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Take-home message

Local Analytic Sector Subtraction provides a fully
local infrared subtraction scheme at NNLO for
generic coloured massless final states.
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Landscape

LHC continues to confirm the Standard Model

Standard Model Production Cross Section Measurements

Status: February 2022
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Pillars of precision calculations

The success of a percent level phenomenology program relies on our ability to interpret and predict the outcome LHC
measurement. [Snowmass’2021 whitepaper]

.
T

?(i

[Phys. Proc. 51(2014)25-30]

Hard collisions at the LHC are described in terms of quark and gluon cross sections

—Pp Collinear factorisation theorem [Collins, Soper, Sterman 0409313] Typical precision at NNLO with 5-15% uncertainties

An
do = 2 del dx, fir, (X fipp (Xp) A6 (X1 X,5) (1 + @( e )) , n>1

n
]

Parton distribution functions Hard scattering Non perturbative effects
+(3—5)9 (perturbative quantum field theory)  (fragmentation, hadronisation)
N ’ aim for few % level! ~ % (7)
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Motivations

NNLO HADRON-COLLIDER CALCULATIONS VS. TIME [Cien,

Mitov
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Motivations

NNLO HADRON-COLLIDER CALCULATIONS VS. TIME
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Motivations

N3LO

NNLO

NLO

LO

QCD fixed-order as of 2022

major _

recent
progress

most procs. known
(some w. public code)

some procs. known
/ no public code

some inputs known
(no full calcn)

888l
N N N N

[Salam @ICHEP2022]
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NNLO generalities

Ingredients for NNLO correctionto pp = X
- two-loop matrix element for ff — X donnT O

— J'dq)n+2 RR 0, ,(X) +

- one-loop matrix element for ff = X 4+ f AX d®, RV 0,,(X) + Jd®n VV,(X)

- tree-level matrix element for ff — X +f'f’

J

e’ ij

Explicit poles

Explicit poles from virtual Well defined in the non-
corrections degenerate kinematics
o , _ Phase space singularities
- Significant progress in calculations of two-loop

amplitudes (both analytic and numerical methods)

- Almost all relevant amplitudes for 2 — 2 massless i _ - : - Real emission corrections finite in the
One-loop amplitudes in bulk of the allowed PS

- IR singularities arise upon integration over
energies and angles of emitted partons

Processes degenerate kinematics
- First results for 2 — 3 amplitudes - OpenLoops, Recola
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The problem

1. Extractinfrared 1/¢ poles in d-dimension without integrating over the resolved phase space

—p  fully differential predictions for IR-safe observables

2. Cancel the 1/¢ poles stemming from the phase space integration against the poles of the virtual contributions

Fully general solution?

* Phase space singularities of the real radiation

* Explicit poles from virtual contributions

—p A general procedure seems to be practicable, although non-trivial to implement

| w

|

S

Finite in d=4, integrable numerically

d®g+J > ﬂ\j@\ dq)g

} Known independently of the hard subprocess

Slicing
/

\ Subtraction <+«— Thistalk

exposes the same 1/¢ poles as

the virtual correction
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Well established schemes at NLO

* Catani-Seymour (CS) [9602277] Currently implemented in full generality in fast and efficient NLO generators

 Frixione-Kunst-Signer (FKS) [9512328] [Gleisberg, Krauss °07, Frederix, Gehrmann, Greiner ‘08, Hasegawa, Moch, Uwer ’09,

Frederix, Frixione, Maltoni, Stelzer ‘09, Alioli, Nason, Oleari, Re ‘10, Reuter et al. ’16]
* Nagy-Soper [1012.4948]
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Well established schemes at NLO

* Catani-Seymour (CS) [9602277] Currently implemented in full generality in fast and efficient NLO generators
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Well established schemes at NLO

 Catani-Seymour (CS) [9602277]

 Frixione-Kunst-Signer (FKS) [9512328] [Gleisberg, Krauss °07, Frederix, Gehrmann, Greiner ‘08, Hasegawa, Moch, Uwer
Frederix, Frixione, Maltoni, Stelzer ‘09, Alioli, Nason, Oleari, Re ‘14

Currently implemented in full generality in fast and efficient NLO generators
J N

 Nagy-Soper [1012.4948]

What about NNLO?

Extraction of real-emission singularities was the main bottleneck for NNLO predictions.
Example: di-jet two-loop amplitudes ~ 20 years ago [Anastasiou, Glover, Oleari, Tejeda-Yeomans ‘01],

di-jet production at NNLO ~ 5 ago [Currie, De Ridder, Gehrmann, Glover, Huss, Pires “17]

Two-loop QCD corrections to massless
identical quark scattering™ 2001

C. Anastasiou?, E. W. N. Glover?, C. Oleari® and M. E. Tejeda-Yeomans®

We therefore expect 20 17

that the problem of the analytic cancellation of the infrared divergences will soon

Preci dicti for dijet ducti t the LHC
be addressed thereby enabling the construction of numerical programs to provide recise predictions Ior dijet production a €

next-to-next-to-leading order QCD estimates of jet production in hadron collisions. J. Currie?, A. Gehrmann-De Ridder®¢, T. Gehrmann®¢, E.W.N. Glover®, A. Huss?, J. Pires?

@ Institute for Particle Physics Phenomenology, University of Durham, Durham DH1 SLE, UK
® Institute for Theoretical Physics, ETH, CH-8093 Ziirich, Switzerland
¢ Department of Physics, Universitat Ziirich, Winterthurerstrasse 190, CH-8057 Zirich, Switzerland
4 Maax-Planck-Institut fir Physik, Fohringer Ring 6, D-80805 Munich, Germany
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Why is NNLO so difficult?

At NLO two main strategies have been implemented

Catani Seymour:

» Counterterm contribution: reproduces the IR singularities related to a dipole in all of the phase space [complicated structure]
* Full counterterm: sum of contributions, each parametrised differently
- Analytic integration of each term [non trivial, complicated structure of the counterterm]

FKS:

- Partition of the radiative phase space with sector functions
- Different parametrisation for each sector
- Analytic integration, after getting rid of sector functions [non trivial, non optimised parametrisation]

Detail informations of NNLO kernels also available ~ 20 years ago

(N3LO kernels partially available [Catani, Colferai, Torrini 1908.01616, Del Duca, Duhr, Haindl, Lazopoulos Michel 1912.06425,
Dixon, Herrmann, Kai Yan, Hua Xing Zhu 1912.09370, Yu Jiao Zhu 2009.089179 ... ])
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Why is NNLO so difficult?

Under IR singular limits, the radiative matrix element squared factorises into (universal kernel) x (lower multiplicity matrix elements)

Double soft limit [Catani, Grazzini 9903516,9810389]

kl}goRRnn({k} k;) ~ Eik({k},.k. k) ® B,({k},)

Triple collinear limit [Catani, Grazzini 9903516,9810389]

|
llm RRn+2({k}n 1, kk) ~ Tp(kp kja kk) ®Bn({k}n—1’kijk>
ki |l c; ] & S

ijk
One loop single soft limit [Catani, Grazzini 0007142] ﬁq
| ! vk 0)
ilII(l)RVH({k}nak) ~ Eik({k},.k) ® V,({k}, )+E1k({k}n, k) ® B,({k},) @ , -( @ 3 o @ | )xj( (q)

One loop single collinear limit [Kosower 9901201, Bern, Del Duca, Kilgore, Schmidt 9903516]

1 ~
lim RV, ({k},.k;) ~ S—[P(kl-, k) ® V,({k}, )+ P (kk) ®Bn({k}n)]

kllk_0 i
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Recipe for a subtraction scheme

The construction of a subtraction scheme involves several well-defined steps:

- clear understanding of which singular configurations do actually contribute: find regions of the phase space which lead to
non-integrable singularities of the matrix element,

- define simplified versions of the matrix element squared to be used in the subtraction terms,
- understanding how to deal with multiple radiators and overlapping singularities (first time at NNLO),

