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Playground

Classical scalar
field theory in
(1+1)-dimensions

—(3 WP P — V()

Discrete vacua: V() = (1 — P?)?, — 2(1 $*)?, 2sin*(¢/2),
Kinks /
¢ = tanh(x) Px = - G =4 arctan(ex)




Canonical kink

1
Vig)=—(1-¢7 &

¢ = tanh :
\/1_V2 0.5:—

-1.0

E=My P=Myv M=4/3

¢(00) — (=)
2

1 .
jﬂ — Eeﬂya’/¢ aﬂj//‘ — () Q = jdxjo —

Behaves as a relativistic massive particle. Stability guaranteed by
conservation of topological charge.



Normal modes

¢ = tanh(x) + e "“'b(x) —0:b+ (4 )b = w’b

cosh?(x)

Zero mode: Vibration (shape) mode:

3 | 3 sinh
bo(x) — \/7 a)g — O bl(X) - \/7 S111 (-X) 0)12 _ 3
4 cosh?(x) 2 cosh?(x)
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—— Zero mode —— Shape mode




Scattering of kinks

1 1
L = 20,00 ——(1- ¢

v=10.235
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Scattering of kinks

1 1
L = 20,00 ——(1- ¢




Scattering of kinks

1 1
L = 20,00 ——(1- ¢




A map’ of scatterings
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Resonance at the heart of the collision
(oxe = tanh(x + X(1)) — tanh(x — X(0)) — 1 + A@®) (b, (x + X(0) + by (x — X(1)))

Qualitative understanding
of bouncing as resonant ﬂ
energy-transfer I

RESONANCE STRUCTURE IN KINK-ANTIKINK INTERACTIONS IN ¢* THEORY
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Fig. 8. The ratio of the (time-averaged —see section 4) kink
speed after a KK collision to the initial speed, as a function of
the initial velocity. Note the relatively elastic nature of the
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Collective Coordinate Models

Field theory: 1

Too much degrees PL=_—0 ¢aﬂ¢ _ V(¢)
of freedom 2 H
|dea: curtail the

configuration space l = Do (%, {X,0})

Mechanics of L . =
particles on a
curved Moduli

space with a
potential

U(x) = O[o ax( 507~ Vi)

1 Do
dx Z = EgabXaXb — U(X)

a
=5
|
—8

No obvious way how to do this and not make a mess.



Collective Coordinate Models

Idea #1: Engineering CCM:
Sculpting the configuration
space so that only the most
relevant configurations for a
given problem are included.

Applied with great success to
KK scattering in various models

] |
Vig) = —(1-¢?)’, 5452(1 — $?)°, 2sin¥(/2)

2
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Tailor-made tools for specific problems.

Idea #2: Agnostic CCM:
Triangulating the entire
configuration space. No prior
insight. General tool.

Mechanization:

P(x, 1) = /

dyx, X)) =

/—-

Mechanization of scalar field theory in 141 dimensions

Filip Blaschke!"* and Ondiej Nicolas Karpisek?

arXiv:2202.05675 [hep-th] (PTEP)

Mechanization of scalar field theory in (141)-dimensions: BPS mech-kinks and their
scattering
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Mechanization
p)

\ \

v = v O(=x + xp) +(9(x—x0)—9(x—x1))<fl _;L(x—xo)‘FVL) +(8(x—x1)—G(x—xz))<i2_f1(x_xl)+¢1> +... +vpO(x — xy)
1 20 27 M
X = {X0s X1 oo Xy D1 oy - D1} Moduli space with 2N dimensions

1 1 .
= — Hdh — = — —_ —
L =30409 = V@) = Ly=gX, K= UX) UK = 3§ Soe+ Ax— i —

N-1 2 —
{(Aqﬁa) 2 ay Z@a) %(%)}

a=0

Assuming: x,(7) < x;() < ... < x\(1) V(p) = V()



Mechanization

X= {XO,xl, XN, ¢1,¢2,
[ @g? (Ay)?
3Ax, 6Ax,
(Ahy)? (Adpy)? (Ag))*
6Ax, 3Ax, + 3Ax
(Ag))?
g = O 6A.x1
(o — P)/6 (g — Po)/3
0 (P — $2)/6
0 0
\ . .
N—-1
_gaﬂXaXﬂ — Z
a=
1 N-1
det(g) = TN H (Ka1 =

a=—1

. ¢N—1}

1 ..
Ly = = 8apX Xy = UX)

Metric is block-tri-diagonal

0 oo (o —d1/6 0 0
(gfiiz (P — P)I3 () — )]0 0
SN LB =6 =3 (o= IS
(D1 —PDI6 .. (i —xp)/3  (xy—x1)/6 0
(P —P)/6 ... (x—xD/6 (x5 —x)/3 (x5 —x,)/6
(¢, — $3)/6 0

