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Motivation

[Ashmore, Ruehle `21]<latexit sha1_base64="Qg8qfQ4dmewcEV44LLPbNRjjVvw="></latexit>

z50 + z51 + z52 + z53 + z54 � 5 z0z1z2z3z4 = 0 ⇢ 4



Motivation

Questions: 

‣ Why do some 
modes become 
heavier and 
others lighter? 

‣ Is there something 
special about the 
crossing points

[Ashmore, Ruehle `21]<latexit sha1_base64="Qg8qfQ4dmewcEV44LLPbNRjjVvw="></latexit>

z50 + z51 + z52 + z53 + z54 � 5 z0z1z2z3z4 = 0 ⇢ 4



Outline
1 Toroidal compactifications

4 Conclusions2 Attractors and CM points

3 Generalizations
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<latexit sha1_base64="eigvfmup3ds1DFGKzz5cWzWzlsQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEwm04YmmSG5I5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QCG7Adb+c0srq2vpGebOytb2zu1fdP2ibONWUtWgsYt0NiGGCK9YCDoJ1E82IDATrBOPb3O88Mm14rB5gkjBfkqHiEacEcqkPJB1Ua27dnQEvE68gNVSgOah+98OYppIpoIIY0/PcBPyMaOBUsGmlnxqWEDomQ9azVBHJjJ/Ndp3iE6uEOIq1fQrwTP09kQWBtKkgFiE2E2l/s2ATaXLZRiSB0ZKXi/95vRSiaz/jKkmBKTrfI0oFhhjnveCQa0ZBTCwhVHN7CqYjogkF217FduT9bWSZtM/q3mX94v681rgp2iqjI3SMTpGHrlAD3aEmaiGKRugZvaBX58l5c96dj3m05BQzh2gBzucP+PKaww==</latexit>⌧
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Toroidal Compactifications
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We want to study CY n - folds                    of the form

One parameter families
<latexit sha1_base64="v13BqfenJFLCu/PeEK0YMVTE5+c=">AAACIXicbVDLSgMxFM3UV62vUVfiJlgEQSgz4mtZdOOygn1AZyyZTNqGJpkhyQhlGPwYcavf4U7ciV/hH5hpZ2GtF0IO55wL95wgZlRpx/m0SguLS8sr5dXK2vrG5pa9vdNSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhd53r7gUhFI3GnxzHxORoI2qcYaUP17L2Op5JAEe1xpIdBwNNGdp+KYzfr2VWn5kwGzgO3AFVQTKNnf3thhBNOhMYMKdV1nVj7KZKaYkayipcoEiM8QgPSNVAgTpSfTiJk8NAwIexH0jyh4YT9vZGa04wriFgI1ZibX83IiKucNpY8x5yWk/9p3UT3L/2UijjRRODpHf2EQR3BvC4YUkmwZmMDEJbURIF4iCTC2pRaMR25fxuZB62TmnteO7s9rdavirbKYB8cgCPgggtQBzegAZoAg0fwDF7Aq/VkvVnv1sfUWrKKnV0wM9bXD370pAk=</latexit>

X ⇢ n+1

<latexit sha1_base64="EbsSNGREhJFpbccULShg+5w6rfE="></latexit>

(z0)
n+2 + (z1)

n+2 + . . .+ (zn+1)
n+2 � (n+ 2) z0z1 · · · zn+1 = 0



We want to study CY n - folds                    of the form

One parameter families
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X ⇢ n+1
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z30 + z31 + z32 � 3 z0z1z2 = 0

<latexit sha1_base64="EbsSNGREhJFpbccULShg+5w6rfE="></latexit>

(z0)
n+2 + (z1)

n+2 + . . .+ (zn+1)
n+2 � (n+ 2) z0z1 · · · zn+1 = 0

n = 1



We want to study CY n - folds                    of the form

One parameter families
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X ⇢ n+1
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z30 + z31 + z32 � 3 z0z1z2 = 0

<latexit sha1_base64="5KtbrFSFzP8SF1Ahxa8YbGI5QAQ="></latexit>
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‣ Given           , we know the exact CY metric:                      , 
 
 
 
 

‣ We can also compute the CS (modular) parameter   
 
 

Torus parametrization
<latexit sha1_base64="M+ZWfWWljzcBXvzxPEuTWduUhkA=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTPia1l047KCfUA7lEwm08bmMSQZSxn6C+JWv8OduPUf/Az/wEw7C2s9EHI451y49wQxo9q47peztLyyurZe2Chubm3v7Jb29ptaJgqTBpZMqnaANGFUkIahhpF2rAjiASOtYHiT+a1HojSV4t6MY+Jz1Bc0ohgZKzW7o7gyOumVym7VnQIuEi8nZZCj3it9d0OJE06EwQxp3fHc2PgpUoZiRibFbqJJjPAQ9UnHUoE40X463XYCj60Swkgq+4SBU/X3RBoE3KYCyUKox9z+es5GXGeyjXBkBgteJv7ndRITXfkpFXFiiMCzPaKEQSNh1gwMqSLYsLElCCtqT4F4gBTCxvZXtB15fxtZJM3TqndRPb87K9eu87YK4BAcgQrwwCWogVtQBw2AwQN4Bi/g1Xly3px352MWXXLymQMwB+fzB+vGmzw=</latexit>

}(w)
<latexit sha1_base64="bHo3Ws0tFfnIBT2MtW5WpIrt6dA=">AAACJXicbVDLSgMxFM3UV62vUZciBIvgqsyIr2XRjcsK9gGdoWQymTY0mQxJxlKGrvwYcavf4U4EV36Df2CmnYW1Xgg5nHPuTe4JEkaVdpxPq7S0vLK6Vl6vbGxube/Yu3stJVKJSRMLJmQnQIowGpOmppqRTiIJ4gEj7WB4k+vtByIVFfG9HifE56gf04hipA3Vsw/7nqIchiNPaMqJgqEnjD8fl40mPbvq1JxpwUXgFqAKimr07G8vFDjlJNaYIaW6rpNoP0NSU8zIpOKliiQID1GfdA2MkXnSz6ZrTOCxYUIYCWlOrOGU/d2RBQE3rkCwEKoxN7eakxFXOW0sHOnBgpaT/2ndVEdXfkbjJNUkxrN/RCmDWsA8MhhSSbBmYwMQltSsAvEASYS1CbZiMnL/JrIIWqc196J2fndWrV8XaZXBATgCJ8AFl6AObkEDNAEGj+AZvIBX68l6s96tj5m1ZBU9+2CurK8fEr+l7w==</latexit>
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<latexit sha1_base64="09hDCCqFm9Q9hWd8rgKBzgsaokM="></latexit>
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<latexit sha1_base64="Fv9382ClJbSKNt9aKocZZ2nYXvs=">AAACHnicbVDLSgMxFM3UV62vUcGNm2ARXNUZ8bUsdqHLCvYBnaFkMpk2NMkMSUYpY/9F3Op3uBO3+hn+gZm2C2u9EHI451w49wQJo0o7zpdVWFhcWl4prpbW1jc2t+ztnaaKU4lJA8cslu0AKcKoIA1NNSPtRBLEA0ZawaCW6617IhWNxZ0eJsTnqCdoRDHShuraew8eFR5Huh8EPKuNjr1rxDnq2mWn4owHzgN3CspgOvWu/e2FMU45ERozpFTHdRLtZ0hqihkZlbxUkQThAeqRjoECcaL8bJx/BA8NE8IoluYJDcfs743MZDOuIGYhVENufjUjI65y2ljyQ+a0nPxP66Q6uvQzKpJUE4EnOaKUQR3DvCsYUkmwZkMDEJbUnAJxH0mEtWm0ZDpy/zYyD5onFfe8cnZ7Wq5eTdsqgn1wAI6ACy5AFdyAOmgADB7BM3gBr9aT9Wa9Wx8Ta8Ga7uyCmbE+fwCyzKKM</latexit>

