) ~ <GA<t,t’> 0 )

greater anti-time ordered advanced
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The Schwinger-Keldysh contour cncﬁﬁ

after Keldysh rotation: manifest
statistical/distribution function retarded propagator
G* (t,t") = i{{o(t), ¢(t)}) GT (1) = i0(t — t'){[6(t), p(t")])

advanced propagator

GA(t,t") = i0(t' — t){[o(t"), o(t)])

System can only respond after source is applied!
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(Functional) renormalization in Minkowski spacetime




Functional RG (flow) equations cncﬁﬁ

Wilson: introduce infrared cutoff to suppress fluctuations with p < k

ASk [qb] = %/ , qu(.CC)Rk(.CE,ZIZ/)qb(ZE‘/) ¢ — (¢C, ¢q)T (scalar field theory)

Integrate fluctuations ‘momentum shell by momentum shell’

I'[
7 rk ] ° ] Typical form:
k—0 % k=A T
k-ok k
IR uv - |

yelli :

) —1 ) B d/dt) R 7
e O A

(exact ‘flow’ equation) 2

k R B
First derived by K \ |
C. Wetterich, Phys. Lett. B 301 (1993) 90-94 kz p
Real time: p
J. Berges, D. Mesterhazy, Nucl. Phys. B Proc. Suppl. 228 (2012) 37-60 Figure taken from H. Gies, Lect. Notes Phys. 8562 (2012) 287-348
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Regulators in Minkowski spacetime? cncﬁ%

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually easy: Conceptually intricate:
integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality timelike momenta?

causal structure of propagators?
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Regulators in Minkowski spacetime? cncﬁ%

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually easy: Conceptually intricate:
integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality timelike momenta?

causal structure of propagators?

Find: Frequency-dependent regulators
usually violate
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Regulators in Minkowski spacetime? cncﬁﬁ

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually easy: Conceptually intricate:
integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality timelike momenta?

causal structure of propagators?

Find: Frequency-dependent regulators ~ General construction scheme
usually violate which guarantees causality?
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy
- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part ‘spectral density’

(trivially causal)
\ J(w, p) = 2Im Ry} (w, p)

R/A *_R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

* Interpret as coupling to fictitious heat bath QM example (Caldeira-Leggett model)
(Hubbard-Stratonovich transformation):

g2 (k) - (e
o Tk(w) =Y s (0w = w (k) = 8+ ws(R) —

encodes spectrum of bath oscillators AH — Z

- Physical only for positive-semidefinite
spectral densities Ji(w,p) >0 (w > 0)
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QM example for causal regulator cncﬁﬁ

R/JA, \  -R/A > dw’ 2w Ji (W) : ), N2 D R
R (w)=R,"(0) —/0 o (o £ ie)2 — ) in 'Y (w) = (w+ie)” —m” + Ry (w)
- spectral density: ~  Regulator (retarded part):

negative mass shift!
Ji(w) = 2kw e~ /¥ = 21m Rl (w)
\06
- assume UV finiteness: el | \
m[Rk(w)/k?] _

R/A *dw Jp(w')
AMEy () = —RUA0) + [ SEAE Lo

N ~ J E ~
>0 (positivity) ‘4\ /

= IR mass shift:

AM:s(k) = —R,f/ 40) <0 s negative! 6

Solution: choose IR mass shift AM7,(k) > 0 positive (at cost of UV finiteness)
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Regulator trinity in real-time FRG flows cncﬁﬁ

requires invariant spectral distribution & momentum-independent mass shift

Ji(w,p) = 27 sgn(w) 0(p%) Jo(0?),  AME(p) = AM?

Lorentz
invariance

requires vanishing spectral
density and mass shift in the UV

Ji(w,p) — 0 for w — oo

AMZ(p) — 0 for p — oo

Figure adapted from arXiv:2206.10232 (fQCD collaboration)

Johannes Roth Real-time FRG and critical dynamics Maynooth



Regulator trinity in real-time FRG flows cncﬁﬁ

requires invariant spectral distribution & momentum-independent mass shift

Ji(w,p) = 27 sgn(w) 0(p%) Jo(0?),  AME(p) = AM?

Lorentz
invariance

requires vanishing spectral

density and mass shift in the UV 2% e.g. 0&’ \g@ ;epqetgtrreasl Sgﬁg:,;/ye -semidefinite
‘9@ Rk(p)=k2r(x3) \() Oé\\'
Ji(w,p) = 0 for w — ¢ Q Ji(w,p) >0 for w>0

AMZ(p) — 0 for p — oo

Figure adapted from arXiv:2206.10232 (fQCD collaboration)

Johannes Roth Real-time FRG and critical dynamics Maynooth



Regulator trinity in real-time FRG flows cncﬁ%

requires invariant spectral distribution & momentum-independent mass shift

Ji(w,p) = 27 sgn(w) 0(p%) Jo(0?),  AME(p) = AM?