- find a way to integrate the subtraction terms in d-dimensions.
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Recipe for a subtraction scheme

The construction of a subtraction scheme involves several well-defined steps:

- clear understanding of which singular configurations do actually contribu g .
non-integrable singularities of the matrix element, o ubtffa’ct’lo

nace which lead to

- find a way to ifftegrate the subtraction terms in d-dimensions.
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Recipe for a subtraction scheme

The construction of a subtraction scheme involves several well-defined steps:

- clear understanding of which singular configurations do actually contrib

D) ngN\"c-\\»\R(“‘;:a
WESTED BT P
(%
QM OV~ Q
r N\
wﬂ:aq{@q*" #:r‘(é"z Tol\ :3
p e
LY e
v
STANTL

eer®Olators and overlapping singularities (first time at NNLO),

Many schemes are available:

Antenna [Gehermann-De Ridder et al. 0505111]
ColorfulNNLO [Del Duca et al. 1603.08927]
Nested-soft-collinear [Caola et al. 1702.01352]
STRIPPER [Czakon 1005.0274]

Analytic Analytic Sector [Magnea et al. 1806.09570]
Geometric IR subtraction [Herzog 1804.07949]
Unsubtraction [Sborlini et al. 1608.01584]

FDR [Pittau, 1208.5457]

Universal Factorisation [Sterman et al. 2008.12293]

nace which lead to
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Recipe for a subtraction scheme

The construction of a subtraction scheme involves several well-defined steps:

- clear understanding of which singular configurations do actually contrib
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Many schemes are available:

Antenna [Gehermann-De Ridder et al. 0505111]
ColorfulNNLO [Del Duca et al. 1603.08927]
Nested-soft-collinear [Caola et al. 1702.01352]
STRIPPER [Czakon 1005.0274]

Analytic Analytic Sector [Magnea et al. 1806.09570]
Geometric IR subtraction [Herzog 1804.07949]
Unsubtraction [Sborlini et al. 1608.01584]

FDR [Pittau, 1208.5457]

Universal Factorisation [Sterman et al. 2008.12293]

nace which lead to

None of the existing subtraction
schemes satisfies all the ‘5 criteria’

1) Physical transparency
2) Generality

3) Locality
4) Analyticity
5) Efficiency
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Common problems

1. Clear understanding of which singular configurations do actually contribute

k1

\ el 1 1 1 1

kl‘l‘kZ/ ~ — e k1—>0and k2 || k3
! (ki + ky)? (ki + ks + k3)?2 2k - ky 2k - ky + 2k - ky + 2k, - ks
ki1 + ko + k3 ks

&> 6

Entangled soft-collinear limits of diagrams can not be treated in a process-independent way. I 6 ei

Do non-commutative limits actually contribute?

m > N2 >
STRIPPER [Czakon 1005.0274] was implemented taking into account all the possible H neo o
choices of soft and collinear limits order -> redundant configurations were included.
2 > > 5>m
II] = 31 m—o1l—j4m  m—im

Gauge invariant amplitudes are free of entangled singularities
thanks to color coherence: soft parton does not resolve angles ofthe  -—----- 3 . £
collinear partons [Caola et al. 1702.01352)]. : p

Soft-collinear limits can be described by taking the known soft and collinear limits sequentially.

&> &

1
7h>2

m—1—3m

S;
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Common problems

2. Get to the point where the problem is well defined

a) ldentify the overlapping singularities
b) Regulate them

k1
\ ok 1 1
ki + k2/ ~ — — — — — — — —
4 EvE;(1 —ny-nyp) EvEy(1 = ny- nyp) + EiEs(1 — ny - n3) + EpEs(l — npy - n3)
—> —>
ki + ko + k3 ks
Soft origin Collinear origin
/ )
\ 2 |
> 3 > 3 > 3
E, < E,, E,<E, Includes st.rongl.y S -
ordered configurations Ny ny,<n;-n; N,y N3 < Ny- Ny T Ty < Ty T

Soft and collinear modes do not intertwine: soft subtraction can be done globally. Collinear singularities have still to be regulated.
Strongly ordered configurations have to be properly taken into account.
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Phase space partitions

Efficient way to simplify the problem: introduce partition functions (following FKS philosophy):
- Unitary partition

» Select a minimum number of singularities in each sector

* Do not affect the analytic integration of the counterterms

Definition of partition functions benefits from remarkable degree of freedom: different approaches can be implemented

Examples: Nested soft-collinear subtraction g — Z — e~ e™ g g [Caola, Melnikov, Réntsch 1702.01352]

1 :@)51,61 + 6052’62 0)51’62 + 6052’61 5162 — P25 P16 P56 S161 — ,025,026<1 n P15 n P16 )
ds dg dse 15 ds dg dser1  dser1n

6052’62 _ P15 P16 (1 n P25 P26 ) 0)52,61 _ P15 P26 P56

— — — +
Pap =1 —cosdy, , n,, = pau!2 ds dg dser1  dse1n ds dg dsen1

51 o1

511 1 = 9(7761 < @> + 9(— <11 < ’751) + 9(’751 < & ) + 9<@ <751 < n61>
2 2 2 2
b g(5) 9(6) 9(5)
fmﬁgg 6666 fmﬁég )ﬁé éﬁﬁ B

- " He

Advantages:

1. Simple definition Disadvantages:

2. Structure of collinear singularities fully defined 1. Partition based on angular ordering — Lorentz invariance not preserved
3. Minimum number of sector 2. Theta function
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Phase space partitions

Examples: Local Analytic Sector Subtraction ete™ — y* — ¢g

g g [Magnea, C.S-S. et al. 1806.09570]

Oubcd

Wabcd — z o
m,n,p,q "Pq
S;j
€; X S, leocs-s-
qt —qj

Advantages:

1. Compact definition

2. Triple-collinear sectors do not require further partition
3. Structure of collinear singularities fully defined

4. Valid for arbitrary number of FS partons

5. Defined in terms of Lorentz invariants

V=W 1005+ W16+ W 1250+ W 1256+ - + W50

1 1
Oubcd = a > 1

(ea Wab)a (ec + 5190 ea) Wed

qﬂ — (\/E’ 6)9 Sab = 2ka ) kb

Disadvantages:

1. Numerous sectors — consequence of being fully general
— non minimal structure
2. Non-trivial recombination before integration

Chiara Signorile-Signorile
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Common problems
3. Solve the PS integrals

The problem is now well defined:

A. Singular kernels and their nested limits have to be subtracted from the double real correction to get integrable object

dq)n+2 RRn+2 —

dq)n+2 [RRn+2 o n+2] T

J

B. Counterterms have to be integrated over the unresolved phase space

C..

dd, , K, K, 122 Gy Cus S S5 G

j° I

J

[ = JPSunre& ® Limit ® Constraints

The ‘Limit’ component is universal and known. The phase space is well defined. Constraints may vary depending on the scheme.

Several kinematic structures have to be integrated analytically over a 6-dim PS.

Different approximations and techniques can be applied: the result assume different forms according on the integration strategy.