w 2 /�

<latexit sha1_base64="hrWZ8KRFuItkrF6hB5StPnXuAmA=">AAACDnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsKthbaoWQymTY0mQxJplCG/oO41e9wJ279BT/DPzDTzsJaD4QczjkX7j1Bwpk2rvvllFZW19Y3ypuVre2d3b3q/kFby1QR2iKSS9UJsKacxbRlmOG0kyiKRcDpYzC6zf3HMVWayfjBTBLqCzyIWcQINlbq9MZYJazv9as1t+7OgJaJV5AaFGj2q9+9UJJU0NgQjrXuem5i/Awrwwin00ov1TTBZIQHtGtpjAXVfjbbd4pOrBKiSCr7YoNm6u+JLAiETQWSh0hPhP31go2FzmUbEdgMl7xc/M/rpia69jMWJ6mhMZnvEaUcGYnyblDIFCWGTyzBRDF7CiJDrDAxtsGK7cj728gyaZ/Vvcv6xf15rXFTtFWGIziGU/DgChpwB01oAQEOz/ACr86T8+a8Ox/zaMkpZg5hAc7nD+OgnFM=</latexit>$1

<latexit sha1_base64="dHHcuH2KzFcsz86R+FwsjySVm10=">AAACDnicbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7APaoWQymTY0mQxJplBK/0Hc6ne4E7f+gp/hH5hpZ2GtB0IO55wL954g4Uwb1/1yCmvrG5tbxe3Szu7e/kH58KilZaoIbRLJpeoEWFPOYto0zHDaSRTFIuC0HYzuMr89pkozGT+aSUJ9gQcxixjBxkqd3hirhPVr/XLFrbpzoFXi5aQCORr98ncvlCQVNDaEY627npsYf4qVYYTTWamXappgMsID2rU0xoJqfzrfd4bOrBKiSCr7YoPm6u+JaRAImwokD5GeCPvrJRsLnck2IrAZrniZ+J/XTU10409ZnKSGxmSxR5RyZCTKukEhU5QYPrEEE8XsKYgMscLE2AZLtiPvbyOrpFWrelfVy4eLSv02b6sIJ3AK5+DBNdThHhrQBAIcnuEFXp0n5815dz4W0YKTzxzDEpzPH+VDnFQ=</latexit>$2

<latexit sha1_base64="nN5PZQxyLi6FR5h2iJNaNl8eIEU=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2WxG5cVbC20Q8lkMm1oMhmSjFCGfoW41e9wJ279Aj/DPzDTzsJaL4QczjkXzj1Bwpk2rvvllFZW19Y3ypuVre2d3b3q/kFHy1QR2iaSS9UNsKacxbRtmOG0myiKRcDpQzBu5vrDI1WayfjeTBLqCzyMWcQINpbq9QU2oyAQWXM6qNbcujsbtAy8AtSgmNag+t0PJUkFjQ3hWOue5ybGz7AyjHA6rfRTTRNMxnhIexbGWFDtZ7PIU3RimRBFUtkXGzRjf29kNpR1BZKHSE+E/fWCjIXOaWvJL1jScvI/rZea6NrPWJykhsZkniNKOTIS5fWgkClKDJ9YgIli9hRERlhhYmyJFduR97eRZdA5q3uX9Yu781rjpmirDEdwDKfgwRU04BZa0AYCEp7hBV6dJ+fNeXc+5taSU+wcwsI4nz+kP53V</latexit>

<latexit sha1_base64="hrWZ8KRFuItkrF6hB5StPnXuAmA=">AAACDnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsKthbaoWQymTY0mQxJplCG/oO41e9wJ279BT/DPzDTzsJaD4QczjkX7j1Bwpk2rvvllFZW19Y3ypuVre2d3b3q/kFby1QR2iKSS9UJsKacxbRlmOG0kyiKRcDpYzC6zf3HMVWayfjBTBLqCzyIWcQINlbq9MZYJazv9as1t+7OgJaJV5AaFGj2q9+9UJJU0NgQjrXuem5i/Awrwwin00ov1TTBZIQHtGtpjAXVfjbbd4pOrBKiSCr7YoNm6u+JLAiETQWSh0hPhP31go2FzmUbEdgMl7xc/M/rpia69jMWJ6mhMZnvEaUcGYnyblDIFCWGTyzBRDF7CiJDrDAxtsGK7cj728gyaZ/Vvcv6xf15rXFTtFWGIziGU/DgChpwB01oAQEOz/ACr86T8+a8Ox/zaMkpZg5hAc7nD+OgnFM=</latexit>$1

<latexit sha1_base64="dHHcuH2KzFcsz86R+FwsjySVm10=">AAACDnicbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7APaoWQymTY0mQxJplBK/0Hc6ne4E7f+gp/hH5hpZ2GtB0IO55wL954g4Uwb1/1yCmvrG5tbxe3Szu7e/kH58KilZaoIbRLJpeoEWFPOYto0zHDaSRTFIuC0HYzuMr89pkozGT+aSUJ9gQcxixjBxkqd3hirhPVr/XLFrbpzoFXi5aQCORr98ncvlCQVNDaEY627npsYf4qVYYTTWamXappgMsID2rU0xoJqfzrfd4bOrBKiSCr7YoPm6u+JaRAImwokD5GeCPvrJRsLnck2IrAZrniZ+J/XTU10409ZnKSGxmSxR5RyZCTKukEhU5QYPrEEE8XsKYgMscLE2AZLtiPvbyOrpFWrelfVy4eLSv02b6sIJ3AK5+DBNdThHhrQBAIcnuEFXp0n5815dz4W0YKTzxzDEpzPH+VDnFQ=</latexit>$2



Moduli Space



‣ Next, we compute the Eigenspectrum of the scalar Laplacian w.r.t. the 
(flat) CY metric as a function of  
 
 
 

Spectrum on the torus
<latexit sha1_base64="XyKjrDmGwXOaEZ10FaygpFVh1FI=">AAACEHicbVDLSgMxFM34rPVVdekmWIS6KTPia1l047KCfWBnKJlMpg3NY0gyQhn6E+JWv8OduPUP/Az/wEw7C2s9EHI451y494QJo9q47peztLyyurZe2ihvbm3v7Fb29ttapgqTFpZMqm6INGFUkJahhpFuogjiISOdcHST+51HojSV4t6MExJwNBA0phgZKz34BqU1P9H0pF+punV3CrhIvIJUQYFmv/LtRxKnnAiDGdK657mJCTKkDMWMTMp+qkmC8AgNSM9SgTjRQTbdeAKPrRLBWCr7hIFT9fdEFobcpkLJIqjH3P56zkZc57KNcGSGC14u/uf1UhNfBRkVSWqIwLM94pRBI2HeDoyoItiwsSUIK2pPgXiIFMLGdli2HXl/G1kk7dO6d1E/vzurNq6LtkrgEByBGvDAJWiAW9AELYCBAM/gBbw6T86b8+58zKJLTjFzAObgfP4AINec+A==</latexit>

