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photo induced exclusive photo-production of J/𝛹s 
and Ψ(2s)

• hard scale: charm 
mass (small, but perturbative) 

• reach up to x≳.5･10-6 

• perturbative cross-
check: ϒ (b-mass)  
 

• measured at LHC 
(LHCb, ALICE, CMS) 
& HERA (H1, ZEUS)
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I. Bautista, Fernandez Tellez, MH, 1607.05203 
A. Arroyo Garcia, MH, K.Kutak, 1904.04394

→ covers orders of magnitudes in low x
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BK evolution for dipole  
amplitude  
[related to gluon distribution]

N(x, r) ∈ [0,1]

in the transition region towards high and saturated gluon densities.

To fully access this question, we first recapitulate which possible impact large gluon den-
sities could have on the observable. First of all, the presence of high density e↵ects cannot be
seen directly at the level of the observable. The scattering amplitude Eq. (5) depends only
on the dipole amplitude, which itself can be expressed as the correlator of two Wilson lines
which resum the gluonic field of the proton, see e.g. [46]. Even though the dipole amplitude
resums the interaction of the qq̄-dipole with an in principle infinite number of gluons, the
gluons couple to the qq̄-dipole like a single gluon; the “reggeize” in the language of [47] and
therefore appear like a single gluon. At the level of our phenomenological study, this property
reveals itself through Eq. (9), which relates the dipole cross-section to the unintegrated gluon
density. To make multiple re-scattering of partons on the target field visible, it would be
necessary to resolve the hadronic final state of the dissociated photon, see e.g. [48, 49]. This
not the case for photo-production of vector mesons. The only place where one could expect
a signal for the presence of saturation e↵ects is therefore the x-dependence of the underlying
gluon distributions. As an immediate consequence, any framework which is based on a direct
fit of the x-dependence at the J/ scale (such as collinear parton distribution functions)
does not exclude presence of saturation e↵ects; it merely demonstrates the ability to fit the
resulting x-dependence of the underlying gluon distribution. While this initial x-distribution
can be evolved through DGLAP evolution to events with higher hard scales, such events
are generally characterized by larger values of x (x⌥ > 2.28 · 10�5 vs. xJ/ > 2.99 · 10�6

in the current case). Taking further into account that DGLAP evolution is known to shift
large x input to lower x, it is therefore save to say that the mere ability of DGLAP fits to
accommodate low x J/ photo-production data, does not exclude the potential presence of
sizable non-linear e↵ects for the data points at highest W -values.

Instead of DGLAP evolution, a suitable benchmark to establish presence/absence of gluon
saturation is provided by linear NLO BFKL evolution, such as the HSS gluon. While the
HSS gluon provides a very good description of both ⌥ and J/ photo-production data,
the following observation can be made: Recalling the particularly solution of NLO BFKL
evolution used for the HSS-fit, one finds at the at level of the dipole cross-section two terms
d
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x
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kernel 
calculated in 

pQCD

linear BFKL evolution = 
subset of complete BK

non-linear term 
relevant for N~1 
 (=high density)

Goal: confront linear vs. non-linear QCD evolution

Introduction

DGLAP vs. saturation (II)

log(1/x)

fit HERA + LHC data
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@x =
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V
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A

log(xg(x))
evolve to higher scales e.g. M⌥

at Q0 ' MJ/ 
= fit x dependence

I J/ ! ⌥ ' evolution 2.4 GeV2 ! 22.4 GeV2

I high density e↵ects die away in collinear limit
I DGLAP unstable at ultra-small x and small scales ...
I convinced: pdf studies highly valuable ! constrain pdf’s at

ultra-small x
I useful benchmark for saturation searches (?)

Martin Hentschinski (UDLAP) BFKL & the growth of the VM Xsec. 04/04/1017 5 / 30

DGLAP

low x
To detect non-linear QCD evolution, 
need to evolve in  not in ln 1/x ln Q2



Observation:
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- very similar energy dependence predicted by linear (NLO 
BFKL) and non-linear QCD (BK) evolution for total photo-
production  cross-section of  and  

- Within uncertainties: can’t distinguish BFKL and BK

J/Ψ Ψ(2s)
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Shown: linear NLO BFKL (HSS) [MH, Salas, Sabio Vera; 1209.1353; 1301.5283]   
and non-linear BK (KS)  [Kutak, Sapeta; 1205.5035]

This work:

For photoproduction on a proton



Observation:
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- very similar energy dependence for total cross-section 
- Different predictions for the ratio σ(J/Ψ)/σ(Ψ(2s))
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- non-linear KS gluon (BK 
evolution): growing ratio 

- Linear HSS gluon (NLO BFKL 
evolution): approximately 
constant ratio 

- also: unstable fixed scale HSS 
gives decaying ratio: related to 
enhanced IR contribution for 
the  Ψ(2s)

MH, Padron Molina, arXiv:2011.02640

Coincidence or a characteristic feature of non-linear QCD dynamics?



