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Back „ 40 years

— |hppqy: hadron state˚, p “ pEhppq,pq

— xhppq|T µνpxq|hppqy “ pµpν{Ehppq, T µνpxq: en.-mom. tensor

— xhppq|T µµ pxq|hppqy “ pµpµ{Ehppq “ M2
h{Ehppq

— Take mlight “ 0 and mheavy “ 8 in QCD Lagrangian:

Classical action is scale invariant: xµ Ñ λxµ

Conserved current: BµJ
µ
Dpxq “ 0 where JµDpxq “ xν T

µνpxq

Since BµT
µνpxq “ 0 Ñ BµJ

µ
Dpxq “ 0 Ñ T µµ pxq “ 0 ñ Mh “ 0

˚Normalized such that expectation value of T 00 gives the hadron energy
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Back „ 40 years - cont’d

The quantum action IS NOT scale invariant: g reg.
ÝÝÑ gpµq

Mp “
βpgq

2g
xp|Ga

µνG
aµν

|py `
ÿ

l“u,d,s

xp|mlp1 ` γmlqq̄lql|py

ŕ

ő

ŕ

ő

» 860 MeV » 80 MeV pHiggsq

βpgq » ´b
g3

16π2
, b “ 11 ´

2nl
3

(heavy quarks integrated out)
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Matter distribution in the proton

Most of proton’s mass: trace of the gluonic part of the EMT xp|T |py:

xp|T |py where T “
βpgq

2g
Ga
µνG

aµν

How is this mass distributed in the proton? Off-forward matrix element:

xp1
|T |py

Need a probe for the EMT: gravitational form factors (GFF)

Presently impossible with gravitational probes

Alternative: quarkonium-nucleon scattering
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Proton GFFs˚

xp1|Tµνp0q|py „ upp1q

„

G1pq2q pPµγν ` Pνγµq `G2pq2q
PµPν
Mp

`G3pq2q
q2gµν ´ qµqν

Mp

ȷ

uppq

Pµ “ 1{2pp` p1qµ, qµ “ pp´ p1qµ, q2 “ t “ pp´ p1q2, p2 “ p12 “ M2
p

Off-forward matrix element:

xp1|T |py “ 2MpGptq, Gp0q “ Mp, xr2my “
6

Mp

dGptq

dt

ˇ

ˇ

ˇ

ˇ

t“0

Gptq “ G1ptq `

˜

1 ´
t

4M2
p

¸

G2ptq `
3t

4M2
p

G3ptq

˚ H. Pagels (1966)
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Experimental extraction

Threshold J{ψ photoproduction˚

Vector-meson dominance
+

Multipole expansion

AγpÑJ{ψpptq „ xp1|T |py

˚Kharzeev(2021)
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J{ψ ´ 007 experiment @ JLab

Kharzeev (2021): Gptq ”
1

p1 ´ t{m2
sq

2 , xr2my “ 12{m2
s

a

xr2my “ 0.52 ˘ 0.03 fm
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Electro- and photoproduction @ JLab, EIC, EicC

Issues:
— Require extrapolation due to high-momentum threshold,

?
´tthr. » 1.5 GeV2

— Need models:

- Holographic models: 2`` graviton-like exchange and scalar 0``

- DSE-BSE: light-cone distribution functions (moments reconstruction)

— Vector meson dominance (VMD) problematic (heavy quarks)˚

— Not enough time for J{ψ to be formed

Here, femtoscopy

˚Xu, Chen, Yao, Binosi, Cui, Roberts (2021) 9



Low-energy J{ψ-proton interaction

— J{ψ: small object, (much) smaller than the proton

— J{ψ-p interaction: a small dipole in soft gluon fields

— Can use QCD multipole expansion (” OPE)

— Validity: relative J{ψ-p energies smaller than J{ψ binding energy Eb

— Eb “ 2MD ´MJ{ψ “ 640 MeV

J{ψ-p scattering amplitude: leading order

Aps, tq “ αJ{ψ 2MJ{ψ
1

2
xppk1q|pgEap0qq2|ppkqy

αJ{ψ: (static) color J{ψ polarizability

Peskin (1978), Bhanot & Peskin (1978), Voloshin (1979), Kaidalov & Volkovitsky (1992),
Luke, Manohar & Savage (1992), Kharzeev (1996)
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Proton scalar gluonic gravitational form factor

