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Roadmap
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✦Spiritus Movens
‣ observables in QFT surprisingly simple!
‣ what do amplitudes look like—functionally?
‣ why is perturbation theory so hard?

                                                  —and how can we make it easier?
✦Generalized Unitarity: a modern perspective
‣ stratifying theories and stratified Feynman integrand bases
‣ what makes for a good Feynman integral (basis)? 

✦Prescriptivity, Purity, and Polylogarithmicity
‣ Impurities, Calabi-Yau Geometries,…; tensions and resolutions 



What Form do Observables Take?

3

✦ In a general (say, 4d) QFT, it would have recently been expected 
by most that observables took the following general form:

A = Atree + ~A(L=1) + ~2 A(L=2) + . . . + ~L A(L) + . . .
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rational+
…

(general dimension d: 2 7!bd/2c)
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on-shell (gauge-invariant, etc.)leading singularities
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planar N =4?
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What Form do Observables Take?
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✦Unfortunately, many pesky counterexamples were to be found:

sunrises: 

traintracks:

tardigrades:

elliptic(-log) K3CY2CY1

…
contributes to electron (g-2)

CY3
2d, masiven
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[Bloch, Kerr, Vanhove; Broadhurst;…]
[Doran, Harder, Thompson (2019)]

4d, masslessn
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[JB, McLeod, Spradlin, von Hippel, Wilhelm (2018)]
[JB, He, McLeod, von Hippel, Wilhelm (2018)]

…

CY2 CY4

[JB, McLeod, von Hippel, Wilhelm (2018)]

CY2(L-1)

…

Outside especially interesting cases (low-n, low-k)  
(which are widely expected* to be exceptions): 

almost all observables in almost all QFTs  
are expected to be non-polylogarithmic

✦ In every instance known, the Calabi-Yau itself is very simple:
‣                                                          (or multiple-cover thereof)

✦kinematic data (momenta/masses) control the moduli
‣ often extremely singular

degree-(d+1) hypersurface in Pd
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an 8-loop vacuum graph 
evaluating to a K3 period [Brown, Schnetz (2011)]



Why is Perturbation Theory so Hard?
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✦Feynman integrals (esp. with scalar numerators) are horrible 
‣ difficult to integrate, explosive in number, non-physical,… 

✦Regularization obscures symmetries (+is technically difficult) 

✦Most familiar mater integrand bases are the unnecessarily bad:
‣ don’t satisfy nice/canonical differential equations
‣ contain multiple elliptic(+worse(!)) geometries,
‣ … 

Figure 1: The integral family with momenta and propagator labels.

That integral family is defined by
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where �E = ��0(1) is the Euler-Mascheroni constant, and where
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2
.

Only P1-P7 can appear as genuine propagators, so we have a8 and a9 restricted to the
non-positive integers. The kinematics is p

2
1 = p

2
2 = p

2
3 = 0 and additionally

s ⌘ (p1+p2)
2
, t ⌘ (p1+p3)

2
, u ⌘ (p2+p3)

2
, p

2
4 = (p1+p2+p3)

2 = s+t+u, (2.3)

where m
2 denotes the squared mass of the quark that couples to the Higgs, and p

2
4 the

squared mass of the Higgs.
By using integration-by-parts (IBP) [30–33] reduction methods [34, 35], we identify a

set of 84 master integrals for this family, whose diagrams are shown in Fig. 2. With those
master integrals we defined a basis of Feynman integrals which is presented in Appendix A.

3 Differential equations for the integral family

Given a basis of N master integrals ~I(✏,~s), where ✏ is the dimensional regulator defined by
D = 4 � 2✏ and ~s = {s1, . . . , sn} is a set of n Lorentz invariants, it is possible to define
a closed system of linear, first order differential equations [36–40] for ~I(✏, si) that in full
generality reads,

@si
~I(✏,~s) = Msi(✏,~s)~I(✏,~s), (3.1)

where @si ⌘
@

@si
and Msi is a set of N ⇥N matrices.

– 3 –



Stratifications in Rigidity
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We show that planar, two-loop integrals in four-dimensional theories can be fully stratified by
their rigidity: that master integrands can be chosen in which each integrand is either pure and
polylogarithmic or elliptic-polylogarithmic, with each of the later involving a single elliptic curve.

