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Motivation:
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Short versus long range 
correlations, pion cloud, 
intrinsic charm,…

Flavour dependence?; relation 
with shadowing and coherence

Multiple scattering, 
saturation,…; high-
energy QCD

How much does the structure 
of a hadron change when it is 
immersed in a nuclear medium?

ePb at LHeC/
FCC-he

eAu 
at 
EIC

Superfast quarks
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Where is the novel non-linear 
regime of QCD that leads to the 
saturation of parton densities?

• When are small x effects important ? 
• When is onset of saturation ? 

Need: 
• Higher orders  
• Resummation 
• and variety of  observables talks by Martin 

Hentschinski, Edmond Iancu

gap survivor photon flux

Photoproduction result from H1(HERA) 
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HeRSCheL sel.J/ production on protons

The asymptotic slope !s in BFKL chosen such

that it is close to “linear fit”

Saturation e↵ects too large at W & 1000GeV

Dipole amplitude not constrained by the HERA

data in the region x . 10�4

E↵ect of neglecting impact parameter b in the

initial condition? (compare to JIMWLK

approach Mäntysaari, Salazar, Schenke, 2207.03712)

Saturation e↵ects might be overestimated in

this model
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Figure 1: Energy dependence of the J/ and ⌥ photo-production cross-section as provided by the KS

and HSS gluon distribution. The HSS distribution with dipole size scale corresponds to a specific scale

setting for the HSS gluon discussed in Sec. 3. For the J/ we further display photo-production data

measured at HERA by ZEUS [37,38] and H1 [39,40] as well as LHC data obtained from ALICE [41]

and LHCb (W+
solutions) [42,43]. For the ⌥ cross-section we show HERA data measured by H1 [44]

and ZEUS [45,46] and LHC data by LHCb [47] and CMS [48,49].
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NLO DGLAP works

BFKL works but 
BK does not work

BFKL and BK 
work

Talk by Cesar Luiz da Silva

Talk by Jani Penttala

Arroyo-Garcia, 
Hentschinski,Kutak
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Evolution at small x: BFKL
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Where is the novel non-linear 
regime of QCD that leads to the 
saturation of parton densities?

K = ↵̄sKLLx + ↵̄2
sKNLLx + ↵̄3

sKNNLLx + . . .

Branching kernel (perturbative expansion)

QCD N=4 SYM

Evolution at small x: BFKL

Unintegrated, (transverse momentum 
dependent) gluon density

Fg(x, kT )

@Fg(x, kT )

@ ln 1/x
=

Z
d2k0T K(kT , k

0
T )Fg(x, k

0
T )

Fg(x, kT ) ⇠ x�!IPSolution

Balitsky-Fadin-Kuraev-Lipatov
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Evolution at small x: BK
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of different exponents which govern the growth of the saturation scales in this equation. We confirm the results of
[41], on the dependence of the scattering amplitude as a function of dipole size and demonstrate that it vanishes
for large dipole sizes. We also find the fast diffusion of the solution in impact parameter space and recover the
power tails. The saturation scale both for small and large dipoles is extracted, and the dependencies on the impact
parameter and rapidity are found. The results of the solutions to the equation in the leading logarithmic approximation
(LL) are compared with the modified version of the equation proposed in [43]. The modified version contains the
cutoffs in rapidity which originate from kinematical constraints. These cutoffs contain kinematical constraints in
only approximate way but we know from the analysis of forward BFKL in momentum space that these constraints
are known to reduce the speed of the evolution in a significant way [44], (for a related analysis on impact parameter
dependence in nonlinear equation and the energy conservation see [45]. The BK without impact parameter dependence
and with rapidity cutoffs was also analyzed in [35, 46]). We also include running coupling in our analysis and find
that the effect of the running coupling is quite different than in the case without the impact parameter. In this paper
we consider a prescription for the running coupling with the external dipole as the scale as well as the prescription
derived in [47]. The impact parameter dependent equation is extremely sensitive to the large dipole sizes and this is
the region where the running coupling is very large and needs to be regularized by some other mechanism.

In this analysis we did not attempt to regularize the large dipole size region in any way. It is at present totally unclear
how confinement effects should be consistently included in the dipole formalism. Of course, for any phenomenological
applications such cut should be included, perhaps similarly to what was done in [48]. As we were interested in general
properties of the evolution we did not attempt here to introduce additional cuts on large dipole sizes (via masses),
which would interfere with the specific dynamics of the evolution.

The paper is organized in the following way. In the next section, Sec. II we briefly present the BK equation and
discuss the modified version which includes the cutoffs in rapidity. In Sec. III we describe the numerical methods of
finding the solution. In Sec. IV we first show the results of the solution without the impact parameter and extract the
saturation scale for both the LL and the modified equation. In Sec. V we present the solutions with impact parameter.
We discuss the form of the amplitude as a function of the dipole size, extract the saturation scales (both for small and
large dipoles), and discuss the form of the impact parameter profile which emerges in the evolution. We present the
solutions both in the case of the LL and for the modified kernel. Using the representation in terms of the conformal
eigenfunctions we discuss the origins of different peaks in the amplitude as well as present estimates for the rapidity
dependence of the small and large dipole saturation scales and the expansion radius in impact parameter. We also
present the estimate of the cross section of the black disc radius and its dependence on the rapidity. In Sec. VI we
discuss the results with the running coupling, both for the case without and with impact parameter dependence, and
for two different prescriptions of the running coupling. Finally, in Sec. VII we state our conclusions.

II. BK KERNEL IN LO AND BEYOND

In the leading logarithmic approximation in ln 1/x, the nonlinear Balitsky-Kovchegov [15, 16, 18–22] evolution
equation derived in dipole picture [17] has the following form

∂Nx0x1

∂Y
= αs

∫

d2x2

2π

(x0 − x1)2

(x0 − x2)2(x1 − x2)2
[Nx0x2 + Nx1x2 − Nx0x1 − Nx0x2 Nx1x2 ] , (1)

where αs = αsNc/π is the strong coupling constant. Here, Nx0x1 ≡ N(x0,x1, Y ) is the dipole-nucleus scattering
amplitude, and x0,x1 are two-dimensional vectors of the transverse position of the dipole ends. Alternatively, one can
introduce the vector denoting the dipole size r01 = x0 − x1, and the impact parameter b01 = (x0 + x1)/2. Thus in
general, the amplitude depends on the four degrees of freedom in transverse space and rapidity, Y = ln(1/x), playing
the role of the evolution parameter. The transverse part of the LL kernel

dz

z

d2x2

2π

x2
01

x2
02x

2
12

,

is conformally (Möbius) invariant in 2-dimensions. Here, we introduced a more compact notation denoting xij ≡
xi − xj , xij = |xij | and z is the longitudinal momentum fraction so that rapidity is y = ln 1/z.

To obtain the solution of this equation, one has to specify an initial condition at Y = Y0: N (0)
x0x1 = N (0)(x0,x1; Y =

Y0).
The amplitude Nx0x1 in (1) is given by the following correlator

Nx0x1 =
1

Nc
Tr

〈

1 − U †(x0)U(x1)
〉

, (2)

Evolution equation in the dense region

BK nonlinear evolution at LL in Y= ln 1/x

Linear BFKL part Nonlinear part

Growth towards small x is tamed by nonlinear 
corrections
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N(Y,x0,x1) Dipole scattering amplitude

x0,x1 coordinates of the dipole in 
the transverse space
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NLL corrections to BFKL 
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 (z) = �0(z)/�(z)

Solution to the intercept

NLL corrections to BFKL equation are large and negative

Main sources: 

• running coupling 

• kinematical constraint 

• DGLAP anomalous dimension
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In Mellin space: (negative contributions) double and triple poles
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Small x resummation
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Altarelli,Ball,Forte; Thorne, White; Sabio-Vera; Ciafaloni, Colferai, Salam, AS (CCSS)
CCSS resummation (RGI renormalization group improved small x evolution): 

• Include kinematical constraint : leads to shifts of poles 
• Include DGLAP splitting function and running coupling in the leading part 
• Subtractions to avoid double counting, guarantee momentum sum rule 
• Motivation in Mellin space, final equation in the momentum space

Andersson, Gustafson, Kharraziha, Samuelsson; 
Ciafaloni; Kwiecinski, Martin, Sutton
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Agg(!) DGLAP anomalous dimension 
without the  term1/ω
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Figure 1: ωs as a function of αs for different subtraction schemes together with the original
result for the ω-expansion. The calculation is done in the fixed coupling case.

All resummed results for the intercept are significantly reduced in comparison with the LL
result and they all give stable predictions even for large values of ᾱs. As we see from the
plot, the changes of resummation procedure as well as subtraction scheme do not significantly
influence the values of ωs. They give at most 20% change at the highest αs ! 0.35. In Fig. 2
we show the effective kernel eigenvalue as a function of γ. We have considered here the
asymmetric ω-shift, which corresponds to the upper energy scale choice ν0 = k2. In this case
it is easy to show that close to γ = 0 the effective eigenvalues from scheme B and the original
ω-expansion [11] satisfy the momentum sum rule. This is illustrated in Fig. 2 by the fact that
ᾱsχeff(γ = 0, ᾱs) = 1 for all values of ᾱs in these schemes. This can be seen by expanding
around γ = 0, where we have

χω(γ, ᾱs) ∝
1 + ωA1(ω)

γ
(69)

which for γ = 0 gives ωA1(ω) = −1, which has the solution ω = 1. Note that a second fixed
intersection point of curves with different αs occurs at γ = 2. This is expected from energy-
momentum conservation3 in the collinear regime Q2

0 $ Q2, because of a behavior similar to
Eq. (69) around the shifted pole 1 + ω − γ = 0. This intersection has no counterpart in the
approach of Ref. [12].

