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• Exploration of  proton structure: brief historical overview

• DGLAP evolution 

• BFKL evolution at small x

• Dipole model

• Parton saturation



Atomic structure revealed

Geiger-Marsden experiment 1909
Scattering of alpha particles off the gold foil. 

Observation of large angle scattering.

Rutherford model 1911
Atomic structure: positively charged 

small nucleus



Atomic structure revealed

Geiger-Marsden experiment 1909
Scattering of alpha particles off the gold foil. 

Observation of large angle scattering.

Rutherford model 1911
Atomic structure: positively charged 

small nucleus

Later on addressing a Royal Society anniversary meeting as its President, Rutherford commented prophetically, 
“It would be of great scientific interest if it were possible in experiments to have a supply of electrons... of 
which the individual energy of motion is greater even than that of the α particle”. 



Nucleon size
Hofstadter experiments in 1950-1957 

Electron scattering off nuclei, determining the charge and shape of nuclei, 
and measuring the finite size of protons. 

Rp = 0.87 fm

“It would be of great scientific interest if it were 
possible to have a supply of electrons … of which the 
individual energy of motion is greater even than that 
of the alpha particle.”    
[Ernest Rutherford, Royal Society, London, (as PRS) 30 Nov 1927] 

1950s 
Hoffstadter 

First 
observation 
of finite proton size 
using 2 MeV e beam   

Energy of electrons 188 MeV

Current experimental value 
(measured with electrons):

1 fm = 10�13 cm



First observation of proton structure

proton neutron 

… and so on … 
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Feynman-Bjorken scaling: existence of partons

Inelastic scattering off proton Elastic scattering off parton

(quark)

W 2 = (p+ q)2

s = (p+ k)2 total cms energy

total energy of 
photon-proton 

system

Photon virtuality : 
resolving power

Bjorken x

Q2 = �q2

x =
Q2

2P · q ' Q2

Q2 +W 2

q(⇠Pµ)

e(kµ)
e(kµ1 )

�(qµ)
p(Pµ)

has the interpretation of the longitudinal momentum fraction of the proton 
carried by the struck quark (in the frame where proton is fast)

x
x ' ⇠



Inclusive DIS cross section for   (  charged lepton, , )lp → lX l Q2 ≪ M2
Z s ≫ M2

p
<latexit sha1_base64="ivAuzdkBOBhAZvY+tkwZMgG/zDQ="></latexit>
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structure functions
inelasticity

Structure functions encode all the information about the proton(hadron) structure
<latexit sha1_base64="ySxNs6OkiGUpka97ohPKFfsB4ug="></latexit>

FT (x,Q
2) = F2(x,Q

2)� FL(x,Q
2)

<latexit sha1_base64="tm5yyxyEEWgT2LXJRSrubpMN7eU=">AAACBnicdVDLSgNBEJyN7/iKehRhMAgKEnaDxOQmCuLBg4JJhCSG2UknGTL7YKZXDMuevPgrXjwo4tVv8ObfOFkjqGhBQ1HVPT1dbiiFRtt+tzITk1PTM7Nz2fmFxaXl3MpqTQeR4lDlgQzUpcs0SOFDFQVKuAwVMM+VUHcHRyO/fg1Ki8C/wGEILY/1fNEVnKGR2rkN2kS4wfShWEEniY/bp9s3u+dXxZ2EtnN5u2AblEp0RJyy7RhSqZSLxQp1Usu282SMs3burdkJeOSBj1wyrRuOHWIrZgoFl5Bkm5GGkPEB60HDUJ95oFtxuj2hW0bp0G6gTPlIU/X7RMw8rYeeazo9hn392xuJf3mNCLvlViz8MELw+eeibiQpBnSUCe0IBRzl0BDGlTB/pbzPFONoksuaEL4upf+TWrHglArO+V7+4HAcxyxZJ5tkmzhknxyQE3JGqoSTW3JPHsmTdWc9WM/Wy2drxhrPrJEfsF4/AIHomII=</latexit>

FL(x,Q
2)

transversely polarized photons

longitudinally polarized photons

<latexit sha1_base64="qh3hJmoQrt2LTXhKHbFw4hcnJ+c="></latexit>

y =
p · q
p · k = Q2/(sx)

Often experiments give reduced cross section
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Y+
FL

Dominated by the  structure function except for large F2 y
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DIS: structure functions



Revealing proton structure 

Measured cross section

Momentum distribution of partons 
inside the proton

1

3



Ecm = 320 GeV

e (27.5 GeV) 

P (920 GeV) 

Equivalent to a 50 TeV beam on 
a fixed target proton 
~2500 times more than SLAC! 

Around 500 pb-1 per experiment 

HERA (1992-2007) 

… the only ever 
collider of electron 
beams with proton 
beams 

ZEUS 

e (27.5 GeV) 

P (920 GeV) 

Exploring proton structure at high energy

DESY - Hamburg
HERA Collider

1992-2007

The only electron(positron)-
proton collider ever built

equivalent to 50 TeV electron beam on a 
fixed proton target...about 2500 times 

more than at SLAC

Center of mass energy:



Measurements of proton structure function

low energy high  energy
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Measurements of proton structure function

Cross section and that means parton 
density increases:

•  with decreasing x 
•  with increasing scale Q

low energy high  energy



Measurements of proton structure function

Cross section and that means parton 
density increases:

•  with decreasing x 
•  with increasing scale Q

Where does this rise come from?

Answer: QCD radiation

low energy high  energy
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Parton model

Pair production of sea quarks Gluon splitting
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Parton model

Pair production of sea quarks Gluon splitting

pz

QCD radiation

pz
↵pz

(1� ↵)pz

QED like Unique to non-abelian theory

QED like

electron

quark

photon

gluon



More gluons

...and even more...



More gluons

...and even more...



Arbitrarily many gluon emissions

More gluons

...and even more...

These emissions 
suppressed by powers of 

coupling constant but 
enhanced by large 

(kinematical) logarithms



Cross section vs parton density
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Data demonstrate the growth of the gluon and sea quark distributions 
with decreasing x
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Rise of cross sections
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Rise of cross sections

γ*p

charm in pp

Seon Yeong, Bhattacharya, Enberg, Kim,Reno,Sarcevic,AS

energy

top in pp Higgs in pp

νN
Kwiecinski, Martin, AS

total, elastic, inelastic pp



DGLAP evolution

Q2 � k21? � k22? � k23? · · · � k2n?

Strong ordering in transverse momenta

Z Q2

µ2
0

dk21?
k21?

g2
Z k2

1?

µ2
0

dk22?
k22?

g2
Z k2

2?

µ2
0

dk23?
k23?

g2· · ·
Z k2

n�1?

µ2
0

dk2n?
k2n?

g2 '
✓
g2 log

Q2

µ2
0

◆n

Q2 ! 1

Resummation of large logarithms

Large parameter

Probing small distances

�⇤N as a template

Q2

kn?

kn�1?

k2?

k3?
sγ*p

Focusing on gluon 
emissions



DGLAP evolution
DGLAP evolution equations for parton densities

Splitting functions calculated perturbatively

Q2

kn?

kn�1?

k2?

k3?
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DGLAP parton densities
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV

2 compared to those of HERAPDF2.0 NNLO on logarithmic (top) and
linear (bottom) scales. The bands represent the total uncertainties.
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Gluon density dominates at small x 
NLO vs NNLO small x behavior 
What happens at small x ? 
Small x means large energy
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Collinear factorization
Given parton density one can compute cross section provided hard scale is present: 

photon virtuality, transverse momentum of particles, mass of produced particles

fi

Collinear factorization of the cross section

d�(x,Q2) =
X

i

fi ⌦ d�̂i + O(⇤2/Q2)

d�̂i partonic cross section, 
calculable perturbatively

fi(x,Q
2)

Parton densities:should be 
universal, can take from process 

to process

̂σ
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Resummation performed by BFKL evolution equation

High energy limit

s

Q2

x

x1

x2

x3

xn

@Fg(x, kT )

@ ln 1/x
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BFKL evolution equation

High energy factorization
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High energy limit
Random walk in transverse momenta
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High energy limit
Effects of running coupling: 


‘pull’ towards the infrared region
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BFKL solution

Matrix BFKL+DGLAP, G. Salam (p. 5)

Introduction NLL Green function solution

If DGLAP contaminates BFKL does it matter? Can we not just take the
perturbative expansion? Try LL, then NLL BFKL.
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Low x resummation
Ciafaloni, Colferai, Salam, AS
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large parameters
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General setup for resummation

• Kinematical constraints: impose constraints coming 
from the kinematics by the analysis of individual 
diagrams.


