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Motivation:
-

· Prefactorisation algebras (PFAs) axiomatize algebraic
structures of observables in QFTs. [Costello, Gwilliam]
· Locally constant (c) PFAs => Topological QFTs.

·IcPFAs on
RM =Em-algebras [Lurie]
=HEm-algebras (formality of Em operad]

(in m=2 din) =Pm-algebras
↳
2

IcPFAs on R =Gerstenhaber algebras Massey productS
[graded commutative algebra withdPoisson bracket]

· See also (Beem, Ben-Zri, Bullimore, Dimofte, Neitzke 18]



finition.Atorisationalgebra (EA
in

(i) to each disc DCR* a micomplex:

di-

⑪ 1- F(D) = (... - FD)1,"()Y...)x Xvector spaces (d"+-d" =0)

Recall:cohomology groups HF"(D)
=herd"/imd"-

form a trial cochain complex(i.e. graded vector space):I HF() =(... HF "(D) ->HF"*(D)- ...
IS



finition.Atorisationalgebra (EA
in

(i) to each disc DCRR* a
-

ain complex:

di-

⑪ 1- F(D) = (... - FD)1,"()Y...)x Xvector spaces (d"+-d" =0)

(ii) to each inclusion Dir...WDCDa mimap:

⑳ -- (F(-2): F(i)-FasSDe

⑰ ↓ O

&=(D, , . . ., Dn) d=Edi d

i=1



such thatit:

1)escompositions:
F()

④F(D:) -> ⑦F(D!)! i0 F(,)7
F(D)
*)

⑭
(2)ervesunits:F(r?)=idF(D):F(D) -> F(D)

(3) isentrantunder permutations:

⑦F.(Dece
F(D)



Example:Everysiteunital algebra A defines

a PFA F =A
fact

on 1R =

(i)=1 1F(D) ==A =(... - - - -..)

(ii)

IE.*
D

(1) -(F(y) =y:k-A)
↓

[0 =empty tuple]



Di Di De D3#Y RH #H IR
D!

D! De
ec

De ~"* and-e in ent De
-

- IR #P2 IR
D

Dit- R " is IR-

-↑(maid) - m(ider)
Defines:

Di D3

-

I
As Y

D
H

I,a -> F(s):A*A*A -A
Similarly define all

Di

I ... -Y-

(I 1-> F(vi):A**-A



Diction:A PFA F is constantif itassigns

to each DID' a quasi-isomorphism

Ga -(F(): F(e) = F(D)⑪

induced."By HF),"):HFK E, HFIDS
e[ isomorphism]
IW
F(D)-> F(D)

Flc)

In this case HF(D) =HF(RM) for all disc DCRRM.



Q:Whatalgebraic structure do factorisation products

F(2):F(4:) -> F(D)
induce on the cohomology HF(MM)?

Idea:Consider a strong deformation retract (SDR)
-

HF(R2)FKISP,
for each disc DCR* i.e. such that:

Pp"p =
id
I isPp

=id +(hy =id +dhy+hd( adaes
Will obtain algebraic structure on HF(IM) by
homotopy transfer of PFA structure on F along SDR.



mopytransfer (a simple example):
Let Abe an associative dy algebra, i.e.

A =(... , A",A**...) Ech

equipped with product
de1 +1xd d

e

x ==M:
AGA -A (degree 0) ,

satisfying sitivityrelation

Si - Sx =0 (ie.p(reid) -m(idan) =0)



Suppose we have a strong deformation retract

Vi Ah
P

to some VECh. (pized, ip-ed tth,ph = hi =h=0)

ProductM:AQA ->A
induces an obvious producton Vi

⑳OSr=1 =.: ver-v
(ie.M2=pp(ixi)

Is
my
associative?



P

I X S8
I I i - i· 8 8-1- Y I id +0h

=id +2h

2
i i

- si...ji-, II/
i i c c i

- :
=O by associativity of M Ms

=(:*3-V8

(degree - 1)
So
Me

is associativetohomotopy M3:

S& 8⑧0 0

x - =2(,)& I ↳⑧ ⑧
-



Me and my satisfy a relation up
to a new homotopy:

⑧ ⑧ ⑧⑳ 8 8I / · - - - (, =2((a)⑧
- ↳ -

0
i

⑥ +, -i N I

where P
P P

n
i

M4 =( = = X I

En
I S - :V*4 V

!

/

- S .. "h i 4 h

c I X
i

And so on...

I
i c :(degree -2)

VECh carries structure of a homotopystivealgebra,
or Ag-algebra, with operations
e

Mn: Ven -> V (degree 2 -n) Un),2,

satisfying certain relations. Note (V,SMnBus,z)m (A, m).-



IfV =HA, i.e. consider strong deformation retract

HAA h

I
then:

(degree of

(a) M2:HAQHA-HA
is[Fiassociative,
-S

S0 0& 8⑧

& I ↳ =8--⑧ ⑧
/ -

(degree 2 -n)
(b) Mr:

HA*->HA for x3 give reperations
called Reproducts, satisfying (strict) relations:

↓
I / .8⑧ ⑧ ⑧- I - i+o i =0S 00 ⑨ ...