Implications
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If the raise of the ratio could be associated with non-linear QCD evolution,  

→ indicator for the  presence of such effects without the need to fit etc. 

Potential problems: 
•  Difference between rising vs constant too small to be distinguished within errors 

(essentially the case for current HERA data) 

• It could be an artifact of the particular solution to the BK and NLO BFKL solutions 

Instead of (correct) dipole amplitudes subject to QCD evolution, use dipole 
models→ can turn on/off (simulated) non-linear QCD effects

This study: 



Study the ratio, using dipole models
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Table 1: Parameters of the boosted Gaussian vector meson wave functions for J/ and  (2s) [57].

Meson mf/GeV NT R2/GeV�2 ↵2s MV /GeV

J/ mc = 1.4 0.596 2.45 � 3.097
 (2s) mc = 1.4 0.67 3.72 �0.61 3.686

2.2 Dipole cross-sections

Within collinear factorization, one finds to leading order for the dipole cross-section [46,58]

�collinearqq̄ (x, r) =
⇡2

3
r2↵s(µ

2)xg(x, µ2). (11)

The renormalization scale µ is usually identified with the factorization scale and taken to
depend on the dipole size with µ2 ⇠ 1/r2 for small dipole sizes; xg(x, µ2) denotes the collinear
gluon distribution subject to leading order DGLAP evolution. A simple way to estimate
corrections that yield unitarization of this dipole cross-section in the limit of large dipole
separations r and/or large gluon densities is to exponentiate the collinear cross-section, which
yields the Bartels–Golec-Biernat–Kowalski (BGK) model,

�BGK
qq̄ (x, r) = �BGK

0


1� exp

✓
�r2⇡2↵s(µ2

r)xg(x, µ
2
r)

3�BGK
0

◆�
. (12)

See [32, 59] for a recent comprehensive review. The above exponentiation introduces a new
parameter, �0, which yields the value of the dipole cross-section in the black disk limit,
corresponding to the transverse size of the target. An even simpler model is provided by the
Golec-Biernat, Wüstho↵ (GBW) model,

�GBW
qq̄ (x, r) = �GBW

0


1� exp

✓
�r2Q2

s(x)

4

◆�
, Q2

s(x) = Q2
0

⇣x0
x

⌘�
, (13)

where Qs denotes the saturation scale within the model and gathers various factors of the
collinear cross-section into a single factor. Both models have been recently refitted for dipole
scattering on a proton to combined HERA data in [60] where free parameters are obtained as
�GBW
0 = (27.43±0.35) mb, � = 0.248±0.002, x0 = (0.40±0.04) ·10�4, while Q0 = 1 GeV for

the GBW model. For the BGK model, g(x, µ2) is subject to leading order DGLAP evolution
equation without quarks,

d

dµ2
g(x, µ2) =

↵s

2⇡

Z 1

x

dz

z
Pgg(z)g(x/z, µ

2), xg(x,Q2
0) = Agx

��g(1� x)5.6, (14)

where xg(x,Q2
0) denotes the gluon distribution at the initial scale Q0 = 1 GeV. Following

the recent fit [60] of this model, we evaluate the gluon distribution and the QCD running
coupling at the dipole size-dependent scale

µ2
r =

µ2
0

1� exp
�
�µ2

0r
2/C

� . (15)
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Exponentiates linear dipole cross-section (leading order collinear factorization)
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GBW model:  

BGK model:

Recent fit of both models to HERA data: [Golec-Biernat, Sapeta; 1711.11360]

[Golec-Biernat, Wusthoff, hep-ph/9807513] 

[Bartels, Golec-Biernat, Kowalski; hep-ph/0203258]  

L. Frankfurt, A. Radyushkin, and M. Strikman; hep-ph/9610274



Can we expect to see non-linear effects?