We also examine the second derivative χ′′
eff(γ, ᾱs) which controls the diffusion properties

of the small-x equation, Fig. 3. As we see from the plot, the second derivative is more model-
dependent than the intercept ωs, though the two models A and B presented in this paper

3Such an intersection occurs in scheme A also (where momentum conservation is not satisfied) as an artefact
of the collision of the shifted pole at γ = 1 + ω with the unshifted one at γ = 2.
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Resummed BFKL+DGLAP with quarks

7

Figure 5: nf dependence of splitting functions for αs = 0.2. The plotted curves are for
nf = 3, 4, 5, 6 (solid), for gg also nf = 0 (dotted) is shown for comparison. The three
sets of splitting functions are: fixed order perturbative: NLO (black), NNLO (green);
resummed NLO (red) in Q0MS scheme. For qq and qg as nf increases the small x value
becomes larger: asymptotically constant at NLO, stronger rise at NNLO and strongest
rise at the resummed level. For gq and gg as nf increases the small x value becomes
smaller: asymptotically constant at NLO, stronger drop at NNLO and deeper dip at
the resummed level.

show a steeper increase as αs increases. This is because the leading singularity in the
N plane moves further to the right making the asymptotic behaviour steeper at small x.
At the same time xPgg/αs and xPgq/αs decrease in the intermediate region (i.e. the dip
gets deeper). The rate of increase at small x and the depth of the dip are related by
a smooth interpolation between small and large x and because of the integral constraint
from momentum conservation (although the delta function terms at x = 1 also depend on
αs). The NNLO results, shown for comparison, as αs increases display a steeper rise at
small x of splitting functions in the quark sector and a steeper drop in the gluon sector,

30

Resummed splitting functions

Altarelli, Ball, Forte Ciafaloni, Colferai, Salam, AS
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scaleuncertaintyandtheNLOsplittingfunctionsforcomparison.Intheggchannel,wealso
showtheoldschemeBresult(nf=0,noNLOcontributions,1-loopcoupling)of[11].Theband
correspondstothespanofresults(NLx-NLO)obtainedifonechoosesxµ=0.5andxµ=2.0.

6.2Splittingfunctions

Theextractionofsplittingfunctionsiscarriedmuchinthesamewayasintheone-channel
casedescribedin[11,23].Thereaspecial(infrared)inhomogeneoustermwasincludedin
theequationfortheGreenfunctionsuchastoensurethattheresultingintegratedgluon
distributionsatisfiesxg(x,µ2)=1,independentlyofx,forµ2setequaltosomegivenQ2.
Withthatinhomogeneoustermfixed,thexPgg(x,Q2)splittingfunctionwasthenobtainedas

∂
∂lnx

∂
∂lnµ2xg(x,µ2)|µ2=Q2.Inthematrixcase,wehavea2-componentvectorofinhomogeneous

terms:wecanchooseitsuchthatxq(x,µ2)=0,xg(x,µ2)=1forµ2=Q2,inwhichcasewe
obtain(

xPqg

xPgg

)
=

∂

∂lnx

∂

∂lnµ2

(
xq(x,µ2)
xg(x,µ2)

)∣∣∣∣
µ2=Q2

.(6.2)

Alternativelywecansettheinhomogeneoustermssoastoensurethatq(x,µ2)=1,g(x,µ2)=0
forµ2=Q2andwethenextractPqqandPgq.

Thematrixofeffectivesplittingfunctionsasdeterminedwiththismethodisshowninfig.5,
forbothourkernelsandwithascaleQ!6GeV,givingαs(Q2)=0.2.Forreferenceweplot
alsotheexactNLOsplittingfunctionsandourpreviousresultsforthesingle-channelevolution.
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resum

• For reliable phenomenology need to include quarks in the resummed small-x evolution 
• Incorporation of DGLAP with quarks in the linear BFKL case.  
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NLO and collinear resummation in BK and JIMWLK

8

Similarly to NLO BFKL , NLO BK are also large corrections: need resummation 

NLO BK: Balitsky,Chirilli 

Collinear improvement in BK: 
Ducloue, Iancu,Mueller,Soyez, Triantafyllopoulos;Beuf

NLO JIMWLK: Kovner, 
Lublinsky,Mulian 

Collinear improvement 
in JIMWLK: Hatta,Iancu

5

Figure 1: Contribution to the evolution speed of the dipole
amplitude, @yN , originating from the subtraction of the ↵2

s

part of the single logarithm resummation (Ksub) divided by

the contribution from Kfin
1 , K2 and Kf .
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Figure 2: Dipole amplitude at di↵erent rapidities as a func-
tion of dipole size. The thick lines are obtained by using
a resummed initial comparison. For comparison, the corre-
sponding amplitudes obtained without resumming the initial
condition are shown as thin lines.

is found to increase at almost all dipole sizes through
the evolution. In particular, the amplitude does not turn
negative at small dipoles, which would be the case with
the NLO BK equation without resummation as shown in
Ref. [24]. In order to study the e↵ect of the resummed
initial condition we also solve the equation with a non-
resummed dipole amplitude at y = 0 (replacing Ã by A

in Eq. (12)). The di↵erence between the initial condi-
tions is that the resummation introduces oscillations in
the small-r part that are quickly washed out in the evo-

Figure 3: Evolution speed of the saturation scale obtained
by solving the BK equation at leading order (with running
coupling), including the resummation contributions and with
full kernels with fixed order ↵2

s terms.

lution. The evolution speeds and shapes of the solutions
are comparable after a few units of rapidity evolution.

The evolution of the saturation scale is studied in
more detail in Fig. 3 where we show its evolution speed
d lnQ2

s/dy. The saturation scale Qs is defined here by

N(r2 = 2/Q2
s ) = 1 � e

�1/2
, (20)

and it should be seen as the scale at which non-linear
phenomena become important. The resummed NLO BK
equation (Eq. (2) with K

BC
1 replace by Eq. (17), labeled

as Total) is found to evolve roughly 30% slower than the
leading order running coupling BK equation at very large
saturation scales with the running coupling prescription
used here. The fixed order ↵2

s terms are important close
to the initial condition, increasing the evolution speed
significantly. This can be seen by comparing the full re-
summed NLO BK result to the result obtained by solving
the leading order BK equation improved as in Ref. [34]
by including the resummation of single and double loga-
rithms without the other NLO terms (Resummation only
in Fig. 3). Later in the rapidity evolution (at large sat-
uration scales) these pure NLO terms have a negligible
e↵ect. Note that we have here chosen an initial satura-
tion scale Qs ⇠ 1 GeV, which can be expected to be in
the phenomenologically relevant regime.

The evolution speed of the dipole amplitude as a func-
tion of dipole size is analyzed in more detail in Fig. 4,
where the contributions to @yN(r)/N(r) from the di↵er-
ent terms are shown. The resummation contribution is

Mantysaari,Lappi
Numerical solution to resummed NLO BK
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Hard factors at NLO: precision CGC

9

In addition to evolution impressive progress has been achieved in calculations 
of  hard factors for various processes at NLO e.g.:

Photon-gluon impact factors: Balitsky-Chirilli;  

Total DIS cross section in dipole framework: Beuf; Hanninen et al 

Heavy quarks in DIS: Beuf, Lappi, Paateleinen 

Vector mesons in DIS: Boussarie et al, Mantysaari,Penttala 

Dihadrons/jets in DIS: Caucal et al, Bergabo, Jalilian-Marian, Taels et al 

Diffractive DIS: Beuf et al 

Diffractive dijet: Boussarie et al, Iancu et al 

Photon+dijet in DIS: Roy, Venugopalan 

inclusive hadron production in pA : Chirilli et al;  

single jet production in pA: Liu et al 

… 
Talk by Jamal Jalilian-Marian
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Resummation of the impact factors: inclusive case

10

For complete description need to match resummed  evolution equation and 
impact factor

• Case study:  scattering 

• The double-tagged process 
 allows to measure the 

 cross section.  

• Excellent process to study BFKL for two comparable 
virtualities of the photons.  

• BFKL exchange should be dominant at high energy

γ*γ*

e+e− ⟶ e+e− + hadrons
γ*γ* ⟶ hadrons

γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function
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Resummation of the impact factor

11

<latexit sha1_base64="zZAq41wammeUExplJhsySgiObXk="></latexit>

G(!, �) =
1

! � ↵̄s�(�)

<latexit sha1_base64="sFJzsbY6SgUd3R6GjRIC2MXDa/g="></latexit>

�(jk)(s,Q1, Q2) =
1

2⇡Q1Q2

Z
d!

