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Vortices and Vortex Strings

Phenomenological model of
superconductivity
[Ginzburg, Landau 1950]
[Abrikosov 1957]

QCD flux tubes [Nielsen, Olesen 1973]

Cosmic strings [Kibble 1976]
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Vortices and Vortex Strings

Almost everything quantitative from difficult numerical simulations
[Moriarty, Myers, Rebbi 1988]

Goal for this talk: construct alternative, analytic, perturbative approximation.
Calculate vortex-vortex interactions using scattering amplitudes.

How is a vortex like a black hole?
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Abelian Higgs Model in d = 2+ 1

S =

∫
d3x

[
−1
4
F2µν + |Dµϕ|2 −

µ2

8

(
|ϕ|2 − v2

)2
]
, Dµ = ∂µ + ieAµ.

When v2 > 0, U(1) spontaneously broken, model is gapped, V(r) ∼ e−mr.

ϕ(x) =
(
v+ σ(x)√

2

)
eiπ(x)/v.

Elementary particle spectrum: massive photon Aµ(x) and Higgs boson σ(x)

mγ =
√
2ev, mσ =

vµ√
2
.
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Abrikosov-Nielsen-Olesen (ANO) Vortex

ϕ(x) = ρ(r)eiNθ,

Ai(x) =
ϵijxj
r2

A(r)

1 2 3 4
mr

0.2

0.4

0.6

0.8

1.0

ρ(r)

Spectrum of “particle-like” topological solitons called vortices.

ϕ∞ : S1∞ → S1, N = − e
2π

∫
F ∈ Z.︸ ︷︷ ︸

winding number = ”magnetic” charge

No known analytic solution for profile functions ρ(r) and A(r).

Type-I Superconductor: µ2 < 4e2 identical vortices attract.

Type-II Superconductor: µ2 > 4e2 identical vortices repel.
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Critical Abelian Higgs Model

Critical Superconductor: µ2 = 4e2 static force vanishes.

Mass degeneracy: mγ = mσ ≡ m.

Bogomol’nyi bound: M ≥ πv2N

M = πv2N only if F12 = e
(
|ϕ|2 − v2

)
, D1ϕ+ iD2ϕ = 0.

Consistent truncation of N = 2 SUSY [Edelstein, Núñez, Schaposnik 1993].

Leading asymptotic BPS vortex solution (unitary gauge):

σ(x) = −ZN

√
2M
π

K0(mr) +O
(
e−2mr

)
Ai(x) = −ZN

√
2M
π

ϵijxj
r

K1(mr) +O
(
e−2mr

)
.

Static multi-vortex solution exists (un-
known analytically) [Taubes 1980].
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Small Winding Expansion

Key idea: continue from N ∈ Z to N ∈ R; expand around N → 0 [Ohashi 2015]

ρ(r) =
(
v2 − 1

e
A′(r)
r

)1/2

, A(r) ≡ 1
e

(
a(ξ) + N

)
, ξ ≡

√
2evr

(
d2

dξ2
− 1

ξ

d
dξ

− 1
)
a(ξ) = −2a(ξ)

ξ

da(ξ)
dξ

, a(0) = −N, a(ξ → ∞) = 0.

Perturbative expansion in N:

a(ξ) = −ZNξK1(ξ)+O
(
e−2ξ

)
, ZN = N+ π

3
√
3
N2+

π2

108
N3+...+0.000781N6+O

(
N7

)
Zperturbative1 = 1.7078629..., Znumerical

1 = 1.707864175...
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Separation of Scales

Relevant scales in the problem

RCompton ∼ 1
M
, Rinteraction ∼ 1

m
, Rcore ∼

√
N

m

Small winding limit

N ≪ 1 ⇒ Rcore ≪ Rinteraction

Semi-classical limit
RCompton ≪ Rcore

Hierarchy of scales
1
M

≪
√
N

m
≪ 1

m

Physical picture: classical point-particle vortices interacting by exchanging
mediators over distance r ∼ m−1.
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An Effective Field Theory of Vortex Solitons