Decompose pgEaq2 into scalar 0`` and tensor 2`` gluon operators˚:

pgEaq2 “
1

2

“

pgEaq2 ´ pgBaq2
‰

`
1

2

“

pgEaq2 ` pgBaq2
‰

“
8π2

b
T ` g2TG

00

T “
βpgq

2g
GaµνG

aµν , βpgq “ ´
bg3

32π2
, b “ 9

Scalar gluonic gravitational form factor (gGFF)˚˚:

xppk1q|T |ppkqy “ 2MpGptq, Gp0q “ Mp, xr2my “
6

Mp

dGptq

dt

ˇ

ˇ

ˇ

ˇ

t“0

Gptq “ G1ptq `

˜

1 ´
t

4M2
p

¸

G2ptq `
3t

4M2
p

G3ptq Ð G1, G2, G3 proton GFFs

˚ Novikov & Shifman (1981), Sibirtseev & Voloshin (2005)
˚˚ Kharzeev (2021)
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Proton scalar gluonic gravitational form factor

Term g2TG
00 “ 1{2

“

pgEaq2 ` pgBaq2
‰

:

– controversy regarding its importance

– usually ignored

– here, follow Sibirtseev & Voloshin (2005)

Aps, tq “ αJ{ψ p1 ` Cq 2MJ{ψ
8π2

b
Mp Gptq, 0 ď C ď 1
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Femtoscopy: basics

Figure from:
Unveiling the strong interaction among hadrons at the LHC
ALICE Coll., Nature 588, 232 (2020)
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Momentum correlation function

Experimental extraction

— p1,p2: laboratory hadron momenta m1,m2: hadron masses

P “ p1 ` p2, k “
m2p1 ´m1p2
m1 `m2

: c.m. and relative momenta

— Pair’s c.m. frame: P “ 0 Ñ p1 “ ´p2 ñ k “ p1 “ ´p2

Cpkq “
Apkq

Bpkq

#

Apkq : yield from same event (coincidence yield)

Bpkq : yield from different events (background)

— Corrections: nonfemtoscopic correlations, momentum resolution, etc Ð ξpkq

Cpkq “ ξpkq
Apkq

Bpkq
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Correlation function

Theoretical interpretation

— Koonin-Pratt formula
Cpkq “

ż

d3r S12prq |ψpk, rq|2

S12prq: emission source, pair’s emission probability distribution

ψpk, rq: pair’s relative wave function

— One needs here ψpk, rq for 0 ď r ď 8, not asymptotic as in scattering

— ψpk, rq: properties of the interaction
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Femtoscopy - interaction

— Interaction: if weakly attractive, S´wave dominated

ψpk, rq “ eik¨r
` ψ0pk, rq ´ j0pkrq

ψ0pk, rq contains the effects of the interaction

— Simplification (not unrealistic):

S12prq “
1

p4πR2q3{2
e´r2{4R2

Normally used: R “ 1 fm ´ 1.3 fm pppq, R “ 1.5 fm ´ 4.0 fm ppA,AAq

— Correlation function:

Cpkq “ 1 `
4π

p4πR2q3{2

ż 8

0

dr r2 e´r2{4R2 “

|ψ0pk, rq|
2

´ |j0pkrq|
2
‰

16



Lednicky-Lyuboshits (LL) model

If emission occurs outside “interaction range”: ψ0pk, rq Ñ ψasy
0 pk, rq

ψasy0 pk, rq “
sinpkr ` δ0q

kr
“ e´iδ0

„

j0pkrq ` f0pkq
eikr

r

ȷ

Cpkq “ 1 `
|f0pkq|2

2R2
`

2ℜf0pkq
?
πR

F1p2kRq ´
ℑf0pkq

R
F2p2kRq

F1pxq “
1

x

ż x

0
dt e t´x, F2pxq “

1

x

´

1 ´ e´x2
¯

.

Effective range expansion (ERE): f0pkq “
eiδ0 sin δ0

k

kÑ0
«

1

´ 1
a0

` 1
2
r0 k2 ´ ik

Validity of ERE: scattering length a0 much larger than the physical range of the interaction
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Example 1: femtoscopy of KN

Red band (theory prediction):

J. Haidenbauer, G. Krein, U.-G. Meißner and L. Tólos, Eur. Phys. J. A 47, 18 (2011)
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Example 2: femtoscopy of ϕN
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Example 3: femtoscopy of DN
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LL+ERE - model examples

Finite well1:

V prq “

$

’

&

’

%

´ 2π
3

´

αJ{ψ

R3
N

¯

mN for r ă RN

0 for r ą RN

Multipole expansion + χSQM2

V prq “ ´αJ{ψ
4π2

b

ˆ

g2

g2s

˙

rνρEprq ´ 3pprqs

$

&

%

ρEprq, pprq : energy density, pressure

b “ 27{3, g2{g2s “ 1, ν “ 1.5

1 J. Ferretti, E. Santopinto, M. N Anwar and M. Bedolla, Phys. Lett. B 789, 562 (2019)
2 M.I. Eides, V.Y. Petrov and M.V. Polyakov, Eur. Phys. J. C 78, 36 (2018)
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ERE parameters