• DGLAP  splitting function recovered at fixed order 
of large logarithms of scale.


• LLx and NLLx BFKL terms are included.


• Subtraction procedure in order to avoid the double 
counting.


• Momentum sum rule for the resummed splitting 
function must be satisfied.


• Running coupling in the BFKL evolution.

s

Q2



Resummation: results

where the process dependent coefficient Cs is constant or at most logarithmic in s, and the
growth exponent ωs is determined by the conditions (5.2,5.4).

We can recast eq. (5.4) into an equivalent relation for the function ∂γηl. In fact, by taking
the total γ-derivative of eq. (5.2) we can express

dω̄

dγ
= −

∂γη

∂ωη
(5.6)

thus obtaining the following conditions for the hard Pomeron exponent:

η+(γs, ωs) = 1 (5.7a)

∂γη+(γs, ωs) = 0 . (5.7b)

The above conditions in turn can be translated into analogous conditions for the determinant
of the operator 1 − K. In fact, from the relations

det(1 − K) = (1 − η+)(1 − η−) (5.8a)

∂γ det(1 − K) = −[(1 − η+)∂γη− + (1 − η−)∂γη+] (5.8b)

eqs. (5.7) are equivalent to

det[1 − K(γs, ω̄i)] = 0 (5.9a)

∂γ det[1 − K(γs, ω̄i)] = 0 . (5.9b)
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Figure 2: Hard Pomeron exponent ωs obtained in the NLx-NLO matrix formulation with nf = 4
(solid blue) and nf = 0 (dotted blue). The one-channel results [11] are also shown (red squares)
and compared to those of the matrix model in NLx-LO approximation with nf = 0 (solid green).
The calculation is done in the fixed coupling case.

We have numerically solved the implicit equations (5.9) in our matrix formulation in a range
of αs up to 0.4, both at NLx-NLO and NLx-LO accuracy, for two values of nf = 0 and 4. The
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Stable result


��⇤p ⇠ s!IP

Fg(x, kT ) ⇠ x�!IP

!IP

!IP

!IP ⇠ 0.2� 0.3

Significant reduction with respect to LLx

Ciafaloni,  Colferai, Salam, AS
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Using NNLO+NLLx theory, the NNLO instability of the χ2  disappears

Excellent fit quality to inclusive and charm HERA data achieved in the entire (x,Q2) region 

PDFs with small-x resummation 

NNLO worsens as we include 
more small-x data

NNLO+NLLx best description everywhere

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

9

In order to assess the impact of small-x resummation for the description of the small-x and Q2 HERA data, 
compute the χ2 removing data points in the region where resummation effects are expected

Small-x resummation effects 
could be important here

Fixed-order theory
should work fine here

PDFs with small-x resummation 

Dcut=1.5

Dcut=2

Dcut=2.5

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

Resummation impact on the DIS data

move the cutoff to 
include more data

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli
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Comparison with HERA data 

Using NNLO+NLLx theory, improved 
description of the small-x NC cross-sections, 
in particular of the change of slope (related 
to differences in FL)

Also improved description of FL, which 
moreover remains markedly positive down 
to the smallest values of x and Q probed

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

Resummation impact on the DIS data

Resummation leads to the improvement the 
description of the structure function data F2 
for low x and Q.


Better than fixed order NLO, NNLO.


Better description of the longitudinal 
structure function FL.

move the cutoff to 
include more data

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli
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which fluctuates  into 
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Big ‘small x’ problem

Virtual photon is a probe 
which fluctuates  into 
quark-antiquark pair

r

typical scale in the processQ

r2 ⇠ 1

Q2

• Probability of interaction becomes very large.
• Totally absorbing target: black disk limit. 
• Possible multiple interactions between the probe and the target.
• Possibility of the saturation of the gluon density.

Gedankenexperiment: proton colliding  at high energy with some small probe

Probability of interaction:
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Unitarity and high parton density
Probability of interaction in QCD

at high energy
Need to satisfy unitarity
 of scattering amplitudes

Need to take into account contributions from  more complicated 
interactions: two, three, four etc. interactions possible and likely

P ⇠ 1 SS† = S†S = 1
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Unitarity and high parton density
Probability of interaction in QCD

at high energy
Need to satisfy unitarity
 of scattering amplitudes

Need to take into account contributions from  more complicated 
interactions: two, three, four etc. interactions possible and likely

P ⇠ 1 SS† = S†S = 1

Density or nonlinear effects:

Multi-parton interactions
Gluon saturation



Dipole picture
Dipole picture: suitable for small x physics (related to high energy factorization)
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Cross section is calculated from the photon wave function   and the dipole amplitude

 fraction of the lightcone momentum of the photon carried by the quarkz
 transverse size of the quark-antiquark dipoler
 impact parameterb
 photon wave functionΨ
 dipole amplitudeN

Dipole picture especially suitable to 
address saturation. Multiple scattering of 
dipoles on a dense target.
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Dipole picture
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N(x, r,b)

Dipole amplitude contains all the information about the interaction of the 
dipole with the target

When integrated over the impact parameter one obtains dipole cross section
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Dipole cross section Unintegrated gluon density
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How to calculate dipole cross section?
Dipole cross section can be parametrized or obtained 

from evolution equation (eg.  BK)
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Dipole model cross sections:

GBW
IP-sat

b-CGC
IIM
MV
FGS
…

QCD equations for dipole cross section( dipole 
amplitude):

BK equation
JIMWLK equation



Dipole cross section
<latexit sha1_base64="Rs/uRjLmvjSg+L8iqdPT+J+KUfE=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCBSmJiHosevFYwX5AU8pmu2mX7iZhdyOGUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdnysKGchbWqmOe3EkmLhc9r2xzdTv/1ApWJReK/TmPYEHoYsYARrI/XtMvIUGwpcfTzNPD9AcnKC+nbFqTkzoGXi5qQCORp9+8sbRCQRNNSEY6W6rhPrXoalZoTTSclLFI0xGeMh7RoaYkFVL5sdP0HHRhmgIJKmQo1m6u+JDAulUuGbToH1SC16U/E/r5vo4KqXsTBONA3JfFGQcKQjNE0CDZikRPPUEEwkM7ciMsISE23yKpkQ3MWXl0nrrOZe1Ny780r9Oo+jCIdwBFVw4RLqcAsNaAKBFJ7hFd6sJ+vFerc+5q0FK58pwx9Ynz8QvJO/</latexit>

�(x, r)

<latexit sha1_base64="VBoUdlBB1EAUXmnODRWR61Kf1GY="></latexit>

�(x, r) = �0

⇣
1� e�r2Q2

s(x)/4
⌘Golec-Biernat and Wuesthoff model (GBW model)

Saturation scale
<latexit sha1_base64="eyhHGoq/ZXIlwtMeXs8W8Oii9Ec=">AAACDHicbVDNTgIxGOziH+If6tFLIzGBg7hLjHoxIXrxCIn8JLBsut0uNHS7m7ZrIBsewIuv4sWDxnj1Abz5NhbYg4KTNJnMzNf2GzdiVCrT/DYyK6tr6xvZzdzW9s7uXn7/oCnDWGDSwCELRdtFkjDKSUNRxUg7EgQFLiMtd3g79VsPREga8ns1jogdoD6nPsVIacnJF+qO7FWKoxK8hnXH7FVgcXQ2csxSLzntMn2PhyY6ZZbNGeAysVJSAClqTv6r64U4DghXmCEpO5YZKTtBQlHMyCTXjSWJEB6iPuloylFApJ3MlpnAE6140A+FPlzBmfp7IkGBlOPA1ckAqYFc9Kbif14nVv6VnVAexYpwPH/IjxlUIZw2Az0qCFZsrAnCguq/QjxAAmGl+8vpEqzFlZdJs1K2LspW/bxQvUnryIIjcAyKwAKXoAruQA00AAaP4Bm8gjfjyXgx3o2PeTRjpDOH4A+Mzx+ZrpjX</latexit>