Lorentz invariance & Finiteness Lorentz invariance & Positivity

Lorentz
in conflict with ~ Positivity invariance in conflict with ~ Finiteness

;eeqnlgitesa\;]admshmg shpfetc_traj[llh WY & requires positive-semidefinite
'ty aht mass shiftin the K - D spectral density

Ji(w,p) — 0 for w — oo R Ji(w,p) >0 for w>0
AMZ(p) — 0 for p — oo

. e . JR, von Smekal, arXiv:2303.11817
Finiteness & Positivity

in conflict with ' Lorentz invariance

Figure adapted from arXiv:2206.10232 (fQCD collaboration)
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Field theory applications: Critical dynamics



Observable: Spectral function cncﬁﬁ

Commutator of interacting fields (here order parameter):

= — / it ™! / dz i([(t, ), $(0,0)])

free fields (stable particle):

p(w)
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Observable: Spectral function cncﬁﬁ

Commutator of interacting fields (here order parameter):

= — / it ™! / dz i([(t, ), $(0,0)])

finite lifetime:

p(w)

A @ﬁzy
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Observable: Spectral function cncﬁﬁ

Commutator of interacting fields (here order parameter):

= — / it ™! / dz i([(t, ), $(0,0)])

two-particle thresholds:
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Critical spectral functions cncﬁﬁ

Commutator of interacting fields (here order parameter):

= — / it ™! / dz i([(t, ), $(0,0)])

— O

- typically at criticality: p(w) ~ w
- scaling exponent: 0 = (2 —1n)/z

- related to dynamic critical exponent z: & ~ &° critical slowing down

/ AN

correlation time correlation length

- 2 determined by dynamic universality class
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static Z2 Ising
universality class

Model A / \ Model H

No conserved quantities Order parameter conserved
No Poisson brackets Poisson bracket {¢, 7} with shear modes
Model B Model C
Order parameter conserved Conserved energy density
No Poisson brackets No Poisson brackets
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static Z2 Ising
universality class

Model A / \ Model H

No conserved quantities Order parameter conserved
No Poisson brackets Poisson bracket {¢, 7} with shear modes
Model B Model C
Order parameter conserved Conserved energy density
No Poisson brackets No Poisson brackets

Dynamic universality class of QCD'’s critical endpoint!
Son and Stephanov, Phys. Rev. D 70, 056001 (2004)
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static Z2 Ising
universality class

Model A / \ Model H

No conserved quantities Order parameter conserved
No Poisson brackets Poisson bracket {¢, 7} with shear modes

<

Model B Model C
Order parameter conserved Conserved energy density
No Poisson brackets No Poisson brackets

< <

Dynamic universality class of QCD'’s critical endpoint!
Son and Stephanov, Phys. Rev. D 70, 056001 (2004)

Johannes Roth Real-time FRG and critical dynamics Maynooth



Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static Z2 Ising
universality class

Model A / \ Model H

No conserved quantities Order parameter conserved
No Poisson brackets Poisson bracket {¢,7} with shear modes

<

Model B Model C
Order parameter conserved Conserved energy density
No Poisson brackets No Poisson brackets

< <

Dynamic universality class of QCD'’s critical endpoint!
Son and Stephanov, Phys. Rev. D 70, 056001 (2004)
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Dynamic universality classes CRC-TR2n

Consider classical ¢*-theory with Landau-Ginzburg-Wilson
functional

equilibrium distribution:

F = /ddx {%(69@)2 + V() } P[] ~ e PF

- and Langevin equations of motion

) SF
8t © + ”yatgp = — 5— + f v\ describes particle submerged in heat bath
Y Gaussian white noise

 No conservation laws here! ~ Model A

- Slow modes determine critical dynamics

Image taken from P. Mérters, Y. Peres, Brownian Motion
(e.g. densities of conserved quantities) (generally true) (Cambridge University Press, 2010)
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Dynamic universality classes cncﬁﬁ

. Model B
Consider classical ¢*-theory with Landau-Ginzburg-Wilson ﬂ z=4-n
functional -
, equilibrium distribution:
1 =
F= [dts {50002+ Vio) + Bon + 1 | Plo.n] ~ o OF
0

- and Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Critical dynamics dominated by diffusion ~ Model B