ERE parameters (in fm) for different αJ{ψ (in GeV´3)

Finite well* χSQM

αJ{ψ a0 r0 a0 r0

2.00 ´0.68 1.59 ´0.42 1.86

1.60 ´0.47 1.86 ´0.30 2.25

0.54 ´0.12 4.50 ´0.08 6.00

0.24 ´0.05 9.46 ´0.03 13.05

*RN “ 1 fm
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LL+ERE ˆ full wave function
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Femtoscopy of J{ψ-p

Lattice QCD simulations and models point toward a

weakly attractive, S´wave dominated

J{ψ-p interaction

Therefore, in this first study, use LL model (but no ERE):

A0psq “
1

2

ż 1

´1

dpcos θqAps, tq,

A0psq “
8π

?
s

k

ˆ

e2iδ0psq ´ 1

2i

˙

“
8π

?
s

k

1

cot δ0psq ´ i
“ 8π

?
s f0psq,

24



Forward scattering: Cpkq and xp|pgEq2|py

k Ñ 0, LL approximation:

Cpkq “ 1 ´
1

2π3{2

ˆ

1 ´
8

3
k2R2

˙

µJ{ψp αJ{ψ xp|pgEq2|py

R

µJ{ψp: reduced mass

Cpk » 0q gives direct access to αJ{ψ xp|pgEq2|py

Impossible in electro- and photoproduction experiments (
?

´tmin » 1.5 GeV)
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gGFF - dipole˚

Nonforwad scattering, sensitivity to
a

xr2my

Gptq “
Mp

ˆ

1 ´
t

m2
s

˙2

xr2my “
12

m2
s

˚ Kharzeev (2021)
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Predictions for Cpkq
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Sensitivity to
a

xr2my

Cpkq “
Cpkq ´ 1

Cp0q ´ 1
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Sensitivity to
a

xr2my

Cpkq “
Cpkq ´ 1

Cp0q ´ 1
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Check on the multipole expansion: QNEFT

QNEFT: quarknonium-nucleon effective field theory

Degrees of freedom – Scales – Power counting

— DOF: nucleons (N), quarkonia (ϕ), pions (π)

— Scales: EN , Eϕ, Eπ ! Λχ » 1 GeV

— Power counting: powers of
mπ

Λχ

— Loops: dimensional regularization

J. Tarrús Castellà & GK, Phys. Rev. D 98, 014029 (2018)
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QNEFT input: ϕ ´ π vertex

pNRQCD Ñ gWEFT (J{ψ polarizabilityt)

gWEFT Ñ χEFT (trace anomaly)

1 A. Vairo, in QCHS IV, ed. W. Lucha and K. M. Maung (World Scientific, 2002)
2 N. Brambilla, GK, J. Tarrús Castellà, A. Vairo, Phys. Rev. D 93 054002 (2016)
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QNEFT predictions

QNEFT: J{{{ψ polarizability + χEFT
– Weakly attractive

– Tail: van der Waals type of force

VvdWprq
r"1{2mπ

ÝÝÝÝÝÝÑ
3g2Am

4
πpcdi ` cmq

128π2F 2

e´2mπr

r2

– S´wave dominated:

Effective range expansion (ERE):

f0pkq “
1

k cot δ ´ ik
“

1

´
1

a0
`

1

2
r0 k2 ´ ik

#

´0.71 fm ď a0 ď ´0.35 fm

1.29 fm ď r0 ď 1.35 fm
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J{ψN long range tail (Latt-QNEFT)
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QNEFT femtoscopy

Use of ERE

1.00

1.20

1.40

1.60

1.80

2.00

 0 50 100 150 200

r0 = 1.30 fm

R = 1 fm

Latt−QNEFT

C
(k

)

k [MeV/c]

a0 = − 0.70 fm

  = − 0.50 fm

  = − 0.25 fm

  = − 0.10 fm

  = − 0.05 fm

1.00

1.05

1.10

1.15

1.20

1.25

1.30

 0 50 100 150 200

r0 = 1.30 fm

R = 3 fm

Latt−QNEFT

C
(k

)

k [MeV/c]

a0 = − 0.70 fm

  = − 0.50 fm

  = − 0.25 fm

  = − 0.10 fm

  = − 0.05 fm

34



Conclusions & Perspectives

1. Trace anomaly: matter distribution in proton

2. Femtoscopy of J{ψ´nucleon: can access gGFF

3. How about quarkonium-pion? too small Cpkq

4. Open issues:

Theory: LL model & multipole expansion

Experiment: source size, nonfemtoscopic correlations, etc

5. Prospects: cautiously optimistic !
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