Q2
s(x) = Q2

0(x/x0)
��

<latexit sha1_base64="GgNnaBDCjx3SQXAXvYAULJB7V+I=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqCAlEVGXRTcuK9gLtCFMpift0JkkzkzEErpx46u4caGIW9/BnW/j9LLQ1h8GPv5zDmfOHyScKe0431ZuYXFpeSW/Wlhb39jcsrd36ipOJYUajXksmwFRwFkENc00h2YigYiAQyPoX43qjXuQisXRrR4k4AnSjVjIKNHG8u39tmJdQUoPx/IIGxZwhyeW72DfLjplZyw8D+4Uimiqqm9/tTsxTQVEmnKiVMt1Eu1lRGpGOQwL7VRBQmifdKFlMCIClJeNrxjiQ+N0cBhL8yKNx+7viYwIpQYiMJ2C6J6arY3M/2qtVIcXXsaiJNUQ0cmiMOVYx3gUCe4wCVTzgQFCJTN/xbRHJKHaBFcwIbizJ89D/aTsnpXdm9Ni5XIaRx7toQNUQi46RxV0jaqohih6RM/oFb1ZT9aL9W59TFpz1nRmF/2R9fkDwQSXdA==</latexit>

�(x, r) ' �0

<latexit sha1_base64="SmM33cxtuxF3INp2L3a7Angyx88="></latexit>

�(x, r) ' �0
r2Q2

s(x)

4
⇠ r2x��

<latexit sha1_base64="qV5hIHiGE0J1Di6/mDf3Xj9yK0I=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlKUZdFNy5bsA9o0jCZTtqhk0mYmYglZOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOde7r3HjxmVyrK+jZXVtfWNzcJWcXtnd2/fPDhsyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcf30z9zj0Rkkb8Tk1i4oZoyGlAMVJa8swTJxAIp6JfhU1P9qvlh/MsrWXQYQzanlmyKtYMcJnYOSmBHA3P/HIGEU5CwhVmSMqebcXKTZFQFDOSFZ1EkhjhMRqSnqYchUS66eyLDJ5pZQCDSOjiCs7U3xMpCqWchL7uDJEayUVvKv7n9RIVXLkp5XGiCMfzRUHCoIrgNBI4oIJgxSaaICyovhXiEdKxKB1cUYdgL768TNrVin1RsZu1Uv06j6MAjsEpKAMbXII6uAUN0AIYPIJn8ArejCfjxXg3PuatK0Y+cwT+wPj8AU0mlyg=</latexit>

r2Q2
s(x)

4
⌧ 1

<latexit sha1_base64="ji93IWLaswIzsG2dIYdUg515RO0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlKUZdFNy5bsA9o0zCZTtKhk0mYmYglZOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOde7r3HixmVyrK+jZXVtfWNzcJWcXtnd2/fPDhsyygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcb30z9zj0Rkkb8Tk1i4oQo4NSnGCktueZJ3xcIp2JQhU1XDqrlh/MsrWWwHwTQds2SVbFmgMvEzkkJ5Gi45ld/GOEkJFxhhqTs2VasnBQJRTEjWbGfSBIjPEYB6WnKUUikk86+yOCZVobQj4QuruBM/T2RolDKSejpzhCpkVz0puJ/Xi9R/pWTUh4ninA8X+QnDKoITiOBQyoIVmyiCcKC6lshHiEdi9LBFXUI9uLLy6RdrdgXFbtZK9Wv8zgK4BicgjKwwSWog1vQAC2AwSN4Bq/gzXgyXox342PeumLkM0fgD4zPHz3llx4=</latexit>

r2Q2
s(x)

4
� 1

dilute region

dense region

Saturation scale provides boundary between dense and dilute regions

Modeling dipole cross section

BFKL - like growth 
with a power

Saturation



Dipole cross section: GBW model

<latexit sha1_base64="VBoUdlBB1EAUXmnODRWR61Kf1GY="></latexit>

�(x, r) = �0

⇣
1� e�r2Q2

s(x)/4
⌘Golec-Biernat and Wuesthoff model (GBW model)

Saturation scale
<latexit sha1_base64="eyhHGoq/ZXIlwtMeXs8W8Oii9Ec=">AAACDHicbVDNTgIxGOziH+If6tFLIzGBg7hLjHoxIXrxCIn8JLBsut0uNHS7m7ZrIBsewIuv4sWDxnj1Abz5NhbYg4KTNJnMzNf2GzdiVCrT/DYyK6tr6xvZzdzW9s7uXn7/oCnDWGDSwCELRdtFkjDKSUNRxUg7EgQFLiMtd3g79VsPREga8ns1jogdoD6nPsVIacnJF+qO7FWKoxK8hnXH7FVgcXQ2csxSLzntMn2PhyY6ZZbNGeAysVJSAClqTv6r64U4DghXmCEpO5YZKTtBQlHMyCTXjSWJEB6iPuloylFApJ3MlpnAE6140A+FPlzBmfp7IkGBlOPA1ckAqYFc9Kbif14nVv6VnVAexYpwPH/IjxlUIZw2Az0qCFZsrAnCguq/QjxAAmGl+8vpEqzFlZdJs1K2LspW/bxQvUnryIIjcAyKwAKXoAruQA00AAaP4Bm8gjfjyXgx3o2PeTRjpDOH4A+Mzx+ZrpjX</latexit>

Q2
s(x) = Q2

0(x/x0)
��

Fit ml mc mb σ0[mb] λ x0/10−4 χ2/Ndof

[26] 0.14 − − 23.02 0.288 3.04 2.86

[26] 0.14 1.4 − 29.12 0.277 0.41 3.78

0 0.14 − − 23.58 ± 0.28 0.270 ± 0.003 2.24 ± 0.16 400/219=1.83

1 0.14 1.4 − 27.32 ± 0.35 0.248 ± 0.002 0.42 ± 0.04 351/219=1.60

2 0.14 1.4 4.6 27.43 ± 0.35 0.248 ± 0.002 0.40 ± 0.04 352/219=1.61

Table 1. Fit results to the HERA data for Q2 ≤ 10GeV2 with Np = 222 points, using the dipole
cross section (2.6). Quark masses are given in units of GeV. χ2/Ndof computed with the parameters
from [26] are given in the first two rows. The parameters of Fit 2 are used for further analysis.

with Q2
0 = 1GeV2. The above cross section has a property of geometric scaling [42],

σdip(r, x) = σdip(rQs(x)) , (2.8)

i.e. it becomes a function of a single variable, rQs, for all values of r and x. The three

parameters of the fits with the GBW model are: σ0, λ and x0.

The GBW model does not incorporate QCD evolution in Q2 in the small-r part of the

dipole cross section. As a consequence, the power λ, which governs change of the saturation

scale with x, is independent of Q2. Therefore, one does not expect the model to fare well

for high photon virtualities. In view of the above, we restrict data points used in the fits

to those with Q2 ≤ 10GeV2 and x ≤ 10−2, which leads to Np = 222 points.
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Figure 1. Dipole cross section (2.6) with the parameters from Fit 2 in Table 1 as a function r (left
plot) and rQs (right plot) for x = 10−6, . . . , 10−2 (curves from left to right, respectively). All the
curves in the left plot merge into one line in the right plot due to geometric scaling (2.8).
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Fit ml mc mb σ0[mb] λ x0/10−4 χ2/Ndof

[26] 0.14 − − 23.02 0.288 3.04 2.86

[26] 0.14 1.4 − 29.12 0.277 0.41 3.78

0 0.14 − − 23.58 ± 0.28 0.270 ± 0.003 2.24 ± 0.16 400/219=1.83

1 0.14 1.4 − 27.32 ± 0.35 0.248 ± 0.002 0.42 ± 0.04 351/219=1.60

2 0.14 1.4 4.6 27.43 ± 0.35 0.248 ± 0.002 0.40 ± 0.04 352/219=1.61

Table 1. Fit results to the HERA data for Q2 ≤ 10GeV2 with Np = 222 points, using the dipole
cross section (2.6). Quark masses are given in units of GeV. χ2/Ndof computed with the parameters
from [26] are given in the first two rows. The parameters of Fit 2 are used for further analysis.

with Q2
0 = 1GeV2. The above cross section has a property of geometric scaling [42],

σdip(r, x) = σdip(rQs(x)) , (2.8)

i.e. it becomes a function of a single variable, rQs, for all values of r and x. The three

parameters of the fits with the GBW model are: σ0, λ and x0.

The GBW model does not incorporate QCD evolution in Q2 in the small-r part of the

dipole cross section. As a consequence, the power λ, which governs change of the saturation

scale with x, is independent of Q2. Therefore, one does not expect the model to fare well

for high photon virtualities. In view of the above, we restrict data points used in the fits

to those with Q2 ≤ 10GeV2 and x ≤ 10−2, which leads to Np = 222 points.
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Figure 1. Dipole cross section (2.6) with the parameters from Fit 2 in Table 1 as a function r (left
plot) and rQs (right plot) for x = 10−6, . . . , 10−2 (curves from left to right, respectively). All the
curves in the left plot merge into one line in the right plot due to geometric scaling (2.8).
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from [26] are given in the first two rows. The parameters of Fit 2 are used for further analysis.
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i.e. it becomes a function of a single variable, rQs, for all values of r and x. The three

parameters of the fits with the GBW model are: σ0, λ and x0.