⌧( )



‣ Next, we compute the Eigenspectrum of the scalar Laplacian w.r.t. the 
(flat) CY metric as a function of  
 
 
 
 

‣ Note:                                                  has additional symmetries

Spectrum on the torus
<latexit sha1_base64="XyKjrDmGwXOaEZ10FaygpFVh1FI=">AAACEHicbVDLSgMxFM34rPVVdekmWIS6KTPia1l047KCfWBnKJlMpg3NY0gyQhn6E+JWv8OduPUP/Az/wEw7C2s9EHI451y494QJo9q47peztLyyurZe2ihvbm3v7Fb29ttapgqTFpZMqm6INGFUkJahhpFuogjiISOdcHST+51HojSV4t6MExJwNBA0phgZKz34BqU1P9H0pF+punV3CrhIvIJUQYFmv/LtRxKnnAiDGdK657mJCTKkDMWMTMp+qkmC8AgNSM9SgTjRQTbdeAKPrRLBWCr7hIFT9fdEFobcpkLJIqjH3P56zkZc57KNcGSGC14u/uf1UhNfBRkVSWqIwLM94pRBI2HeDoyoItiwsSUIK2pPgXiIFMLGdli2HXl/G1kk7dO6d1E/vzurNq6LtkrgEByBGvDAJWiAW9AELYCBAM/gBbw6T86b8+58zKJLTjFzAObgfP4AINec+A==</latexit>

⌧( )

<latexit sha1_base64="UKyUZkHUXnOHjAo46kVLJ6Bz5zE=">AAACK3icbZDLSgMxFIYzXmu9VV26CRZBEMtM620jFN24rGAv0E6HTCbThmYmQ5IR2tIH8GHErT6HK8WtD+AbmJnOwloPJPn5zn8g53cjRqUyzXdjYXFpeWU1t5Zf39jc2i7s7DYkjwUmdcwZFy0XScJoSOqKKkZakSAocBlpuoObpN98IEJSHt6rYUTsAPVC6lOMlEZOoThyzG7leORY6V3uVk4qnUhSqLmGmlyZ2mWWzLTgvLAyUQRZ1ZzCd8fjOA5IqDBDUrYtM1L2GAlFMSOTfCeWJEJ4gHqkrWWIAiLtcbrMBB5q4kGfC31CBVP6e2LsuoF2uZx5UA4D/cqZNgpkgrUlQKo/10vgf712rPxLe0zDKFYkxNN/+DGDisMkOOhRQbBiQy0QFlSvAnEfCYSVjjevM7L+JjIvGuWSdV46uzstVq+ztHJgHxyAI2CBC1AFt6AG6gCDR/AMXsCr8WS8GR/G59S6YGQze2CmjK8fvrilXg==</latexit>

z30 + z31 + z32 � 3 z0z1z2 = 0

permutation

<latexit sha1_base64="PLd0F0h3YiPiGFHTavJfSb5qyPk="></latexit>

(z0, z1, z2) 7! (⇠z0, ⇠
2z1, z2)



‣ Next, we compute the Eigenspectrum of the scalar Laplacian w.r.t. the 
(flat) CY metric as a function of  
 
 
 
 

‣ Note:                                                  has additional symmetries

Spectrum on the torus
<latexit sha1_base64="XyKjrDmGwXOaEZ10FaygpFVh1FI=">AAACEHicbVDLSgMxFM34rPVVdekmWIS6KTPia1l047KCfWBnKJlMpg3NY0gyQhn6E+JWv8OduPUP/Az/wEw7C2s9EHI451y494QJo9q47peztLyyurZe2ihvbm3v7Fb29ttapgqTFpZMqm6INGFUkJahhpFuogjiISOdcHST+51HojSV4t6MExJwNBA0phgZKz34BqU1P9H0pF+punV3CrhIvIJUQYFmv/LtRxKnnAiDGdK657mJCTKkDMWMTMp+qkmC8AgNSM9SgTjRQTbdeAKPrRLBWCr7hIFT9fdEFobcpkLJIqjH3P56zkZc57KNcGSGC14u/uf1UhNfBRkVSWqIwLM94pRBI2HeDoyoItiwsSUIK2pPgXiIFMLGdli2HXl/G1kk7dO6d1E/vzurNq6LtkrgEByBGvDAJWiAW9AELYCBAM/gBbw6T86b8+58zKJLTjFzAObgfP4AINec+A==</latexit>

⌧( )

<latexit sha1_base64="UKyUZkHUXnOHjAo46kVLJ6Bz5zE=">AAACK3icbZDLSgMxFIYzXmu9VV26CRZBEMtM620jFN24rGAv0E6HTCbThmYmQ5IR2tIH8GHErT6HK8WtD+AbmJnOwloPJPn5zn8g53cjRqUyzXdjYXFpeWU1t5Zf39jc2i7s7DYkjwUmdcwZFy0XScJoSOqKKkZakSAocBlpuoObpN98IEJSHt6rYUTsAPVC6lOMlEZOoThyzG7leORY6V3uVk4qnUhSqLmGmlyZ2mWWzLTgvLAyUQRZ1ZzCd8fjOA5IqDBDUrYtM1L2GAlFMSOTfCeWJEJ4gHqkrWWIAiLtcbrMBB5q4kGfC31CBVP6e2LsuoF2uZx5UA4D/cqZNgpkgrUlQKo/10vgf712rPxLe0zDKFYkxNN/+DGDisMkOOhRQbBiQy0QFlSvAnEfCYSVjjevM7L+JjIvGuWSdV46uzstVq+ztHJgHxyAI2CBC1AFt6AG6gCDR/AMXsCr8WS8GR/G59S6YGQze2CmjK8fvrilXg==</latexit>

z30 + z31 + z32 � 3 z0z1z2 = 0

CC

<latexit sha1_base64="PLd0F0h3YiPiGFHTavJfSb5qyPk="></latexit>

(z0, z1, z2) 7! (⇠z0, ⇠
2z1, z2)

<latexit sha1_base64="oPdUWxopCngvgIddcRdYCoDRsB4=">AAACL3icbVDLSgMxFM3UV62vUZdugkWsIGWm+FoW3bisYB/QliGTpm1oMhmSjNgO/QQ/Rtzqd4gbcevSPzDTjmCtBy45nHMu5B4/ZFRpx3mzMguLS8sr2dXc2vrG5pa9vVNTIpKYVLFgQjZ8pAijAalqqhlphJIg7jNS9wdXiV+/I1JREdzqYUjaHPUC2qUYaSN59mFh5DnHI881UzpqcRQqLWChdU9hYsAfx7PzTtGZAM4TNyV5kKLi2V+tjsARJ4HGDCnVdJ1Qt2MkNcWMjHOtSJEQ4QHqkaahAeJEtePJQWN4YJQO7AppJtBwov7eiH2fm5QvWAeqITevmrERV4lsIhzp/pyXiP95zUh3L9oxDcJIkwBP/9GNGDSVJOXBDpUEazY0BGFJzSkQ95FEWJuKc6Yj928j86RWKrpnxdObk3z5Mm0rC/bAPigAF5yDMrgGFVAFGDyAJ/AMXqxH69V6tz6m0YyV7uyCGVif35OJpsc=</latexit>

(z0, z1, z2) 7! (⇠z0, z1, z2)



Spectrum on the torus



Spectrum on the torus

6D irrep?? 8D irrep??