UV Theory:

Critical AHM

Aµ, σ

Relativistic EFT:

Critical AHM + point-particle vortex

Aµ, σ,Φ,Φ∗

r ∼ Rinteraction ≫ Rcore

v ≪ c

Non-Relativistic EFT:

Point-particle vortex

Φ,Φ∗
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Relativistic Effective Field Theory (REFT)

SREFT[Φ,Φ∗, σ, Aµ] = SAHM[σ, Aµ] + SVortex[Φ,Φ∗, σ, Aµ].

SAHM[σ, Aµ] =
∫

d3x
[
−
1
4
FµνFµν +

1
2
m2AµAµ +

1
2
(∂µσ)

2 −
1
2
m2σ2

+

√
π

2
M3/2

(m
M

)2
N1/2σAµAµ −

√
π

8
M3/2

(m
M

)2
N1/2σ3

+
π

4
M
(m
M

)2
Nσ2AµAµ −

π

16
M
(m
M

)2
Nσ4

]
,

SVortex[Φ,Φ∗, σ, Aµ] =
∫

d3x
[
|∂µΦ|2 −M2|Φ|2

+ igeAµΦ∗∂µΦ+ igmϵµνρFµνΦ∗∂ρΦ+ gsσ|Φ|2 + c.c.
]
,

SVortex[Φ,Φ∗, σ, Aµ] =
∫

d3x
[
|∂µΦ|2 −M2|Φ|2

+ igeAµΦ∗∂µΦ︸ ︷︷ ︸
M3=ge(p·ε±(q))

+ igmϵµνρFµνΦ∗∂ρΦ︸ ︷︷ ︸
M3=∓gm(p·ε±(q))

+gsσ|Φ|2 + c.c.
]
,

+ finite size effects (Love numbers).

No Chern-Simons coupling in AHM⇒ no ”electric” charge ge = 0.

Consistent truncation of N = 2 supersymmetry⇒ gs = 4Mgm.
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Matching UV to REFT

Calculate gm and gs by matching a probe amplitude between UV and the REFT.

SProbe[φ, σ, Aµ] =
∫

d3x
[
|∂µφ|2 −m2|φ|2 + igmϵµνρFµν (φ∗∂ρφ− φ∂ρφ

∗) + gsσ|φ|2
]
.

UV: Expand around classical back-
grounds σ and Aµ (E,p) (E,p+ q)

×
σ(q), Aµ(q)

REFT: Calculate (classical) vortex-
probe amplitude at O (gs,m)

(M, 0) (M,−q)

(E,p) (E,p+ q)

σ(x) = 1
2M

∫
d2q
(2π)2

eiq·xM(probe)
REFT (q)

∣∣∣∣
gs

, Ai(x) = − i
8mM

∫
d2q
(2π)2

eiq·x
ϵijqj

q2 M(probe)
REFT (q)

∣∣∣∣
gm

.

Tree-level matching: gs = −4
√
2πM3/2N1/2, gm = −

√
2πM−1/2

(m
M

)−1
N1/2.
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Classical Solitons from the S-Matrix

At loop-level, no more tunable parameters, REFT+probe can be used to calculate
the full non-linear classical solution à la [Neill, Rothstein 2013].

Extract classical solution from matching:

σ(x) =

√
2M

πN

[
−
(
N +

π

3
√
3
N2
)

K0(mr) −
N2

2
[K0(mr)]2

+2N2
(
K0(mr)

∫ ∞

mr
dξ ξI1(ξ)K0(ξ)K1(ξ) + I0(mr)

∫ ∞

mr
dξ ξK0(ξ) [K1(ξ)]

2
)]

+ O
(
N5/2

)
,

Ai(x) =
1

m

√
2M

πN

ϵijxj
r2

[
−
(
N +

π

3
√
3
N2
)

mrK1(mr)

+ 2N2mr
(
K1(mr)

∫ ∞

mr
dξ ξI1(ξ)K0(ξ)K1(ξ) − I1(mr)

∫ ∞

mr
dξ ξK0(ξ) [K1(ξ)]

2
)]

+ O
(
N5/2

)
.