The GBW model does not incorporate QCD evolution in Q2 in the small-r part of the

dipole cross section. As a consequence, the power λ, which governs change of the saturation

scale with x, is independent of Q2. Therefore, one does not expect the model to fare well

for high photon virtualities. In view of the above, we restrict data points used in the fits

to those with Q2 ≤ 10GeV2 and x ≤ 10−2, which leads to Np = 222 points.
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Figure 1. Dipole cross section (2.6) with the parameters from Fit 2 in Table 1 as a function r (left
plot) and rQs (right plot) for x = 10−6, . . . , 10−2 (curves from left to right, respectively). All the
curves in the left plot merge into one line in the right plot due to geometric scaling (2.8).
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Description of the data in the original GBW model (1998)

Cross section Structure function  F2

Description of the data at low  require non-zero quark massesQ2

their power-like growth with x → 0, which is a reflection of a similar growth of the gluon

density, see [25] for numerical studies of this effect.

The solution to the BK equation provides theoretical justification of the qq̄ dipole

scattering amplitude (or a dipole cross section) in the GBW model proposed in [26] for

phenomenological studies of the transition of F2 to small values of Q2 and large values of

W 2. With only three fitted parameters, a good description of the DIS data was found. The

dipole scattering amplitude in the GBW model vanishes for transverse dipole sizes r → 0

and saturates to a constant value for large r. These features make a connection to QCD

for small r (color transparency) and to the idea of gluon saturation for large r in which

the number of gluons (or qq̄ dipoles in large Nc limit) is tamed due to their recombination.

The key element in the description is an x-dependent saturation scale, Qs(x), which sets

the scale for dipole sizes. With the proposed saturation scale, the dipole cross section

saturates for smaller and smaller dipole sizes with decreasing x. The GBW model was

updated in [27, 28] to improve the large Q2 description of F2 by a modification of the small

r behaviour of the dipole cross section to include the DGLAP evolved gluon distribution.

A similar in spirit parameterization of the dipole scattering amplitude, based on the BK

equation solution, was proposed in [29].

Since the publication [26], numerous fits with the dipole picture of DIS were performed.

Let us mention the fits with the impact parameter dependent cross section [30–32] and

the fits based on the solution to the BK equation [33–36]. Such studies are particularly

important in view of the analyses [37, 38], which show limitations of the linear DGLAP

evolution for small x and Q2 values. However, we should also mention the analyses [39, 40]

on the limitations of the dipole models.

The main purpose of this presentation is to answer the question whether we still

obtain a good description of the new HERA data [1] with the saturation model [26] and

its modification [27, 28]. To this end, we preform new fits which update the original

values of the fit parameters. We include both charm and bottom quark contributions to F2

(generated radiatively from gluons), which allows us to make predictions for the comparison

with data. We also compute the longitudinal structure function FL to be compared with

the data.

The paper is organized as follows. In Section 2 we present the results for the fits with

the GBW and DGLAP improved models and make a detailed comparison of them. In

Section 3 we presents the comparison of the model results with the data on the proton

structure functions, F2, F
c,b
2 and FL. Finally, we summarize our findings in Conclusions.

2 Fit results

We fit the proton structure function F2 computed from the HERA data [1] on the γ∗p cross

section from the relation

σγ∗p(x,Q2) =
4π2αem

Q2
F2(x,Q

2) , (2.1)
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GBW model does not contain DGLAP evolution, necessary for  high Q2

DGLAP improved saturation model

Fit mb σ0[mb] Ag λg C µ2
0[GeV2] χ2/Ndof

[28] − 22.40 1.35 0.079 0.38 1.73 2.02

[28] 4.6 22.70 1.23 0.080 0.35 1.60 2.43

1 − 22.60 ± 0.26 1.18 ± 0.15 0.11 ± 0.03 0.29 ± 0.05 1.85± 0.20 536/382=1.40

2 4.6 22.93 ± 0.27 1.07 ± 0.13 0.11 ± 0.03 0.27 ± 0.04 1.74± 0.16 578/382=1.51

Table 3. The results of the fits to the HERA data for Q2 ≤ 650GeV2 with Np = 387 points, using
the dipole cross section (2.9) with the scale (2.17). The quark masses ml = 0 and mc = 1.3GeV.
χ2/Ndof computed with the parameters from [28] and the scale (2.10) are given in the first two
rows. The parameters of Fit 2 are used for further analysis.

2.2 Fits with the DGLAP improved saturation model

The DGLAP improved saturation model [27, 28] implements the dipole cross section given

by

σdip(r, x) = σ0

{

1− exp

(

−
π2r2 αs(µ2)xg(x, µ2)

3σ0

)}

, (2.9)

where g(x, µ2) is the gluon distributions taken at the scale

µ2 =
C

r2
+ µ2

0 . (2.10)

The gluon distribution is evolved with the DGLAP evolution equations truncated to the

gluonic sector,

∂g(x, µ2)

∂ lnµ2
=

αs(µ2)

2π

∫ 1

x

dz

z
Pgg(x) g(x/z, µ

2) , (2.11)

from the initial condition

xg(x,Q2
0) = Ag x

−λg (1− x)5.6 , (2.12)

taken at the scale Q0 = 1GeV. The choice of the power 5.6, which regulates the large-x

behaviour, is motivated by global fits to DIS data with the LO DGLAP equations, see

[27, 28] for more details. The splitting function Pgg contains real and virtual terms with

the number of active quark flavours nf in the latter one

Pqq(z) = 2Nc

(

z

(1− z)+
+

1− z

z
+ z(1− z)

)

+ δ(1 − z)
11CA − 4nfTR

6
(2.13)

with CA = Nc = 3 and TR = 1/2. In the leading order strong coupling constant we set

ΛQCD = 300MeV. Thus, the model has five parameters to fit: σ0, Ag,λg, C and µ2
0.

The dipole cross section (2.9) has the property of colour transparency and tends to the

perturbative QCD result in the limit r → 0. Indeed, for small dipoles, the scale µ2 ≈ C/r2

and the dipole cross section is proportional to r2 with the logarithmic modifications due

to the scale dependence of the gluon distribution [45],

σdip ≈
π2

3
r2αs(C/r2)xg(x,C/r2) . (2.14)

– 6 –

Fit mb σ0[mb] Ag λg C µ2
0[GeV2] χ2/Ndof

[28] − 22.40 1.35 0.079 0.38 1.73 2.02

[28] 4.6 22.70 1.23 0.080 0.35 1.60 2.43

1 − 22.60 ± 0.26 1.18 ± 0.15 0.11 ± 0.03 0.29 ± 0.05 1.85± 0.20 536/382=1.40

2 4.6 22.93 ± 0.27 1.07 ± 0.13 0.11 ± 0.03 0.27 ± 0.04 1.74± 0.16 578/382=1.51

Table 3. The results of the fits to the HERA data for Q2 ≤ 650GeV2 with Np = 387 points, using
the dipole cross section (2.9) with the scale (2.17). The quark masses ml = 0 and mc = 1.3GeV.
χ2/Ndof computed with the parameters from [28] and the scale (2.10) are given in the first two
rows. The parameters of Fit 2 are used for further analysis.

2.2 Fits with the DGLAP improved saturation model

The DGLAP improved saturation model [27, 28] implements the dipole cross section given

by

σdip(r, x) = σ0

{

1− exp

(

−
π2r2 αs(µ2)xg(x, µ2)

3σ0

)}

, (2.9)

where g(x, µ2) is the gluon distributions taken at the scale

µ2 =
C

r2
+ µ2

0 . (2.10)

The gluon distribution is evolved with the DGLAP evolution equations truncated to the

gluonic sector,

∂g(x, µ2)

∂ lnµ2
=

αs(µ2)

2π

∫ 1

x

dz

z
Pgg(x) g(x/z, µ

2) , (2.11)

from the initial condition

xg(x,Q2
0) = Ag x

−λg (1− x)5.6 , (2.12)

taken at the scale Q0 = 1GeV. The choice of the power 5.6, which regulates the large-x

behaviour, is motivated by global fits to DIS data with the LO DGLAP equations, see

[27, 28] for more details. The splitting function Pgg contains real and virtual terms with

the number of active quark flavours nf in the latter one

Pqq(z) = 2Nc

(

z

(1− z)+
+

1− z

z
+ z(1− z)

)

+ δ(1 − z)
11CA − 4nfTR

6
(2.13)

with CA = Nc = 3 and TR = 1/2. In the leading order strong coupling constant we set

ΛQCD = 300MeV. Thus, the model has five parameters to fit: σ0, Ag,λg, C and µ2
0.