2⇡i

✓
s

s0

◆! Z
d�

2⇡i

✓
Q2

1

Q2
2

◆�� 1
2

�(j)(�)G(!, �)�(k)(1� �)

High-energy factorization formula in Mellin space

    are negative photon virtualities 

    for  the  process 

    photon polarizations 

   energy scale

Q2
1 = − q2

1 , Q2
2 = − q2

2

s = (q1 + q2)2 γ*γ*

j, k

s0

   impact factors: known up to NLO    

    BFKL gluon Green’s function

ϕ( j,k)

G(ω, γ)

Balitsky, Chirilli; 
 (dipole formulation  Beuf)

High-energy factorization formula
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! $ ln s
<latexit sha1_base64="s0OZin3S1swZkLdD0D63DyQuwwE="></latexit>

� $ lnk2Mellin space

<latexit sha1_base64="7rHhOJ1O+HKWTsmS6RLL9uM8cQw="></latexit>

�(jk)(s,Q1, Q2) =

Z
d2k1

Z
d2k2�

(j)(k1, Q1)G(s,k1,k2)�
(k)(k2, Q2)

γ∗

γ∗

<latexit sha1_base64="nmMV7eLBcWlxDEnT33mCbd9ygMA=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJIMoafTkzTpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPWTeK0WjSC3rlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNDp6gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR71GeaEsvHjmCimbsVkSHWmFiXUcmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpAQMAzvMKbp70X7937mLcWvHzmEP7A+/wBSGeQFQ==</latexit>

k1

<latexit sha1_base64="QHmfyzJHzFsUooN+5vc5gJ/WDG4=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuykzxtSy6cVnBPqQdSibNtKFJZkgyQhn6FW5cKOLWz3Hn35i2s9DWAxcO59zLvfeEieDGet43WlldW9/YLGwVt3d29/ZLB4dNE6easgaNRazbITFMcMUallvB2olmRIaCtcLR7dRvPTFteKwe7DhhgSQDxSNOiXXSY9YNIzya9Kq9UtmreDPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaVYr/mXl4v68XLvJ4yjAMZzAGfhwBTW4gzo0gIKEZ3iFN6TRC3pHH/PWFZTPHMEfoM8fSeuQFg==</latexit>

k2

<latexit sha1_base64="ex3OQHqjZcnnsotbmjKMb2U82tI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbTSfaPv9csVt+rOQf4SLycVyFHvlz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9aJxXqnd5HEU4QiO4RQ8uIIa3EEdmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xvTd42D</latexit>

Q1

<latexit sha1_base64="XSFR7qqYoJnNMf38vp6IVXMJrtI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eI8khgQ2aHXpgwO7uZmTUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM07Qj+hA8pAzaqz0UO9VesWSW3bnIKvEy0gJMtR6xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzUvauypf1i1L1NosjDydwCufgwTVU4R5q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz/U+42E</latexit>

Q2

<latexit sha1_base64="cWNVBYvoKqnwNcSojNZTy3p+I6I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6zf3WEyrNE/lgxikGMR1IHnFGjZX8bnPIK71qza27M5Bl4hWkBgWavepXt5+wLEZpmKBadzw3NcGEKsOZwGmlm2lMKRvRAXYslTRGHUxmx07JiVX6JEqULWnITP09MaGx1uM4tJ0xNUO96OXif14nM9F1MOEyzQxKNl8UZYKYhOSfkz5XyIwYW0KZ4vZWwoZUUWZsPnkI3uLLy+TxrO5d1i/uz2uNmyKOMhzBMZyCB1fQgDtogg8MODzDK7w50nlx3p2PeWvJKWYO4Q+czx8bl449</latexit>

�

<latexit sha1_base64="cWNVBYvoKqnwNcSojNZTy3p+I6I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GU/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6zf3WEyrNE/lgxikGMR1IHnFGjZX8bnPIK71qza27M5Bl4hWkBgWavepXt5+wLEZpmKBadzw3NcGEKsOZwGmlm2lMKRvRAXYslTRGHUxmx07JiVX6JEqULWnITP09MaGx1uM4tJ0xNUO96OXif14nM9F1MOEyzQxKNl8UZYKYhOSfkz5XyIwYW0KZ4vZWwoZUUWZsPnkI3uLLy+TxrO5d1i/uz2uNmyKOMhzBMZyCB1fQgDtogg8MODzDK7w50nlx3p2PeWvJKWYO4Q+czx8bl449</latexit>

�

<latexit sha1_base64="DEQlhW9xQgx015gwB+tblbcMxJ4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQgx4TMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7a5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoQp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A581jNU=</latexit>

G
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γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function

<latexit sha1_base64="/OjORAYuCmhVSN/MeixDkLz7n0w=">AAACJXicbVDLSsNAFJ3UV62vqks3wSJU0JKIqAuFogtdVrAPaEq4mU7SoTNJmJkIJeRn3PgrblxYRHDlrzhts9DqgYHDOedy5x4vZlQqy/o0CguLS8srxdXS2vrG5lZ5e6clo0Rg0sQRi0THA0kYDUlTUcVIJxYEuMdI2xveTPz2IxGSRuGDGsWkxyEIqU8xKC255cvbqhNxEsCREwDncHjl+AJwamfpTD92PBCpAyweQOZKBw9oNY9mbrli1awpzL/EzkkF5Wi45bHTj3DCSagwAym7thWrXgpCUcxIVnISSWLAQwhIV9MQOJG9dHplZh5opW/6kdAvVOZU/TmRApdyxD2d5KAGct6biP953UT5F72UhnGiSIhni/yEmSoyJ5WZfSoIVmykCWBB9V9NPADdktLFlnQJ9vzJf0nrpGaf1ez700r9Oq+jiPbQPqoiG52jOrpDDdREGD2hF/SGxsaz8Wq8Gx+zaMHIZ3bRLxhf38XOpXY=</latexit>

G(!, �) =
1

! � ↵̄s�(�)

<latexit sha1_base64="C9tT7rWjRgU+N2jOUd/MAg06odw=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0VoLyURUY9FLx4r2A9oY9lsN+3a3STsbsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8P+ZMacf5tlZW19Y3Ngtbxe2d3b19+6DUUlEiCW2SiEey42NFOQtpUzPNaSeWFAuf07Y/vp767UcqFYvCOz2JqSfwMGQBI1gbqW+XevGI3aeVh2pW6Q2xELjat8tOzZkBLRM3J2XI0ejbX71BRBJBQ004VqrrOrH2Uiw1I5xmxV6iaIzJGA9p19AQC6q8dHZ7hk6MMkBBJE2FGs3U3xMpFkpNhG86BdYjtehNxf+8bqKDSy9lYZxoGpL5oiDhSEdoGgQaMEmJ5hNDMJHM3IrICEtMtImraEJwF19eJq3Tmntec2/PyvWrPI4CHMExVMCFC6jDDTSgCQSe4Ble4c3KrBfr3fqYt65Y+cwh/IH1+QP9vZPD</latexit>

�(j)(�)

<latexit sha1_base64="syv6D3bzCIcjYVANsU03BwicO3k=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CRahvZRERD0WvXisYD+giWWz3bZLdzdhdyOWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbmhTGjSrvut1VYW9/Y3Cpul3Z29/YP7MNyW0WJxKSFIxbJbogUYVSQlqaakW4sCeIhI51wcjPzO49EKhqJez2NScDRSNAhxUgbqW+X/XhMH9LqpJZV/RHiHNX6dsWtu3M4q8TLSQVyNPv2lz+IcMKJ0JghpXqeG+sgRVJTzEhW8hNFYoQnaER6hgrEiQrS+e2Zc2qUgTOMpCmhnbn6eyJFXKkpD00nR3qslr2Z+J/XS/TwKkipiBNNBF4sGibM0ZEzC8IZUEmwZlNDEJbU3OrgMZIIaxNXyYTgLb+8Stpnde+i7t2dVxrXeRxFOIYTqIIHl9CAW2hCCzA8wTO8wpuVWS/Wu/WxaC1Y+cwR/IH1+QP/S5PE</latexit>

�(k)(�)

Standard high-energy RGI 

Standard high-energy/  factorization formula: integrals over  

Renormalization group improved (RGI): integrals over  and longitudinal momentum fraction

kT kT

kT

<latexit sha1_base64="a/Q0uyt+Lt0qxWW+zC5dEreJgsI=">AAACFXicbVDLSgNBEJz1bXxFPXpZDEIECbvi6yh68RjBqJCNoXfSScbM7C4zvWJY9ie8+CtePCjiVfDm3ziJOfgqaCiqume6K0ykMOR5H87Y+MTk1PTMbGFufmFxqbi8cm7iVHOs8VjG+jIEg1JEWCNBEi8TjaBCiRdh73jgX9ygNiKOzqifYENBJxJtwYGs1CxuBdWuuMrK15t5OQsIb2n4ZqaxlWdBrLADeb4VdEAp2GwWS17FG8L9S/wRKbERqs3ie9CKeaowIi7BmLrvJdTIQJPgEvNCkBpMgPegg3VLI1BoGtlwg9zdsErLbcfaVkTuUP0+kYEypq9C26mAuua3NxD/8+optQ8amYiSlDDiXx+1U+lS7A4icltCIyfZtwS4FnZXl3dBAycbZMGG4P8++S853674e5Xd053S4dEojhm2xtZZmflsnx2yE1ZlNcbZHXtgT+zZuXcenRfn9at1zBnNrLIfcN4+AWkQn58=</latexit>

�(j)(!, �)

<latexit sha1_base64="0XK88C/2Wlr4Q9D7wT2UTUSKq7E=">AAACE3icbVDLSgNBEJz1bXxFPXpZDEIUCbvi6yh68RjBqJCNoXfSSYbM7C4zvWJY9h+8+CtePCji1Ys3/8ZJzMFXQUNR1T3TXWEihSHP+3DGxicmp6ZnZgtz8wuLS8XllQsTp5pjjccy1lchGJQiwhoJkniVaAQVSrwMeycD//IGtRFxdE79BBsKOpFoCw5kpWZxK6h2xXVW7m3m5YDwloZPZhpbeRbECjuQbwcdUAo2m8WSV/GGcP8Sf0RKbIRqs/getGKeKoyISzCm7nsJNTLQJLjEvBCkBhPgPehg3dIIFJpGNlwgdzes0nLbsbYVkTtUv09koIzpq9B2KqCu+e0NxP+8ekrtw0YmoiQljPjXR+1UuhS7g4DcltDISfYtAa6F3dXlXdDAycZYsCH4v0/+Sy52Kv5+Ze9st3R0PIpjhq2xdVZmPjtgR+yUVVmNcXbHHtgTe3bunUfnxXn9ah1zRjOr7Aect0+DiJ6U</latexit>

�(k)(!, �)

<latexit sha1_base64="mwWWx3KD8IvJAL1hIIklZdaecGU="></latexit>

G(!, �) = 1

! � ↵̄sX(!, �)
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<latexit sha1_base64="ju8DESYRLnQyrqpWJVEOZz5nKgE="></latexit>

�(jk)(s,Q1, Q2) =
1

2⇡Q1Q2

Z
d!