* Include hydrodynamic shear modes of energy-momentum tensor
~ Model H
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Dynamic universality classes cncﬁﬁ

Consider classical ¢*-theory with Landau-Ginzburg-Wilson
functional

equilibrium distribution:

l = n?
P fae {5002 +ve) w2 o] Ployn] ~ ¢~ OF

- and Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Order parameter not conserved but interacts non-linearly with
conserved (energy) density ~
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Critical dynamics - truncation cncﬁﬁ

1PI vertex expansion around scale-dependent minimum ¢o:

- effective average action: - flow of 2-point function:

o 1 c c 0 ch(x,x’) ¢C_¢(C),k qc "N = _j
te=g [0 =050, (g thiren) (O o), omte0=t L e A e

B [ e Zge V2oa — 2 [ ise _ge V3 g
RGO Y RS t %
generate non-local power-law + 5 > +

expand 2-point function in spatial gradients,

behavior in spectral function T ox
but keep full frequency dependence: X X /
Ii(w,p) = Tg% (W) — Zyp* + -+ | | |
059w, p) = T (w) — ZEp? + -+ interaction” with scale-
o dependent minimum

Df(w,p) = = (T5,(w) — T (@)

- flow of effective potential: - flow of couplings to density: (Model B)

I
p V’( )= vanish!
kVi\p NG Q (coupling is linear ~ mixing)

use for squared mass and quartic coupling

for color coding and diagrammatic conventions, see
S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020)
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Critical dynamics — truncation CRC-TR2n

1PI vertex expansion around ¢ = O:

- effective average action: - flow of 2-point and 4-point functions:
—1 q 0 ch(xaxl) ¢C
L 2 / (9% ¢ ) (Fqc(x x') F]iq(x,l’/)) <¢q) " i 5quc(x X)=——

52 / 9 an (g, 2) ¢ (') g7 (2 ) + Q ‘ ) ;;
oV, " (x, x)——l
/ 6% ()¢ (@) VEA (, ') (2 4 (o) —y :

expand 2- and 4-point functions in spatial gradients, _ _
but keep full frequency dependence: - flow of couplings to density: (Model C)

[ (w,p) = T8% (w) — Zip® + q
[y (w,p) = Toh(w) — Zip? +
qu 2 qc cq o i
i (W, p) = W (Fo,k(w) - Fo,k(w )
Ve w,p) = Vo (@) + VI 0)p® + !
)

for the QM case, see
S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020)
JR, D. Schweitzer, L. J. Sieke, L. von Smekal, Phys. Rev. D 105, 116017 (2022)
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spectral function p(w) / MeV-2

Results for critical spectral functions CRC-TR2n
_ 2 —
p(w) ~w™ 7 with o= !
z
1010

10° % mean field, o=1 —1=0 --1=0 o b - mean field, o=1 —1=0

ool 1=00043- -7=00022 0| 1 =0.0022
i —1=003 --71=0028 108 - o 8:832
10% - —1=0.094 --71=0.092 0t ——1=0.28
102: —1=029 --1=0.28 -
B 102,

100: 100:

10'2: 10_2:

10_4: 10_4:

1070 - \\ 10°

10-8 \ A 1078 | | | |

10710 107 100 107" 10710 107° 10°

w / MeV w / MeV
d = (zero momentum)
2z~ 2.042 (dashed) 2z~ 2.31
2~ 2.030 (solid)

Johannes Roth

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817

Real-time FRG and critical dynamics

Maynooth



Results for critical spectral functions cncﬁﬁ

. Model B E
z=4-n

|

T =-0.356

(non-critical)

spectral function p(w, p) / MeV-2

lp| /MeV  107°

10710

10—10

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Results for critical spectral functions cncﬁﬁ
' Model B
“ z=4-n

T =-0.0021

(near criticality)

spectral function p(w, p) / MeV-2

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Results for critical spectral functions cncﬁﬁ

1 IG: Sl B
}‘ z=4 ;;__J

10°

T=0
(critical)

107°

spectral function p(w, p) / MeV-2

10710

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Results for critical spectral functions cncﬁﬁ

N . Model B
o }‘ z=4-n
S —
2
z 3
w ~ |p] 3
S 10°
z=4 : |
(here) = - T=0
5 (critical)
7]

' 10—10

lp| /MeV  107°

10710

Universal scaling functions:
Model A, C: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 960, 115165 (2020)
Model B, BC: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 984, 115944 (2022)

[reduced temperature 7 = (T — T¢)/T{]

JR, L. von Smekal, arXiv:2303.11817
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Summary & Outlook cncﬁﬁ

Summary:

- causal regulators for real-time FRG JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

It i JR, von Smekal, arXiv:2303.11817
- critical spectral functions of Models A, B and C von smekal, s

Outlook:

- dynamic critical exponent & scaling functions of Model G
. real-time dynamics of Model H JR, Schlichting, von Smekal, Ye, in preparation
- new dynamic scaling functions

- non-equilibrium phase transitions (Kibble-Zurek scaling)

Thank you!
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static O(4)
universality class

\4

Model G
Order parameter ¢ not conserved
Conserved isovector and isoaxial charges n
Non-vanishing Poisson brackets {¢, n}, {n, n}
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static O(4)
universality class

v EEE

Model G Dynamic universality class of

Order parameter ¢ not conserved
Conserved isovector and isoaxial charges n
Non-vanishing Poisson brackets {¢, n}, {n, n}

QCD’s chiral phase transition
in chiral limit

Rajagopal and Wilczek,
Nucl. Phys. B 399 (1993) 395-425

Johannes Roth Real-time FRG and critical dynamics Maynooth



Dynamic universality classes cncﬁﬁ

Static universality classes split up into classified into ‘Models’:
dynamic universality C|aSSGS: Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)

Static O(4)
universality class

v EEE

Model G Dynamic universality class of

Order parameter ¢ not conserved
Conserved isovector and isoaxial charges n
Non-vanishing Poisson brackets {¢, n}, {n, n}

Rajagopal and Wilczek,
Q Nucl. Phys. B 399 (1993) 395-425

QCD’s chiral phase transition
in chiral limit
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Dynamic universality classes CRC-TR2n

' Model
Consider classical O(NV)-theory with Landau-Ginzburg-Wilson ﬂ z=d/2
functional f , -

equilibrium distribution:

F _[{;(az¢a)(8z¢a) ¢a¢a - —(¢a¢a) + 1nabnab} P[Sp,n] ~ e P

- N-component order parameter ¢q(x) N = 3: Heisenberg antiferromagnet
(not conserved, staggered magnetization)
\/v A v 4 v Aoy by
20K JUR 2NE SR 2R K A |
A v 4 v Aoy by
+ N(N-1)/2 densities of charges nap(z) Antiterromagnetic order, & # 0

(conserved, magnetization)

can be non-zero due to fluctuations:

A T O IR R R e R RO LR R Bt

magnetization!
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Dynamic universality classes cncﬁﬁ

. Model G
Consider classical O(NV)-theory with Landau-Ginzburg-Wilson ﬂ z=d/2
functional f , -

equilibrium distribution:

1 _. : 2 A 1
F = /a‘:’ {2(az¢a)(8z¢a) + %¢a¢a T m(¢a¢a)2 + 2Xnabnab} P[gp, n] ~e PF

- equations of motion:

D¢ S5F 5F
N-component a __
order parameter: Ot o FO 5¢a + g[¢a> nbc] 5nbc + Ha
N(N-1)/2 charge densities:  On =0 )F )F )F S5 o
(Generalized angular = vV + g|nab, Pc + g|Nabs Ned + V- Cab
molrienta) ) ot K 0N qb [ ] 5§bc [ ] 0Ned

Charge densities (on operator level):

~ Calculate Poisson brackets:
0 0 _ _
Ngp = Qbaagbb _ beagba [Qbay nbc] — ¢b5ac ch(sab
[naba ncd] — _5adnbc — 5bcnad + 5acnbd + 5bdnac
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Dynamic universality classes cncﬁﬁ

. Model G
Consider classical O(NV)-theory with Landau-Ginzburg-Wilson ﬂ z=d/2
functional f , -

equilibrium distribution:

1 _. : 2 A 1
F = /a‘:’ {2(az¢a)(8z¢a) + %¢a¢a T m(¢a¢a)2 + 2Xnabnab} P[gp, n] ~e PF

- equations of motion:

D¢ 5F 5F
N-component a __
order parameter: Ot o FO 5¢a + g[¢a> nbc] 5nbc + Ha
N(N-1)/2 charge densities:  On = )F )F )F S5 o
(Generalized angular = vV + g|nab, Pc + g|Nabs Ned + V- Cab
molrienta) ) ot ! 0N qb [ ] 5§bc [ ] 0Ned

Charge densities (on operator level):

~ Calculate Poisson brackets:
0 0 _ _
Ngp = Qbaagbb _ beagba [Qbay nbc] — ¢b5ac ch(sab
[naba ncd] — _5adnbc — 5bcnad + 5acnbd + 5bdnac
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Dynamic universality classes cncﬁﬁ