V=l
ka) H (1 = %)°
b=0

1 o1 | o
{E(Axa)3k§ + EAxa<¢a+l _ kaxa+1> <¢a _ kaxa> } ka = Ax

(X3 —x)/6 (x4 —x,)/6

Singularity whenever two joint meets
& when neighbouring slopes coincide



Mechanization

. ¢a+1 — ¢a

Better coordinates:

| S
Y = {ko, ky, ... ky_1, @y, Dy, ... DPy_;) Ly = EgaﬁYaYﬂ — U(Y)
xa+1¢a — Xa¢a+1 (I)a+1 B (Da . ka+1(1)a _ kaq)a+1
(I)a = < Xav1 = — ¢a+l -
Xa+1 — Xq Xa+1 — Xq ka+1 — ka ka+1 — ka

Metric is block-diagonal

(3 —xD)I3 .. 0 02 —x2 ... 0o
o= 0 o (=X /3 0 e (=X I2

xF —x)/2 ... 0 x| — X 0

0 (x3 — x5_)/2 0 Xy — X
\ N N—1 N N—1 )
I e N LN .
EgaﬁYaYﬂ = Z g(anrl —x)k; + E(Xa_i_l —x)k, ®, + 5(xa+1 —x,)D:

a=0

1 N=l
det(g) = WH (Xg41 — Xa)4 Singularity “only” when two joint meets
a=0



1/ PARTII:
> Mechanization as
~gradual exploration of dynamics
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mech-Kink
Simplest topologically

non-trivial mech-field
32 15

Can be boosted: E = mK/\/l —v2 R= RK\/l — 2

x (1)

Xo()

conf ={0.,2.61247, 0.3, 0.3}

variables
10 -

8_

6_

x0 x1



Mech-Kink
Simplest topologically

non-trivial mech-field
32 15

= my/qy = 8/5

x (1)

Xo()

Has a vibration mode: 0)2

conf ={0.,2.19089, 0.3, 0.3}

variables
10 -

8_

6_

x0 x1



N=2

Mech-oscillon: A simplest topologically trivial mech-field

1 . 1 ° o 1 . 2A2 % +A _%
K 6 6 6R R A

Mech-oscillons with zero momentum decay!

R(0) = 10.1 A(0)=2. R(0)=0 A(0)=0 P =0.

12r R ~ e2t\/V”(v)/3 A ~ e—t\/V”(v)/3

R[] Alt] energy

R(0) = 10. A(0)=2. R(0)=0 A(0)=0 P =0.
20 -

15

R[] Alt] energy



=2

ech-oscillon: A simplest topologically trivial mech-field

. . 2A? 70v+A) -7
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N=2

1o 1 .. 1 . 24%1-d’ VAVEVNENAC
6 6 6R R A
R Mech-oscillons with non-zero momentum do not decay!
\ R~ e2WV'03 A o o~ t/V' /3

R(0)=10.1 A(0)=2. R(0)=0 A(0)=0 P=1.

/\N\/\/\
20 30 40 50

R[{] Alt] energy

14

12

R(0)=10. A(0)=2. R(0)=0 A(0)=0 P =1.

Y

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

14

121

R[] Alt] energy



N=2

1 2A%(1-a?) i 7V(v+A) -7 ()

| T .
A Ly =—RA*+—AAR+—A’R* - —~

\ 6 6 6R R A
Mech-oscillons with non-zero momentum do not decay!

R 2VOB 4, o=t/V)3

Super-luminal solutions also exists!

" R? 4A°
@>=1+—=V(v+A)>1 E=—
2A?



N=2

Asymmetric mech-oscillon

positions of joints
conf={-3,,0,3.,2,0.1,0.1,0.1,0.}

60 [

50

40

30

30 40 50

— Xolt] x1[t] Xa[t]



Rigid mech-oscillons X RO)=1M=1

% :i N

R 1
\. AVAVAYA
7 . " RI] energy
L. =—M?R>-U(R/\/|R
oom = S ( IR|) o

U(x) = 2M* + %(%(V + Mx) — %(v)) A
—
For small mass ® = 7V”(V)

10 \/ 15

R[t] energy



N=2

Boosted rigid mech-oscillon

7 .
Lyom = 2M2d2+£M2R2 — U(R\/IR])

(0)

o2 _
Ux) =2M~ + M(%(V + Mx) W(v))

N
T T T T

-
T T T T

R(O)=1 M=1v=0.2

Xol[t] x4[t]
O[]

R(0)=4 M=05 v=0.2

Xolt] xq[t]

¢4t



N=5

d0)=10 v=0.1 R0)=1 m =1




Mech-kinks

Mech-kinks are found by minimising energy with topologically non-trivial boundary conditions:  $y = v # Vg = ¢y

1
Vig)=—(1-0%)" = tanh(x)

n =1

/o

n=2
bum Prink

O]y Prink

0]y Prink

In general case the static equations of motion reduce to system of 2N non-linear algebraic equations

Ad, _ 2 7 (g1) — 7 (@) Vi) = YV (Pys1) — V(D) V() — V(Do)
AXx ¢a+1 _ ¢a ‘ ¢a+1 _ ¢a ¢a _ ¢a—1

a

d
[ Now L= V) = V(g®



Mech-kinks

Convergenceas N —» oo ? If 4 = very slow!

mK/MK—1
0.04 -
[ X ¢* model
0.03 X
i SGmodel
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I X
0.01_— X
I )( /4
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- A A A A A
14 N
r A
A
1.2
| | | N
0 5 10 15

massive mode

Cont. treshold

Derrick mode
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N=3

Scattering of mech-kinks




Scattering of mech-kinks

Both the distance R and the width Ry change with time X, = {R.Ry}

¢y =¢,=vy+ (v, —V))R/Rg E d1=¢,=v, + (v, —VvR/Rg E h1=¢,=2vi— v, Vv,

—R — Ry —R—Ry
.............................. W @

.........................................................................................................................................................................................................................................................................