2⇡i

✓
s

s0

◆! Z
d�

2⇡i

✓
Q2

1

Q2
2

◆�� 1
2

�(j)(!, �)G(!, �)�(k)(!, 1� �)

Resummed gluon Green’s function

<latexit sha1_base64="agXI3dYpLD3Cme84BE/KKahYxDg="></latexit>

! = ↵̄sX(!, �) ⌘ !e↵(�, ↵̄s) ⌘ ↵̄s�
e↵(�, ↵̄s)

Solve the nonlinear equation in  . Gives the leading energy behaviorω

<latexit sha1_base64="pJpNls7LvwRZTtZKAIBhO36v3ww="></latexit>

Res!=!eff [! � ↵̄sX(!, �)]�1 = [1� ↵̄s@!X(!e↵ , �)]�1

  integral singles out the residueω

Resummed impact factor 
with  dependenceω

<latexit sha1_base64="mwWWx3KD8IvJAL1hIIklZdaecGU="></latexit>

G(!, �) = 1

! � ↵̄sX(!, �)

<latexit sha1_base64="a/Q0uyt+Lt0qxWW+zC5dEreJgsI=">AAACFXicbVDLSgNBEJz1bXxFPXpZDEIECbvi6yh68RjBqJCNoXfSScbM7C4zvWJY9ie8+CtePCjiVfDm3ziJOfgqaCiqume6K0ykMOR5H87Y+MTk1PTMbGFufmFxqbi8cm7iVHOs8VjG+jIEg1JEWCNBEi8TjaBCiRdh73jgX9ygNiKOzqifYENBJxJtwYGs1CxuBdWuuMrK15t5OQsIb2n4ZqaxlWdBrLADeb4VdEAp2GwWS17FG8L9S/wRKbERqs3ie9CKeaowIi7BmLrvJdTIQJPgEvNCkBpMgPegg3VLI1BoGtlwg9zdsErLbcfaVkTuUP0+kYEypq9C26mAuua3NxD/8+optQ8amYiSlDDiXx+1U+lS7A4icltCIyfZtwS4FnZXl3dBAycbZMGG4P8++S853674e5Xd053S4dEojhm2xtZZmflsnx2yE1ZlNcbZHXtgT+zZuXcenRfn9at1zBnNrLIfcN4+AWkQn58=</latexit>

�(j)(!, �)

Additional  dependence from resummationω
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Relation between two formulations:

standard high-energy resummed

<latexit sha1_base64="7Iosim30G4GWoCufG8GJBLs+iIw="></latexit>

�(j)(�)�(k)(1� �) =
�(j)(!e↵ , �)�(k)(!e↵ , 1� �)

1� ↵̄s@!X(!e↵ , �)

<latexit sha1_base64="2YLaHvS2VE4sDjbCrVEnszofftY=">AAACF3icbVBNSwMxFMzW7/pV9eglWIQKUnZFVBBB9OJRwdpCt5a36ds2mOwuSVYoS/+FF/+KFw+KeNWb/8a07kFbBx4MM/NI3gSJ4Nq47pdTmJqemZ2bXyguLi2vrJbW1m90nCqGNRaLWDUC0Ch4hDXDjcBGohBkILAe3J0P/fo9Ks3j6Nr0E2xJ6EY85AyMldqlqs96vOJ3QUrYof4xPbHTqPixxC7cZr6SFMNwsJsn2qWyW3VHoJPEy0mZ5Lhslz79TsxSiZFhArRuem5iWhkow5nAQdFPNSbA7qCLTUsjkKhb2eiuAd22SoeGsbITGTpSf29kILXuy8AmJZieHveG4n9eMzXhUSvjUZIajNjPQ2EqqInpsCTa4QqZEX1LgClu/0pZDxQwY6ss2hK88ZMnyc1e1Tuoelf75dOzvI55skm2SIV45JCckgtySWqEkQfyRF7Iq/PoPDtvzvtPtODkOxvkD5yPbw9QngM=</latexit>

�(�) = X(!e↵ , �)

By expanding eqs. (29) in ↵̄s as in eqs. (19) and (20), we obtain the following equations relating the RGI

eigenvalue and impact factors (and their derivatives) at ! = 0 with the BFKL ones:

!e↵ = ↵̄s�0(�) + O(↵̄2
s) (30)

�0(�) = X0(0, �) (31)

�1(�) = X1(0, �) + �0(�)@!X0(0, �) (32)

�(j)
0 (�)�(k)

0 (1� �) = �(j)
0 (0, �)�(k)

0 (0, 1� �) (33)

�(j)
0 (�)�(k)

1 (1� �) + �(j)
1 (�)�(k)

0 (1� �) = �(j)
0 (0, �)

h
�(k)
1 (0, 1� �) + �0(1� �)@!�(k)

0 (0, 1� �)
i

+
h
�(j)
1 (0, �) + �0(�)@!�(j)

0 (0, �)
i

�(k)
0 (0, 1� �)

+ �(j)
0 (0, �)�(k)

0 (0, 1� �)@!X0(0, �) . (34)

Eqs. (30,31,32) are well known from the first studies on RGI BFKL [12] [DC: (check ref)]. Eq. (33) implies

that �(j)
0 (�) = �(j)

0 (0, �) for any polarization j. In particular, eqs. (18a,23a) implies the following normalization

for the LO impact factors, compared to those of refs. [3, 15, 16]:

�(j)
0 (0, �) =

2⇡
p
2(N2

c � 1)↵

Nf

 
X

q

e2q

!
� hj(�) (hT =

h2
�

� hL) ref [3] Catani et al. (35)

=
TR

p
2(N2

c � 1)

2
�(j)
0 (⌫) (� = 1

2 + i⌫) ref [15] Ivanov et al. (36)

=
TR

p
2(N2

c � 1)

⇡

 
X

q

e2q

!
Sj(N = 0, �) (N = !) ref [16] Bia las et al. , (37)

where
P

q denotes the sum over quark flavours and eq is the electric charge of quark q in units of the positron

charge. In those papers the expressions are often given for Nc = 3 and TR = 1/2, but it is better to keep track

of such colour structure for the comparison with the subsequent collinear analysis.

Eq. (34) will be used to determine the RGI impact factors at NLO. To this purpose we need to know the

!-dependence of the LO eigenvalue and impact factors. All that will be the subject of the next section.

4 RGI impact factor for transverse photon

4.1 Lowest order TT cross section in the collinear limits

Further information for the �⇤�⇤ cross section, somehow complementary to the multi-Regge kinematics, can

be inferred by analysing the collinear limit, i.e., by considering two photons with very di↵erent virtualities, say

Q1 � Q2. This situation is well described by e↵ective ladder diagrams, like the one depicted in fig. 1, where

the intermediate propagators are strongly ordered in virtuality (decreasing from left to right). At each QCD

vertex the strong coupling is evaluated at a scale given by the largest virtuality of the connected propagators,

while a splitting function Pba(zb/za) describes the fragmentation of the parent parton a (to the right) into a

child parton b (to the left) and an emitted parton (vertical line). The integrals over the ordered longitudinal

7

By expanding eqs. (29) in ↵̄s as in eqs. (19) and (20), we obtain the following equations relating the RGI

eigenvalue and impact factors (and their derivatives) at ! = 0 with the BFKL ones:

!e↵ = ↵̄s�0(�) + O(↵̄2
s) (30)

�0(�) = X0(0, �) (31)

�1(�) = X1(0, �) + �0(�)@!X0(0, �) (32)

�(j)
0 (�)�(k)

0 (1� �) = �(j)
0 (0, �)�(k)

0 (0, 1� �) (33)

�(j)
0 (�)�(k)

1 (1� �) + �(j)
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q denotes the sum over quark flavours and eq is the electric charge of quark q in units of the positron

charge. In those papers the expressions are often given for Nc = 3 and TR = 1/2, but it is better to keep track

of such colour structure for the comparison with the subsequent collinear analysis.