What is special
about these points?



No obvious symmetry enhancement in defining eqn at these values of  

Crossing Points - Defining Eqn

<latexit sha1_base64="UKyUZkHUXnOHjAo46kVLJ6Bz5zE=">AAACK3icbZDLSgMxFIYzXmu9VV26CRZBEMtM620jFN24rGAv0E6HTCbThmYmQ5IR2tIH8GHErT6HK8WtD+AbmJnOwloPJPn5zn8g53cjRqUyzXdjYXFpeWU1t5Zf39jc2i7s7DYkjwUmdcwZFy0XScJoSOqKKkZakSAocBlpuoObpN98IEJSHt6rYUTsAPVC6lOMlEZOoThyzG7leORY6V3uVk4qnUhSqLmGmlyZ2mWWzLTgvLAyUQRZ1ZzCd8fjOA5IqDBDUrYtM1L2GAlFMSOTfCeWJEJ4gHqkrWWIAiLtcbrMBB5q4kGfC31CBVP6e2LsuoF2uZx5UA4D/cqZNgpkgrUlQKo/10vgf712rPxLe0zDKFYkxNN/+DGDisMkOOhRQbBiQy0QFlSvAnEfCYSVjjevM7L+JjIvGuWSdV46uzstVq+ztHJgHxyAI2CBC1AFt6AG6gCDR/AMXsCr8WS8GR/G59S6YGQze2CmjK8fvrilXg==</latexit>

z30 + z31 + z32 � 3 z0z1z2 = 0

<latexit sha1_base64="nbxiZ0BgcZlfXipbuCWFw5FFUa4=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDKZTBuaZIYkI5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QcKaN6345pZXVtfWN8mZla3tnd6+6f9DWcaoIbZGYx6obYE05k7RlmOG0myiKRcBpJxjf5n7nkSrNYvlgJgn1BR5KFjGCTS71E80G1Zpbd2dAy8QrSA0KNAfV734Yk1RQaQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1RiQbWfzXadohOrhCiKlX3SoJn6eyILAmFTQcxDpCfC/nrBxkLnso0IbEZLXi7+5/VSE137GZNJaqgk8z2ilCMTo7wXFDJFieETSzBRzJ6CyAgrTIxtr2I78v42skzaZ3Xvsn5xf15r3BRtleEIjuEUPLiCBtxBE1pAYATP8AKvzpPz5rw7H/NoySlmDmEBzucP/EKaxQ==</latexit>

 



Crossing Points - Moduli Space

Nothing obvious in moduli space either



Attractors and CM points

<latexit sha1_base64="eigvfmup3ds1DFGKzz5cWzWzlsQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEwm04YmmSG5I5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QCG7Adb+c0srq2vpGebOytb2zu1fdP2ibONWUtWgsYt0NiGGCK9YCDoJ1E82IDATrBOPb3O88Mm14rB5gkjBfkqHiEacEcqkPJB1Ua27dnQEvE68gNVSgOah+98OYppIpoIIY0/PcBPyMaOBUsGmlnxqWEDomQ9azVBHJjJ/Ndp3iE6uEOIq1fQrwTP09kQWBtKkgFiE2E2l/s2ATaXLZRiSB0ZKXi/95vRSiaz/jKkmBKTrfI0oFhhjnveCQa0ZBTCwhVHN7CqYjogkF217FduT9bWSZtM/q3mX94v681rgp2iqjI3SMTpGHrlAD3aEmaiGKRugZvaBX58l5c96dj3m05BQzh2gBzucP+PKaww==</latexit>⌧

<latexit sha1_base64="76o4I/zoRdpouh51I8X7L2WCEgU=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsWbC20Q8lkMm1oMhmSjFCGfoC41e9wJ279DD/DPzDTzsJaD4QczjkX7j1Bwpk2rvvllFZW19Y3ypuVre2d3b3q/kFHy1QR2iaSS9UNsKacxbRtmOG0myiKRcDpQzC+zf2HR6o0k/G9mSTUF3gYs4gRbKzU8gbVmlt3Z0DLxCtIDQo0B9XvfihJKmhsCMda9zw3MX6GlWGE02mln2qaYDLGQ9qzNMaCaj+bLTpFJ1YJUSSVfbFBM/X3RBYEwqYCyUOkJ8L+esHGQueyjQhsRkteLv7n9VITXfsZi5PU0JjM94hSjoxEeSkoZIoSwyeWYKKYPQWREVaYGFtdxXbk/W1kmXTO6t5l/aJ1XmvcFG2V4QiO4RQ8uIIG3EET2kCAwjO8wKvz5Lw5787HPFpyiplDWIDz+QMk6Zkw</latexit>

1

[Figure: Denef, Greene, Raugas `01]



Crossing Points - Moduli Dependence
‣ Let us study the values of     where eigenmodes           and            cross: 

 
 

<latexit sha1_base64="eigvfmup3ds1DFGKzz5cWzWzlsQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEwm04YmmSG5I5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QCG7Adb+c0srq2vpGebOytb2zu1fdP2ibONWUtWgsYt0NiGGCK9YCDoJ1E82IDATrBOPb3O88Mm14rB5gkjBfkqHiEacEcqkPJB1Ua27dnQEvE68gNVSgOah+98OYppIpoIIY0/PcBPyMaOBUsGmlnxqWEDomQ9azVBHJjJ/Ndp3iE6uEOIq1fQrwTP09kQWBtKkgFiE2E2l/s2ATaXLZRiSB0ZKXi/95vRSiaz/jKkmBKTrfI0oFhhjnveCQa0ZBTCwhVHN7CqYjogkF217FduT9bWSZtM/q3mX94v681rgp2iqjI3SMTpGHrlAD3aEmaiGKRugZvaBX58l5c96dj3m05BQzh2gBzucP+PKaww==</latexit>⌧ <latexit sha1_base64="nJ9Z5jTygMbBquOQY68IsHbXQOQ=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4kDJTfC2LIrisYG1hOgyZTKYNzWNIMkIZ+hXiVr/Dnbj1C/wM/8C0nYW1Hgg5nHMu3HuilFFtXPfLKS0tr6yuldcrG5tb2zvV3b0HLTOFSRtLJlU3QpowKkjbUMNIN1UE8YiRTjS8nvidR6I0leLejFIScNQXNKEYGSv5N2EuQu9EhI1xWK25dXcKuEi8gtRAgVZY/e7FEmecCIMZ0tr33NQEOVKGYkbGlV6mSYrwEPWJb6lAnOggn648hkdWiWEilX3CwKn6eyKPIm5TkWQx1CNufz1nI64nso1wZAYL3kT8z/Mzk1wGORVpZojAsz2SjEEj4aQeGFNFsGEjSxBW1J4C8QAphI0tsWI78v42skgeGnXvvH52d1prXhVtlcEBOATHwAMXoAluQQu0AQYSPIMX8Oo8OW/Ou/Mxi5acYmYfzMH5/AGGAp0o</latexit>