Introduction

The appearance of non-polylogarithmic contributions

to scattering amplitudes beyond one loop has been the

source of much interest and development in recent years.

In the space of dual-conformal master integrals at two-

loop, the situation is markedly worse. Consider for ex-

ample a generic pentabox integrand; for any choice of

dual-conformal numerator, loop integration will necessar-

ily result in a combination of polylogarithmic pieces (as

signaled by the co-dimension 8 residues associated with

the pentabox) combined with four distinct sets of elliptic-

polylogarithmic contributions each of which depends on a

distinct elliptic geometry (associated to its four double-

box contact-terms). The situation for double-pentagon

integrals is even worse—which can involve up to 16

elliptic-curve geometries (each contributing an elliptic-

polylogarithm to the integral) together with several or-

dinary polylogarithmic pieces (signaled with the many

co-dimension 8 residues supported by the integrand).

It is natural to wonder whether this problem is in-

curable, or if a broader set of master integrals (beyond

those which are dual-conformal) could be organized—

that is, stratified—by their rigidity? Put another way:

can we construct a master integral basis in which every

integral is either purely polylogarithmic or purely elliptic-

polylogarithmic? In this work, we answer this question in

the a�rmative, at least for the case of two-loop Feynman

integrals relevant to planar theories in four dimensions.

In particular, we show that this can be done for a ba-

sis of master integrands with non-dual-conformal ‘3-gon’

power-counting. (It is worth noting that increasing the

power-counting further to include all those integrals re-

quired by amplitudes in the Standard Model, say [] does

not lead to any new, non-polylogarithmic integrals; thus,

our answer su�ces for all two-loop amplitudes for theo-

ries in four dimensions in the planar limit.)

Explain the general strategy: by diagonalizing the pe-

riod matrix of the integrand on a maximal (spanning)

set of elliptic cycles, we can guarantee that some in-

tegrands vanish on both elliptic cycles (thereby en-

suring their polylogarithmicity) and that others will

vanish on polylogarithmic poles (thereby ensuring

their pure rigidity).

Box-Triangle Integrands and Integrals

Draw spacetime integrand and dual-coordinate form.

Explain that the box-triangle is essentially a scalar

double-box with one propagator at ‘infinity’. Man-

ifest this fact in the embedding formalism. Explain

the space of triangle power-counting integrands—and

our preferred space of initial numerators.

`1 `2

a

b

c
d

e
a

b

c
d

e

(1)

a

b
c d

e

X1

(2)

(3)

(4)

Ii :=
(̀ 1|Ni)(d|e)

(̀ 1|a)(̀ 1|b)(̀ 1|c)(̀ 1|X)(̀ 1|`2)(̀ 2|d)(̀ 2|e)(̀ 2|X)
, (5)

|Na):= |a)(b|X)(c|X) , |N1):= |X)(a|c)(b|X) ,
|Nb):= |b)(c|X)(a|X) , |N2):= |Qo

) ,
|Nc):= |c)(a|X)(b|X) , |N3):= |Qe

) ,
(6)

with numerator `1’, this integrates to a sum of  
(an impure combination of) polylogarithms &
elliptic-polylogarithms involving 4 elliptic curvesn
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How can We Make it Easier?

6

✦Use unitarity to choose the nicest/easiest integrals to integrate 
(of course, integration “ease” changes with time and new methods)
‣ search for as many pure integrals as you can 

—those which satisfy nice (canonical) differential equations 

✦Avoid regularization whenever possible:
‣ can all(?) finite quantities be computed without regularization?  

—without expanding them in terms of divergent integrals?    
                                                                               (Answer: sometimes)  

[JB, Langer, Patatoukos (2021); …]

) s13
s12s23s56

 
tr+[p3, p12, p6, p1]

�
Li4(· · · )’s + . . .

�

+tr+[p12, p6, p1, p3]
�
Li4(· · · )’s + . . .