The dipole cross section (2.9) has the property of colour transparency and tends to the

perturbative QCD result in the limit r → 0. Indeed, for small dipoles, the scale µ2 ≈ C/r2

and the dipole cross section is proportional to r2 with the logarithmic modifications due

to the scale dependence of the gluon distribution [45],

σdip ≈
π2

3
r2αs(C/r2)xg(x,C/r2) . (2.14)

– 6 –

Fit mb σ0[mb] Ag λg C µ2
0[GeV2] χ2/Ndof

[28] − 22.40 1.35 0.079 0.38 1.73 2.02

[28] 4.6 22.70 1.23 0.080 0.35 1.60 2.43

1 − 22.60 ± 0.26 1.18 ± 0.15 0.11 ± 0.03 0.29 ± 0.05 1.85± 0.20 536/382=1.40

2 4.6 22.93 ± 0.27 1.07 ± 0.13 0.11 ± 0.03 0.27 ± 0.04 1.74± 0.16 578/382=1.51

Table 3. The results of the fits to the HERA data for Q2 ≤ 650GeV2 with Np = 387 points, using
the dipole cross section (2.9) with the scale (2.17). The quark masses ml = 0 and mc = 1.3GeV.
χ2/Ndof computed with the parameters from [28] and the scale (2.10) are given in the first two
rows. The parameters of Fit 2 are used for further analysis.

2.2 Fits with the DGLAP improved saturation model

The DGLAP improved saturation model [27, 28] implements the dipole cross section given

by

σdip(r, x) = σ0

{

1− exp

(

−
π2r2 αs(µ2)xg(x, µ2)

3σ0

)}

, (2.9)

where g(x, µ2) is the gluon distributions taken at the scale

µ2 =
C

r2
+ µ2

0 . (2.10)

The gluon distribution is evolved with the DGLAP evolution equations truncated to the

gluonic sector,

∂g(x, µ2)

∂ lnµ2
=

αs(µ2)

2π

∫ 1

x

dz

z
Pgg(x) g(x/z, µ

2) , (2.11)

from the initial condition

xg(x,Q2
0) = Ag x

−λg (1− x)5.6 , (2.12)

taken at the scale Q0 = 1GeV. The choice of the power 5.6, which regulates the large-x

behaviour, is motivated by global fits to DIS data with the LO DGLAP equations, see

[27, 28] for more details. The splitting function Pgg contains real and virtual terms with

the number of active quark flavours nf in the latter one

Pqq(z) = 2Nc

(

z

(1− z)+
+

1− z

z
+ z(1− z)

)

+ δ(1 − z)
11CA − 4nfTR

6
(2.13)

with CA = Nc = 3 and TR = 1/2. In the leading order strong coupling constant we set

ΛQCD = 300MeV. Thus, the model has five parameters to fit: σ0, Ag,λg, C and µ2
0.

The dipole cross section (2.9) has the property of colour transparency and tends to the

perturbative QCD result in the limit r → 0. Indeed, for small dipoles, the scale µ2 ≈ C/r2

and the dipole cross section is proportional to r2 with the logarithmic modifications due

to the scale dependence of the gluon distribution [45],

σdip ≈
π2

3
r2αs(C/r2)xg(x,C/r2) . (2.14)

– 6 –

Gluon density  satisfies DGLAP evolution Scale

Fit mb σ0[mb] Ag λg C µ2
0[GeV2] χ2/Ndof

[28] − 22.40 1.35 0.079 0.38 1.73 2.02

[28] 4.6 22.70 1.23 0.080 0.35 1.60 2.43

1 − 22.60 ± 0.26 1.18 ± 0.15 0.11 ± 0.03 0.29 ± 0.05 1.85± 0.20 536/382=1.40

2 4.6 22.93 ± 0.27 1.07 ± 0.13 0.11 ± 0.03 0.27 ± 0.04 1.74± 0.16 578/382=1.51

Table 3. The results of the fits to the HERA data for Q2 ≤ 650GeV2 with Np = 387 points, using
the dipole cross section (2.9) with the scale (2.17). The quark masses ml = 0 and mc = 1.3GeV.
χ2/Ndof computed with the parameters from [28] and the scale (2.10) are given in the first two
rows. The parameters of Fit 2 are used for further analysis.

2.2 Fits with the DGLAP improved saturation model

The DGLAP improved saturation model [27, 28] implements the dipole cross section given

by

σdip(r, x) = σ0

{

1− exp

(

−
π2r2 αs(µ2)xg(x, µ2)

3σ0

)}

, (2.9)

where g(x, µ2) is the gluon distributions taken at the scale

µ2 =
C

r2
+ µ2

0 . (2.10)

The gluon distribution is evolved with the DGLAP evolution equations truncated to the

gluonic sector,

∂g(x, µ2)

∂ lnµ2
=

αs(µ2)

2π

∫ 1

x

dz

z
Pgg(x) g(x/z, µ

2) , (2.11)

from the initial condition

xg(x,Q2
0) = Ag x

−λg (1− x)5.6 , (2.12)

taken at the scale Q0 = 1GeV. The choice of the power 5.6, which regulates the large-x

behaviour, is motivated by global fits to DIS data with the LO DGLAP equations, see

[27, 28] for more details. The splitting function Pgg contains real and virtual terms with

the number of active quark flavours nf in the latter one

Pqq(z) = 2Nc

(

z

(1− z)+
+

1− z

z
+ z(1− z)

)

+ δ(1 − z)
11CA − 4nfTR

6
(2.13)

with CA = Nc = 3 and TR = 1/2. In the leading order strong coupling constant we set

ΛQCD = 300MeV. Thus, the model has five parameters to fit: σ0, Ag,λg, C and µ2
0.

The dipole cross section (2.9) has the property of colour transparency and tends to the

perturbative QCD result in the limit r → 0. Indeed, for small dipoles, the scale µ2 ≈ C/r2

and the dipole cross section is proportional to r2 with the logarithmic modifications due

to the scale dependence of the gluon distribution [45],

σdip ≈
π2

3
r2αs(C/r2)xg(x,C/r2) . (2.14)

– 6 –

Dipole cross section for small dipole sizes

Color transparency and connection to QCD  result (DGLAP logarithms)
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GBW vs DGLAP improved model
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Figure 3. The normalized-to-one dipole cross sections (2.6) (solid lines) and (2.9) (dashed lines)
with the parameters from Fit 2 in Table 1 and 3, respectively, for x = 10−6, . . . , 10−2 (curves from
left to right, respectively) Geometric scaling for the variable rQs is clearly visible in the right plot.

low Q2 values since the DGLAP evolution is incorporated in this model. Now, the data set

contains Np = 387 points with Q2 ≤ 650GeV2 and x ≤ 10−2. We also no longer consider

the case with light quarks only since the heavy quark contribution to F2 (especially from

charm) becomes important for large values of Q2. In addition, we use the PDG world

average value of the charm quark mass, mc = 1.275 ± 0.025GeV ≈ 1.3GeV [46].

In the first two rows of Table 3, we show χ2/Ndof computed with the original parameters

of the DGLAP improved model [28] and the prescription (2.10) for the scale µ (no fits

were performed). In the next two rows, Fits 1-2, we present the fit results to the new

HERA data with the scale (2.17). We find much better description of the data after

refitting the parameters. The nonzero light quark mass (equal to 140MeV in the GBW

model) deteriorates the fit quality, thus we set it to zero, ml = 0. For the rest of the

presented analysis, we use the parameters from Fit 2 in Table 2 with the charm and

bottom contributions included.

The dipole cross section (2.9) from Fit 2 is shown in Figure 2 (left) as the dashed

red lines corresponding to different values of x = 10−2, . . . , 10−6 (from right to left). The

blue solid lines show to the dipole cross section (2.15), plotted in the whole range of r.

Geometric scaling in this dipole cross section is clearly visible as the single blue line in

the right plot. Since Eq. (2.15) is a limiting form the dipole cross section (2.9), it is not

surprising that geometric scaling is also visible for the dashed curves in the region rQs ≥ 1,

together with its violation for rQs < 1.