8

Relevant region of the wave function overlap:  
60% for ,  
99% for 

r < 1 GeV−1

r < 3 GeV−1

ℑm𝒜γp→Vp(x) = ∫ d2r∫
1

0

dz
4π

(ψ*V ψT)(r, z) σqq̄(r, x)

Wave function overlap
Use boosted Gaussian 

Dipole cross-section

Figure 5: Left: Estimated geometric scaling region, based on the GBW saturation scale for both
proton and lead. Right: Integrated Gaussian wave function overlap for photo-production of vector
mesons J/ and  (2s)

[75–77]:

1 <
��ln

�
r2Q2

s(x)
��� 

q
↵s�00

0(�0), (21)

with �0(�) = 2 (1) �  (�) �  (1 � �) the leading order BFKL eigenvalue and �0 given
implicitly through �0(�0)/�0 = �0

0(�0) with �0 ' 0.627549. The resulting scaling region is
illustrated in Fig. 5 (left) using the GBW saturation scale and ↵s(mc) ' 0.29, for both the
proton and a lead nucleus. For the proton, even at the lowest accessible values of x, one
enters the scaling region only for r > 1/GeV, while for a lead nucleus, the scaling regions
start already at r > 0.4/GeV. To compare the scaling region to the region in dipole sizes
probed for J/ and  (2s) production, we introduce the normalized wave function overlap

WV (r) =
r
R 1
0 dz( ⇤

V T )(r, z)R
drr

R 1
0 dz( ⇤

V T )(r, z)
,

Z 1

0
drW (r) = 1, (22)

see Fig. 5, right; note that W (2s)(r) < 0 for r > 2.59/GeV. To access the relevance of the
di↵erent regions in dipole size r for the complete cross-section, we further provide in Tab. 2
the integrated WV (r) function for di↵erent regions. For the photonuclear production cross-
section, the bulk of the dipole sizes probed in the reaction – approximately three quarters –
lies within the geometric scaling region; this explains the clear imprint of a non-linear energy
dependence in the photoproduction cross-section shown in Fig. 4. For photoproduction on
a proton, this contribution is however reduced to approximately a third, which explains the
relatively weak non-linear dynamics in Fig. 3. We further determine the first moment of the
wave function overlap, defined through

hriV =

Z 1

0
dr r ·WV (r), with hriJ/ = 0.89/GeV, hri (2s) = 0.72/GeV, (23)

which confirms the observation [41, 42] that photo-production of a  (2s) is dominated by
slightly smaller dipole sizes.
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Solutions to BK-equation: geometric 
scaling region can be estimated as 
[Mueller, Triantafyllopoulos; hep-ph/0205167],   
[Munier, Peschanski; hep-ph/0310357, hep-ph/0309177]

Leading order BFKL eigenvalue χ0(γ) = 2Ψ(1) − Ψ(γ) − Ψ(1 − γ)

Relevant region of the wave function overlap:  
60% for , 99% for r < 1 GeV−1 r < 3 GeV−1

A. M. Stasto, Krzysztof J. Golec-Biernat, and J. 
Kwiecinski; hep-ph/0007192.

Solution to χ0(γ0) = γ0 χ′ 0(γ0), γ0 ≃ 0.627549



Geometric scaling region and charmonium
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- Little overlap with geometric scaling region 
-  and  differ for  → ratio could be sensitive to it 
- Confirms what we have seen for the production cross-sections 
- Expect sensitivity for photonuclear production at cross-section level

J/Ψ Ψ(2s) r ≥ 2GeV−1

Figure 5: Left: Estimated geometric scaling region, based on the GBW saturation scale for both
proton and lead. Right: Integrated Gaussian wave function overlap for photo-production of vector
mesons J/ and  (2s)

[75–77]:

1 <
��ln

�
r2Q2

s(x)
��� 

q
↵s�00

0(�0), (21)

with �0(�) = 2 (1) �  (�) �  (1 � �) the leading order BFKL eigenvalue and �0 given
implicitly through �0(�0)/�0 = �0

0(�0) with �0 ' 0.627549. The resulting scaling region is
illustrated in Fig. 5 (left) using the GBW saturation scale and ↵s(mc) ' 0.29, for both the
proton and a lead nucleus. For the proton, even at the lowest accessible values of x, one
enters the scaling region only for r > 1/GeV, while for a lead nucleus, the scaling regions
start already at r > 0.4/GeV. To compare the scaling region to the region in dipole sizes
probed for J/ and  (2s) production, we introduce the normalized wave function overlap