Two main structure are the most complicated ones and affect most of the physical processes:

- Double soft
- Triple collinear

Chiara Signorile-Signorile
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Details of the calculation: NLO as a playground
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Local Analytic Sector Subtraction

Go back to NLO to implement a new scheme featuring key properties that can be exported at NNLO.
(This talk: massless partons, FSR only, arbitrary number of FS particles)

doxi o T p n
= lim dd, Vo,(X)+ |dP,, RO, (X) X IR safe observable
dX d—4 o o
dGNLO
a(;;( _ J do, . K Counterterm [ = Jdd)radK Integrated Counterterm

d GNLO

s Jd@n (V + I) 6,(X) + Jd@nH (R 8, 1(X) _K5n(X)>

Properties of the scheme: Analytically calculable Minimal structure and
(possibly with standard techniques) simple integration
. . Choose an optimise parametrisation of Organise all the overlapping singularities
Requirements: : . :
' the phase space and choose an appropriate kinematics
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Ingredients of the subtraction

* Projection operators: extract from the real-radiation matrix element its leading soft and collinear limits

1

R —

Singular limits have universal form, independent of the resolved subprocess [Altarelli, Parisi '77]

2

S;R({k}) Z Sed B ({k},)

a.ci Dciddi

1

Cy R({K}) o s PE(sips ) B ({K) gy ki)
S

S; Cy R({k}) o —— B ({k},)

Sij Sir

1 1

- (ky + k32 (ky + k3)?

killks ¢

E\Es(1=n-7n3) EE(1-7n,

0 - S, soft
n .
collinear

—

n

1
e
[

=

kl ¢ k2
(ky - k3) (ky - k3)

kl °k3 q8
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Ingredients of the subtraction

* Phase space partitioning ( FKS ): multiple singular configuration that overlap

 Unitary partition
» Select a minimum number of singularities in each sector: set of kinematic weights smoothly damping

all radiative singularities but those due to particle 1 becoming soft, or collinear to j
* Do not affect the analytic integration of the counterterms

Sector functions 7' ; :

R= ZRWU=RW31 + RW32+

1,]
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Ingredients of the subtracti

* Phase space partitioning ( FKS ): multiple singular configuration that overlap

 Unitary partition

» Select a minimum number of singularities in each sector: set of kinematic weights smoothly damping
all radiative singularities but those due to particle 1 becoming soft, or collinear to j

on

* Do not affect the analytic integration of the counterterms

Sector functions 7' ; :

R= ZRWU=RW31 + RW32+

1,]

/

Damp: 71, || 7’3

Enhance: n', || 75

1
W31"’_

531
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Ingredients of the subtracti

on

* Phase space partitioning ( FKS ): multiple singular configuration that overlap

 Unitary partition

» Select a minimum number of singularities in each sector: set of kinematic weights smoothly damping

all radiative singularities but those due to particle 1 becoming soft, or collinear to j
* Do not affect the analytic integration of the counterterms

Sector functions 7' ; :

R= ZRWU=RW31 + RW32+

1,]

/

Damp: 71, || 7’3

Enhance: n', || 75

1
W31N_

531

\

Damp: 7' || 74

Enhance: 72 || 73

1
W32"’_

532
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Sector functions at NLO in the analytic sector subtraction

Sector functions 7' ; :

1) Select the minimum number of singularities

SiWab:O’ VZ#CZ Cszab:O’ Vd,b¢ {l,]} .

2) Sum properties

1,] 71 JFI a,belij}
3) Explicit form
—> Sgi SS;; O;j
Mgt = (05T, =L, a= V=
S Sqi Sqj Z k. 12k Okl
Y e p— C,T gy = (8,8 + 6,0,) —
177 ab ia zc#a 1 /a)ac ’ iy*” ab 1a”jb 1b™] e +e,
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The idea of mappings

(kY pr = (k)@ _
Jd®n+1 (Rn+1_Kn+1> g Jd¢n+1 (Rn+1_Kn+1>
SR, (1k}) < ) Sed B, ({k}) SR, ({k}) « ) Sed B, ({k}(ic®)
a,c#i Sci Sdi a.ci Sci Sdi
1 _ 1 o
Cij Rus1 ({k}) o — Pi¥(sir ) B ({1 ki) Cij Ry (k1) o= P(sip ) By ({K}7)
] 4]
\Y, _ S; .
S; Cyj Ry (1K}) o« —— B, ({k},) S Cyj R ({K}) o« —— B, ({k}")
Sii Sir Sij Sir

Why a mapping?
1. {k},is a set of n momenta that do not satisfy 7-body momentum conservation away from the exact ; limit

2. {k}, k;j is a set of n momenta where k;; = k; + k; is off-shell away from the exact C; limit

3. Factorise the n 4+ 1-body PS intro a n-body and radiation phase space is necessary to integrate K only in the latter

Collinear limit: single mapping > dipole = (ijr)
Soft limit: different mapping for each contribution > dipole = (icd)
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The idea of mappings

Factorise the phase space d®,, | = d®,dD,,,
On-shell particle conserving momentum in the entire PS
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The idea of mappings

Factorise the phase space d®,, | = d®,dD,,,
On-shell particle conserving momentum in the entire PS ]‘Cb kb

l .

Mapped kinematics {k}(@¢) = {{k}aﬁw l_c[g“bc), l_cff’bc)}

7(ab 1.(abc) _
k) + k9 =k, + ky, + k

C

Different ways to combine momenta, depending on the choice of the dipole (abc)
— Freedom to choose the momenta to simplify the integration
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The idea of mappings

Factorise the phase space d®,, | = d®,dD,,,
On-shell particle conserving momentum in the entire PS ]‘Cb kb

l .

Mapped kinematics {k}@¢) = {{k}ayg, ]_Cl(fbc), lzf;abc)}

C

7(ab 1.(abc) _
k) + k9 =k, + ky, + k

Different ways to combine momenta, depending on the choice of the dipole (abc)
— Freedom to choose the momenta to simplify the integration

_ S
k(2312) _ 312 ,
_ S
K312 = ky + ky LI
S32 + 812
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Ingredients of the subtraction

e Candidate counterterm:

Defined sector by sector as the collection of all the contributing limits (correct multiplicity!)

iterative definition

K;3 =

5,+Cpy (1-5y)

(1-S;) (1= C,3) R¥'5, = finite
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Ingredients of the subtraction

e Candidate counterterm:

Defined sector by sector as the collection of all the contributing limits (correct multiplicity!)

iterative definition (1 _ §3) (1 _ 613) RW 5, = finite

K5 = _§3+€13(1—§3)_ RWy — RW, — K5, =finite

J > (6665 Wij d(Dn+1 — J' B (6665 Wij — B0 _ dq)n+1 T J' >~ 5500 dq)n+1
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Ingredients of the subtraction

e Candidate counterterm:

Defined sector by sector as the collection of all the contributing limits (correct multiplicity!)

iterative definition (1 _ §3) (1 _ 613) RW 5, = finite

K5 = _§3+€13(1—§3)_ RWy — RW, — K5, =finite

J > (6665 Wij d(Dn+1 — J' B (6665 Wij — B0 _ dq)n+1 T J' >~ 5500 dq)n+1

Featuring optimised remapping for integration (k.. } = {k, }(abe)
R((k)) e ), — <L By (1)) > cach contribation
(abc) according to the invariants o #l
appearing in the kernel i
C __prvp (ijr)
<{k}> & o PJ V<{k} ) > Single mapping
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Ingredients of the subtraction

e Candidate counterterm:

Defined sector by sector as the collection of all the contributing limits (correct multiplicity!)

iterative definition (1 _ §3) (1 _ 613) RW 5, = finite

K5 = _§3+€13(1—§3)_ RWy — RW, — K5, =finite

J > (666,6 WU dq)n+1 — J' _ > (666)6 Wl] — = ”5@-6\ _ dq)n_|_1 = ”5@-6\ dq)n_|_1

Featuring optimised remapping for integration (k.. } = {k, }(abe)
R((k)) e ), — <L By (1)) > cach contribation
(abc) according to the invariants o #l
appearing in the kernel i
C __prvp (ijr)
<{k}> & o PJ V<{k} ) > Single mapping
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Ingredients of the subtraction

* Analytic integration: (abc)

=YSs,
Parametrisation of the phase space d(I)n = d d(I) . , z, — 72(1 =) S(abc)

= (1 = 2)(1 = y) s

Radiative phase space: dP'“") o ( lﬁ?bc)) J d¢p sin 2€¢J [ dz(1-»[A -y =-2)z]"
0 0 0
Kernel to integrate: R({k}) x Z Scd J({k} @)
¢.di Sic Sld
Freedom to adapt the parametrisation to the kernel — Exact analytic integration