�
!
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Definition: a function f(s) is called pure if:
‣ there exists a grading of functions by “transcendental” weight 
‣ any derivative of f(s) is strictly lower in weight

e.g.                           would be impureg(s) log
�
f(s)

�
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@

@s

h
g(s) log

�
f(s)

�i
= g0(s) log

�
f(s)

�
+ g(s)f 0(s)/f(s)
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Unitarity-Based Strategies 
& the stratification of loop integrands 



Generalized Unitarity (in brief)
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✦The basic idea behind unitarity-based methods is that any 
Feynman integrand is a rational differential form on loop momenta
‣ as such, it can be expanded into a basis     of such forms:B

<latexit sha1_base64="aQ4Q0IJg0LWPFzHrzFoiZiSg6yE="></latexit>

A =
X

bi2B

aib
i
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✦ For any fixed QFT (spacetime dimension, particle content),  
the space of all amplitude integrands is finite-dimensional
‣ all-multiplicity amplitudes can be expressed in a finite basis!

✦ Key observation: viewed as a potential element of some basis,  
                                 every Feynman integrand can be interesting! 
‣ Why not try to find the best/easiest integrands—and use these? 



Stratifying Integrand Bases
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✦Suppose that a basis could be carved up into subspaces  
(by any, arbitrary means):

B=:
1M

p=0

Bp

<latexit sha1_base64="sv9wKjEs1QTpBUK0tvyeoECdbqY="></latexit>

A =
X

p

Ap with Ap := A\Bp :=
X

bi
p2Bp

ai b
i
p

<latexit sha1_base64="ZKKhycERULoPIWFhsm5xiWbC85o="></latexit>

A =
X

bi2B

aib
i
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✦ Such a stratification could be given by “power-counting”  
(some proxy for) ultraviolet behavior
‣ recently, we gave an intrinsically graph-theoretic definition of 

power-counting for non-planar integrand bases
[JB, Herrmann, Langer, Trnka (2020)]



Stratifying Integrand Bases
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✦Suppose that a basis could be carved up into subspaces  
(by any arbitrary means):

B=:
1M

p=0

Bp
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A =
X

p

Ap with Ap := A\Bp :=
X

bi
p2Bp

ai b
i
p

<latexit sha1_base64="ZKKhycERULoPIWFhsm5xiWbC85o="></latexit>

A =
X

bi2B

aib
i
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✦ ¿Is it possible to stratify integrand bases by physical structure?�
max-weight

�
�
�
next-to-max-weight

�
� . . .�

�
rational

�
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n
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�
polylogs

�
�
�
elliptic-logs

�
�

�
K3’s

�
� . . .
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n
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�
finite

�
�

�
divergent

�
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�
�
log(m)-divergent

�
�
�
log(m)2-divergent

�
� . . .
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�
finite

�
�

�
UV-divergent

�
�
�
IR-divergent

�
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�
finite

�
�

�
1/✏-divergent

�
�

�
1/✏2-divergent

�
� . . .
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�
�

�
1/✏2-divergent

�
� . . .
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[JB, Langer, Zhang]
[JB, Herrmann, Langer, Patatoukos, et al]

[JB, Kalyanapuram]



aj :=

I

⌦j

A =
X

i

ci

I

⌦j

I0
i
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Prescriptive Integrand Bases
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✦How generalized unitarity has been used to match amplitudes:

A =
X

i

ci I0
i
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with coefficients      determined by cuts
I

⌦j

I0
i =:Mi,j
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aj :=
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A
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M�1)i,j
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aj :=
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A =
X

i

ci Mi,j
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: a spanning set of cycles       {⌦j}
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✦A basis is called prescriptive if it is the  
cohomological dual of a spanning set of cycles {⌦j}

<latexit sha1_base64="wcDiIRaanQCatEjZM9yuJjbDoLo="></latexit>

I

⌦j

I0
i =:Mi,j

<latexit sha1_base64="CdCrPCQkrDwiX7p0RpM0gcqfvjM="></latexit>

Ij :=
X

i

I0
i

�
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�
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Ii = �i,j
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X

i

aiIi
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Strategies for Building Bases
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✦Given some integrand basis (or strata thereof), one should 
diagonalize the space of integrands according to a

               homological/cohomological pairing: 
‣ choose a spanning-set of compact, max-dimensional contours
‣ normalize and diagonalize the basis by the requirement 