En1,n2

<latexit sha1_base64="WCBpTdVSS2G46dcmOJ9kDFBwAWo=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4kDJTfC2LIrisYG1hOgyZTKYNzWNIMkIZ+hXiVr/Dnbj1C/wM/8C0nYW1Hgg5nHMu3HuilFFtXPfLKS0tr6yuldcrG5tb2zvV3b0HLTOFSRtLJlU3QpowKkjbUMNIN1UE8YiRTjS8nvidR6I0leLejFIScNQXNKEYGSv5N2HOQ++Eh41xWK25dXcKuEi8gtRAgVZY/e7FEmecCIMZ0tr33NQEOVKGYkbGlV6mSYrwEPWJb6lAnOggn648hkdWiWEilX3CwKn6eyKPIm5TkWQx1CNufz1nI64nso1wZAYL3kT8z/Mzk1wGORVpZojAsz2SjEEj4aQeGFNFsGEjSxBW1J4C8QAphI0tsWI78v42skgeGnXvvH52d1prXhVtlcEBOATHwAMXoAluQQu0AQYSPIMX8Oo8OW/Ou/Mxi5acYmYfzMH5/AGCsp0m</latexit>

Em1,m2

<latexit sha1_base64="EzN6hnTMAzshtmoqeyLpindxIaA="></latexit>

4⇡2

⌧22
|n1 � n2⌧ |2

!
=

4⇡2

⌧22
|m1 �m2⌧ |2

<latexit sha1_base64="aGptMCDU1yJF0wLFk/rCwK9ffYk=">AAACF3icbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy6ceGign1AG8pkMmmHTjJh5kYpoR8ibvU73Ilbl36Gf+CkzcJaDwxzOOdcuPf4ieAaHOfLWlpeWV1bL22UN7e2dyr27l5Ly1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+uc7/9wJTmMr6HccK8iAxiHnJKwEh9u9K7ZSEoPhgCUUo+9u2qU3OmwIvELUgVFWj07e9eIGkasRioIFp3XScBLyMKOBVsUu6lmiWEjsiAdQ2NScS0l00Xn+AjowQ4lMq8GPBU/T2R+X5kUr4UAdbjyPx6ziaRzmUTiQgMF7xc/M/rphBeehmPkxRYTGd7hKnAIHFeEg64YhTE2BBCFTenYDokilAwVZZNR+7fRhZJ66TmntfO7k6r9auirRI6QIfoGLnoAtXRDWqgJqIoRc/oBb1aT9ab9W59zKJLVjGzj+Zgff4Aodaf7A==</latexit>,



Crossing Points - Moduli Dependence
‣ Let us study the values of     where eigenmodes           and            cross: 

 
 

‣ Focus on                          :                

<latexit sha1_base64="eigvfmup3ds1DFGKzz5cWzWzlsQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEwm04YmmSG5I5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QCG7Adb+c0srq2vpGebOytb2zu1fdP2ibONWUtWgsYt0NiGGCK9YCDoJ1E82IDATrBOPb3O88Mm14rB5gkjBfkqHiEacEcqkPJB1Ua27dnQEvE68gNVSgOah+98OYppIpoIIY0/PcBPyMaOBUsGmlnxqWEDomQ9azVBHJjJ/Ndp3iE6uEOIq1fQrwTP09kQWBtKkgFiE2E2l/s2ATaXLZRiSB0ZKXi/95vRSiaz/jKkmBKTrfI0oFhhjnveCQa0ZBTCwhVHN7CqYjogkF217FduT9bWSZtM/q3mX94v681rgp2iqjI3SMTpGHrlAD3aEmaiGKRugZvaBX58l5c96dj3m05BQzh2gBzucP+PKaww==</latexit>⌧ <latexit sha1_base64="nJ9Z5jTygMbBquOQY68IsHbXQOQ=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4kDJTfC2LIrisYG1hOgyZTKYNzWNIMkIZ+hXiVr/Dnbj1C/wM/8C0nYW1Hgg5nHMu3HuilFFtXPfLKS0tr6yuldcrG5tb2zvV3b0HLTOFSRtLJlU3QpowKkjbUMNIN1UE8YiRTjS8nvidR6I0leLejFIScNQXNKEYGSv5N2EuQu9EhI1xWK25dXcKuEi8gtRAgVZY/e7FEmecCIMZ0tr33NQEOVKGYkbGlV6mSYrwEPWJb6lAnOggn648hkdWiWEilX3CwKn6eyKPIm5TkWQx1CNufz1nI64nso1wZAYL3kT8z/Mzk1wGORVpZojAsz2SjEEj4aQeGFNFsGEjSxBW1J4C8QAphI0tsWI78v42skgeGnXvvH52d1prXhVtlcEBOATHwAMXoAluQQu0AQYSPIMX8Oo8OW/Ou/Mxi5acYmYfzMH5/AGGAp0o</latexit>

En1,n2

<latexit sha1_base64="WCBpTdVSS2G46dcmOJ9kDFBwAWo=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4kDJTfC2LIrisYG1hOgyZTKYNzWNIMkIZ+hXiVr/Dnbj1C/wM/8C0nYW1Hgg5nHMu3HuilFFtXPfLKS0tr6yuldcrG5tb2zvV3b0HLTOFSRtLJlU3QpowKkjbUMNIN1UE8YiRTjS8nvidR6I0leLejFIScNQXNKEYGSv5N2HOQ++Eh41xWK25dXcKuEi8gtRAgVZY/e7FEmecCIMZ0tr33NQEOVKGYkbGlV6mSYrwEPWJb6lAnOggn648hkdWiWEilX3CwKn6eyKPIm5TkWQx1CNufz1nI64nso1wZAYL3kT8z/Mzk1wGORVpZojAsz2SjEEj4aQeGFNFsGEjSxBW1J4C8QAphI0tsWI78v42skgeGnXvvH52d1prXhVtlcEBOATHwAMXoAluQQu0AQYSPIMX8Oo8OW/Ou/Mxi5acYmYfzMH5/AGCsp0m</latexit>

Em1,m2

<latexit sha1_base64="EzN6hnTMAzshtmoqeyLpindxIaA="></latexit>

4⇡2

⌧22
|n1 � n2⌧ |2

!
=

4⇡2

⌧22
|m1 �m2⌧ |2

<latexit sha1_base64="aGptMCDU1yJF0wLFk/rCwK9ffYk=">AAACF3icbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy6ceGign1AG8pkMmmHTjJh5kYpoR8ibvU73Ilbl36Gf+CkzcJaDwxzOOdcuPf4ieAaHOfLWlpeWV1bL22UN7e2dyr27l5Ly1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+uc7/9wJTmMr6HccK8iAxiHnJKwEh9u9K7ZSEoPhgCUUo+9u2qU3OmwIvELUgVFWj07e9eIGkasRioIFp3XScBLyMKOBVsUu6lmiWEjsiAdQ2NScS0l00Xn+AjowQ4lMq8GPBU/T2R+X5kUr4UAdbjyPx6ziaRzmUTiQgMF7xc/M/rphBeehmPkxRYTGd7hKnAIHFeEg64YhTE2BBCFTenYDokilAwVZZNR+7fRhZJ66TmntfO7k6r9auirRI6QIfoGLnoAtXRDWqgJqIoRc/oBb1aT9ab9W59zKJLVjGzj+Zgff4Aodaf7A==</latexit>,