1 1
. 1 — .
Yo ) J <I>§;ff> B.g({k}0D) = N (s))” L dep sin 2€¢J [ dz(1-»[A-y?yU-2)z]" ‘ By ( (K} )

c,d#i Sid c,d#i 0 0 <

€—2
_ Z (abc) —€ (477:) F(l — 6) F(z — 6) B d({k}(icd))
o) . C
et e-1'(2 — 3¢)
General remarks:
1. Different parametrisation for the soft and for the hard-collinear counterterm
2. Each contribution to the soft is parametrised differently to simplify the integration
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Lesson from NLO

« Unitary partition of radiative phase-space with sector functions Wij

e Collection of relevant IRC limits for a given sector
 Catani-Seymour final-state dipole mapping
* Promotion to counterterms: improved limits

* Locality of the cancellation ensured by consistency relations

As well as
Si Wij - Sl Si Wij
CiW,;,=C,C;W

Chiara Signorile-Signorile 31 Local Analytic Sector Subtraction



Lesson from NLO

« Unitary partition of radiative phase-space with sector functions Wl-j

e (Collection of relevant IRC limits for a given sector
e Catani-Seymour final-state dipole mapping
 Promotion to counterterms: improved limits

* Locality of the cancellation ensured by consistency relations

o Wij sum rules+ mapping adaptation = simple analytic counterterm integration

e

=l , ‘ , ‘
K=) K;x SR| ) Sw|+C;R | Cy(w,;+W;)|-SC;R | SC;7]
L) J

=> K= ) S;R+ ) C;(1-§)R
i i ji

Remarks:

1. The integrated counterterm has to match the poles of V, which is not split into sectors
2. The sector functions would have made the integration much more involved
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Details of the calculation: NNLO
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Exploring the framework

ﬁ _ doy o | donio | donnLo | Arbitrary number of massless
ax dx @ dx | dx | 7 QCD final-state emissions

X; = IRC-safe observable computed with i-body kinematics, 5X,- = o(X — X))

do .
NNLO __ J dd, VV 5, Up to 1/e* explicit poles
dX !
°'- Up to 1/€* explicit poles
+ Jd®n+1 K V5Xn+1 ﬁ Singular in PS
n J d® ., RR 5Xn+2 Iﬁ Singular in PS

[‘ Each ingredient requires specific treatment and encodes difficulties to overcome ]
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Subtracting RR singularities

First step: divide the singular configurations into single-unresolved, double unresolved, and strongly ordered

1
Si Sij .
ki < k; J

2

Cz’jkl :

n

00,5 RR 3,00 = K 6 = (K7 = K2)3, |

n
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Subtracting RR singularities

fono _ Jdd) Vs
AX n X,

+ Jdd)nH RV,

+ Ja!cbn+2 RR&y —KWVo, — (K<2> — K<12>> Sy

n—+ n

* Different counterterms account for different configurations and degree of divergence

D Single unresolved

K (1) Xg D Strongly-ordered
double unresolved

K (12)

D Double unresolved

K@
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Sector functions at NNLO

Second step: unitary partition of double-unresolved phase space (I)n +» Into sectors Wijkl

RR=) ) RRW . with DD Wyy=1

* 3 topologies collecting all types of singularities

K |
P E Ry j L
| szklv L F]FkFI
%Ukj ; I F]Fk k
¢
a, c — SOft
Singularities selected: % ., f,
ab,cd — collinear
Possible realisation of the desired properties:
o Oubed o 1 1
Wabcd — o , 0 = Z Z Oubcd — Z Z %abcd — 1’ Oubcd = (6 , a > 1

a,b #+ a c#a a,b # a C #*d
d#a,c d#a,c

a Wab)a (ec B 5bC ea) Wed
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Sector functions at NNLO

Second step: unitary partition of double-unresolved phase space (I)n +» Into sectors Wijkl

RR = Z Z RRY 3y . with Z Z Wiy =

* List of contributing limits in each topology.

K ‘
| ' W ijji 1S G SCj
“! J Wijjk Sik Czjk SCij SCyys
k Wijkl Six Czjkl SCiiy  SCy
- ) 0 Single Double
Vipg W i W jia unresolved unresolved
 Sum rules: limits of sector functions still form a unitary partition.
S;  double-soft partons i and j
Sik( Z Z W ipra + Z Z kaid) =1 Cix  triple-collinear partons (i, j, k)
b#i dik bk d+k,i _ o
. oo Ciis  double-collinear partons (i, j) and (k, )
Cii 2 (%abbc + Wabcb> =1 SCijk  soft partons i and collinear partons (j, k)
abc € n(ijk)

 NLO-factorisation: % ,,., factorise into products of NLO-type sector function under single-unresolved limits.
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Limits collection

Third step: collect the limited relevant IRC limits for each topology

RRYW . — L<1> L&) — L<1>L<2> RRW . — integrable

unresolved Overlapping
Double .
L =8, +C;y(1-8) nresolveq (8 = jk, kj, k)
2) _
Lo =8;+ Ciu(1 = 8S;) +SCy(1 - 8;) (1 - Cy)

ng.i)]. = S;+ Ci(1 = Sit) + (SCyjx + SCryj) (1 = Sie) (1 = Cyip)
ijzk)] =S+ Cijkl<1 - Sik) + (SCikl + SCklj) (1 — Sij) (1 — Cijkl)

« Limits action: singular limits act on both sector functions W ., and matrix elements

LRRW ju = (LRR) (LW )

Universal, and independent on the J \ Dependence on the choice of

number of coloured partons partition functions
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Singular structure of the RR

« Limits on matrix elements: under IRC limits RR factorises into (universal kernel)X(lower multiplicity matrix elements)
[Catani, Grazzini 98710389, 9908523]

SyRRUKD & 3 | 3 1919 B 161+ 8. 140
c,d#1,] “e,f#l,]

1
C;i« RR({k}) S-}( ng(sl,,, Sir Str) B (1K} s Ky )
4]

1
C,1s RR({k}) o — P’]’”(slr,s :) P22 (83 5,) Wp(,({k}w, i ki)
4]

SCy RR({k}) = CS;uRR({k}) o —k 2 P 1 Bel({k) g Ky
3 C,d#i

I') = single eikonal

I = double eikonal
L - Functions of Lorentz invariants
P” = single splitting

Pg‘; = triple splitting
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Singular structure of the RR

« Limits on matrix elements: under IRC limits RR factorises into (universal kernel)X(lower multiplicity matrix elements)
[Catani, Grazzini 98710389, 9908523]

SyRRUKD & 3 | 3 1919 B 161+ 8. 140
c,d#1,] “e,f#l,]

1
C;i« RR({k}) oy PE(Sim i Sir) B (1K g i)
4]

|
Cijkl RR({k}) X P’MU(S”,,S ) P]d (Skr’ Slr) ,uypa({k}/]](l’ ij° kkl)

Sij Skl / Born-level kinematics does
not satisfy the mass-shell
0 med condition and momentum
SC;ix RR({k}) = CS;;RR({k}) x — 2 Pe 1D B ({kY e Ky conservation
Sjk c,d+i
I') = single eikonal )
I = double eikonal
‘ . - Functions of Lorentz invariants .
P”” = single splitting Momentum mapping needed!