WV (r) =
r
R 1
0 dz( ⇤

V T )(r, z)R
drr

R 1
0 dz( ⇤

V T )(r, z)
,

Z 1

0
drW (r) = 1, (22)

see Fig. 5, right; note that W (2s)(r) < 0 for r > 2.59/GeV. To access the relevance of the
di↵erent regions in dipole size r for the complete cross-section, we further provide in Tab. 2
the integrated WV (r) function for di↵erent regions. For the photonuclear production cross-
section, the bulk of the dipole sizes probed in the reaction – approximately three quarters –
lies within the geometric scaling region; this explains the clear imprint of a non-linear energy
dependence in the photoproduction cross-section shown in Fig. 4. For photoproduction on
a proton, this contribution is however reduced to approximately a third, which explains the
relatively weak non-linear dynamics in Fig. 3. We further determine the first moment of the
wave function overlap, defined through

hriV =

Z 1

0
dr r ·WV (r), with hriJ/ = 0.89/GeV, hri (2s) = 0.72/GeV, (23)

which confirms the observation [41, 42] that photo-production of a  (2s) is dominated by
slightly smaller dipole sizes.

10

Plotted: region in dipole sizes allowed by



How does the relevant dipole size change with x?
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aV(r) =
2πr ∫ 1

0
dz
4π (ψ*VψT)(r, z) σqq̄(r, x)

ℑm𝒜V(x)
, ∫

∞

0
draV(r) = 1

“Unintegrated” amplitude
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Collinear dipole cross-section (no saturation): 
very moderate changes induced by DGLAP



Modified saturation models: explore sensitivity to 
triple Pomeron vertex (=size of non-nonlinearities)
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Q2
s (x) =

#of gluons
transverse area

 linear limit 
 existing HERA fit 
 increase relevance of non-linear corrections 

Same for BGK model 

k → 0 :
k = 1 :
k > 1 :

Want to test/simulate: 
What happens if I enhance the 
size of non-linearities?

Keep linear Pomeron 
 (BFKL/DGLAP) 

Enhance/reduce 
the triple Pomeron 
vertex

The remaining parameters of the model have been obtained as �BGK
0 = (22.93 ± 0.27) mb,

Ag = 1.07 ± 0.13, �g = 0.11 ± 0.03, C = 0.27 ± 0.04, µ2
0 = (1.74 ± 0.16) GeV2. The expo-

nentiated terms allow us within these simple models to explore the relevance of non-linear
QCD dynamics for the description of data. We will therefore refer in the following to these
exponentiated terms also as the ‘non-linear’ corrections.

2.3 Modified Dipole Cross-sections

To explore the relevance of the exponentiated terms, which simulate non-linear QCD evolu-
tion, we will compare for the following numerical study both complete and linearized models.
In addition, we introduce in the following a parameter ‘k’ which allows for a smooth transition
between both scenarios, i.e., which allows to vary the ‘density’ of gluons by hand. We intro-
duce this parameter k through a rescaling Q2

s(x) ! k · Q2
s(x), while we keep the linearized

dipole cross-sections fixed. For the GBW model this leads to

�GBW
qq̄ (x, r, k) = �GBW

0 Q2
s(x)

✓
r2

4

◆"
1 +

1X

n=1

1

(n+ 1)!

✓
�k · r

2Q2
s(x)

4

◆n
#

=
�GBW
0

k


1� exp

✓
�k · r

2Q2
s(x)

4

◆�
. (16)

With this modification, k = 0 corresponds to the linear case, whereas k = 1 yields the current
HERA fit of the model; finally, k > 1 implies an additional enhancement of non-linear e↵ects.
Within this simple approach, k can be understood as a parameter that controls the strength
of the triple Pomeron vertex and, therefore, the relevance of non-linear dynamics. We also
apply an identical modification to the BGK model,

�BGK
qq̄ (x, r, k) =

�BGK
0

k


1� exp

✓
�k · r

2⇡2↵s(µ2
r)xg(x, µ

2
r)

3�BGK
0

◆�
. (17)

2.4 Nuclear e↵ects

If the color dipole scatters on a large nucleus instead of a single proton, one expects an
increase of the saturation scale due to the nuclear “oomph factor”,

Q2
s,A(x) ' A

1
3Q2

s(x), (18)

where A denotes the number of nucleons in the nucleus, and Q2
s,A(x) is the saturation scale for

the nuclear target, while Q2
s(x) denotes the saturation scale for a single proton, as obtained

from the fit to HERA data. With the transverse size of the dipole cross-section scaling as
⇠ A2/3, we finally obtain