<latexit sha1_base64="kT5RyQugSKsj0IVi+qaOvx8sBQo=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr5UU3bisYB/QDiWTybSxyWRIMkIZ+gviVr/Dnbj1H/wM/8BM24W1Hgg5nHMu3HuChDNtXPfLKSwtr6yuFddLG5tb2zvl3b2mlqkitEEkl6odYE05i2nDMMNpO1EUi4DTVjC8yf3WI1WayfjejBLqC9yPWcQINlZqdhPNrrxeueJW3QnQIvFmpAIz1Hvl724oSSpobAjHWnc8NzF+hpVhhNNxqZtqmmAyxH3asTTGgmo/m2w7RkdWCVEklX2xQRP190QWBMKmAslDpEfC/nrOxkLnso0IbAYLXi7+53VSE136GYuT1NCYTPeIUo6MRHkzKGSKEsNHlmCimD0FkQFWmBjbX8l25P1tZJE0T6reefXs7rRSu561VYQDOIRj8OACanALdWgAgQd4hhd4dZ6cN+fd+ZhGC85sZh/m4Hz+AP+gm0g=</latexit>

 > 1
<latexit sha1_base64="aGptMCDU1yJF0wLFk/rCwK9ffYk=">AAACF3icbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy6ceGign1AG8pkMmmHTjJh5kYpoR8ibvU73Ilbl36Gf+CkzcJaDwxzOOdcuPf4ieAaHOfLWlpeWV1bL22UN7e2dyr27l5Ly1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+uc7/9wJTmMr6HccK8iAxiHnJKwEh9u9K7ZSEoPhgCUUo+9u2qU3OmwIvELUgVFWj07e9eIGkasRioIFp3XScBLyMKOBVsUu6lmiWEjsiAdQ2NScS0l00Xn+AjowQ4lMq8GPBU/T2R+X5kUr4UAdbjyPx6ziaRzmUTiQgMF7xc/M/rphBeehmPkxRYTGd7hKnAIHFeEg64YhTE2BBCFTenYDokilAwVZZNR+7fRhZJ66TmntfO7k6r9auirRI6QIfoGLnoAtXRDWqgJqIoRc/oBb1aT9ab9W59zKJLVjGzj+Zgff4Aodaf7A==</latexit>, <latexit sha1_base64="21P5iPL23O6kLJm4EGToxLH8YtM=">AAACHHicbVDLSgMxFM34rPU1PnZugkVwVWbE17LoxmUV+4DOUDKZtA3NY0gyQh36K+JWv8OduBX8DP/ATDsLa70QcjjnXDj3RAmj2njel7OwuLS8slpaK69vbG5tuzu7TS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vM711gNRmkpxb0YJCTnqC9qjGBlLdd39wKA0oALSgCMziCKe3Y27bsWrepOB88AvQAUUU++630EsccqJMJghrTu+l5gwQ8pQzMi4HKSaJAgPUZ90LBSIEx1mk/RjeGSZGPaksk8YOGF/b2Q2lHVFksVQj7j99YyMuM5pa8kvmNNy8j+tk5reZZhRkaSGCDzN0UsZNBLmTcGYKoING1mAsKL2FIgHSCFsbJ9l25H/t5F50Dyp+ufVs9vTSu2qaKsEDsAhOAY+uAA1cAPqoAEweATP4AW8Ok/Om/PufEytC06xswdmxvn8AURZodE=</latexit>

⌧ 2 i , i.e.
<latexit sha1_base64="QGJS26Ii0+PI5MMjqW79mni4wfM=">AAACJHicbVDLSgMxFM34rPVVdamLYBHqpsyIr2VRFy5bsA/oDCWTpm1oJjMmd4QyzMaPEbf6He7EhRv/wT8w03ZhrRdCDuecC/ccPxJcg21/WguLS8srq7m1/PrG5tZ2YWe3ocNYUVanoQhVyyeaCS5ZHTgI1ooUI4EvWNMfXmd684EpzUN5B6OIeQHpS97jlIChOoUDF0jscukGBAa+HyS1tOTqewXJTXrcKRTtsj0ePA+cKSii6VQ7hW+3G9I4YBKoIFq3HTsCLyEKOBUszbuxZhGhQ9JnbQMlCZj2knGKFB8Zpot7oTJPAh6zvzcSc55x+aHoYj0KzK9nZBLojDaWLMuclpH/ae0YepdewmUUA5N0ckcvFhhCnDWGu1wxCmJkAKGKmyiYDogiFEyvedOR87eRedA4KTvn5bPaabFyNW0rh/bRISohB12gCrpFVVRHFD2iZ/SCXq0n6816tz4m1gVrurOHZsb6+gHpnaVK</latexit>

⌧ 2 (
p
D)or 

<latexit sha1_base64="N7yQn/ST2Rw8QdboWSajyb+qLYc=">AAACHHicbVDLSgMxFM3UV62v8bFzEyyCqzJTfC2Lbly2YB/QGYZMJm1Dk8yQZIQ69FfErX6HO3Er+Bn+gZl2FtZ6IeRwzrlw7gkTRpV2nC+rtLK6tr5R3qxsbe/s7tn7Bx0VpxKTNo5ZLHshUoRRQdqaakZ6iSSIh4x0w/FtrncfiFQ0Fvd6khCfo6GgA4qRNlRgH3kapUHdo8LjSI/CkGetaWBXnZozG7gM3AJUQTHNwP72ohinnAiNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd9AgThRfjZLP4WnhongIJbmCQ1n7O+NzIQyrjBmEVQTbn61ICOuctpY8guWtJz8T+unenDtZ1QkqSYCz3MMUgZ1DPOmYEQlwZpNDEBYUnMKxCMkEdamz4rpyP3byDLo1GvuZe2idV5t3BRtlcExOAFnwAVXoAHuQBO0AQaP4Bm8gFfryXqz3q2PubVkFTuHYGGszx9PsaHY</latexit>

⌧2 2



Crossing Points - Moduli Dependence
‣ Let us study the values of     where eigenmodes           and            cross: 

 
 

‣ Focus on                          : 
‣ Such     are special! The torus lattice has a special (number-theoretic) 

property known as complex multiplication: 
• Usually                                                          has only scaling: 

• At these special points, there exists an additional symmetry:                 

<latexit sha1_base64="eigvfmup3ds1DFGKzz5cWzWzlsQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEwm04YmmSG5I5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QCG7Adb+c0srq2vpGebOytb2zu1fdP2ibONWUtWgsYt0NiGGCK9YCDoJ1E82IDATrBOPb3O88Mm14rB5gkjBfkqHiEacEcqkPJB1Ua27dnQEvE68gNVSgOah+98OYppIpoIIY0/PcBPyMaOBUsGmlnxqWEDomQ9azVBHJjJ/Ndp3iE6uEOIq1fQrwTP09kQWBtKkgFiE2E2l/s2ATaXLZRiSB0ZKXi/95vRSiaz/jKkmBKTrfI0oFhhjnveCQa0ZBTCwhVHN7CqYjogkF217FduT9bWSZtM/q3mX94v681rgp2iqjI3SMTpGHrlAD3aEmaiGKRugZvaBX58l5c96dj3m05BQzh2gBzucP+PKaww==</latexit>⌧ <latexit sha1_base64="nJ9Z5jTygMbBquOQY68IsHbXQOQ=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4kDJTfC2LIrisYG1hOgyZTKYNzWNIMkIZ+hXiVr/Dnbj1C/wM/8C0nYW1Hgg5nHMu3HuilFFtXPfLKS0tr6yuldcrG5tb2zvV3b0HLTOFSRtLJlU3QpowKkjbUMNIN1UE8YiRTjS8nvidR6I0leLejFIScNQXNKEYGSv5N2EuQu9EhI1xWK25dXcKuEi8gtRAgVZY/e7FEmecCIMZ0tr33NQEOVKGYkbGlV6mSYrwEPWJb6lAnOggn648hkdWiWEilX3CwKn6eyKPIm5TkWQx1CNufz1nI64nso1wZAYL3kT8z/Mzk1wGORVpZojAsz2SjEEj4aQeGFNFsGEjSxBW1J4C8QAphI0tsWI78v42skgeGnXvvH52d1prXhVtlcEBOATHwAMXoAluQQu0AQYSPIMX8Oo8OW/Ou/Mxi5acYmYfzMH5/AGGAp0o</latexit>