Eq. (34) will be used to determine the RGI impact factors at NLO. To this purpose we need to know the

!-dependence of the LO eigenvalue and impact factors. All that will be the subject of the next section.
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4.1 Lowest order TT cross section in the collinear limits

Further information for the �⇤�⇤ cross section, somehow complementary to the multi-Regge kinematics, can

be inferred by analysing the collinear limit, i.e., by considering two photons with very di↵erent virtualities, say

Q1 � Q2. This situation is well described by e↵ective ladder diagrams, like the one depicted in fig. 1, where

the intermediate propagators are strongly ordered in virtuality (decreasing from left to right). At each QCD

vertex the strong coupling is evaluated at a scale given by the largest virtuality of the connected propagators,

while a splitting function Pba(zb/za) describes the fragmentation of the parent parton a (to the right) into a

child parton b (to the left) and an emitted parton (vertical line). The integrals over the ordered longitudinal
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next-to-leading 

Constraint: expanding RGI resummed result recover order by order in high energy 
expansion : both kernel and impact factors
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Graphs at LO

Resummation of impact factors: important ingredient is exact kinematics

Consider structure function in DIS in high-energy factorization (momentum space)
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LO impact factor with exact kinematics: shift of poles

16

Bialas, Navelet, Peschanski
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Similar  shifts of poles as in BFKL gluon Green’s functionω

Kinematical constraint  appears again. See relevance for two 
scale process and Sudakov resummation talk by Cyrille Marquet
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Back to  cross section…γ*γ*
More information by collinear limit: photons with unequal virtualities
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Strong ordering of transverse momenta:

Q1 Q2l1 l2k

Figure 1: Diagramatics of collinear limit at lowest order in the BFKL factorization formula.

which is exactly the structure of eqs. (18) and (23).

The collinear integrand �̃(TT ) for two transverse photons at O(↵2↵2
s ) — corresponding to the four-rungs

LO BFKL diagram — is given by (cfr. app.A) [DC: We should indicate the superscript coll for almost

all �’s]
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where l1, k and l2 are the momenta of the t-channel quark, gluon and quark respectively, as depicted from left

to right in fig. 1, while Pab(!) denote Mellin moments of the one-loop splitting functions. The running coupling
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Substituting the above expansion for ↵s(l21) and ↵s(k2) in eq. (39) and switching to logarithmic variables
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By including the overall factor ↵2
s (µ

2) written in the first line of eq. (41) and noting that

↵2
s (µ

2)
⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
= ↵2

s (Q1Q2) + O(↵4
s ) ,

we get

↵2
s (µ

2)

ZZZ
' ↵2

s (Q1Q2)


(L1 � L2)3

3!
� ↵sb0

(L1 � L2)4

4!
+ O(↵4

s )

�
. (42)

' ↵2
s (Q1Q2)


1

3!
log3

Q2
1

Q2
2

� ↵sb0
1

4!
log4

Q2
1

Q2
2

+ O(↵4
s )

�
. (43)
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Figure 1: Diagramatics of collinear limit at lowest order in the BFKL factorization formula.

which is exactly the structure of eqs. (18) and (23).

The collinear integrand �̃(TT ) for two transverse photons at O(↵2↵2
s ) — corresponding to the four-rungs

LO BFKL diagram — is given by (cfr. app.A) [DC: We should indicate the superscript coll for almost

all �’s]

�̃(TT )(!, Q1, Q2) = (2⇡)3↵
⇣X

q2A
e2q

⌘
⇥

Z Q2
1

Q2
2

dl21
l21

↵s(l21)

2⇡
Pqg(!)

Z l21

Q2
2

dk2

k2
↵s(k2)

2⇡
Pgq(!)

Z k2

Q2
2

dl22
l22

↵

2⇡

⇣X

q2B
e2q

⌘
Pq�(!) . (39)

where l1, k and l2 are the momenta of the t-channel quark, gluon and quark respectively, as depicted from left

to right in fig. 1, while Pab(!) denote Mellin moments of the one-loop splitting functions. The running coupling

at scale |k| is defined in terms of the renormalized coupling ↵s at the renormalization scale µ:

↵s(k
2) :=

↵s(µ2)

1 + ↵s(µ2)b0 ln
k2

µ2

' ↵s(µ
2)

✓
1� ↵s(µ

2)b0 ln
k2

µ2
+ · · ·

◆

b0 =
11CA � 4TRNf

12⇡
⌘ CA

⇡
b̄ (40)

Substituting the above expansion for ↵s(l21) and ↵s(k2) in eq. (39) and switching to logarithmic variables

Li := ln
Q2

i
µ2 , �i := ln

l2i
µ2 , �k := ln k2

µ2 , we obtain

�̃(TT )(!, Q1, Q2) = (2⇡)3
↵2

2⇡

✓
↵s(µ2)

2⇡

◆2 ⇣X

q2A
e2q

⌘⇣X

q2B
e2q

⌘
Pqg(!)Pgq(!)Pq�(!)

⇥
Z L1

L2

d�1

Z �1

L2

d�k

Z �k

L2

d�2
⇥
1� ↵s(µ

2)b0(�1 + �k) + O(↵2
s )
⇤
. (41)

The nested integral in the second line of eq. (41) yields
ZZZ

=
(L1 � L2)3

3!

⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
� ↵s(µ

2)b0
(L1 � L2)4

4!
+ O(↵2

s ) .

By including the overall factor ↵2
s (µ

2) written in the first line of eq. (41) and noting that

↵2
s (µ

2)
⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
= ↵2

s (Q1Q2) + O(↵4
s ) ,

we get

↵2
s (µ

2)

ZZZ
' ↵2

s (Q1Q2)


(L1 � L2)3

3!
� ↵sb0

(L1 � L2)4

4!
+ O(↵4

s )

�
. (42)

' ↵2
s (Q1Q2)


1

3!
log3

Q2
1

Q2
2

� ↵sb0
1

4!
log4

Q2
1

Q2
2

+ O(↵4
s )

�
. (43)
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Q2
1 � l21 � k2 � l22 � Q2

2

we get

↵2
s (µ

2)

ZZZ
' ↵2

s (Q1Q2)


(L1 � L2)3

3!
� ↵sb0

(L1 � L2)4

4!
+ O(↵4

s )

�
. (42)

' ↵2
s (Q1Q2)


1

3!
log3

Q2
1

Q2
2

� ↵sb0
1

4!
log4

Q2
1

Q2
2

+ O(↵4
s )

�
. (43)

By Mellin transforming in Q2
1/Q

2
2 the terms in square brackets1 (while keeping the strong couplings as factors

outside the Mellin transform), we obtain the corresponding expression in �-space:

↵2
s (Q1Q2)

1

�4


1� ↵sb0

1

�

�
. (44)

The first term O(↵2
s/�

4) could have been obtained by using a fixed coupling constant in eq. (39). The in-

troduction of the running coupling is responsible for the second (b0-dependent) term O(↵3
s/�

5), which will be

important in the analysis of the NLO impact factors.2

Finally, by restoring all the factors of eq. (41), we obtain the Mellin transform of �̃(TT ) of eq. (39), expanded

at order ↵2
s , which is nothing but the integrand of the RGI factorization formula (23a) in the collinear limit:

˜̃�(TT,0)(!, �)
��coll
p=1

= �(T )
0 G0�

(T )
0

��coll
p=1

= (2⇡)3↵
⇣
2
X

q2A
e2q

⌘1
�

· ↵s

2⇡

Pqg(!)

�
· ↵s

2⇡

Pgq(!)

�
· ↵

2⇡

⇣
2
X

q2B
e2q

⌘Pq�(!)

�
. (45)

Some remarks are in order.

(i) Since the collinear analysis of the cross section based on the DGLAP chain singles out the leading

logarithmic behaviour in the ratio Q1/Q2, eq. (45) provides just the leading �-pole structure of the RGI

integrand in the neighbourhood of � = 0.

(ii) Such pole structure correspond to p = 1, i.e., energy scale s0 = Q2
1. Adopting the symmetric energy scale

s0 = Q1Q2 (p = 0), according to eq. (24) the pole at � = 0 is shifted at � = �!/2, while keeping the

same coe�cient.

(iii) In the opposite (anti)collinear limit Q1 ⌧ Q2, one obtains the same result of eq. (45), provided one

replaces � ! 1� � and p ! �1, i.e., s0 = Q2
2. At symmetric energy scale s0 = Q1Q2, the pole at � = 1

is shifted at � = 1 + !/2. If p = 1, i.e., s0 = Q2
1, the pole at � = 1 is shifted at � = 1 + !.

(iv) The two sums with electric charges are over quark flavours (q 2 {u, d, . . . }) and a factor of 2 in front of

each sum takes into account quark+antiquark contributions.

Therefore, if we adopt a symmetric energy scale (p = 0) and include both collinear and anticollinear

contributions, the pole structure of the RGI improved integrand reads [DC: Do we use ˜̃� or �G�?] [AS:

1
Recall that (L1 � L2)

n
= ln

n Q2
1

Q2
2
! n!

�n+1 .

2
If one chooses a di↵erent scale for the running coupling, the coe�cient of the b0-dependent term in eq. (44) would change

accordingly.
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In Mellin space up to order α2
s
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we get

↵2
s (µ

2)

ZZZ
' ↵2

s (Q1Q2)


(L1 � L2)3

3!
� ↵sb0

(L1 � L2)4

4!
+ O(↵4

s )

�
. (42)

' ↵2
s (Q1Q2)


1

3!
log3

Q2
1

Q2
2

� ↵sb0
1

4!
log4

Q2
1

Q2
2

+ O(↵4
s )

�
. (43)

By Mellin transforming in Q2
1/Q

2
2 the terms in square brackets1 (while keeping the strong couplings as factors

outside the Mellin transform), we obtain the corresponding expression in �-space:

↵2
s (Q1Q2)

1

�4


1� ↵sb0

1

�

�
. (44)

The first term O(↵2
s/�

4) could have been obtained by using a fixed coupling constant in eq. (39). The in-

troduction of the running coupling is responsible for the second (b0-dependent) term O(↵3
s/�

5), which will be

important in the analysis of the NLO impact factors.2

Finally, by restoring all the factors of eq. (41), we obtain the Mellin transform of �̃(TT ) of eq. (39), expanded

at order ↵2
s , which is nothing but the integrand of the RGI factorization formula (23a) in the collinear limit:

˜̃�(TT,0)(!, �)
��coll
p=1

= �(T )
0 G0�

(T )
0

��coll
p=1

= (2⇡)3↵
⇣
2
X

q2A
e2q

⌘1
�

· ↵s

2⇡

Pqg(!)