PZ‘; = triple splitting
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NNLO momentum mapping

« Momentum mappings: minimal set of involved momenta and complete factorisation of the phase space

1. One-step mapping

{ k(abcd)} { Bed k(abcd)’ ]_{Elabcd)} X ky .
dq)n _ dq)(abcd) dq)(abcd) _ dq)(abcd) d(I) 02 ( (abcd). ) k. T

rad,2 ’y’Z’¢y Z X

™
(@)
ol
(@)

1 | 1 1 1 —1/2—¢ —€
[0 (50| aw [ ay [ az| apesingy| av] ae[wa—wo] [y -yrea -y -yt - o) -y -y
0

0 0 0 0 0

2. Two-step mapping

1.(acd,bef )\ __ (acd) (acd,bef) 7.(acd,bef)
{knac e }_{k;;zf’k ’kf }

_ abcd acd (bef) __ (acd,bef) (acd,bef). —(acd
dD,,, = dOLD - dO? - DS = dD D) 4D, (59D y, 2, ) - dD, oy (545, 2 )

I 1 p 1 el .
a0l o« (st nsiacio) [y singy [ av [ e[ apesingy | v de [y —y2e - 2030 - y2e0 -0] 0=y -0
0 0

0 0 0 0
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Adaptive mapping

* Freedom in choosing the mapping: adaptive parametrisation tuned to the specific kernel

S; RR({k}) < )’ Z 1919 Bgof{( (k) ) +19 B o1k} ) B
c,d#i,j ‘e, f#i,j - k;

Freedom to map each term of the sum separately, adapting the choice to the invariants appearing in the kernel itself

S, RR({k}) Z Z 19 ](J)(lCd)B <{k(lcdjef)}> + 4 Z [OTVDB ({l’éicd’fed)})

c#i,] |le#1i,j,cd *1,j,C,d

d#i,j,c f+#1i,jcd o o - 1 .. 1 o
@) 7)) ijed (1)) (1)) (1)) ijcd
+2]cd Icc]z’ BCdCd({k(] )}> T <IC(‘1] o EICCJ 2 Idc{’ ) Cd<{k(] )}>

{k} {]_C} (acd,bef)

[\ (abcd)
d(I)n d(I)(abcd) dq)(acd) dq)(bef) {k} {k} abc

rad rad do, ., dq)(abcd) Jlabed)

rad,?
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Counterterm definition

Forth step: Promotion of the collected limits to counterterms. Improved limits adapting momenta mapping to each kernel, while
tuning action on sector functions when necessary.

D Strongly-ordered

D Single unresolved double unresolved

1) _ T (1
K1) — 2 Z Ll(j)RR /e k(12 — Z 2 L(l)L(z) RRW ,,,
L iti k#i ijkl I
/ . ij#i kF
71 [ # ik

D Double unresolved (uniform)

K® = Z Z L%RR v/

i,j#i KF I
[ # i,k
KO {Z S+ > 2 Cu(1-5,-85,-5,) + X Y ¥ Cu[1 -5, -5, -8, - 5, - 5Cu (1 -5, -5,
k> >0 k> ij>ik>il>k
k#jl1#]
_S_jkl<1 —S; — §j1> - Tkij(l — Sy — gjk) - Tﬁ](l -8 - gjl)] * Z 2 @’7"(1 =Sy - gik><1 - Eijk> } K
i,j>ik>j
k#i
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Counterterm definition

* Locality of the cancellation ensured by consistency relations

- Tower of nested limits that have “horizontal” and
“vertical” consistency relations.

- Consistency relations have to hold simultaneously for
all the mapped limits.

- The number of consistency relations grows rapidly as
the number of unresolved limits increases.

- Inconsistencies at the bottom of the tower usually
require a redefinition of the mapped limits at the top
(and, as a consequence, of the entire cascade).

- The definition of consistent mapped limits has to be set
once for all, and is almost process-independent.

Selection of displayed limits

Si Cij Slj Cljk
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Integration of the double-real counterterms

Fifth step: conterterms integration. Great advantage from choosing the appropriate mapping, and phase-space parametrisation

oNNLO _ Jd(b VVS
dX n X,

JdCDnH RV,

dd _ RRS. —KWLs.  _— ( K@) _ K(lz)) 5 Finite by construction and
+J tal| At ntl An integrableind = 4

* 3 different integrated counterterms: different phase-space and complexity

rad, rad,

I(l)=JdCD (KW 1<2>=Jdc1> , K@) 1(12)=Jd®radK(12),
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Integration of the double-real counterterms

Fifth step: conterterms integration. Great advantage from choosing the appropriate mapping, and phase-space parametrisation

d
ONNLO _ Jd(bn <VV L@ ) 5y
dx :

[dCI)nH (RV I(l))5xn+1—< 1<12>) 5y

dd _ RRS. —KWbs  _— ( K@) _ K(lz)) 5 Finite by construction and
+J tal| At ntl An integrableind = 4

* 3 different integrated counterterms: different phase-space and complexity

rad,

IV = Jdd)radlK(l), 1 = JdCD K@, 12 = Jdcbdeﬂz),

N

* Analytic integration via standard techniques — sectors sum rules + mapping adaptation [Magnea, C-SS et al. 2010.14493]

NNLO complexity: highly non trivial!

 No approximations — simple and compact results (at most simple logarithmic dependence on Mandelstam invariants)
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Integration of the double-real counterterms: example

 Freedom in choosing the mapping: adaptive parametrisation tuned to the specific kernel [Magnea, C-SS et al. 2010.14493]

S; RR({k}) < )’ Z ID1D B {k}y) +19 B (1K ) o
C,d#L,] e, f#i,] - k,

We are free to map each term of the sum separately, adapting the choice to the invariants appearing in the kernel itself

S, RR({k}) Z Z 10 I(})(lcd)B < { Rlicd. ]ef)}> 44 Z 10 jé]c'l)(icd)BCded< {]-{(icd,jed)}>

c#ij le#ij.cd e#i,j,cd

d#bj.c J#ij.cd @) 1) (ijcd) JC@) 1 (i) 1 U)) 1.(ijcd)
+2chICdB <{k] }> ( _51 _Eldd> Cd<{k] }>

The PS parametrisation follows the mapping structure

€=2 e—2
7@ i, I(z) Fticd) _ | ggticdje) Futied) | gapicd) ji) — (47) ['1-el'2—-¢) (4r) (1 —e)[(2 —¢)
SS cdef d,2 ef rad ef rad “cd (E%Cd’jef))e 2 (2 — 3¢) <§(jl;6d,j€f))€ 2 T2 - 3¢c)

Some of the double-soft kernel structures feature a NLOXNLO complexity — integration exact in €

The most difficult part arises from the pure NNLO current.
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Integration of the double-real counterterms: example

1,55, RR((K)) o | d@f0 160 3, (R0}

I(gg)(ij) _ (1 — 6)(SiCde + Sl-dS-) — 2SljSCd N SiCde + SidS.C _ 1 Slcsjd + S ]C ]
jd 5; Sia)

Scd
cd (S,C + 5 )(Sld + 5 7) ¢ Sii Sic Sid S 2 (s, + )(Sld -+

Mapping: {k}(icd),
Catani-Seymour parameters y’, z', y, z

Sij =Y ygc(:ZCd) 3 Sic = < (1 Yy )y_(UCd) y
sed = (1—y")1=y)(1—2)30D s = (1-y")1—2") y 559,

sid = (1—y) _y "(1-2")(1—2)+2z'z—2(1—2x’ )\/y’z’(l—z’)z(l—z) "(:ZCd) :

Sid = (1—y) -y,z,(l—z)+(1—z’)z+2(1—2x,)\/y’z'(l—z’)z(l—z) sted)

1 1 1 1
Use partial fractioning to isolate complicated denominators = ( =+ —)
SidSid  Sid T Sjd NSid  Sjd
1 1 1 I \ kek 1 1 2
Use symmetries of the 4-partons of the phase space [De Ridder, Gehrmann, Heinrich 0311276] = ( T —) ’ =
SidSid  Sid t Sja NSid  Sjd SidSid  Sid t Sid Sjd
Parametrise the PS using Catani-Seymour parameters
R N _in—e (! —1/2—¢ —e
[d@j;g? = 27% N(e) ('“f“”) de’]dy’]dz']dx (1 — )| [dyjdz (1 =)y = 9221 = 2) Y21 =y (1 = 2)] (1 = y) ¥l = y)
o Jo Jo Jo 0 J0
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Integration of the double-real counterterms: example

r _

* How the result looks like: 1 Guao
[ R YR D Y I Y|
on c7é’l’7.7 \ e;éi,j,c,d - f7éi7jacadae

d#1,7,C ( )
icd,jed) fijcde 1cd,jed
+4 J\dq)( ) JS®S Bcclcszol

cdced
- =

_|_ J\dq)g'JCd) ZJ’LJCd B(Z]Cd) '|- Jz]cd Lj(Z]Cd) >,

d(I)(ZCd,Jef) g(’b) g(]) —

J(4)( _(icd,jef) —(wd,yef))
rad,2 s®s 1]