⌦j

<latexit sha1_base64="kZiD9/5wefqHIDfc8Upt3rmEAqk="></latexit>

Z

⌦j

bi = �ij
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✦ This trivializes the representation of amplitudes:
‣ the coefficient of any amplitude in this basis will simply be the 

on-shell function evaluated on the contour (a leading singularity) 
✦ Choosing a maximal set of IR/UV-divergence-probing contours 

ensures(?) that the basis is split into finite/divergent subspaces

: 4L-dimensional compact contours ⌦j
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“residues”
elliptic periods
K3 periods, etc.

n
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contact-terms:

n(!1)∈ [!1] = span
{
(!1|N0

1), (!1|N0
2)︸ ︷︷ ︸

‘top-level’

, (!1|a1), (!1|a2), (!1|a3), (!1|a4)︸ ︷︷ ︸
‘contact-terms’

}
. (2.16)

Here, the precise form for the top-level numerators are not so important to us at
the moment. However, it is interesting to note that the choice for these top-level

integrands made by the authors of [21] would not be pure: upon loop integration,
the ‘chiral’ numerators defined in [21] would result in an expression of the form:

(
pure polylogarithms

)
+ f("p)×

(
other pure polylogarithms

)
(2.17)

where f("p) is some algebraic function of the external kinematics. The existence of

such a prefactor prevents this expression from being pure or satisfying canonical
sets of differential equations. The second sum of polylogarithms appearing (2.17)

turns out to be nothing other than precisely the result of integrating the (properly
normalized) scalar double-box integral:

∫

!i∈R4

a1

a3 b2

b1a4

!1 !2 ∝
(
other pure polylogarithms

)
. (2.18)

Thus, it is obvious that adding the appropriate amount of this contact-term would

render the integral (2.17) pure—and this would simplify the resulting expression for
the integral. Adding such a contact term would correspond to a particular but simple

‘rotation’ in the space of initial master integrand numerators in (2.16). Without
having the integrated expression on hand, it is natural to wonder how the initial

integrand’s impurity could have been detected, and how the rotated basis could have
been found?

The impurity of the initial Feynman integrand can easily be detected by the fact

that some of its period integrals were kinematic-dependent. Let us see how this can
be identified and cured by following the notion of prescriptivity.

For the six-dimensional space of master integrands defined in (2.16) for the
pentabox (2.15), consider the following (spanning set) of six, eight-dimensional com-
pact contour integrals:

{Ω1, . . . ,Ω6}:=





!∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1a2

a3 b2

b1a4

,

a1

a3 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a3

!∗1 !∗2





.

(2.19)
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where f("p) is some algebraic function of the external kinematics. The existence of
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sets of differential equations. The second sum of polylogarithms appearing (2.17)

turns out to be nothing other than precisely the result of integrating the (properly
normalized) scalar double-box integral:

∫
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a3 b2
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(
other pure polylogarithms

)
. (2.18)
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render the integral (2.17) pure—and this would simplify the resulting expression for
the integral. Adding such a contact term would correspond to a particular but simple

‘rotation’ in the space of initial master integrand numerators in (2.16). Without
having the integrated expression on hand, it is natural to wonder how the initial

integrand’s impurity could have been detected, and how the rotated basis could have
been found?

The impurity of the initial Feynman integrand can easily be detected by the fact

that some of its period integrals were kinematic-dependent. Let us see how this can
be identified and cured by following the notion of prescriptivity.

For the six-dimensional space of master integrands defined in (2.16) for the
pentabox (2.15), consider the following (spanning set) of six, eight-dimensional com-
pact contour integrals:

{Ω1, . . . ,Ω6}:=





!∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1a2

a3 b2

b1a4

,

a1

a3 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a3

!∗1 !∗2





.

(2.19)
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Prescriptivity and Purity

13

✦Prescriptive integrand bases are naturally pure

automatically vanish on the contours defining each other’s numerators. This results

in a ‘triangular’ period matrix for integrands divided into manifest top-level sub-
spaces and spaces spanned by contact terms. This structure was illustrated with

examples in [36], and we will encounter this below.