En1,n2

<latexit sha1_base64="WCBpTdVSS2G46dcmOJ9kDFBwAWo=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4kDJTfC2LIrisYG1hOgyZTKYNzWNIMkIZ+hXiVr/Dnbj1C/wM/8C0nYW1Hgg5nHMu3HuilFFtXPfLKS0tr6yuldcrG5tb2zvV3b0HLTOFSRtLJlU3QpowKkjbUMNIN1UE8YiRTjS8nvidR6I0leLejFIScNQXNKEYGSv5N2HOQ++Eh41xWK25dXcKuEi8gtRAgVZY/e7FEmecCIMZ0tr33NQEOVKGYkbGlV6mSYrwEPWJb6lAnOggn648hkdWiWEilX3CwKn6eyKPIm5TkWQx1CNufz1nI64nso1wZAYL3kT8z/Mzk1wGORVpZojAsz2SjEEj4aQeGFNFsGEjSxBW1J4C8QAphI0tsWI78v42skgeGnXvvH52d1prXhVtlcEBOATHwAMXoAluQQu0AQYSPIMX8Oo8OW/Ou/Mxi5acYmYfzMH5/AGCsp0m</latexit>

Em1,m2

<latexit sha1_base64="EzN6hnTMAzshtmoqeyLpindxIaA="></latexit>

4⇡2

⌧22
|n1 � n2⌧ |2

!
=

4⇡2

⌧22
|m1 �m2⌧ |2

<latexit sha1_base64="aGptMCDU1yJF0wLFk/rCwK9ffYk=">AAACF3icbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy6ceGign1AG8pkMmmHTjJh5kYpoR8ibvU73Ilbl36Gf+CkzcJaDwxzOOdcuPf4ieAaHOfLWlpeWV1bL22UN7e2dyr27l5Ly1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+uc7/9wJTmMr6HccK8iAxiHnJKwEh9u9K7ZSEoPhgCUUo+9u2qU3OmwIvELUgVFWj07e9eIGkasRioIFp3XScBLyMKOBVsUu6lmiWEjsiAdQ2NScS0l00Xn+AjowQ4lMq8GPBU/T2R+X5kUr4UAdbjyPx6ziaRzmUTiQgMF7xc/M/rphBeehmPkxRYTGd7hKnAIHFeEg64YhTE2BBCFTenYDokilAwVZZNR+7fRhZJ66TmntfO7k6r9auirRI6QIfoGLnoAtXRDWqgJqIoRc/oBb1aT9ab9W59zKJLVjGzj+Zgff4Aodaf7A==</latexit>,

<latexit sha1_base64="kT5RyQugSKsj0IVi+qaOvx8sBQo=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr5UU3bisYB/QDiWTybSxyWRIMkIZ+gviVr/Dnbj1H/wM/8BM24W1Hgg5nHMu3HuChDNtXPfLKSwtr6yuFddLG5tb2zvl3b2mlqkitEEkl6odYE05i2nDMMNpO1EUi4DTVjC8yf3WI1WayfjejBLqC9yPWcQINlZqdhPNrrxeueJW3QnQIvFmpAIz1Hvl724oSSpobAjHWnc8NzF+hpVhhNNxqZtqmmAyxH3asTTGgmo/m2w7RkdWCVEklX2xQRP190QWBMKmAslDpEfC/nrOxkLnso0IbAYLXi7+53VSE136GYuT1NCYTPeIUo6MRHkzKGSKEsNHlmCimD0FkQFWmBjbX8l25P1tZJE0T6reefXs7rRSu561VYQDOIRj8OACanALdWgAgQd4hhd4dZ6cN+fd+ZhGC85sZh/m4Hz+AP+gm0g=</latexit>

 > 1
<latexit sha1_base64="aGptMCDU1yJF0wLFk/rCwK9ffYk=">AAACF3icbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy6ceGign1AG8pkMmmHTjJh5kYpoR8ibvU73Ilbl36Gf+CkzcJaDwxzOOdcuPf4ieAaHOfLWlpeWV1bL22UN7e2dyr27l5Ly1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+uc7/9wJTmMr6HccK8iAxiHnJKwEh9u9K7ZSEoPhgCUUo+9u2qU3OmwIvELUgVFWj07e9eIGkasRioIFp3XScBLyMKOBVsUu6lmiWEjsiAdQ2NScS0l00Xn+AjowQ4lMq8GPBU/T2R+X5kUr4UAdbjyPx6ziaRzmUTiQgMF7xc/M/rphBeehmPkxRYTGd7hKnAIHFeEg64YhTE2BBCFTenYDokilAwVZZNR+7fRhZJ66TmntfO7k6r9auirRI6QIfoGLnoAtXRDWqgJqIoRc/oBb1aT9ab9W59zKJLVjGzj+Zgff4Aodaf7A==</latexit>, <latexit sha1_base64="21P5iPL23O6kLJm4EGToxLH8YtM=">AAACHHicbVDLSgMxFM34rPU1PnZugkVwVWbE17LoxmUV+4DOUDKZtA3NY0gyQh36K+JWv8OduBX8DP/ATDsLa70QcjjnXDj3RAmj2njel7OwuLS8slpaK69vbG5tuzu7TS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vM711gNRmkpxb0YJCTnqC9qjGBlLdd39wKA0oALSgCMziCKe3Y27bsWrepOB88AvQAUUU++630EsccqJMJghrTu+l5gwQ8pQzMi4HKSaJAgPUZ90LBSIEx1mk/RjeGSZGPaksk8YOGF/b2Q2lHVFksVQj7j99YyMuM5pa8kvmNNy8j+tk5reZZhRkaSGCDzN0UsZNBLmTcGYKoING1mAsKL2FIgHSCFsbJ9l25H/t5F50Dyp+ufVs9vTSu2qaKsEDsAhOAY+uAA1cAPqoAEweATP4AW8Ok/Om/PufEytC06xswdmxvn8AURZodE=</latexit>

⌧ 2 i

<latexit sha1_base64="eigvfmup3ds1DFGKzz5cWzWzlsQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEwm04YmmSG5I5ShfyBu9TvciVt/ws/wD8y0s7DWAyGHc86Fe0+QCG7Adb+c0srq2vpGebOytb2zu1fdP2ibONWUtWgsYt0NiGGCK9YCDoJ1E82IDATrBOPb3O88Mm14rB5gkjBfkqHiEacEcqkPJB1Ua27dnQEvE68gNVSgOah+98OYppIpoIIY0/PcBPyMaOBUsGmlnxqWEDomQ9azVBHJjJ/Ndp3iE6uEOIq1fQrwTP09kQWBtKkgFiE2E2l/s2ATaXLZRiSB0ZKXi/95vRSiaz/jKkmBKTrfI0oFhhjnveCQa0ZBTCwhVHN7CqYjogkF217FduT9bWSZtM/q3mX94v681rgp2iqjI3SMTpGHrlAD3aEmaiGKRugZvaBX58l5c96dj3m05BQzh2gBzucP+PKaww==</latexit>⌧