7ef

;écsde Nl qu)fgfid,éyed) g(z) g(]) _ JS(%)S( (zcd,]ed),ggicd,]ed)) 99
Jied = 7 J 409D £ £0) Jsé)s( mcd)) 99

J@ch Nl qu)l(‘;.]dcg) 56(2]) = 2Tx J(QQ)( g’ng)) — 20y J(gg)( ngCd)) a
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Integration of the double-real counterterms: example

 How the result looks like:

2 AN
LY 1 4 7 5 1 14
2 2
+216 — %wz — ECS 1290 w4+ O(e )]
2 AN
(3) N[ Qs S8 1 4 4 5\ 1 16 , 1
JS®S(S73 ) ' (ﬂ) (F) [ 6_4 + 6_3 + (17— §7T )62 70 — ?ﬂ' — —CB _
68 272 13
+ 284 — ?7!'2 — —Cg 7r -+ O(e)]
2 —2¢€
@) o) L (X)) (E 1.4 EEICAR N SN LN
J s(s) (27_‘_) (/l2) [ 64 + 63 + (18 27T ) 62 76 o 3 C3 .
308 49
+312 — 277% — —Cg 7207 —|—(’)(e)]
2 —2€er
S (Y ()L L, L, (16 7 )1 3
27r 2 6 €3 18 €? 27 36 ) e 81 108
2 —2€er
(88) L (%) (S ll ﬁl @_g 2 l 1562_@
= t0) (%) <u2) _ ocd "2 \36 3" e\ T
19351 3829 2 1025 23 4

f d®,,2S;; RR =

1 Sn+2
2 S,

1

77

>

.

2

CH#1,]
d+#1,7,cC

{ l— cg + O(e)]

’/T2——C3)1
€

6

\ e¢i7jﬂc7d

+ [asgien |2

d.,jed zgcde (icd,jed)_
+4Jd<1>(’“" ded) Jasde pee
i ijed (ijed) icd 1 (ijcd)
Js®s B cdcd J;g ‘ Lcd
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Subtracting RV singularities

Sixth step: regularisation of the second line — delicate interplay between different counterterms [Magnea, C-SS et al. 2212.11190]

do
NNLO _ Jdd)n <VV + @ ) 5y
dx :

[dCI)nH (RV I(l))5xn+1—< 1<12>) 5y

n

+ Jd¢n+2 RR&y —KWVéy — (K<2> — K<12>) Sy

* Intricate cancellation pattern involving both poles and phase-space singularities

Need for a couterterm to compensate:

RV + IV — finiteine |—> Still singularin PS the PS singularities of RV + IV
e
(1) (12) : \X AND
kI — [I''¥ — Integrable | — Contains poles in € the explicit poles of 1) — [(12
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Subtracting RV singularities

Sixth step: regularisation of the second line — delicate interplay between different counterterms

do
NNLO _ Jdd)n <VV + @ ) 5y
dx :

RV+ IV = finitein e

n

[dCI)nH (RV I(”)%H— <K<RV> 1<12>> 5y
: IV — 102 5 integrable

\_

n

+ Jd¢n+2 RR&y —KWVéy — (K<2> — K<12>) Sy

* Intricate cancellation pattern involving both poles and phase-space singularities
integrable in ®©,

D 1loop single unresolved |
integrable in @, _ 4

N |
[dcbn+1 (RV + 1<?->)5Xn+1 _ (K<RV> + 1<12>) 5y
] | |

finite in € finite In €

KRV)

* Analytic check of the second line finiteness and integrability
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
NNLO _ Jdd)n <VV + @ ) 5y
dx :

n

[dCI)nH (RV 1<1>)5Xn+1— (K(RV) 1<12>> 5y

n—+ n

+ Jdcbn+2 RR&y —KWVéy — (K<2> — K<12>) Sy

* Intricate cancellation pattern involving both poles and phase-space singularities

D 1loop single unresolved

KZ(]RV) = K( V) + Az'j = [gz +67;j (1 _§z) ]RVWM + Aij

17, expected
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

d
ONNLO _ Jd(bn <VV + @ ) 5y
dX :

[dCI)nH (RV L I0)s, — (K®Y 4 [02) 5,
_ ( —€ —€
. s (2) 1 Sef ~(icd) 1 Sed (icd)
AS,Z - O Nl Z gcd 3 ? [(g(icd)) o 1] Befcd + 6_2 Z I:(_(icd)) 1] Bedcd
_ d(;zé.z L fe;zé.z,c ef e#1,d ed
@ RR 1,C 1,C,€E . \
+ d n+2 5Xn n 1 2 20 'Yg B(icd) B(idc)
: izt 7 )20+~ ed  — Bed f
* Intricate cancellation pattern involving bc o L he o
— 2—8./\/ 1 Z 6(2;';) A (B((;:«TC) - Bgcr) ) ; r=Tik -
4 ™ : €
D 1loop single unresolved g

K(RV) = K.(RV) + Aij = [_7; + 6,,;]- (1 — §z) ]RV Wij + Aij

17 17, expected
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Combination with double virtual

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
E;LO — Jd(bn <VV + 1@ + 1<RV>) By

(kv + 1),

n+1

_ ( K RY) 1<12>) 5

n

[d®n+1

n—+ n

+ Jdcbn+2 RR&y —KWVéy — (K<2> — K<12>> Sy

» Most of the contributions to I'®Y) can be computed using NLO-like strategy
» Non-trivial integrals arise from triple-color-correlated component By, = Y  fape AD* T Tb TS A

a,b,c
S; RV = —N,; Z Ty Vi ({k}) - g_; (fl(g + I %)Blm ({k}s) + ES Z fl(:ng‘mPr{k}f)
1#i L | p#ilm _

> Technique used for NNLO double-unresolved kernels

~(; I'(1 ['2(1 — - "B 142 Sy \
70 _ g TU+I(1-0) s ( usp)

imp EF(]. — 26) SilSim simsip
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Combination with double virtual

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
E;LO — Jd(bn <VV + 1@ + 1<RV>) By

o, 21 31 /3 1 1 19 1 1
[ n JSrele(s, €) = ;—; (i> Q.3 +(— — —lﬂﬁ) 2 +(7— “r? —In¢é + > In’ f) g

12 83 2 4 48 4
132 22 q0¢, — N In€ +1In®€ — < In® € — Lia(—) + O )-
+Jd<1>n 12" 3 24 6 ’ ik

» Most of the contributions to I'®Y) can be computed using NLO-like strategy
» Non-trivial integrals arise from triple-color-correlated component By, = Y  fape AD* T Tb TS A

a,b,c
Y = 0 5 [0 (1) - (B2 80 52 B 09) 4 3= T 6
[#1 L pFi,l,m _

> Technique used for NNLO double-unresolved kernels

~(; (14 e)I?(1 — m "B 12 Spp \
70 5, LU= s (e u8p>

imp EF(]. — 26) SilSim sz-msz-p
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Combination with double virtual

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
2;”’ — Jdcbn <VV + 1@ + I<RV>) By

[0, [(RV + 10)5,, = (K% + 192) 5,

n

n—+ n

+ Jd¢n+2 RR&y —KWVéy — (K<2> — K<12>) Sy

« Explicit poles of V'V extracted by looking at the factorisation properties of virtual amplitudes.
* Poles cancellation verified analytically for an arbitrary number of final state partons.
* Finite result is compact and features simple dependence on kinematic invariants.