2.2.2 Prescriptivity of Integrands and Purity of Integrals

Besides simplifying the work involved in representing amplitudes, prescriptive in-
tegrand bases are valuable as they often have properties that simplify loop integration—

which remains the hardest part of perturbation theory. This has been observed many
times over recent years in the context of loop integrands which are entirely polylog-

arithmic (see e.g. [37–40]).
For the case of polylogarithmic Feynman integrals, an integrand basis is said

to be pure if it is satisfies a particular system of nilpotent differential equations

(see e.g. [41–43]). Specifically, the space of master integrands must be organized by
(some notion of ‘transcendental’) weight, and have the property that any derivatives

of integrands with weight w may be spanned entirely by those of lower weight (with
coefficients algebraic coefficients). The notion of polylogarithmic purity is simple

enough to understand: log(f(z)) would be pure for any algebraic function f(z) be-
cause differentiating it with respect to z would result in an algebraic function; in
contrast, g(z) log(f(z)) would not be pure because its derivatives would involve both

algebraic and transcendental pieces. This example generalizes naturally to higher-
weight, multiple-polylogarithms.

Thus, any Feynman integrand that integrates to a sum of polylogarithmic func-
tions with constant coefficients (independent of the kinematics) would be called pure.

The coefficients of any multiple-polylogarithm may be accessed by contour integrals
which encircle each of its simple poles; as such, a Feynman integrand which is pure
should have the property of having ‘unit leading singularities’ as defined in [37, 40].

More precisely, a Feynman integrand should be pure if all its periods are kinematic-
independent constants—on any choice of maximum-dimensional, compact contour of

integration.
To understand how prescriptivity and purity are connected, consider for example

the space of pentabox integrands defined by

I(N) ⇔ !1 !2

a1
a2

a3
a4 b1

b2 . (2.15)

This integrand is first relevant to planar scattering amplitudes for 9 particles. It
can be obtained from the general case of (1.3) by identifying b3=a1, and taking the

pairs of points (a1, a2), (a2, a3), and (a4, b1) to be light-like separated. As before, we
may describe an initial set of master integrands by their loop-dependent numerators

chosen from [!1], which would be spanned by two ‘top-level’ numerators and four
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contact-terms:

n(!1)∈ [!1] = span
{
(!1|N0

1), (!1|N0
2)︸ ︷︷ ︸

‘top-level’

, (!1|a1), (!1|a2), (!1|a3), (!1|a4)︸ ︷︷ ︸
‘contact-terms’

}
. (2.16)

Here, the precise form for the top-level numerators are not so important to us at
the moment. However, it is interesting to note that the choice for these top-level

integrands made by the authors of [21] would not be pure: upon loop integration,
the ‘chiral’ numerators defined in [21] would result in an expression of the form:

(
pure polylogarithms

)
+ f("p)×

(
other pure polylogarithms

)
(2.17)

where f("p) is some algebraic function of the external kinematics. The existence of

such a prefactor prevents this expression from being pure or satisfying canonical
sets of differential equations. The second sum of polylogarithms appearing (2.17)

turns out to be nothing other than precisely the result of integrating the (properly
normalized) scalar double-box integral:

∫

!i∈R4

a1

a3 b2

b1a4

!1 !2 ∝
(
other pure polylogarithms

)
. (2.18)

Thus, it is obvious that adding the appropriate amount of this contact-term would

render the integral (2.17) pure—and this would simplify the resulting expression for
the integral. Adding such a contact term would correspond to a particular but simple

‘rotation’ in the space of initial master integrand numerators in (2.16). Without
having the integrated expression on hand, it is natural to wonder how the initial

integrand’s impurity could have been detected, and how the rotated basis could have
been found?

The impurity of the initial Feynman integrand can easily be detected by the fact

that some of its period integrals were kinematic-dependent. Let us see how this can
be identified and cured by following the notion of prescriptivity.

For the six-dimensional space of master integrands defined in (2.16) for the
pentabox (2.15), consider the following (spanning set) of six, eight-dimensional com-
pact contour integrals:

{Ω1, . . . ,Ω6}:=





!∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1a2

a3 b2

b1a4

,

a1

a3 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a3

!∗1 !∗2





.

(2.19)
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These pictures represent contours for integration as follows. For each contour, all its

propagators should be cut (a contour encircling each of its poles); which particular
solution to be taken is indicated by the color of each three-point vertex, with blue

(white) indicating that the λ̃’s (λ’s) of the momenta at the vertex should be taken
as proportional; a three-point vertex enclosed in a circle indicates a collinear pole
(the intersection of the two solutions to the cut equations), and a dashed line indi-

cates a momentum taken to be soft. Notice that the contours {Ω3,Ω5,Ω6} directly

correspond to regions of loop momenta responsible for infrared divergences.