�qq̄;A(x, r) = A
2
3�qq̄(x, r, k = A

1
3 ), (19)

where we use the k parameter of Eqs. (16), (17) to implement the nuclear enhancement of
the saturation scale, corresponding to an increase in the density of gluons. Concluding we
would like to stress that the above way to introduce nuclear dependence is of course a very

7

On the level of the dipole model: keep linear (perturbative) term unmodified 

Introduce a parameter  to control 
size of "triple Pomeron vertex”

′ k′ 
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Figure 6: Left: Eq. (27) vs the dipole size r for both the linearized/collinear BGK model Eq. (12),
corresponding to the dipole cross-section to leading order within collinear factorization. Center: the
same quantity for the complete BGK model. Both dipole cross-sections are based on the same gluon
distribution of [60]. Right: Evolution of the BGK dipole cross-section towards small x, both for the
complete (solid) and collinear (dashed).
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Figure 7: Ratio of the imaginary part of the scattering amplitude for the BGK (left) and GBW
(right) model for di↵erent values of k 2 [10�2, 10]

we define

aV (x, r) =
2⇡r⌃�V (r)�qq̄(x, r)

=mA(x)
,

Z 1

0
draV (x, r) = 1. (27)

While the overall value is growing with x, the normalized expression Eq. (27) does for
the collinear dipole cross-section not change with x, see Fig. 6 (left), leaving aside a small
modification in the perturbative region r < 1/ GeV which is induced by DGLAP evolution
and well under control. For the non-linear case, Fig. 6 (center), we find on the other hand a
significant modification both in the region of perturbative dipole sizes r < 1/GeV as well as
in the scaling region. We therefore expect an increased sensitivity to the geometric scaling
region and therefore the presence of high gluon densities. In Fig. 7 we explore the e↵ect
of di↵erent values of k on the behavior of the ratio at amplitude level, down to values of
x = 10�12. While a linearized dipole cross-section assumes the total absence of non-linear
corrections, small values of k probe the scenario where non-linear corrections are in principle
present, but very small. In this case, dipole cross-section unitarizes in the limit x ! 0 and
r ! 1, while these corrections are assumed to be numerically very small in the region probed
by current experimental facilities. We find that for this scenario, one has indeed an almost
constant amplitude ratio, as seen for the linearized case. While the GBW model yields an

12

BGK
GBW

For decreasing  
- Confirm growth of ratio if target is sufficiently non-linear (either through enhanced 

non-linearities or through sufficiently low x)  
- Occurs for geometric scaling region 
- If we enter the saturated region: constant ratio; behavior directly related to density 
→ non-linearities

x = M2
V /W2

Not yet the cross-section, 
but ratio of amplitudes 

ℑm𝒜(γp → Ψ(2s)p)
ℑm𝒜(γp → J/Ψp)



What about collinear factorization?
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Leading order cross-section: [Ryskin; Z. Phys. C 1993]

essentially constant ratio for small k and/or intermediate x, the BGK model predicts even for
that region a slight growth, which is however substantially weaker than the growth predicted
in the presence of sizeable non-linear corrections. Independent of the strength of non-linear
corrections, i.e., independent of the value of k, we find that there is always a region in x,
where the ratio starts to grow. The onset of this growth is strongly correlated with the value
of the parameter k, i.e., for large values of k – corresponding to higher gluon densities – the
growth starts for larger values of x than for smaller values of x.

We further observe that the growth of the ratio eventually saturates once su�ciently high
densities are reached – either through a su�ciently large k parameter or through continuation
to ultra-small x values. This behavior can be understood from both the behavior of the dipole
cross-section for ultra-small x, see Fig. 6(right) and the normalized wave function overlap
Eq. (22), Fig. 5(right): Turning to lower and lower values x, the active region of the dipole,
i.e. the region changing shape with decreasing x, is moving towards smaller and smaller
dipole sizes. Eventually one reaches values of the dipole size r, where WV (r) coincides for
both vector mesons and the ratio approaches again a constant value, which is related to the
di↵erence in the overall normalization.

While values x < 10�7 are essentially impossible to observe at the LHC, such a behavior
would be already visible at LHC, if the saturation scale would be twice as large (k = 4) as
extracted from HERA data, which is approximately realized for photonuclear production on

Pb, since A1/3
Pb ' 5.92.