At most Liz contribute.
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Combination with double virtual

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2) [Magnea, C-SS et al. 2212.11190]

do
E;I(LO — Jdcbn (VV + 1@ + I<RV>> By

VV +1® 4 [®’Y) — (%) { [I(O) +ZI(1) LJT—I—ZI@) L2 + ny CLjT/Llr/] B

J,I#J
+ Z [I(O) + 1P L ] ~2(1-¢) ¥ ¢ (2-L.,)B,,
J,CF£J,T
+ZLcd[I(O) 1Y L LPope (4 — Leg Z hep, ]
12 ca ¢
c,d#c
5
+ Z [— 24+ (2 +2(3 — 1 Ca+2(1—(3) Lcd] Bedcd
 Explicit pol c,d#c
 Poles canc 1 1
— L.sL.;B.geq + L.sL.s|1—=-L_4(1—=-L, B.4
* Finite resul Cz)c%c @ Hed Peded c%c ; f[ 2 d( 8 )] ael
e At most Lis e7d e.f7e
Sce 2 ]- 3806 . Sce
—|—7TZ In—L,;,+ -In + 2 Lig | — B_ 4.
Sde 3 Sde Sde
c,d#c
e#c,d
Qg hc fin 1 fin fin
#(5) 4 [ Eoenr | vt Dt (2] vz vy
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Combination with double virtual

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2) [Magnea, C-SS et al. 2212.11190]

donni o

dX

 Explicit pol
e Poles canc
 Finite resul

At most Lis

Chiara Signorile-Signorile

dD, <VV + I® + I<RV>) Sy

I = N2cC? [

141@ @@] NN (G, ({,,,—3—% o) + ﬁo(%—%@)]

+ N2C (G - G+ 3g%) + 88 ( 73— 5¢) +Gbo( - - )|

L NG [c (g—g—ﬂcz Gt —<4) (@ T —44)

432

5669 85
+60(864 24<2_EC3>] |

+ N, [CFC} ( ST 11C3) + Cpﬁo(g - 3C3) 3(2)(E - §C2)

48 16
1289 15 647

+ 2( <—14<+—<)+Cﬂ(———c——c)] |
916 | 2 2 3T g a0\ "5q 2 3 ,‘

5 7 1 7
Ij(l) — 5fa{q,67}CF [NqCF (5 — ZCQ) S ]\fgq1 (g — ZCz) S 5 g,BO

+ 81 [N C, G, (10-7¢:) — N Cpﬁ0(§—zC2) +N 02@—742) N CBO(Z Zcz)

+Co(—§—16+20) + (T3 -3 +36) +60( 3+ ) |

—g( )50"’ C = 7 FIBO (§—§C2 553) C,BO(———Cz)] |

1
(15CA—750—15)CfJ——(5CA—2ﬁ0)ny+2<2Cf |

1
)
(=143 —2¢)Ca— %(13 +10¢2 + 2¢3)Cy, + (5 + 2¢3)7; |
(

= (1= cz)CA+%(4+7c2)0fj—(2+g2) . j

(20 2(2——C3)CA+3—ﬁ0+22¢+8(1_C2)Cfd }

9
h D
(g——Cz) A__,BO__ &

277 )
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Take home message

1. Phenomenology requires higher order corrections.

2. To obtain fully differential results a subtraction scheme is needed.

3. Local Analytic Sector Subtraction is designed to address the fundamental requirements for an optimal
subtraction scheme.

4. The main building blocks of the schemes are now available for an arbitrary number of final state partons
(partition, integrated counterterm, mappings, ...)

5. Poles cancellation has been proved analytically in full generality, and the finite remainder appears to be
fairly compact and simple.
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What’s next?

1. Implementation and test of NNLO formula in a numerica framework (massless FSR and ISR at NLO
already implemented [Bertolotti, Torrielli, Uccirati, Zaro 2209.09123])

2. Generalisation to initial-state coloured particles at NNLO for LHC applications.

3. Extension to massive partons: less singular limits, but more involved integrals.
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What’s next?

1. Implementation and test of NNLO formula in a numerica framework (massless FSR and ISR at NLO
already implemented [Bertolotti, Torrielli, Uccirati, Zaro 2209.09123])

2. Generalisation to initial-state coloured particles at NNLO for LHC applications.

3. Extension to massive partons: less singular limits, but more involved integrals.

Thank you for your attention!
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Backup
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Is percent precision a reality?

* Frontiers of experimental precision

* Determination of the interaction luminosity

[CMS-LUMI-17-003] [ATLAS-CONF-2019-021]

Source 2015 [%] 2016 [%] Data sample 2015+16 2017 2018 | Comb.

Total normalization uncertainty 1.3 1.0 Integrated luminosity (fb™") 36.2 443 585 | 139.0

Total integration uncertainty 1.0 0.7 Total uncertainty (fb™!) 0.8 1.0 12 | 24 — 1.7%
Total uncertainty 1.6 1.2

- Resolution on observed energy of particles and hadronic jets
[Phys. Rev. D 96, 072002 ]

[JINST 12 P02014] The uncertainty in the jet energy scale is consistent with

The final uncertainties on the jet energy scale are below 3% across the phase space considered previous results in 2011 using 7 TeV data, and is at a level

by most analyses (pr > 30 GeV and || < 5.0). In the barrel region we reach an uncertainty below of 4.5% at 20 GeV, 1% at 200 GeV, and 2% at 2 Te'V for an
1% for pr > 30 GeV, when excluding the jet-flavor uncertainties, provided separately for different inclusive dijet sample. The uncertainties are fairly constant
jet-flavor mixtures. At its lowest, the core uncertainty (excluding optional time-dependent and with respect to #, and a dedicated uncertainty 1s introduced
flavor systematics) is 0.32% for jets with pt between 165 and 330 GeV, and || < 0.8. These results for 2.0 < |77| < 2.6 to account for details in the calorimeter
set a new benchmark for jet energy scale determination at hadron colliders. energy reconstruction. A new method for combining

- Statistical limitations are expected to be overcome by HL-LHC

[CERN-2019-007]

(HL-LHC). The HL-LHC will collide protons against protons at 14 TeV centre-of-mass energy with an
instantaneous luminosity a factor of five greater than the LHC and will accumulate ten times more data,
resulting in an integrated luminosity of 3 ab™ .
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Integration of the double-real counterterms: example

d®, ., S; RR({k})

2
d(I)(l]Cd) Sij Scd

U

" (ijcd) 1(i)) 1.(ijcd
dp e 1 Bcd<{k(f >}>

(1 = €)(SicSig + SiaSic) — 28,84

788 —
cd (Slc _|_

i) (Sia T Sjq)

+

SicSig t Sig

cd

S'C _ 1 Sl'Cde + Sids. ]
jd 5j 2 (Sic + 5)(Sig + Sja)

Sii Sic Sid S

n+2

SSSldd

0 [x(1—x)x" (1—x’

Integrate over x — simple Beta functions

Integrate over y — simple Beta function

ocfl dx,dy'dz,dx dy dz (Z_1)2(1_y)1—2€y—2€—1(1_y1)1—2€ /—e[(l_z)Z]—e[(l_Z/)zl]—e—l
)]6+1/2(y’(z—1)—z) (y’z/(l—z)+(1—z )24+2(2

—1)3/y’ (z—1)z(z' —1)z /)

Integrate over x’ — Master Integral I, — Hypergeometric and Theta functions

Integrate over z' — partial fractioning £

s
/ (1—z’)]1+€

I/

— FA-2

[l

1

1—=z

]