Summarising, the DGLAP improved model allows to extend the GBW saturation

model to large values of Q2, giving a good description of the HERA data up to Q2 =

650GeV2. This is achieved by the modification of the dipole cross section for small dipole
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Figure 4. The saturation scale in the GBW model (solid line), Eq. (2.7), and DGLAP improved
model (dashed line), Eq. (2.16), with the parameters from Fit 2 in Table 1 and 3, respectively. The
saturation scale from the original GBW model with charm [26] is shown as the dash-dotted line.

sizes to match the perturbative QCD result in this region. The essential elements of

the GBW model, the saturation scale and geometric scaling, are retained in the DGLAP

improved dipole cross section in the region rQs ≥ 1, which is mostly responsible for the

transition of F2 to small Q2 values.

2.3 Fit comparison

In Figure 3 we compare the normalised-to-one dipole cross sections from the GBW (blue

solid lines) and DGLAP improved (red dashed lines) models with the parameters from

Fit 2 in Table 1 and 3, respectively. We also use the appropriate saturation scales, given

by Eqs. (2.7) and (2.16), for the scaling variable, r̂ ≡ rQs. We see in the left plot that

for large values of r the two functions overlap while they differ in the small-r region where

the running of the gluon distribution starts to play a significant role. This is clearly seen

in the right plot where geometric scaling holds for the DGLAP improved model curve for

the scaling variable r̂ ≥ 1 and in the whole region for the GBW model curve. The two

model functions overlap for r̂ ≥ 1 due to their universal form, σdip ∼ 1 − exp(−r̂2/4), in

this region.

Notice also that the leftmost dashed curve of the DGLAP model in the left plot in

Figure 3, corresponding to x = 10−2, lies below the analogous GBW curve for small r. This

is due to the suppression term (1 − x)α present in the gluon distribution. Such a term is

missing in the GBW dipole cross section, where the saturation scale is always proportional

to x−λ.

It is also interesting to compare the saturation scales from the fits. They are shown

in Figure 4 in the two analysed models as the blue solid (GBW model) and red dashed
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saturation scale in GBW+DGLAP model
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Figure 2. Dipole cross section (2.9) for the scale (2.17) with the parameters from Fit 2 in Table 3
(dashed lines) as a function r (left plot) and rQs (right plot) for x = 10−6, . . . , 10−2 (curves from
left to right, respectively). The solid lines, corresponding to Eq. (2.15), merge into one solid line
in the right plot due to geometric scaling with the saturation scale (2.16). For rQs ≥ 1, also the
dashed curves merge due to geometric scaling in the dipole cross section (2.9) in this region.

These additional logarithms allow better fits to the data for large values of Q2. In the limit

of large dipoles µ2 ≈ µ2
0, which leads to

σdip ≈ σ0

{

1− exp

(

−
π2r2 αs(µ2

0)xg(x, µ
2
0)

3σ0

)}

. (2.15)

Thus, at large r, we find the GBW form of the dipole cross section with the saturation

scale

Q2
s(x) =

4π2

3σ0
αs(µ

2
0)xg(x, µ

2
0) , (2.16)

with the x dependence given by the gluon distribution taken at the scale µ2
0. Geometric

scaling is strictly valid for (2.15), which is not the case for small dipoles when an additional

r dependence is introduced in the dipole cross section (2.9) through the scale (2.10).

The above features of the dipole cross section can also be obtained for a slightly

different choice of the scale µ,

µ2 =
µ2
0

1− exp(−µ2
0 r

2/C)
, (2.17)

which interpolates smoothly between the C/r2 behaviour for small r and the constant

behaviour, µ2 = µ2
0, for r → ∞. The fit quality is better for such a choice, thus in the

forthcoming, we present the results of the fits with the above scale.

The results of the fits are presented in Table 3. The parabolic errors of the fit param-

eters are given by MINOS from the MINUIT package. We no longer restrict the data to
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Figure 6. Comparison of the HERA data from [1] up to Q2 = 10GeV2 (left plot) and above (right
plot) with the results from the GBW model (solid lines) and DGLAP improved model (dashed
lines) with the parameters of Fit 2 in Table 1 and 3, respectively. The GBW model lines are shown
only in the region where the model was fitted.

3 Comparison to data

In Figures 6-8, we present the comparison of the predictions from the two models discussed

above with the newest HERA data.

Finally, in Figure 6, we show the structure function F2 as a function of x for the

indicated values of Q2. We show separately the comparison with the data in the region

up to Q2 ≤ 10GeV2 (left plot) and above this value (right plot). This is to indicate that

the GBW model fits were only performed in the first region. We see that good values of

χ2/Ndof of the fits are reflected in a very good agreement with the data. In the region of

small and moderate values of Q2 (left plot), the two models give similar results. Only for

the lowest values of Q2, the results slightly differ because of nonzero light quark mass in

the GBW model. For lager values of Q2 (right plot), the DGLAP improved model curves

also agree very well with the data.

A similar comparison, now for the charm and bottom contributions, F c,b
2 respectively,

to the structure function F2, is shown in Figure 7 for the HERA data [47] with Q2 ≥ 5GeV2.

Note that the combined data from ZEUS and H1 for the reduced cross section for charm

production, σcc̄
red, was published in [48]. We stick, however, to the comparison with the

structure function data. The model values of F c,b
2 are genuine predictions since these

contributions are not separately fitted to the experimental data on F c,b
2 . Instead, they are

– 11 –

Good description in both models for data at 
Above that DGLAP needed, GBW model not shown since not fitted there

Q2 < 10 GeV2
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BK nonlinear evolution equation

2

of different exponents which govern the growth of the saturation scales in this equation. We confirm the results of
[41], on the dependence of the scattering amplitude as a function of dipole size and demonstrate that it vanishes
for large dipole sizes. We also find the fast diffusion of the solution in impact parameter space and recover the
power tails. The saturation scale both for small and large dipoles is extracted, and the dependencies on the impact
parameter and rapidity are found. The results of the solutions to the equation in the leading logarithmic approximation
(LL) are compared with the modified version of the equation proposed in [43]. The modified version contains the
cutoffs in rapidity which originate from kinematical constraints. These cutoffs contain kinematical constraints in
only approximate way but we know from the analysis of forward BFKL in momentum space that these constraints
are known to reduce the speed of the evolution in a significant way [44], (for a related analysis on impact parameter
dependence in nonlinear equation and the energy conservation see [45]. The BK without impact parameter dependence
and with rapidity cutoffs was also analyzed in [35, 46]). We also include running coupling in our analysis and find
that the effect of the running coupling is quite different than in the case without the impact parameter. In this paper
we consider a prescription for the running coupling with the external dipole as the scale as well as the prescription
derived in [47]. The impact parameter dependent equation is extremely sensitive to the large dipole sizes and this is
the region where the running coupling is very large and needs to be regularized by some other mechanism.

In this analysis we did not attempt to regularize the large dipole size region in any way. It is at present totally unclear
how confinement effects should be consistently included in the dipole formalism. Of course, for any phenomenological
applications such cut should be included, perhaps similarly to what was done in [48]. As we were interested in general
properties of the evolution we did not attempt here to introduce additional cuts on large dipole sizes (via masses),
which would interfere with the specific dynamics of the evolution.

The paper is organized in the following way. In the next section, Sec. II we briefly present the BK equation and
discuss the modified version which includes the cutoffs in rapidity. In Sec. III we describe the numerical methods of
finding the solution. In Sec. IV we first show the results of the solution without the impact parameter and extract the
saturation scale for both the LL and the modified equation. In Sec. V we present the solutions with impact parameter.
We discuss the form of the amplitude as a function of the dipole size, extract the saturation scales (both for small and
large dipoles), and discuss the form of the impact parameter profile which emerges in the evolution. We present the
solutions both in the case of the LL and for the modified kernel. Using the representation in terms of the conformal
eigenfunctions we discuss the origins of different peaks in the amplitude as well as present estimates for the rapidity
dependence of the small and large dipole saturation scales and the expansion radius in impact parameter. We also
present the estimate of the cross section of the black disc radius and its dependence on the rapidity. In Sec. VI we
discuss the results with the running coupling, both for the case without and with impact parameter dependence, and
for two different prescriptions of the running coupling. Finally, in Sec. VII we state our conclusions.