Consider the initial choice of master integrands’ numerators to be given by (2.16)
with

∣∣N0
i

)
:=

∣∣Qi
!a

)
where Qi

!a denotes one of the two solutions to the cut equations
involving propagators ("1|ai) = 0, so that these numerators will each vanish on one

of the two contours which involve cutting all four propagators ("1|ai). This are (not-
yet-normalized) ‘chiral’ numerators for the pentabox.

If we compute the period matrix for these master integrands using the contours
in (2.19), it will take the form:





n("1) Ω1 Ω2 Ω3 Ω4 Ω5 Ω6

("1|N0
1) f 0

1 (#p) 0 g11(#p) g21(#p) g31(#p) g41(#p)
("1|N0

2) 0 f 0
2 (#p) g12(#p) g22(#p) g32(#p) g42(#p)

("1|a1) 0 0 h1(#p) 0 0 0
("1|a2) 0 0 0 h2(#p) 0 0

("1|a3) 0 0 0 0 h3(#p) 0
("1|a4) 0 0 0 0 0 h4(#p)





=:M0 .
(2.20)

Notice that each of the double-box integrands only have support on the correspond-

ing double-box contours: they vanish (trivially) on the pentabox contours, as they

each lack one of the requisite propagators, and they vanish on the other double-box
contours for the same reason.

To construct a prescriptive basis from this initial basis, we need only diagonalize
the period matrix (2.20). Considering its form, it is not hard to see that a prescriptive
basis would correspond to the numerators chosen to be:

("1|N0
i ) !→ ("1|Ni):=

1

f 0
i (#p)

[

("1|N0
i )−

4∑

j=1

gji (#p)

hj(#p)
("1|aj)

]

;

("1|aj) !→ ("1|aj)/hj(#p) .

(2.21)

Notice that prescriptivity provides a precise rule for adding contact-terms to some
choice of initial top-level integrands. The new basis of master integrands with nu-

merators given in (2.21) have several interesting features. For one thing, the regions
of loop momenta responsible for infrared divergences are fully removed from the
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contact-terms:
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the moment. However, it is interesting to note that the choice for these top-level

integrands made by the authors of [21] would not be pure: upon loop integration,
the ‘chiral’ numerators defined in [21] would result in an expression of the form:

(
pure polylogarithms

)
+ f("p)×

(
other pure polylogarithms

)
(2.17)

where f("p) is some algebraic function of the external kinematics. The existence of

such a prefactor prevents this expression from being pure or satisfying canonical
sets of differential equations. The second sum of polylogarithms appearing (2.17)

turns out to be nothing other than precisely the result of integrating the (properly
normalized) scalar double-box integral:

∫

!i∈R4

a1

a3 b2

b1a4

!1 !2 ∝
(
other pure polylogarithms

)
. (2.18)

Thus, it is obvious that adding the appropriate amount of this contact-term would

render the integral (2.17) pure—and this would simplify the resulting expression for
the integral. Adding such a contact term would correspond to a particular but simple

‘rotation’ in the space of initial master integrand numerators in (2.16). Without
having the integrated expression on hand, it is natural to wonder how the initial

integrand’s impurity could have been detected, and how the rotated basis could have
been found?

The impurity of the initial Feynman integrand can easily be detected by the fact

that some of its period integrals were kinematic-dependent. Let us see how this can
be identified and cured by following the notion of prescriptivity.

For the six-dimensional space of master integrands defined in (2.16) for the
pentabox (2.15), consider the following (spanning set) of six, eight-dimensional com-
pact contour integrals:

{Ω1, . . . ,Ω6}:=





!∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1
a2

a3
a4 b1

b2 , !∗1 !∗2

a1a2

a3 b2

b1a4

,

a1

a3 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a4

!∗1 !∗2 ,

a1

a2 b2

b1a3

!∗1 !∗2





.