— Master Integral I/, + J,,,, — Hypergeometric functions

Integrate over z — Integral representation of Hyp. — auxiliary t variable

Integrate over y/ — poles extraction
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ON (), i)
S;RR({k}) < ) IOTD Bgerl 1k} ) 1% Boy( (k) )
c,d#i,] “e,f#li,] )
: \)
(i) — _"cd (i) _ (q@)ij) _ (88)(if) _ ,
1) = e [P =2Ty1" 2C, 1 Sup = 2P * Db
@) SicSia + SiaSic — SiiSed 1) _ (1 — e)(slcsjd + 8;45; 2 — ZSUSCd . SicSia t SiaSic = SiiSed [1 1 SicSia + SiaSic ]
c — ' Ped
(Slc + 5 )(Sld + d) d (SlC + S )(Szd + S ) Sl]SlCS]dSideC 2 (Szc + S )(Szd + d)
1
__ puv pv pv
C,ir RR({k}) 2 — P (Sirs Sjs Sir) B (1K g Ky PYB,, =Py B+ Q'B,
U
P(3g)_C2 (1_€)Sljk< _Sik+Zi_Zj>2+Lk 4Zizj_1+ZiZj_2+(1_ZkZij)2+£Z +i 7, = +Sar+ s Zgp = 2, + 3
ijk 45 l% S ijk \) ijk Zij \) ij Zij < ZiZijk 2 £ 2 Sir Sj r T Sk

2
sic  [2zzz(l —22)  1+2z(1+z) 1—2zz, 3(1 —¢
+— [ = + A A =+ 227+ z(1 +22) — 4| + d=e) + perm .
25;;Sik ZkZjj ZikZij 2%y 4
Siik 2Z | ZiZik 3 11~ 27. 1 i 3 7. Z. 1 1. 27:7; ] i 3 Z. Z. 1 1.
Ql(ig)ﬂy CXL [__+<L__>_] klzqi;w_l_ _l__<L_ _hL s kqu.ﬂy_ T (e N kl%qliw + perm .
/ Sjj Zk S i 2/ Sik Zk S Lz 2 o %) Sik / ZiiZk Sij i 2% Zik/ Sik

Key problem: several different invariants combined into non-trivial and various structures, to be integrated over a 6-dim PS.
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

(D) 71(j) ( ) (ij) ( ) (i) — (i) _ (g8)(i))
S;RR((K}) o D | D% 1919 Buef( 1K) 17) + 19 By ((K) [ = 2T 147 = 2.C, I
c,d#1,] ~e,f#li,] _
@) _ SicSia + SiaSic = SiiScd &) _ (1- 6)(Sicsjd + Sidsjc) - 2Sichd L SicSia t SigSic — SiiSca 1 SicSia + SigS;
— — p N
cd S5 (Sic + 8ic)(Sia + Sjq) cd Sl%(sic + 5i)(Sia + Sig) ) SiiSicSidSiaSic 2 (Sic + 8i)(Sig + Sjg)
C.  RR({K}) o — P (5,5, .5,) By (1K) ki) PB =P B+ Q"B
ijk 2 ijk ir>®jr> kr) Puv 17K “ijk ik v T L ijk ik py
ijk
(1 —e€)s?, / s; =7\ s zzi—1 zz—-2 (1-zz)* 5 3 st [2zz20(1 =220 14+2z(1+z) 1—2z7 3(1 —
PS® = (3 - Jk( h_ Ty ’) TRy i A M g+ =L [ il O redre | E 4 2zg +7(1+22) - 4| + d-e) + perm.
/ 4Sij Sijk — Sijk <jj Sij <ij <k Zik Lk 2 2 2Sij5ik ZkLij Zik<jj <<k 4
Sji 2z 1 ZZe 3\ 11]- 27, 1 ZZe 3 oz z\1]- 2% 1 ZZk 3 0z oz \1]-
Qi(ig)ﬂvz(jji _]_+<J_k__>_]kl_2qi/w+ j__(J_k___Zz_l_Zl) ]k]gqu_ —J—+<J—k———ﬁ+i>—]k%q]g’/ + perm.
/ Sij % S L Zjj Sik % S 2 Zij L %/ Sik ZiiZk Sij L Zjj L Zik/ Sik
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

@) 7)) ( ) (i) ( ) (i) — (g j) _ (88)())
S;RR({k}) «« D) | ) I 19 B.gef( (k) 17) + 1% By ( (K} I’ =2Tg 11 2C, I8
C,d#L,] ~e.fFi,] _
@) _ SicSia + SiaSic = SiiScd &) _ (1- 6)(Sicsjd + Sidec) - 2Sichd L SicSia t SigSic — SiiSca 1 SicSia + SigS;
— — y -
cd S5 (Sic + 8ic)(Sia + Sjq) cd Sl%(sic + 5i)(Sia + Sig) ) SiiSicSidSiaSic 2 (Sic + 8i)(Sig + Sjg)
C.  RR({K}) o — P (5,5, .5,) By (1K) ki) PB =P B+ Q"B
ijk 2 ijk ir>®jr> kr) Puv 17K “ijk ik uv T T ik ijk MY
ijk
(1 —e€)s?, / s; B AN zz;—1 zz—-2 (1-zz) 5 3 57 2222 (1 —=2z) 1 +2z(1 + z, 1 —2zz; 3(] —
PS® = (3 - Jk( h_ Ty ’) TRy i A M g+ =L [ il O redre | E 4 2zg +7(1+22) - 4| + d-e) + perm.
/ 4s; Sijk - Sijk Zij Sij Zij Kk LiZkZjk 2 2 25;iSik kL Zikij i<k 4
QCom = c2 2 B, <ﬁ —3>i] R i (ﬁ—3 Sy Zi) : ] k2 g - Z51 <ﬁ —i—ﬁ+i>il k2g" ¢ +perm.
v Sjj Zk Sij 2k Zij Sik : Zk Sij 2 Zij Z Zij) Sik / ZiiZk Sij 2k Zij i Zik/ Sik

Key problem: several different invariants combined into non-trivial and various structures, to be integrated over a 6-dim PS.

\

Key solution: split the different structures according to the contributing Lorentz invariants and tune the mapping !
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

(@) 7()) ( ) (ij) ( ) (i) — (i) _ (g8)(i))
S;RR({k}) «« D) | ) I 19 B.gef( (k) 17) + 1% By ( (K} I’ =2Tg 11 2C, I8
c,d#1,] ~e,f#li,] _
1@ SicSia + SiaSic = SiiScd (&) (1- 6)(Sicsjd + Sidsjc) - 2Sichd L SicSia t SigSic — SiiSca 1 SicSia + SiaSic
C - — d —_——
d S5 (Sic + 8ic)(Sia + Sjq) cd Sl%(sic + 5i)(Sia + Sig) ) SiiSicSidSiaSic 2 (Sic + 8i)(Sig + Sjg)
C, RR({k}) ociPﬂ”( ) B, ({k}; 76 kiie) P*B,, =P, B+Q"B
ijk o2 ijk Sir s Sjr > Skr Uv 17K “ijk ik my T T ijk ijk MV
ijk
(1 —e€)s?, / s; B AN zz;—1 zz—-2 (1-zz) 5 3 57 2222 (1 —=2z) 1 +2z(1 + z, 1 —2zz; 3(] —
Pii'zg)ch% — Jk< Sk, J> ik E T ST SN B [ ik 2 z( Zl)_l_ Jk+2ZjZk+Zi(1+2Zi)_4 N (1-e) + perm.
Sii Sijk - Sijk <jj Sij <jj Lk ik Lk 2 2 2Sij5ik i Zik<ij “res 4
Q_(.38)ﬂ1/=c2% ﬁi+<ﬁ_i>i] ]~€-2Q'.W+ ﬁi_(ﬁ_z_zi+zi> 1]7{2q{0‘”_ ﬁi_F(ﬁ_E_ﬁ_ki)i] lzzq/“/ + perm.
ijk A ;i Zk Sji 2% e Zk S 2% % i) sul ! Z;iZk Sij %% Zi i) Si kK
. 7~ o 1.(iirk —ijkr 1.(ijrk
How the results look like: d®,., C. RR = dCI),,,(k(] )) Jcc<S,f,, )B (k(f >)

o) a\°( s \ [ 15 63 853 )\ 1 10900 275 1 180739 3736 , 41
J2)={— | =) C;i +— + T—Z27t — + 5 T3 7 - 3764, ) —+ % 9 " —1555§3+1—0n + O(e)
€ €
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