3.3 Comparison to collinear factorization

The above result suggests – in line with the observation made in [33] – that a rising cross-
section ratio yields a clear indicator for the presence of non-linear e↵ects. It is therefore
natural to investigate the ratio also from the point of view of collinear factorization. As far
as the determination of the dipole cross-section within collinear factorization is concerned, we
already addressed this question when considering the linearized BGK model: the scattering
amplitude is approximately constant with decreasing values of x. There are however di↵erent
scenarios possible, if one determines the entire cross-section within collinear factorization,
making use of non-relativistic QCD to describe the photon to vector meson transition. Within
such a framework, the leading order QCD cross-section is given by [78], see also [51, 79,80],

d�

dt
(�p ! V p)

����
t=0

=
�VeeM

3
V ⇡

3

48↵e.m.


↵s(µ2)

Q̄4
xg

�
x, µ2

��2
; (28)

for the next-to-leading order result see [81–83]. Here µ denotes the renormalization and

factorization scale, while Q̄2 = m2
c for the case of a real photon with �J/ ee = 5.55 · 10�6 GeV

and � (2s)ee = 2.33 · 10�6 GeV the electric width of the vector meson. Such a description is
based on the assumption that the wave function overlap of both vector mesons is dominated
by small dipole sizes, which is in accordance with the observation made in Tab. 2, at least as
far as photoproduction on a proton is concerned. Since the hard scale is of the order of the
charm mass, it is natural to associate the latter with the factorization and renormalization
scale of the above cross-section. In such a case, the ratio of  (2s) and J/ photo-production
cross-sections is trivially constant with decreasing x, since the gluon distribution in Eq. (28)
cancels in the ratio.
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- trivially constant, if  (identical for both vector mesons) 
- Can generate growing ratio, if  (could be justified from vector meson 

wave functions);  
- Also the choice  could be made …. → not a prediction

μ = mc
μ2s > μ1s

μ2s < μ1s

• Bottom line: collinear factorization fits -dependence at  initial scale + huge factorization 
scale uncertainty → predictive power is lost (at least at leading order) 

• Might provide valuable information on PDF input on low x, does not tell me about absence of non-
linear x evolution 

• NLO:  → requires additional resummation (BFKL resummed coll. fact. etc.)

x μ ≃ mc

ln μFPgg(z) ∼ 1/z

…. already included with through BGK  in  limit …. k → 0

Approach based on NRQCD: 

But this fixes the factorization scale & uses wave function

C. A. Flett, J. A. Gracey, S. P. Jones, and T. Teubner; 2105.07657.  
Kari J. Eskola, Christopher A. Flett, Vadim Guzey, Topi Löytäinen, and Hannu Paukkunen; 
2203.11613,  2210.16048.

NLO (not discussed here):
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BGK

BGK lin. × 1.56

coll. fact. × 0.2

GBW

GBW lin. × 1.42

H1 2002

ZEUS 2022
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- Collinear factorization: anything is possible

W

Fit to HERA data prefers rising ratio 
(numerically close to slope of saturation models)
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Cross-sections and ratio for the 
nucleus 
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…. since there are already data, let’s see ….
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Higher densities ( ): k ≥ 5

• Possible to see the slow down of the 
growth of the the ratio 

• Nuclear data:  
Pb:  
should be able to see this

Q2
s → Q2

s,A = A
1
3Q2

s
A

1
3 ≃ 5.9

Very simple model of 
nuclear dipole density  
(same for BGK): 

σGBW
qq̄ (x, r, k) =

σ0

k [1 − exp (−k
Q2

s (x)r2

4 )]

- Scale black disk limit:  

- Scale saturation scale   

σ0 → A
2
3σ0

∼
#gluons
⊥ area

Q2
s → Q2

s,A = A
1
3Q2

s

Boost
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C e-BD t

ALICE (2023)
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Prediction requires diffractive slope  
For proton: taken from HERA data 
[Krelina, Nemchick, Pasechnik, Cepila; 1812.03001] 

BD(W )

Following [21, 22], we use for the numerical values ↵0 = 0.06 GeV�2, W0 = 90 GeV and

bJ/ 
0

= 4.9 GeV�2 in the case of the J/ , while b⌥
0

= 4.63 GeV�2 for ⌥ production. The
total cross-section for vector meson production is therefore obtained as

��p!V p(W 2) =
1

BD(W )

d�

dt
(�p ! V p)

����
t=0

. (3)