Agrees with perturbative solution of BPS equations [de Vega, Schaposnik 1976] ✓
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Non-Relativistic Effective Field Theory

Integrate out potential modes of σ and Aµ and construct an effective potential.

Define a ”NREFT” [Neill, Rothstein 2013] [Cheung, Rothstein, Solon 2018]

SNREFT [Φ] =
∫

dt

[∫
d2k
(2π)2

Φ∗(−k)
(
i∂t −

√
k2 +M2

)
Φ(k)

−
∫

d2k
(2π)2

∫
d2k′

(2π)2
V
(
k, k′

)
Φ∗(k′)Φ(k)Φ∗(−k′)Φ(−k)

]
.

Calculate V
(
p,p′) by matching amplitudes : MNREFT (p,q) =

MREFT (p,q)
4 (p2 +M2)

Loop integrals evaluated using method of regions [Beneke, Smirnov 1998]

1. Expand in (relativistic) soft region: qµ ∼ ℏ, m ∼ ℏ, ω ∼ ℏ, lµ ∼ ℏ.

2. Expand in (non-relativistic) potential region: p ∼ v, ω ∼ v.

13
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Tree-Level Potential

p1

p2

q

Mtree = −
32πMN

(
M2 − (p1 · p2)

)
q2 −m2︸ ︷︷ ︸

classical potential

+
8πMNm2

q2 −m2︸ ︷︷ ︸
quantum

+
32πMN
m2

(
p1 · p2 +

1
4

(
q2 +m2

))
︸ ︷︷ ︸

short-range “Darwin” terms ∼ δ(2)(x)

.

V (p, x) = 8MNp2

p2 +M2 K0 (mr) +O
(
N2

)
.

Vanishes as p → 0 as expected for BPS vortices.
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1-loop Potential

Renormalize UV divergent
pinch contributions:

0.

Expand in soft region: qµ ∼ ℏ, m ∼ ℏ, lµ ∼ ℏ

iM1-loop
=

128π2M2N2

(M2 − 2(p1 · p2)
)
+

2m2
(
M2 − (p1 · p2)

)
q2 − m2

∫ dd l
(2π)d

1
[l2 − m2][(l + q)2 − m2] [p1 · l + i0]︸ ︷︷ ︸

Eikonal

.
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Seagull Contributions

iM1-loop
=

128π2M2N2

[(
M2 − 2(p1 · p2)

)
︸ ︷︷ ︸

∼ v0

+
2m2

(
M2 − (p1 · p2)

)
q2 − m2︸ ︷︷ ︸

∼ v2

]∫ dd l
(2π)d

1
[l2 − m2][(l + q)2 − m2][p1 · l + i0]

.

Problem: Does not vanish in static limit.

Solution: Need to add seagull vertex

SVortex → SVortex +
∫

d3x
[
−2πMNσ2|Φ|2

]
,

iM1-loop
+

= 256π2M2N2
(
M2 − (p1 · p2)

)[
1 +

m2

q2 − m2

]∫ dd l
(2π)d

1
[l2 − m2][(l + q)2 − m2][p1 · l + i0]

.
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Velocity Expansion and Resummation

Expand master soft integrals in potential region: p ∼ v, ω ∼ v
∫ dd l

(2π)d
1

[l2 − m2][(l + q)2 − m2][p1 · l + i0][p2 · l − i0]

[
1

p1 · l + i0
−

1
p2 · l − i0

]

=
i
2E

∫ d2l
(2π)2

1
[l2 + m2][(l + q)2 + m2][p · l− i0]2

−
i
E3

(
1
2

+
3p2

4E2
+

5p4

8E4
+

35p6

64E6
+

63p8

128E8
+

231p10

256E10
+ ...