2 (3 5 Egﬂ_L 6Ri (R —R) 6R (Rg + R?)
TS <3 4> - 3R \6R¢ (Rg +R°) —4 (R’ —2Rg)
U”=4(R+RK)+%<;£+1>RK—V<%+1>Ri

4 : R2
U =—+R7 (1) k K K
Ry ; 9Rg (R*Ryx — 2RRE — Ri + R?)

' R =
: 2 (Rx +R) 2 (R*Rx + 5RR} — R} + R3) 2

No continuation past

No singularity at R = 0 Singularity at R = — Ry



Scattering of mech-kinks

R(

0)=10 v=0.1
10

1 1 1 | 1 1 1 | 1 1 | I E T R S S S SUN I R

0\ \/\‘i 80 '%\“ t
Vo

R

NN

_RK

al \

Bouncing and/or mech-oscillon decay



Time

Scattering of mech-kinks
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0.05 0.10 0.15 0.20 0.25 0.30 0.35
(%

Value of the field at the center

1.00

0.75

0.50

0.25

—-0.25

-0.50

-0.75

0.05 0.10 0.15 0.20 0.25 0.30 0.35
(%

Greenn: R =0 Red:R=—Rg



Scattering of mech-kinks

150 1.00

0.75

0.50

100

0.25

Time

10 0.12 0.14 0.16 0.18
0.10 0.12 0.14 0.16 0.18 v

v

Value of the field at the center Green: R=0 Red:R=— Ry



Scattering of mech-kinks

150

100
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50
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GALLERY



MECH-KK PAIR PRODUCTION

— ¢=it) — Xft) — x{t) — xff)
— @{t)) and ¢4{t) - Time cuts — xz{t) — xy{t)




MECH-BOUNCING

— ¢i{t)) and uit)

wo TiMe cuts

X
30

20

10 "." »,."“ .‘b". I.. e

v o, ‘ ‘
1
508 A',g-i,“ 2000 2800 3800 3500
“‘\.W.ﬂ/ Yy \

10 g "
20
30

[t 1155

— Xft) — xi{t) — xft)
— xz3{t) — xu{t)



MECH-BOUNCING

— Xo{t) — xi{t) — xt)
— @{t)) and ¢4{t) - Time cuts — xz{t) — xy{t)




JOINT EJECTION+KK PRODUCTION

,«rm/ 24, 30 40 50
N AR

— @a{t)) — @o(t)) and @uit) — Xoft) — xi{t] — xit) — x{t)
— ¢1{t)) and ¢x{t) - Time cuts — xft) — x{t) — x{t)




MECH-BION EJECTION

— @a{t)) — @o(t)) and @uit) — Xoft) — xi{t] — xit) — x{t)
— ¢1{t)) and ¢x{t) - Time cuts — xft) — x{t) — x{t)




SMALL OSCILLONS/RADIATION

— ¢a{t)) — ¢3t)) and st — Xoft) — xi{t) — xft)
— (1)) and ¢e(t) — X3{t) — xq{t) — Xxs{t)
— @u{t)) and ¢p{t) ... Time cuts — X(t) x{t) — xat)




DOUBLE KK PRODUCTION+BOUNCE

;\{{f a-rwfg"‘crw ‘\ wm-\v(\ H

. ‘zw THe wm, :

— ¢a{t)) — ¢3t)) and st — Xoft) — xi{t) — xft)
— (1)) and ¢e(t) — X3{t) — xq{t) — Xxs{t)
— @u{t)) and ¢p{t) ... Time cuts — X(t) x{t) — xat)




DOUBLE KK PRODUCTION+2BOUNCE

fJ e MM V1 F—
'” 20 ""l

60 | ‘l' 120
ke /W/\\A l ”

— ¢a{t)) — ¢3t)) and st — Xoft) — xi{t) — xft)
— (1)) and ¢e(t) — X3{t) — xq{t) — Xxs{t)
— @u{t)) and ¢p{t) ... Time cuts — X{t) x{t) — xat)




BION-BION+OSCILLON

) — @a{t)) and ¢x(t) — Xo{t) — xi{t) — xft)
— @(t)) and ¢ t) — Xt} — xa{t) — Xs(t)
— ¢i(t)) and ¢y{t) .. Time cuts — X{t) x{t) — xdt)