The uncertainty introduced by the modeling of the t-dependence mainly a↵ects the overall
normalization of the cross-section with a mild logarithmic dependence on the energy. To
determine the scattering amplitude, we first note that the dominant contribution is provided
by its imaginary part. Corrections due to the real part of the scattering amplitude can be
estimated using dispersion relations, in particular

<eA(W 2, t)

=mA(W 2, t)
= tan

�⇡

2
, with �(x) =

d ln=mA(x, t)

d ln 1/x
. (4)

d�

dt
(�p ! V p) = e�BD(W )·|t| · d�

dt
(�p ! V p)

����
t=0

(5)

As noted in [25,30], the dependence of the slope parameter � on energy W provides a sizable
correction to the W dependence of the complete cross-section. We therefore do not assume
� = const., but instead determine the slope � directly from the W -dependent imaginary part
of the scattering amplitude. The latter is obtained from [17,18]

=mA�p!V p
T (W, t = 0) = 2

Z
d2r

Z
d2b

Z
1

0

dz

4⇡
( ⇤

V )T N (x, r, b) (6)

where N (x, r, b) is the dipole amplitude and T denotes transverse polarization of the quasi-
real photon. Here

( ⇤
V )T (r, z) =

êfeNc

⇡z(1� z)

⇢
m2

fK0(✏r)�T (r, z)�
⇥
z2 + (1� z)2

⇤
✏K1(✏r)@r�T (r, z)

�
, (7)

with ✏2 = m2

f for real photons. Furthermore r =
p
r2, while f = c, b denotes the flavor of the

heavy quark and êf = 2/3, �1/3. For the scalar parts of the wave functions �T,L(r, z), we
employ the boosted Gaussian wave-functions with the Brodsky-Huang-Lepage prescription
[31]. For the ground state vector meson (1s) the scalar function �T (r, z), has the following
general form [18,32],

�1s
T,L(r, z) = NT,Lz(1� z) exp

 
�

m2

fR2

1s

8z(1� z)
� 2z(1� z)r2

R2

1s

+
m2

fR2

1s

2

!
. (8)

The free parameters NT and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
we use the values found in [14] ( J/ ) and [16] ( ⌥). The parameters are summarized in
Tab. 1. In the forward limit t = 0, one further has,

2

Z
d2bN (x, r, b) = �qq̄(x, r) . (9)

4

The outline of this letter is as follows: In Sec. 2 we provide details of our theoretical
description, Sec. 3 is dedicated to a discussion of the large perturbative corrections of the
NLO BFKL gluon in the large W region while in Sec. 4 we present our conclusions.

2 Energy dependence of the photo-production cross-section

We study the process 1 �(q) + p(p) ! V (q0) + p(p0) where V = J/ ,⌥(1S) and � denotes a
quasi-real photon with virtuality Q ! 0; W 2 = (q+ p)2 is the squared center-of-mass energy
of the �(q)+p(p) collision. The x value probed in such a collision is obtained as x ' M2

V /W
2

with MV the mass of the vector meson. With the momentum transfer t = (q � q0)2, the
di↵erential cross-section for the exclusive production of a vector meson can be written in the
following form

d�

dt
(�p ! V p)

����
t=0

=
1

16⇡

��A�p!V p(W 2, t = 0)
��2 , (1)

where A(W 2, t) denotes the scattering amplitude for the reaction �p ! V p for color singlet
exchange in the t-channel, with an overall factor W 2 already extracted. For a more detailed
discussion of the kinematics we refer to [25].

A�p!V p(x, t = 0) =

✓
i+ tan

�(x)⇡

2

◆
·
Z

drW (r)

✓
i+ tan

�(x)⇡

2

◆
·
Z

drW (r)�qq̄(x, r)

⇠ e�BD(x)|t|

=mA�p!V p(x, t = 0) =

Z 1

0

drW (r)�qq̄(x, r)

A�p!V p(x, t = 0) =

✓
i+ tan

�(x)⇡

2

◆
· =mA�p!V p(x, t = 0)

2.1 The theoretical setup of our study

In the following we determine the total photo-production cross-section, based on an inclusive
gluon distribution. This is possible following a two step procedure, frequently employed in
the literature: First one determines the di↵erential cross-section at zero momentum transfer
t = 0 (which can be expressed in terms of the inclusive gluon distribution); in a second step
the t-dependence is modeled which then allows us to relate the di↵erential cross-section at
t = 0 to the integrated cross-section. Here we follow the prescription given in [21,22], where
an exponential drop-o↵ with |t|, � ⇠ exp [�|t|BD(W )] is used with an energy dependent t
slope parameter BD, as motivated by Regge theory,