)∫ d2l
(2π)2

1
[l2 + m2]2[(l + q)2 + m2]

and resum the complete velocity dependence

=
i
2E

∫ d2l
(2π)2

1
[l2 + m2][(l + q)2 + m2][p · l− i0]2

−
2i

ME(M + E)

∫ d2l
(2π)2

1
[l2 + m2]2[(l + q)2 + m2]

.
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Box Diagrams and Iteration

Add boxes and crossed-boxes:

Match to amplitude in NREFT:

MNREFT = + + ...

︸ ︷︷ ︸
”iteration”

Spurious branch cut must match between REFT boxes and NREFT iteration. ✓
Box, crossed-box and iteration contributions vanish in static limit. ✓
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Main Result: 1-loop Vortex-Vortex Potential

V (p, x) =
8MNp2

p2 +M2 K0(mr) +
16πMN2p2

3
√
3
(
p2 +M2

)K0(mr) +
16M2N2p2(p2 + 4M2)

(p2 +M2)5/2
K0(mr)2

+
32MN2p2

p2 +M2

(
1−

M
(p2 +M2)1/2

)
mrK0(mr)K1(mr)

−
32MN2p2

p2 +M2

(
K0(mr)

∫ ∞

mr
dξ ξ K0(ξ)K1(ξ)I1 (ξ) + I0 (mr)

∫ ∞

mr
dξ ξ K0(ξ)K1(ξ)2

)

+O
(
N3
)
.

Consistency with limiting cases:

Probe limit to 1-loop [de Vega, Schaposnik 1976] ✓
”Point source” formalism [Manton, Speight 2003] ✓
Metric on moduli space should be Kähler [Samols 1991] ✓
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Moduli Space Metric

Truncate at O
(
p2); calculate effective Lagrangian

L(ẋ1, x1; ẋ2, x2) =
1
2
Mẋ21 +

1
2
Mẋ22 − Ũ (r12) |ẋ1 − ẋ2|2 +O

(
v4
)
,

where

Ũ (r12) = 2M
(
N+

2π
3
√
3
N2
)
K0(mr12)

− 8MN2

(
K0(mr12)

∫ ∞

mr12
dξ ξ K0(ξ)K1(ξ)I1 (ξ)

+I0 (mr12)
∫ ∞

mr12
dξ ξ K0(ξ)K1(ξ)2

)
+O(N3).

Interpret as a 0+ 1d sigma model [Manton 1982] read off moduli space metric:

ds2 =

(
1
2
M− Ũ (r12)

)
dx21 +

(
1
2
M− Ũ (r12)

)
dx22 − 2Ũ (r12) dx1 · dx2.
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Ũ (r12) = 2M
(
N+

2π
3
√
3
N2
)
K0(mr12)

− 8MN2

(
K0(mr12)

∫ ∞

mr12
dξ ξ K0(ξ)K1(ξ)I1 (ξ)

+I0 (mr12)
∫ ∞

mr12
dξ ξ K0(ξ)K1(ξ)2

)
+O(N3).

Interpret as a 0+ 1d sigma model [Manton 1982] read off moduli space metric:

ds2 =

(
1
2
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Summary and Future Directions

Results:

Have constructed a point-particle EFT of classical vortex solitons in the critical
Abelian Higgs Model in d = 2+ 1 based on the small winding approximation.

Used to calculate the 1-loop or O
(
N2) classical potential between BPS vortices

at all orders in velocity.

Work in Progress/Future Directions:

Use EFT to calculate physical observables: scattering angle and energy loss
(2-loops or O

(
N3)), compare with numerical simulation [Myers, Rebbi, Strilka

1991]

Applications to real physics? Non-critical vortices, energy dissipation in networks
of cosmic strings...

Thank you!
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