II. BK KERNEL IN LO AND BEYOND

In the leading logarithmic approximation in ln 1/x, the nonlinear Balitsky-Kovchegov [15, 16, 18–22] evolution
equation derived in dipole picture [17] has the following form

∂Nx0x1

∂Y
= αs

∫

d2x2

2π

(x0 − x1)2

(x0 − x2)2(x1 − x2)2
[Nx0x2 + Nx1x2 − Nx0x1 − Nx0x2 Nx1x2 ] , (1)

where αs = αsNc/π is the strong coupling constant. Here, Nx0x1 ≡ N(x0,x1, Y ) is the dipole-nucleus scattering
amplitude, and x0,x1 are two-dimensional vectors of the transverse position of the dipole ends. Alternatively, one can
introduce the vector denoting the dipole size r01 = x0 − x1, and the impact parameter b01 = (x0 + x1)/2. Thus in
general, the amplitude depends on the four degrees of freedom in transverse space and rapidity, Y = ln(1/x), playing
the role of the evolution parameter. The transverse part of the LL kernel

dz

z

d2x2

2π

x2
01

x2
02x

2
12

,

is conformally (Möbius) invariant in 2-dimensions. Here, we introduced a more compact notation denoting xij ≡
xi − xj , xij = |xij | and z is the longitudinal momentum fraction so that rapidity is y = ln 1/z.

To obtain the solution of this equation, one has to specify an initial condition at Y = Y0: N (0)
x0x1 = N (0)(x0,x1; Y =

Y0).
The amplitude Nx0x1 in (1) is given by the following correlator

Nx0x1 =
1

Nc
Tr

〈

1 − U †(x0)U(x1)
〉

, (2)

Y = ln
1

x

linear part: equivalent to LLx BFKL nonlinear part

dipole scattering amplitude

x0,x1 coordinates of the dipole in the transverse space

rapidity difference between the dipole and the target

BK nonlinear evolution at leading logarithmic (in ln1/x ) order:

Balitsky, Kovchegov

Note that N=1 solves the equation, which is the black disk limit.
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b =
x0 + x1

2

dipole size impact parameter
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Solution to nonlinear evolution equation generates the characteristic scale: 
saturation scale which divides the dense and dilute region. Lines of constant ‘blackness’ 

diagonal … scattering cross 
section appears constant 
along them … “Geometric 

   Scaling”  

Something appears to happen  
around ( = Q2/Q2

s = 1 GeV2 

(confirmed in many analyses)  
BUT … Q2 small for ( <~ 1 GeV2 

… not easily interpreted in QCD 

Qs(x)
2 ' Q2

0x
��s

related to (but not exactly equal) to the BFKL 
Pomeron intercept

�s

If the target is nucleus, there is additional 
enhancement due to nuclear number A:

Qs(x)
2 ' A1/3Q2

0x
��s

The normalization of the saturation scale cannot be computed analytically, it is determined 
by the initial condition. In practice it is fitted parameter.

Saturation scale



Diffusion properties of BFKL and BK
Investigate  the solution in the momentum space
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d�(k, Y )

dY
= ↵̄s

Z
dk0

k0
K(k, k0)�(k0, Y ) � ↵̄s�

2(k, Y )

BK equation in momentum space (LO):

Solution to the linear-BFKL equation
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Diffusion properties of BFKL
Diffusion properties of BFKL and BK

Distribution in momentum ln k for increasing rapidities
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0.5

1

1.5

2

2.5

3

10
-5

10
-4

10
-3

10
-2

10
-1

1 10 10
2

10
3

10
4

k [GeV]

k 
φ(

k,
y)

kφ(lin)(k, Y ) ∼ eᾱsχ(0)Y e
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Diffusion suppression in BK equation
Diffusion properties of BFKL and BK

Distribution in momentum ln k for increasing rapidities
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Diffusion suppression in BK equation
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However, things become more complicated when impact parameter is taken into account



Phenomenology with BK equation

10

FIG. 1: Total reduced cross section (black triangles) from
Ref. [1] and interpolated light quark pseudodata (red circles)
in a few Q2 bins. The solid and dashed lines show the calcu-
lated cross sections from the IPsat fit that are used to generate
the pseudodata.

The choice of a fit scheme consists of the version of the
BK evolution equation (discussed in Secs. III C, III D and
III E), the running coupling scheme (see Sec. III F), and
the starting point of the BK evolution, parametrized in
terms of Y0,BK or ⌘0,BK. The fit results in values for
the free parameters characterizing the initial condition
as discussed in Sec. IIIG: Q2

s0
, �0 and �, and in a value

for the parameter C2 in the scale of the running coupling,
see Sec. III F.

Our main fit results are presented in Tables I, II and III
classified by the BK equation used, with secondary and
tertiary grouping keys being the running coupling scheme
and Y0,BK (or ⌘0,BK) controlling the rapidity scale of the
BK initial condition used in the fits. The saturation scale
Q2

s defined as N(r2 = 2/Q2
s) = 1�e�1/2 is also shown at

fixed projectile rapidity Y = ln 1

0.01 . We will first discuss
in the next subsection the fits to the full HERA reduced
cross section data, and in the following subsection the
fits to the interpolated light quark pseudodata presented
in Sec. IV and labeled as light-q in the tables where the
fit results are shown. The two datasets di↵er enough to
to warrant their own discussion.

A. Fitting the HERA reduced cross section

Before we discuss the results and their systematic fea-
tures in more detail we show in Fig. 2 that all three BK
evolutions combined with next to leading order impact
factors are capable of describing the HERA data equally
well. The results shown are obtained using the Bal+SD
running coupling, and Y0,BK = ⌘0,BK = ln 1/0.01, but ex-
cellent fit results are obtained with other scheme choices,
too. Even though the resulting parametrizations for the
dipole at initial rapidity can di↵er significantly, the re-
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FIG. 2: Reduced cross section obtained using the fits with
di↵erent BK evolutions compared with the HERA data [1].
Balitsky + smallest dipole running coupling is used, with
Y0,BK = ln 1/0.01.

sulting reduced cross sections are mostly indistinguish-
able.

We first present in Table I the fit results obtained using
the kinematically constrained BK equation as discussed
in Sec. III C. We find a very good description (�2/N =
1.49) of the HERA data using our main setup with the
Bal+SD prescription and Y0,BK = 0. We consider this as
our preferred HERA data fit, with a BK equation derived
in the same framework as the impact factor, a theoret-
ically preferred running coupling scheme, and only one
starting scale Y0,if = Y0,BK = 0. We note that starting
the BK evolution at Y0,BK = ln 1

0.01 (and freezing the
dipole at smaller rapidities) results in an equally good
fit. This suggests that we are only weakly sensitive to
the details of extrapolation scheme used to describe the
dipole amplitude in the region Y0,if < Y < Y0,BK. The
parameter C2 controlling the evolution speed is not re-
quired to be large as it is in the case of leading order fits,
where one generally finds C2

⇠ 10 [8, 9]. Instead, we find
C2

⇡ 0.85, which is of the same ballpark as the general
estimate C2 = e�2�E ⇡ 0.3 [83, 84].

As seen in Table. I, larger values of C2 are required in
the parent dipole scheme fits. This is expected, as C2

maps the coordinate space scale x2

ij to momentum space
C2/x2

ij , and in the parent dipole scheme the coordinate
space scale is generically larger. Consequently a larger
C2 is needed to render the strong coupling values, and
the resulting evolution speeds, comparable between the
coupling constant scheme choices.

We generically find � > 1 at the initial condition, with
the exception � ⇡ 1 found in the case where the evolution
starts at Y0,BK = ln 1

0.01 and the parent dipole prescrip-
tion for the running coupling is used. We note that � > 1
is also required in the leading order fits to obtain a Q2

dependence at the initial condition compatible with the

to the default one, ml = 140 MeV. This gives us confidence that the good agreement with

data is indeed driven by the small-x dynamics encoded in the rcBK equation rather than

being due to a fine tuning of the remaining parameters. Importantly, the fits parameters

are similar, in all cases, to those obtained in our previous work [25].
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Figure 1: Comparison of experimental data for the reduced cross sections (black squares) in
different Q2 bins with our results (red circles). The results in the left plot correspond to a fit with
only light flavors and GBW initial condition, entry (a) in Table 1. The results in the right plot
include the contribution of charm and beauty quarks and correspond to fit (a’) in Table 2.