BD(W ) =


b0 + 4↵0 ln

W

W0

�
GeV�2. (2)

1
Besides HERA data we also use the LHC p-p and Pb-p data where highly boosted p and Pb respectively

become a source of photons leading to Ultra Peripheral Collisions

3

Pb: fit recent ALICE data (averaged over )W
[ALICE collab; 2305.06169]

 BD = (2.35 ± 0.29)GeV−2

C = (22.9 ± 2.4)μb/GeV−2
χ2 /dof = 1.13

Procedure: 
dσ

d | t |
=

dσ
d | t |

t=0

⋅ e−BD|t|
With 

And fit  to dataBD(W )

Find

In principle different distribution possible for nucleus; exponential fits well 
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σqq̄(x, r, k) = A
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Q2
s (x)r2

4 )]Underlying dipole 
cross-section

Potentially more appropriate:  
- impact parameter dependent 

dipole amplitude  
- Variations of saturation scale as a 

function of b

Simple scaling works surprisingly well 
(But also a constant slope could fit data) 
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An attempt to include impact parameter dependence
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where the last line holds for nucleons taken as transverse disks of size �0/2. This will be the
expression used for our study.

1 from the modified paper

1.1 Impact parameter dependent nuclear dipole cross-sections

Following [?, 1], the dipole-proton scattering amplitude can be extended to the nuclear case,
using the Optical Glauber model. With ⇢A(~r) a distribution of nucleons in the nucleus, the
probability of a given configuration of nucleons i.e. to find A nucleons at {~r1, . . . ,~rA} is
within this approach given by

P (~r1, . . . ,~rA) =
AY

i

⇢(~ri)

A
, ⇢WS(~r) =

N

1 + exp
⇣p

~r2�RA
�

⌘ , (12)

where the distribution to the right denotes the commonly used Wood-Saxon distribution
which we normalize the the number of nucleons

R
d3r⇢WS(~r) = A. For numerical studies

we will use RA = (1.31A1/3 � 0.84) fm and d = 0.55 fm, which we take from [?, ?]. With
N(x, r, b,~r1, . . . ,~rA) the amplitude for scattering of a dipole on a nuclear target with nucleons
placed at positions ~r1, . . . ,~rA, the di↵erential dipole cross-section is obtained as

d�qq̄
d2b
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 nuclear profile functionTA(b) = ∫ dzρ(b, z)
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- Energy dependence in gas like model = 
proton dipole cross-section x nuclear 
distribution 

- model leads to a growth with energy 
which is too strong (and fails badly for 
normalization)  

- Boosted nucleus is not “gas”-like

[Kowalski, Teaney; hep-ph/0304189]
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Predictions for the photo-nuclear cross-section ratio
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BGK

BGK lin. × 2.5

BGK gas

GBW

GBW lin. × 2.5

GBW gas

coll. fact. × 0.37
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0.4 - onset of bending for scaled 
saturation scale   

- “Gas-like” reproduces ratio 
for the proton

A
1
3Q2

s

- prediction of collinear 
factorization somehow arbitrary 

- If both vector mesons are treated 
with identical factorization scales 
(heavy quark mass)  → constant

Conclusion: 

- ratio is a valid indicator for the presence of non-linear QCD dynamics in particular the 
geometric scaling region 

- Should be there for the proton, stronger for lead; in principle independent of fitting data 

- Requirement: Presence/Absence of a node in 2s/1s wave function → expect this to be a 
is model independent non-perturbative feature 
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Why is the ratio constant in absence of non-linear 
effects? 
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ℑm𝒜lin.(x) ∼ Q2
s (x) ⋅ ∫ dr…

Full dipole model: x-dependence does not cancel → ratio with non-trivial energy dependence

For LINEAR GBW Energy/x-dependence 
independent of wave 
function overlap  
→cancels for ratio

σGBW
qq̄ (x, r) = σ0 (1 − exp(−

r2Q2
s (x)
4 ) → σ0

r2Q2
s (x)
4

Linearized GBW: 

ℑm𝒜(x) = ∫ d2r∫
1

0

dz
4π

(ψ*V ψT)(r, z) σqq̄(r, x)

Easiest seen for GBW model, holds also for BGK etc.

Scattering amplitude 

Linearized: 