�
· ↵s

2⇡

Pgq(!)

�
· ↵

2⇡

⇣
2
X

q2B
e2q

⌘Pq�(!)

�
. (45)

Some remarks are in order.

(i) Since the collinear analysis of the cross section based on the DGLAP chain singles out the leading

logarithmic behaviour in the ratio Q1/Q2, eq. (45) provides just the leading �-pole structure of the RGI

integrand in the neighbourhood of � = 0.

(ii) Such pole structure correspond to p = 1, i.e., energy scale s0 = Q2
1. Adopting the symmetric energy scale

s0 = Q1Q2 (p = 0), according to eq. (24) the pole at � = 0 is shifted at � = �!/2, while keeping the

same coe�cient.

(iii) In the opposite (anti)collinear limit Q1 ⌧ Q2, one obtains the same result of eq. (45), provided one

replaces � ! 1� � and p ! �1, i.e., s0 = Q2
2. At symmetric energy scale s0 = Q1Q2, the pole at � = 1

is shifted at � = 1 + !/2. If p = 1, i.e., s0 = Q2
1, the pole at � = 1 is shifted at � = 1 + !.

(iv) The two sums with electric charges are over quark flavours (q 2 {u, d, . . . }) and a factor of 2 in front of

each sum takes into account quark+antiquark contributions.

Therefore, if we adopt a symmetric energy scale (p = 0) and include both collinear and anticollinear

contributions, the pole structure of the RGI improved integrand reads [DC: Do we use ˜̃� or �G�?] [AS:

1
Recall that (L1 � L2)

n
= ln

n Q2
1

Q2
2
! n!

�n+1 .

2
If one chooses a di↵erent scale for the running coupling, the coe�cient of the b0-dependent term in eq. (44) would change

accordingly.
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Figure 1: Diagramatics of collinear limit at lowest order in the BFKL factorization formula.

which is exactly the structure of eqs. (18) and (23).

The collinear integrand �̃(TT ) for two transverse photons at O(↵2↵2
s ) — corresponding to the four-rungs

LO BFKL diagram — is given by (cfr. app.A) [DC: We should indicate the superscript coll for almost

all �’s]

�̃(TT )(!, Q1, Q2) = (2⇡)3↵
⇣X

q2A
e2q

⌘
⇥

Z Q2
1

Q2
2

dl21
l21

↵s(l21)

2⇡
Pqg(!)

Z l21

Q2
2

dk2

k2
↵s(k2)

2⇡
Pgq(!)

Z k2

Q2
2

dl22
l22

↵

2⇡

⇣X

q2B
e2q

⌘
Pq�(!) . (39)

where l1, k and l2 are the momenta of the t-channel quark, gluon and quark respectively, as depicted from left

to right in fig. 1, while Pab(!) denote Mellin moments of the one-loop splitting functions. The running coupling

at scale |k| is defined in terms of the renormalized coupling ↵s at the renormalization scale µ:

↵s(k
2) :=

↵s(µ2)

1 + ↵s(µ2)b0 ln
k2

µ2

' ↵s(µ
2)

✓
1� ↵s(µ

2)b0 ln
k2

µ2
+ · · ·

◆

b0 =
11CA � 4TRNf

12⇡
⌘ CA

⇡
b̄ (40)

Substituting the above expansion for ↵s(l21) and ↵s(k2) in eq. (39) and switching to logarithmic variables

Li := ln
Q2

i
µ2 , �i := ln

l2i
µ2 , �k := ln k2

µ2 , we obtain

�̃(TT )(!, Q1, Q2) = (2⇡)3
↵2

2⇡

✓
↵s(µ2)

2⇡

◆2 ⇣X

q2A
e2q

⌘⇣X

q2B
e2q

⌘
Pqg(!)Pgq(!)Pq�(!)

⇥
Z L1

L2

d�1

Z �1

L2

d�k

Z �k

L2

d�2
⇥
1� ↵s(µ

2)b0(�1 + �k) + O(↵2
s )
⇤
. (41)

The nested integral in the second line of eq. (41) yields
ZZZ

=
(L1 � L2)3

3!

⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
� ↵s(µ

2)b0
(L1 � L2)4

4!
+ O(↵2

s ) .

By including the overall factor ↵2
s (µ

2) written in the first line of eq. (41) and noting that

↵2
s (µ

2)
⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
= ↵2

s (Q1Q2) + O(↵4
s ) ,

we get

↵2
s (µ

2)

ZZZ
' ↵2

s (Q1Q2)


(L1 � L2)3

3!
� ↵sb0

(L1 � L2)4

4!
+ O(↵4

s )

�
. (42)

' ↵2
s (Q1Q2)


1

3!
log3

Q2
1

Q2
2

� ↵sb0
1

4!
log4

Q2
1

Q2
2

+ O(↵4
s )

�
. (43)
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Q2
1 � Q2

2

• Collinear analysis singles out leading logarithmic behavior in ratio , thus 
obtained leading poles at . 

• This corresponds to energy scale Changing to symmetric energy scale 
 the pole at  gets shifted by . 

• In anticollinear limit , , the same result is obtained with pole at  when 
scale  is chosen.  For scale  the pole at  gets shifted to .

Q2
1 /Q2

2
γ ∼ 0

s0 ∼ Q2
1 .

s0 ∼ Q1Q2 γ ∼ 0 −ω/2

Q2
2 ≫ Q2

1 γ ∼ 1
s0 ∼ Q2

2 s0 ∼ Q2
1 γ ∼ 1 γ ∼ 1 + ω

I am confused, we say we adopt symmetric scale, but in equation below there is no symmetric

scale ?]

�(T )
0 G0 �(T )

0

��2⇥coll
p=1

= (2⇡)3↵
⇣
2
X

q

e2q

⌘1
�
· ↵s

2⇡

Pqg(!)

�
· ↵s

2⇡

Pgq(!)

�
· ↵

2⇡

⇣
2
X

q

e2q

⌘Pq�(!)

�

+
⇣
� ! 1 + ! � �

⌘
. (46)

In order to classify terms according to the small-x expansion, and also to compare with the known expres-

sions (35,37) of impact factors at leading order, it is convenient to expand the Mellin transforms of the splitting

functions as powers series in !:

Pqq(!) = CF

✓
5

4
� ⇡2

3

◆
! + O(!2) (47)

Pgq(!) =
2CF

!
[1 + !Agq(!)] Agq(0) = �3

4
(48)

Pqg(!) =
2

3
TR [1 + !Aqg(!)] Aqg(0) = �13

12
(49)

Pgg(!) =
2CA

!
[1 + !Agg(!)] Agg(0) = �11

6
+ b̄ , b̄ =

11

12
�

TRNf

3CA
(50)

Pq�(!) =
Nc

TR
Pqg(!) . (51)

Note that Pqg refers to the process where a gluon produces a single quark emitting an antiquark, or viceversa.

Therefore, a gluon splitting into a quark or antiquark of given flavour requires a factor of two. If the (anti-)

quark at some point splits into a gluon, the sum over flavours yields an additional factor Nf . On the contrary,

if the (anti-)quark couples to a photon, the sum over flavours yields a factor
P

q e
2
q . Eq. (51) stems from the

fact that, if a gluon of colour c splits into a quark-antiquark pair with colours a, b, then the squared matrix

element contains
P

ab t
c
abt

d⇤
ab = tr(tctd) = TR�cd, while if a photon splits into a quark-antiquark pair, the sum

over colours is
P

ab �ab�ab =
P

a �aa = Nc.

By taking into account eqs. (48,51) and noting that CFNc = (N2
c � 1)TR, we can rewrite the leading �-pole

structure as

�(T )
0 G0 �(T )

0

��2⇥coll
p=1

=

"
↵↵s

⇣X

q

e2q

⌘
2Pqg(!)

p
2(N2

c � 1)

✓
1

�2
+

1

(1 + ! � �)2

◆#2

⇥ 1

!

⇣
1 + !Agq(!)

⌘
. (52)

The term in square brackets is exactly the collinear limit of the !-dependent LO impact factor derived from

eq. (37); in other words, it represents the double poles of Bia las et al. impact factor [16] for a transverse photon

with their full !-dependent coe�cient. [AS: Above there are mixed terms of various poles, this does

not seem to follow from (46) shall we comment more here ?] The factor 1/! — stemming from Pgq(!)

— in the second line of eq. (52) yields the GGF (23b) at lowest order (↵s ! 0), while its finite part / Agq

provides a NLL correction, to be reconsidered later.

By expanding also Pqg(!) we obtain

�(T )
0 G0 �(T )

0

��2⇥coll
p=1

=

 
↵↵s

⇣X

q

e2q

⌘4
3
TR

p
2(N2

c � 1)

!2 
1

�4
+

1

(1 + ! � �)4

�

⇥ 1

!

h
(1 + !Aqg)

2(1 + !Agq)
i
. (53)
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Taking both collinear and anticollinear limit for scale choice  we gets0 ∼ Q2
1
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I am confused, we say we adopt symmetric scale, but in equation below there is no symmetric

scale ?]
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⌘
. (46)

In order to classify terms according to the small-x expansion, and also to compare with the known expres-

sions (35,37) of impact factors at leading order, it is convenient to expand the Mellin transforms of the splitting

functions as powers series in !:

Pqq(!) = CF

✓
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3

◆
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Note that Pqg refers to the process where a gluon produces a single quark emitting an antiquark, or viceversa.