. Model G
Consider classical O(NV)-theory with Landau-Ginzburg-Wilson ﬂ z=d/2
functional f , -

equilibrium distribution:

1 _. : 2 A 1
F = /a‘:’ {2(az¢a)(8z¢a) + %¢a¢a T m(¢a¢a)2 + 2Xnabnab} P[gp, n] ~e PF

- equations of motion:

5o 5F 5F
N-component a __
order parameter: Ot o FO 5¢a + g[qbaa ’nbc] 5nbc + Ha
N(N-1)/2 charge densities:  O1, 4 ~o OF OF OF - o
(Generalized angular = vV + g|ngp, Oc + g|Mab, Ned + V - Cab
molnz1enta) ) ot ! 0N qb [ ] 5§bc [ ] 0Ned

reversible mode couplings
(Poisson brackets!)

Charge densities (on operator level):

~ Calculate Poisson brackets:
0 0 _ _
Ngp = ¢aa¢b _ beagba [Qbay nbc] — ¢b5ac ch(sab
[naba ncd] — _5adnbc — 5bcnad + 5acnbd + 5bdnac
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Dynamic universality classes cncﬁﬁ

. Model G
Consider classical O(NV)-theory with Landau-Ginzburg-Wilson ﬂ z=d/2
functional f , -

equilibrium distribution:

| : 2 A 1
F = /f {2(az¢a)(8z¢a) + %¢a¢a + m<¢a¢a)2 =+ 2Xnabnab} P[QO, n] ~ e_ﬂF

- equations of motion:

Ho 5F 5F
N-component a __
order parameter: ot _ FO 5 qba, + g [Qbaa nba] 5nbc + ‘9a
N(N-1)/2 charge densities:  On = OF OF OF S o
(G lized | = vV + Naby, Pc + Naby Ned + V. ab
cneralzed anauar g = UV gy et Oel g glab neal 5o VG

reversible mode couplings

thermal noise
(Poisson brackets!)

Charge densities (on operator level):

~ Calculate Poisson brackets:
0 0 _ _
Ngp = ¢aa¢b _ beagba [Qbay nbc] — ¢b5ac ch(sab
[naba ncd] — _5adnbc — 5bcnad + 5acnbd + 5bdnac
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Structure of reversible mode couplings cncﬁﬁ

Simpler example: O(2) model (e.g. planar antiferromagnets)

0da N SF
Order parameter "= — _T° s _ 0@
ot 055, T Ilbamlz s+
Magnetization _ 27" .
(conserved) 015 fyv 5m -+ g[ma ¢a] 5¢a T v C

Verify: eom’s symmetric under displacement of m &
corresponding precession of ¢

m(t, ) — m(t,Z) + dm
g
Larmor frequency: W — =om

b(t, T) — €<t h(t, T) X

here ¢ = ¢1 + i exact symmetry! ~ Ward identities
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Structure of reversible mode couplings cncﬁﬁ

Simpler example: O(2) model (e.g. planar antiferromagnets) h = g—z

OF OF

o
Order parameter "= — _T° s _ Ha
ot O5gba + 9190, ™) om i
- om S5 OF oF = -
Magnetization _ 2 .
(conserved) 815 fyv 5m -+ g[ma ¢a] 5¢a =+ v C

~
---------

Larmor precession

Verify: eom’s symmetric under displacement of m &
corresponding precession of ¢

m(t, ) — m(t,Z) + dm
g
Larmor frequency: W — =om

b(t, T) — €<t h(t, T) X

here ¢ = ¢1 + i exact symmetry! ~ Ward identities
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Results for dynamic scaling behavior CRC-TR2n

' Model G

Dependence of dynamic critical Diffusion coefficient of isovector S — o/

exponent on spatial dimension: and isoaxial charges:

D, (p,7) = 82_ZDn(sp, 31/”7)

_ Rajagopal and Wilczek,
& = 9 Nucl. Phys. B 399 (1993) 395-425

— z=d/2
1 I Extration of z with kinetic coefficient -
| Extration of z with yp(k, T,)/k?

“[_  Extration of z with Dp(p, T;)

— D, (p,T) ~ 7'_’/(2_2)[,(7_”]3)

d=3 p=fTp

=
~

=
[0)]
1

log(DoL(p(7)))

dynamic critical exponent z
= =
> U1

=
W
1

2f6 2i8 3f0 3i2 3f4 —I5 (I) é 1|0 1|5
Spatial dimension d log p&(7)

described by

. ) N
confirmed non-perturbatively! for different reduced temperatures T,

JR, S. Schlichting, L. von Smekal, Y. Ye, in preparation
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