⑥ +, ⑨ - ⑨↳ II N



-opy transfer in PFA case:

Had strong deformation retract, rediscDCR*,

HF(R2)FKISP,
(a) Define (degree 0) transferred products:

P
IRM

↓
--

MD
- · HF/IRY**-> HF(RR*)

von in ↳an

:Di I ↑ PM
⑪
g

W

F(D:))FAIR)



⑳tion:
·mdim:M**Mo only depends on permutation
oZn s.t. Do = (Dox...., Pocus) is orderedon M.

=>(HF(R), Mr) is associative unital algebra.
De Dz

#R

·mzdim: Mp=Mn only depends on length
nx1 oftuple R =(De, ..., Dn).

=>(HF(RY),Mn) is mutative associative unital algebra.
x
-

De MM8 L
DrO...



(b) Also get "mittransferredoperations on HF(RM),

Labelled by trees of disc inclusions,
im

D!

e.g.

I
Xan

·HF/IRY)*2_ HFCIRM D
De (degree -1)

More explicitly,

In
I

2

D = 4inmF(,_) (ha!*id) (F)-?!)ein)(ip,*_)
iD

Hem:Such "higher"operations depend on many

choices: SDR, discs involved....

W



In#dimensions:Consider disc configuration

⑳
Dd

Define (degree - 1) operation [,.3:HERRY
*2
-> HF(RY) as

2

IR RR2 is iR

- - - XiE.,.3== - - Du - - Dd
W
I Da

" d ! *
2 2

position:E.,.3 is independentof the various choices.



rem: E.,.3 defines aRedPoisson bracket
on commutative associative unital algebra HF(RY.

Explicitly, Va, b,cEHF(IRY it satisfies:

() mmetry:(a, b3 = (-)(a[b,ab

(2) Derivation: (write ab:=Mz(a,b))
-

\a,b3 =(a,b)c +(-(a)
- x)1bb(a,c

(3) Jacobi:
-

(-1)
11--)(a)(a,[b,c3] +(- -)(14)--)(b)[b,[,a3) +(- -)(14)

- -)(4)[c,(a,b3) =0

=>(HF(IRY, M2, 5.3) is a Gerstenhaber algebra.



IExample Factorisation envelopes):
-

Finite dimensional Lie algebra g over K.

Consider g-valuedasupported de Rham

complexon DCRM:

(0)
da

(m - 1)
da

(m)

angere?"()+a-(D))g(RY(D):=(ga-,(x) -... - I

Cohomology: ↓S
H(gR()) =1 0 -... - -3(



Symmetric algebra
iRMSym(g() [r])
-

shiftdegrees down
is a constantPFA. I by 1.

2(-1) (m - 1 (n- 1)
da da m-(t da

u

->... ->(ga-,k) ga, 1-Ix-(D))
Factorisation product:

Sym(g*() (r)) xSym(9*(.)(r))

Ne -> Sym(9*ki) (r))



Lie algebra structure on g
induces differential

dcz:Sym(g()[r)) -> Sym(g"(1) [r])
defined by degrees:(w)-1 121-1 1w1 +12) - 1
e

-

degree 1 map
-dcz(Xxw.y) =(-1)!(x,y)awry.

Erisationenvelope is perturbation:
-

Ug
**
():=(Sym/g)(13), dan +d()

This is amonstantPFAwith cohomology
(n - 1)

HUg*YD) =Sym(g(1-m]). (... -0-g -0-..)

-



ooosition:
·dim:Ug*(D) =Sym(9) and

↑2:Sym(y)xSym/g) -> Sym/S) is GuIt star product k

=>(Sym(g),k)EUIg).Myproducts.

·m2 dim:UgMYD)=Sym(g[-1)) = 1g and

M2:1gag-g is graded symmetric products,

E.,.3: 1gelg -> 1g is [,):geg-g extended to

lg by graded Leibniz.

(g,.,5,3) ->
a Gerstenhaber algebra.



· dim:

Ug1R"(D) =Sym(g(1 -w3) =Symg
for odd m,E 19 for even me

M2:Sym(q(1 -m])xSym(q(1 -m))-Sym(q(1 -m])
is (degree of graded symmetric product.
Note that

(O) (n- 1)
(2m - 2)

Sym(g(1 -n3) =(1-0-... -0+g +0 -... -0-ga2-0 --)
so iron-trivialMassey productexpected in degree 1 -m.



Conclusion & Outlook

· Given any ICPFA F (observables of a TQFT) on IR2,
explicitconstruction of Gerstenhaber (P2falgebra
structure on itcohomology HF /gauge invariantobservables).
↳ generates full 8-LPFA structure on HF [Lurie].

· For IPFA Fon MM,m3, construct degree 1 -m
invariantMassey producton HF.
is explicitPm-algebra structure
·Generalise to non-locally constantPFAs,

e.g. holomorphic PFAs as higher vertexalgebras
[Budzik,Gaiolo, Kulp, Williams, Wu, Yu]