4.2 Inclusion of heavy quarks in the fits.

In this section we present the fits performed including the contribution of charm and

beauty quarks into Eq. (2.4). As discussed earlier, we find that in order to obtain a good

description of data while keeping the stability of the fit parameters for light quarks it

is necessary to assume that the overall normalization of the heavy quark contribution to

the reduced cross section is different to the one for light quarks. This translates into the

introduction of a new free parameter, σheavy
0 , which turns out to be smaller than σ0, the

corresponding normalization for light quarks. This can be interpreted as the average radius

of the heavy quark distribution being smaller than the one for light quarks. In principle,

there is no reason a priori why such average radius should be the same for charm and

beauty quarks. On the contrary, one may expect a smaller size of the effective beauty

distribution on account of its larger mass. This would suggest the introduction of two

different normalization parameters for charm and beauty σ0c and σ0b, as well as, maybe,

different initial conditions for the evolution for each heavy quark flavor. However, the

paucity of data on F2b or related observables able to independently constrain the free
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Examples of HERA inclusive fits to proton reduced cross section using dipole picture and 
BK evolution 

Albacete, Armesto, Milhano, 
Quiroga, Salgado Beuf, Hanninen, Lappi, Manytsaari

Running coupling BK with leading 
order impact factor

Resummed BK with NLO impact 
factor



• The target has infinite size, no impact parameter.
• Local approximation suggests that the system 

becomes more  perturbative as the energy grows.
• But this cannot be true everywhere (IR in QCD)

???
N(Y ;x0,x1) = N(Y ; |x0 � x1|)

Usual approximation:

Y = ln 1/x

What about spatial distribution of partons ?
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Diffraction in opticsDiffrac3on$in$op3cs$

plane
wave

obstacle
or aperture

(detector)
screen

diffraction
pattern

(size = R)

k

distance d

Diffrac3on$paKern$contains$informa3on$about$the$size$R$of$the$obstacle$and$about$the$
op3cal$“blackness”$of$the$obstacle.$$

By studying diffraction pattern one can learn about the 
size of the obstacle and its density



Diffraction in optics and in hadron physics
Diffrac3on$in$op3cs$and$QCD$

•  In$op3cs,$diffrac3on$paKern$is$studied$as$a$func3on$of$the$angle$θ. 

•  In$high$energy$scaKering$the$diffrac3ve$cross$sec3ons$are$ploKed$as$a$func3on$of$the$$
Mandelstam$variable$$t$=$k$sin$θ.$

!r!r −!b

k
!b z

z = d

z = 0
R

θ

In optics: diffraction is analyzed in terms of angle 

In particle physics: diffraction is analyzed in terms of 
Mandelstam invariant t : momentum transfer

✓



Elastic production of vector meson

spin=1

qq̄ valence component

p

V

J/ 

⇢

!

3 GeV

0.77 GeV

0.782 GeV

cross section from HERA�p ! J/⇥ p
Elastic production of meson V in the 

interaction of photon-proton

�

Elastic vector meson production and DVCS at HERA Jan Olsson

δ , obtained from fits to the form W δ to the data, is about 0.75 for all values of Q2. For the φ
production, corresponding fits in several bins of Q2 give lower values δ ∼ 0.4, without significant
Q2 dependence. This can be compared with previous measurements for the light vector mesons
ρ and ω , where δ ∼ 0.2 has been found. The results confirm the expected increased steepness of
the W dependence with increasing quark mass. In this respect, the φ meson seems to occupy an
intermediate position between “soft” and “hard” diffractive production. In QCD, this behaviour
of the cross section can be directly related to the increase of the gluon density in the proton at
decreasing x (which at any given Q2 value corresponds to increasing W ). The present J/ψ data
show that the description with QCD models is sensitive to the used gluon distributions[6].
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Figure 1: Cross-section of elastic J/ψ production as a function of W in the range |t| < 1.2
GeV2. The lines are the results of fits to the form W δ for the H1 data. (a) Photoproduction, (b)
electroproduction, with 3 bins of Q2.

2.2 The t dependence

In both analyses the t dependence of the cross sections have been fitted to the exponential form
ebt . For the φ production values b∼ 5−6 GeV−2 are found, for J/ψ production b∼ 4 GeV−2. No
significant Q2 dependence is found in either analysis, although the precision of the data does not
exclude a decrease of b with increasing Q2. These results can be compared with corresponding
values for light vector meson production, where b∼ 7 GeV−2 and a decrease of b with increasing
Q2 is found. Considering that the slope b can be related to the radii of the scattered particles,
b ∝ R2p

⊕
R2qq̄, and that R2p ∼ 4 GeV−2, the data support the picture of photon-proton diffractive

scattering as a process where the photon forms a qq̄ pair, which scatters off the proton to form a
vector meson. The size of the qq̄ pair gets smaller with increasing quark mass (and/or increasing
Q2) and at large values becomes negligibly small compared to the proton size.

2.3 The combinedW and t dependence

In models based on Regge phenomenology, the energy dependence of the cross section follows
a power law, dσ/dt = dσ/dt|t=0,W=W0 ·eb0t(W/W0)δ , with δ = 4(α(t)−1). The large statistics in
the double differential cross section d2σ/dtdW makes it possible to extract the “effective” Regge
trajectory α(t) of the exchange. Figure 2a shows the φ cross section dσ/d|t| as a function ofW in
five bins of |t|. Fits to the formW δ result in the data points α(〈t〉) of figure 2b. The linear fit α(t) =

α(0)+α ′ · t to these data points yields the “effective” Regge trajectory for φ production, α(t) =

(1.10± 0.2± 0.2)+ (0.08± 0.09± 0.08) t. The value of α ′ is smaller than the “soft pomeron”
value 0.25[7], also shown in figure 2b.

3100/3

PoS(HEP2005)100

Same process can be measured in UPC ! See talks in this conference



Exclusive diffraction
• Exclusive diffractive production of VM is an excellent 

process for extracting the dipole amplitude 

• Suitable process for estimating the ‘blackness’ of the 
interaction.

• t-dependence provides an information about the 
impact parameter profile of the amplitude.

Additional variable t gives access 
to impact parameter (b) 
dependent amplitudes 

Large t (small b) probes densest 
packed part of proton? 
c.f. inclusive scattering probes median 
b~2-3 GeV-1 

e.g. “b-Sat” Dipole model [Golec-Biernat, Wuesthoff, 

Bartels, Teaney, Kowalski, Motyka, Watt] … 
“eikonalised”: with impact-parameter 

   dependent saturation  
“1 Pomeron”: non-saturating 

•  Significant non-linear  
effects expected  
even for t-integrated  
cross section in LHeC  
kinematic range. 
•  Data shown are  
extrapolations of  
HERA power law fit  
for Ee = 150 GeV… 
    " Satn smoking gun? 

[Watt] 

[2 years in low x configuration] 
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Figure 2.59: (a) The (imaginary part of the) dipole scattering amplitude, N (x, r, b), as a func-
tion of the impact parameter b, for r = 1 GeV�1 (typical for exclusive J/⌅ photoproduction)
and di⇥erent x values. (b) The (r-integrated) amplitude for exclusive J/⌅ photoproduction as
a function of b, for W = 300 GeV and |t| = 0, 1, 2, 3, 4 GeV2.

can clearly distinguish between the di⇥erent models. The di⇥erences are of course amplified
for larger t and large energies, where however the precise extraction of the t slope will be more
challenging.

Summarizing, it is clear that the precise measurements of large-|t| exclusive J/⌅ photopro-
duction at the LHeC would have significant sensitivity to unitarity e⇥ects.

Di�ractive Vector Meson Production from Nuclei This is still needed I think!!! PRN
Similar studies of elastic J/⌅ photoproduction in LHeC eA collisions have been proposed

as a direct means of extracting the nuclear gluon density [?].

DVCS and GPDs

Current DVCS Perspectives Text from Christian Weiss
Exclusive processes such as electroproduction of vector mesons and photons, �⇥N ⇥ V +N(V =
⇥0,⇤, �), or photoproduction of heavy quarkonia, �N ⇥ V + N(V = J/⌅, �), provide informa-
tion on nucleon structure and small-x dynamics complementary to that obtained in inclusive
or di⇥ractive measurements [128]. At su⌅ciently large Q2 the meson/photon is produced in
a configuration of transverse size much smaller than the typical hadronic size, r⇤ � Rhadron,
whose interaction with the target can be described using perturbative QCD [203]. A QCD
factorization theorem [204] states that the exclusive amplitudes in this regime can be factorized
into a pQCD scattering process and certain universal process-independent functions describ-
ing the emission and absorption of the active partons by the target, the generalized parton
distributions (or GPDs).
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Large momentum transfer t probes small impact parameter 
where the density of interaction region is most dense. 

t = ��2Momentum transfer



Extraction of density profile in impact parameter

d⇥

dt
=

1

16�
|M(�)|2

t = ��2

amplitude for vector meson process

elementary  (quark dipole) amplitude

At high energies:

M

Momentum transfer

V

p
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Momentum transfer dependence of the cross section: impact parameter profile