(2.19)
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Stratifying Rigidity

14

✦ Is it possible to stratify integrands according to rigidity?
(
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the a-cycle may be defined to be the half of the integral which encloses the branch

cut between r1 and r2, and the b-cycle half that which encloses the cut between r1
and r3.9 With these conventions, the period integrals of the three differential forms

ωi(α) appearing in (B.19) may be expressed





n(#1) Ωa Ωb Ωe
poles

(#1|N1) Ja
1 J b

1 0

(#1|N2) Ja
2 J b

2 0
(#1|N3) Ja

3 J b
3 1



=:M
(B.24)

where

Ja
1 :=

∮

a-cycle

ω1(α) = − 1

π y4
√
r14 r23

K[ϕ]

Ja
2 :=

∮

a-cycle

ω2(α) =
1

π y4
√
r14 r23

y(q+)

q+4

(
K[ϕ]+

r24
q+2

Π

[
q+4 r12
q+2 r14

,ϕ

])
−
(
q+↔q−

)

Ja
3 :=

∮

a-cycle

ω3(α) =
1

π y4
√
r14 r23

y(q+)

q+4

(
K[ϕ]+

r24
q+2

Π

[
q+4 r12
q+2 r14

,ϕ

])
+
(
q+↔q−

)

(B.25)

where ri j := (ri−rj), q
±
i := (q±−ri),

ϕ:=
(r2−r1)(r3−r4)

(r2−r3)(r1−r4)
=:

r21r34
r23r14

, (B.26)

and K[ϕ] and Π[a,ϕ] represent the standard, complete elliptic integrals of the first

and third kinds, respectively. We have been careful to ensure that the results given
here match the standard conventions of Mathematica’s implementation of these

functions. With only one small exception, the b-cycle integrals can be obtained from
those in (B.25) by simply swapping r2 ↔ r3 (which has the effect of exchanging
ϕ↔ (1−ϕ)):

J b
1 :=

∮

b-cycle

ω1(α) = − 1

π y4
√
r14 r32

K[1−ϕ] (B.27)

J b
2 :=

∮

b-cycle

ω2(α) =
1

π y4
√
r14 r32

y(q+)

q+4

(
K[1−ϕ]+

r24
q+3

Π

[
q+4 r13
q+3 r14

, 1−ϕ

])
−
(
q+↔q−

)

J b
3 :=

∮

b-cycle

ω3(α) =
1

π y4
√
r14 r32

y(q+)

q+4

(
K[ϕ]+

r24
q+3

Π

[
q+4 r13
q+3 r14

, 1−ϕ

])
+
(
q+↔q−

)
−1

2

9These two cycles are distinguished in Euclidean kinematics, as the a-cycle encircles the pair of
roots which are complex conjugates. In particular, this means that the b-cycle cannot degenerate
at co-dimension one while remaining in the Euclidean domain.
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where the ‘− 1
2 ’ in the final expression is the result of the permuted expression includ-

ing a simple pole contribution for the standard conventions defining the functions K
and Π in Mathematica, say.

Although this is not manifest from their representations above, it worth noting
that, in the Euclidean domain, all Ja

i are real and all J b
i are pure imaginary. In

particular, this means that the determinant is pure imaginary:

det
(
M

)
= Ja

1 J
b
2−J b

1 J
a
2

=
i

π2y24

y(q+)r34
q+3 q

+
4 r14r23

K[ϕ]Π

[
q+4 r13
q+3 r14

, 1−ϕ

]
−
(
q+↔q−

)
−
(
r2↔r3

)
.

(B.28)

In order to find the diagonalized master integrands, we require the inverse of the
period matrix M:

M−1 =
1

det
(
M

)




J b
2 −J b

1 0

−Ja
2 Ja

1 0
(Ja

2 J
b
3−J b

2 J
a
3 ) (J

b
1 J

a
3−Ja

1 J
b
3) (J

a
1 J

b
2−J b

1 J
a
2 )



 (B.29)

Thus, our final, diagonalized master integrands can be written as those involving
numerators (#1|Ni) defined by

|N1):=
1

det
(
M

)
[

J b
2 |N1)−J b

1|N2)
]

|N2):=
1

det
(
M

)
[
−Ja

2 |N1)+Ja
1 |N2)

]

|N3):=
1

det
(
M

)
[
(Ja

2 J
b
3−J b

2 J
a
3 )|N1)+(J b

1 J
a
3−Ja

1 J
b
3)|N2)

]
+|N3) .

(B.30)
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