Therefore, a gluon splitting into a quark or antiquark of given flavour requires a factor of two. If the (anti-)

quark at some point splits into a gluon, the sum over flavours yields an additional factor Nf . On the contrary,

if the (anti-)quark couples to a photon, the sum over flavours yields a factor
P

q e
2
q . Eq. (51) stems from the

fact that, if a gluon of colour c splits into a quark-antiquark pair with colours a, b, then the squared matrix

element contains
P

ab t
c
abt

d⇤
ab = tr(tctd) = TR�cd, while if a photon splits into a quark-antiquark pair, the sum

over colours is
P

ab �ab�ab =
P

a �aa = Nc.

By taking into account eqs. (48,51) and noting that CFNc = (N2
c � 1)TR, we can rewrite the leading �-pole

structure as

�(T )
0 G0 �(T )

0

��2⇥coll
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↵↵s

⇣X

q

e2q

⌘
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The term in square brackets is exactly the collinear limit of the !-dependent LO impact factor derived from

eq. (37); in other words, it represents the double poles of Bia las et al. impact factor [16] for a transverse photon

with their full !-dependent coe�cient. [AS: Above there are mixed terms of various poles, this does

not seem to follow from (46) shall we comment more here ?] The factor 1/! — stemming from Pgq(!)

— in the second line of eq. (52) yields the GGF (23b) at lowest order (↵s ! 0), while its finite part / Agq

provides a NLL correction, to be reconsidered later.

By expanding also Pqg(!) we obtain
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10

Leading structure of impact 
factor with  dependent 
coefficient  by Bialas, Navelet, 
Peschanski

ω

Term from the gluon exchange 
(Born level GGF)

I am confused, we say we adopt symmetric scale, but in equation below there is no symmetric

scale ?]
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In order to classify terms according to the small-x expansion, and also to compare with the known expres-

sions (35,37) of impact factors at leading order, it is convenient to expand the Mellin transforms of the splitting

functions as powers series in !:

Pqq(!) = CF

✓
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3
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! + O(!2) (47)
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12
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6
+ b̄ , b̄ =
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(50)

Pq�(!) =
Nc

TR
Pqg(!) . (51)

Note that Pqg refers to the process where a gluon produces a single quark emitting an antiquark, or viceversa.

Therefore, a gluon splitting into a quark or antiquark of given flavour requires a factor of two. If the (anti-)

quark at some point splits into a gluon, the sum over flavours yields an additional factor Nf . On the contrary,

if the (anti-)quark couples to a photon, the sum over flavours yields a factor
P

q e
2
q . Eq. (51) stems from the

fact that, if a gluon of colour c splits into a quark-antiquark pair with colours a, b, then the squared matrix

element contains
P

ab t
c
abt
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ab = tr(tctd) = TR�cd, while if a photon splits into a quark-antiquark pair, the sum

over colours is
P

ab �ab�ab =
P

a �aa = Nc.

By taking into account eqs. (48,51) and noting that CFNc = (N2
c � 1)TR, we can rewrite the leading �-pole
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with their full !-dependent coe�cient. [AS: Above there are mixed terms of various poles, this does

not seem to follow from (46) shall we comment more here ?] The factor 1/! — stemming from Pgq(!)

— in the second line of eq. (52) yields the GGF (23b) at lowest order (↵s ! 0), while its finite part / Agq

provides a NLL correction, to be reconsidered later.
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Using exact expressions of in Mellin space

Additional term from collinear 
analysis. Can be included by 
modification of impact factor:

One possibilityfollowing: 3

�(T )
0 (!, �; 1) = �(T,BNP)

0 (!, �)
h
1 +

!

2
Agq(!)

i
(scheme I) (59a)

�(T )
0 (!, �; 1) = �(T,BNP)

0 (!, �) + CT
!

2
Agq(!)


1
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+

1

(1 + ! � �)2

�
(scheme II) (59b)

�(T )
0 (!, �; 1) = �(T,BNP)

0 (!, �) + CT !Agq(!)
1 + !Aqg

(1 + ! � �)2
(scheme III) . (59c)

Scheme I is an overall renormalization of the impact factor. Scheme II just modifies the coe�cient of the

(leading-twist) double poles. Scheme III is motivated by the fact that the Pgq vertex is attached to the impact

factor to the right, thus providing a 1/� pole only to �0(!, 1 � �). Note that schemes I and II preserve the

� $ 1 � � symmetry of the impact factor, while scheme III does not. In particular B = B̃ = Aqg + Agq/2 in

schemes I and II, while B = Aqg, B̃ = Aqg +Agq + !AqgAgq in scheme III (which fulfills exactly eq. (56)).

4.3 NLO TT cross section in the collinear limit

Our next task is to determine the transverse impact factors at NLO. Specifically, we want to determine some

function �(T )
1 (!, �) such that

• the RGI cross section (23a) agrees with the NLL BFKL one (18a);

• the same RGI cross section agrees with the DGLAP cross section in the collinear limits Q1 � Q2 and

Q1 ⌧ Q2 — in this case at order ↵3
s .

The first condition has already been considered, and leads to the constraint provided by eq. (34) at ! = 0.

(a)

Q1 Q2

(b)

Q1 Q2

Figure 2: Diagramatics of collinear limit at next-to-leading order in the BFKL factorization formula.

The second condition determines the structure of the collinear poles (� ' 0 and � ' 1 + !) of the impact

factors. We begin by generalizing eq. (46) to O(↵3
s ). This amounts to consider ladder diagrams with five

splittings between the photons. The vertices at the photon legs are necessarily QED couplings as before. The

other three vertices are of QCD type, and leads to the three diagrams of fig. 2. Such diagrams, together with

the running-coupling term of eq. (44), provide the integrand of the RGI factorization formula at O(↵3
s ) in the

collinear limit

˜̃�(TT )
1 (!, �; 1) = ˜̃�(TT )

0 (!, �; 1)


↵s

2⇡

Pgg

�
+ 2

↵s

2⇡

Pqq

�
� ↵sb0

�
+ O(�0)

�
, (60)

where ˜̃�(TT )
0 is the LO integrand defined in eq. (45).

3
Other schemes can be considered, see sec. 4.3.
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RGI LO transverse 
impact factor
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Need two constraints for RGI NLO impact factor
1) RGI cross section agrees with the BFKL at NLO
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General relation between two formulations:

At NLO this leads to the relation for the impact factors:

factors [15] and kernel [11]. 5 At symmetric scales s0 = µ2
R = Q1Q2, i.e., p = 0:
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where CT and D(0) were already determined in eq. (58). Then, from eq. (32) we find

A1 � b/2 = U + V . (70)

By noting that �0(�) = �0(1� �) = �0(0, �; p) for any p, eq. (34) can be simplified into

�1(�) + �1(1� �) = �1(0, �) + �1(0, 1� �)

+ �0(�)[@!�0(0, �) + @!�0(0, 1� �)] + �0(�)@!X0(0, �) , (71)

where �’s and X must be considered here at p = 0, i.e., by replacing � ! � + !/2 in eqs. (62) and (63). From

eq. (67) we can expand the l.h.s. of eq. (71) around the collinear pole � = 0:

�1(�) + �1(1� �) = �0(�) ↵̄s


�5/2

�2
+

fA + fB
�

+ O(�0)

�
. (72)

By expanding the r.h.s. of eq. (71) using eqs. (62) and (63) — with the replacement � ! � + !/2 — , the

coe�cient �5/2 of the quadratic pole within square brackets in eq. (72) is correctly reproduced, while the

coe�cients of the simple poles are equal if

fA + fB = B + B̃ +D +M + M̃ + U
��
!=0

. (73)

This is indeed the case. In fact, by exploiting eqs. (56) and (65), we find

B + B̃ +D +M + M̃ + U
��
!=0

= 2P̄qq + 2Aqg +Agq +Agg +D � b̄
��
!=0

(74a)

= �43

12
= fA + fB , (74b)

thus proving the consistency of NL BFKL and LO DGLAP.

Of course, the constraints (70) and (74a) derived from eqs. (32) and (34) respectively, can be fulfilled in

many ways. In tab. 1 we present some choices that we prefer on physical grounds.

Schemes ”collA” and ”collB” are motivated by the collinear analysis that suggests the value of B+ B̃ from

eq. (56) and the values of M + M̃ and U from eqs. (65) and (61). In the former we assign the running-coupling

term �b̄ to the kernel, in the latter to the IFs.

In the other three schemes ”zV. . . ” we set to zero the coe�cient V of the double pole of X1, following the

spirit of the RG improvement to transfer the most singular �-poles of NL objects into regular !-corrections

5
With running-coupling scale µ2

R = Q2
1, the double poles of �1(�) are A1/�

2
and (A1 � b̄)/(1 � �)2. With symmetric scale

µ2
R = Q1Q2, the coe�cients of both poles are equal to A1 � b̄/2.

14

For the highest poles (quartic in transverse case) this gives:

This coincides with NLO result ( by Chirilli,Kovchegov in the form written by Ivanov, Murdaca, Papa)
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2) RGI cross section agrees with the DGLAP collinear limits  and  at Q1 ≫ Q2 Q1 ≪ Q2 𝒪(α3
s )

following: 3
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1 + !Aqg

(1 + ! � �)2
(scheme III) . (59c)

Scheme I is an overall renormalization of the impact factor. Scheme II just modifies the coe�cient of the

(leading-twist) double poles. Scheme III is motivated by the fact that the Pgq vertex is attached to the impact

factor to the right, thus providing a 1/� pole only to �0(!, 1 � �). Note that schemes I and II preserve the

� $ 1 � � symmetry of the impact factor, while scheme III does not. In particular B = B̃ = Aqg + Agq/2 in

schemes I and II, while B = Aqg, B̃ = Aqg +Agq + !AqgAgq in scheme III (which fulfills exactly eq. (56)).

4.3 NLO TT cross section in the collinear limit

Our next task is to determine the transverse impact factors at NLO. Specifically, we want to determine some

function �(T )
1 (!, �) such that

• the RGI cross section (23a) agrees with the NLL BFKL one (18a);

• the same RGI cross section agrees with the DGLAP cross section in the collinear limits Q1 � Q2 and

Q1 ⌧ Q2 — in this case at order ↵3
s .

The first condition has already been considered, and leads to the constraint provided by eq. (34) at ! = 0.

(a)

Q1 Q2

(b)

Q1 Q2

Figure 2: Diagramatics of collinear limit at next-to-leading order in the BFKL factorization formula.

The second condition determines the structure of the collinear poles (� ' 0 and � ' 1 + !) of the impact

factors. We begin by generalizing eq. (46) to O(↵3
s ). This amounts to consider ladder diagrams with five

splittings between the photons. The vertices at the photon legs are necessarily QED couplings as before. The

other three vertices are of QCD type, and leads to the three diagrams of fig. 2. Such diagrams, together with

the running-coupling term of eq. (44), provide the integrand of the RGI factorization formula at O(↵3
s ) in the

collinear limit
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where ˜̃�(TT )
0 is the LO integrand defined in eq. (45).

3
Other schemes can be considered, see sec. 4.3.
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schemes I and II, while B = Aqg, B̃ = Aqg +Agq + !AqgAgq in scheme III (which fulfills exactly eq. (56)).

4.3 NLO TT cross section in the collinear limit

Our next task is to determine the transverse impact factors at NLO. Specifically, we want to determine some

function �(T )
1 (!, �) such that

• the RGI cross section (23a) agrees with the NLL BFKL one (18a);

• the same RGI cross section agrees with the DGLAP cross section in the collinear limits Q1 � Q2 and

Q1 ⌧ Q2 — in this case at order ↵3
s .

The first condition has already been considered, and leads to the constraint provided by eq. (34) at ! = 0.
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Figure 2: Diagramatics of collinear limit at next-to-leading order in the BFKL factorization formula.

The second condition determines the structure of the collinear poles (� ' 0 and � ' 1 + !) of the impact

factors. We begin by generalizing eq. (46) to O(↵3
s ). This amounts to consider ladder diagrams with five

splittings between the photons. The vertices at the photon legs are necessarily QED couplings as before. The

other three vertices are of QCD type, and leads to the three diagrams of fig. 2. Such diagrams, together with

the running-coupling term of eq. (44), provide the integrand of the RGI factorization formula at O(↵3
s ) in the

collinear limit
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where ˜̃�(TT )
0 is the LO integrand defined in eq. (45).

3
Other schemes can be considered, see sec. 4.3.
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This determines the structure of the impact factors at  the poles at  and at γ ∼ 0 γ ≃ 1 + ω

LO

• Can attribute it to the GGF 

• Can attribute it to the impact factor 

• Running coupling can attribute to either or both 
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Rapidity dependence of resummed vs LL vs NLL
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Renormalization group improved resummation procedure summary:  
• Consistency with high-energy. Incorporating at LO and NLO 
• Consistency with collinear limits 
• Include  kinematical effects 

• Resummed lower than LL, higher than NLL 
• Different scheme choices: ambiguity due to lack of information of higher orders 

and freedom to reshuffle terms between impact factors and the evolution 
Figure 6: The value of the �⇤�⇤ cross section contri-

bution from the BFKL exchange for Q2 = 17 GeV2

as a function of rapidity Y . All five schemes (see ta-

bles 1 and 2) for the NLL RGI calculation are shown

together with the pure LL calculation (black solid and

rescaled with a factor 0.5) and pure NLL calculation

(green dot-dashed).

Figure 7: The value of the �⇤�⇤ cross section contri-

bution from the BFKL exchange for Q2 = 17 GeV2

as a function of rapidity Y . The scheme average band

(blue-solid) represents the average value and standard

deviation of the five resummed schemes. The µR band

(yellow-dashed) is computed from average values of

the five resummed schemes with half or double µ2
R

respectively.

ambiguity band size. It is worth noting that besides the dependence on µR of the NLO impact factor and the

running coupling argument, the NLO BFKL eigenfunction would also rely on µR when µ2
R 6= Q1Q2,

X̃1(!, �) = X1(!, �) + b̄ X0(!, �) ln
µ2
R

Q1Q2
. (118)

and the resummed e↵ective ! after the NLO subtraction with µR dependency is then the solution of

! = ↵̄s(µ
2
R)X0(!, �) + ↵̄2

s(µ
2
R)


X1(!, �) + b̄ X0(!, �) ln

µ2
R

Q1Q2

�
. (119)

In fig. 8, we compare the pure LL and NLL results (the latter computed using expressions from refs. [56,

69]), with the improved LL and NLL cross sections. Note the logarithmic vertical scale, which makes the

characteristic exponential dependence of the cross section on the rapidity clearly visible. The NLL improved

curve is given as the average of di↵erent schemes as explained above.

The improved LL and NLL calculations both tame the quick growth of the pure LL cross section with

rapidity. It is worth noting that the improvement at LL alone — consisting in the ! shifted LO eigenfunction

and LO impact factors — brings the curve down significantly. We also observe that, the improved NLL is

higher than the improved LL calculation, mostly because the improved NLO corrections bring a positive O(↵2
s)

term to the impact factors. Finally we observe that improved calculations (both at LL and NLL) are above

the pure NLL cross section.

In fig. 9, we compare NLL RGI cross sections for Q2 = 5, 17, 100 GeV2. The cross section is strongly

dependent on Q2. The growth with rapidity is slowed down with increasing Q2 due to the smaller value of the

coupling constant, which a↵ects the value of the leading exponent in the gluon Greens’s function.

25
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Results: comparison with the data from LEP
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Figure 10: Cross sections for Q2 = 17 GeV2, compared with L3 (Q2 = 16 GeV2) [54] and OPAL (Q2 =

17.9 GeV2) [55] data. The NLL improved curve is the sum of our averaged NLL BFKL resummed scheme and

LO quark box contribution. The band size represents a combination of the scheme uncertainty and the µR

band, i.e. �total =
q
�2scheme + �2µR

. The calculation is done for Nf = 4 massless flavours. The Ivanov-Murdaca-

Papa’s (IMP’s) PMS optimized curve (solid-cyan) is from [57]. Separately shown is the quark box contribution

(dashed red).

7 Conclusions

In this paper, we have applied the collinear resummation, based on the renormalization group improvement

(RGI) for high-energy processes, to the �⇤�⇤ cross section. The RGI formulation is based on a factorization

formula whose structure is similar to the one in the BFKL approach, but whose impact factors explicitly depend

on the Mellin variable !, conjugated to the center of mass energy squared s. Firstly, we have computed RGI

impact factors for transverse photons at LO and NLO, which are consistent with the BFKL one in the high-

energy limit and with LO DGLAP in the collinear limit. We then extended this procedure for the determination

of the RGI impact factor for longitudinal photons.

At LO, the RGI impact factors are consistent with the impact factors with exact kinematics computed

in [61]. This is a non-trivial check, since we reproduce the shifted position of the collinear poles in � — the

Mellin variable conjugated to the photon virtualities — and also the coe�cients of the leading �-poles (apart

from a subleading term which is out of control in the approximations adopted in [61]).

At NLO we predict, and thus resum, the spurious energy-scale dependent quartic (cubic) �-poles of the

transverse (longitudinal) BFKL impact factors. For the transverse impact factors we can predict the cubic

�-poles, which have both physical and spurious components. Having identified the physical component of such

poles, stemming from partonic anomalous dimensions and running of the coupling, we obtain an impact factor
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RGI result above  NLL and below LL (not shown) 

Improved description of the data 

Comparison with L3 and OPAL data 

Include ‘quark box’, important for low energy
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What about UPC ?
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Question : is it feasible to measure 
double open charm separated in 
rapidity in UPC? 

Such process, onium-onium 
scattering was proposed to be clean 
test for BFKL 

Difficulties : Photon flux 
suppression…Luminosity…Rapidity 
range …? 

Double J/  (with rapidity gap) ?ψ

γ∗

γ∗

γ

γ

cc̄

cc̄
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Summary and outlook
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• Resummation performed  for both gluon Green’s function and impact factors for the 
virtual photon scattering ( ) 

• Impact factors get shift of collinear poles, similar to GGF 

• Collinear limit imposed to constraint the RGI impact factors 

• Resummed result matches to BFKL and DGLAP 

• Resummation  gives result consistent with LEP data, lower than from BFKL LL and 
higher than BFKL NLL 

• Outlook: 

• Different type of factorization, corresponding operators ? (Boussarie, Mehtar-Tani) 

• Is there way to reduce scheme dependence (impact factor vs evolution) ? 

• Mass effects (charm) in resummation ? 

γ*γ* → hadrons