, i.e.
<latexit sha1_base64="QGJS26Ii0+PI5MMjqW79mni4wfM=">AAACJHicbVDLSgMxFM34rPVVdamLYBHqpsyIr2VRFy5bsA/oDCWTpm1oJjMmd4QyzMaPEbf6He7EhRv/wT8w03ZhrRdCDuecC/ccPxJcg21/WguLS8srq7m1/PrG5tZ2YWe3ocNYUVanoQhVyyeaCS5ZHTgI1ooUI4EvWNMfXmd684EpzUN5B6OIeQHpS97jlIChOoUDF0jscukGBAa+HyS1tOTqewXJTXrcKRTtsj0ePA+cKSii6VQ7hW+3G9I4YBKoIFq3HTsCLyEKOBUszbuxZhGhQ9JnbQMlCZj2knGKFB8Zpot7oTJPAh6zvzcSc55x+aHoYj0KzK9nZBLojDaWLMuclpH/ae0YepdewmUUA5N0ckcvFhhCnDWGu1wxCmJkAKGKmyiYDogiFEyvedOR87eRedA4KTvn5bPaabFyNW0rh/bRISohB12gCrpFVVRHFD2iZ/SCXq0n6816tz4m1gVrurOHZsb6+gHpnaVK</latexit>

⌧ 2 (
p
D)or 

<latexit sha1_base64="84puoQzS5Xbc+95a11E4LWAWsDQ="></latexit>

⇤ = /� = {a+ b⌧ | 0  a, b  1} <latexit sha1_base64="Yth3pcuSe4JGf75QvcgwfRfWTfE=">AAACHnicbVDLSgMxFM34rPU1KrhxEyyCqzIjvpZFNy5cVLAP6AwlyWTa0CQzJBmh1P6LuNXvcCdu9TP8AzPtLKz1QMjJOefCzcEpZ9p43pezsLi0vLJaWiuvb2xubbs7u02dZIrQBkl4otoYacqZpA3DDKftVFEkMKctPLjO/dYDVZol8t4MUxoK1JMsZgQZK3XdfRTc2nSEAp1hTU3x6roVr+pNAOeJX5AKKFDvut9BlJBMUGkIR1p3fC814Qgpwwin43KQaZoiMkA92rFUIkF1OJrsP4ZHVolgnCh7pIET9ffECGNhUzjhEdRDYW89YyOhc9lGBDL9OS8X//M6mYkvwxGTaWaoJNM94oxDk8C8KxgxRYnhQ0sQUcx+BZI+UogY22jZduT/bWSeNE+q/nn17O60Ursq2iqBA3AIjoEPLkAN3IA6aAACHsEzeAGvzpPz5rw7H9PoglPM7IEZOJ8/tLGijw==</latexit>

a⇤ ⇢ ⇤

<latexit sha1_base64="xAWQZLpz8lny98cUusaq8gh4yoM=">AAACH3icbVC7TsMwFHV4lvIKMDCwWFQIpipBvMYKFgaGItGH1ESV4zitVT8i20Gqon4MYoXvYEOs/Qz+ALfNQClHsnx8zrmS74lSRrXxvLGztLyyurZe2ihvbm3v7Lp7+00tM4VJA0smVTtCmjAqSMNQw0g7VQTxiJFWNLib+K1nojSV4skMUxJy1BM0oRgZK3XdQ3QaPNh4jAKdRZqY4tV1K17VmwIuEr8gFVCg3nW/g1jijBNhMENad3wvNWGOlKGYkVE5yDRJER6gHulYKhAnOsynC4zgiVVimEhljzBwqv6eyKOI21QkWQz1kNtbz9mI64lsIxyZ/oI3Ef/zOplJbsKcijQzRODZP5KMQSPhpCwYU0WwYUNLEFbUrgJxHymEja20bDvy/zaySJrnVf+qevl4UandFm2VwBE4BmfAB9egBu5BHTQABiPwCt7Au/PifDifztcsuuQUMwdgDs74Bx11osA=</latexit>

a0⇤ ⇢ ⇤

<latexit sha1_base64="jPMPdfBHYqBIj5mn6/7XTpAmnag="></latexit>

a0 =
D +

p
D

2
2,

,
<latexit sha1_base64="k04oHJYe+rfxJw2h0n/DvZRKk6A=">AAACIXicbVDLSgMxFM3UV62vUVfiJlgEV2VGfC2LblxWsA/sDCWTSdvQJDMkGaEMgx8jbvU73Ik78Sv8AzPtINZ6IeRwzrlwzwliRpV2nA+rtLC4tLxSXq2srW9sbtnbOy0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9FVrrfviVQ0Erd6HBOfo4GgfYqRNlTP3kMeFR5HehgEPP0Bd1nWs6tOzZkMnAduAaqgmEbP/vLCCCecCI0ZUqrrOrH2UyQ1xYxkFS9RJEZ4hAaka6BAnCg/nUTI4KFhQtiPpHlCwwn7eyM1VxlXELEQqjE3v5qREVc5bSx5hDktJ//TuonuX/gpFXGiicDTO/oJgzqCeV0wpJJgzcYGICypiQLxEEmEtSm1Yjpy/zYyD1rHNfesdnpzUq1fFm2VwT44AEfABeegDq5BAzQBBg/gCTyDF+vRerXerPeptWQVO7tgZqzPbyAwpGw=</latexit>

a 2

<latexit sha1_base64="N7yQn/ST2Rw8QdboWSajyb+qLYc=">AAACHHicbVDLSgMxFM3UV62v8bFzEyyCqzJTfC2Lbly2YB/QGYZMJm1Dk8yQZIQ69FfErX6HO3Er+Bn+gZl2FtZ6IeRwzrlw7gkTRpV2nC+rtLK6tr5R3qxsbe/s7tn7Bx0VpxKTNo5ZLHshUoRRQdqaakZ6iSSIh4x0w/FtrncfiFQ0Fvd6khCfo6GgA4qRNlRgH3kapUHdo8LjSI/CkGetaWBXnZozG7gM3AJUQTHNwP72ohinnAiNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd9AgThRfjZLP4WnhongIJbmCQ1n7O+NzIQyrjBmEVQTbn61ICOuctpY8guWtJz8T+unenDtZ1QkqSYCz3MMUgZ1DPOmYEQlwZpNDEBYUnMKxCMkEdamz4rpyP3byDLo1GvuZe2idV5t3BRtlcExOAFnwAVXoAHuQBO0AQaP4Bm8gFfryXqz3q2PubVkFTuHYGGszx9PsaHY</latexit>

⌧2 2



‣ In two absolutely remarkable papers, Moore pointed out a relation 
between CM points and solutions to BH attractor equations
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‣ In two absolutely remarkable papers, Moore pointed out a relation 
between CM points and solutions to BH attractor equations 

‣ Roughly, this goes as follows: 
• Look at supersymmetric dyonic BH. The vector multiplets follow a gradient flow to 

fixed points in their target space, so-called attractors 

• In the context of IIB, the vector multiplet moduli space is the CS moduli space, and 
attractor points are special CS moduli points 

• The central charge of the BH,                                            , decreases along the flow 

‣ Moore showed that for      and              , the solution to the attractor 
equations are CM points

Complex Multiplication and attractors
[Moore `98]

[Ferrara, Kallosh, Strominger `95]

<latexit sha1_base64="S2ttAGAQo2P1Tul7KOcGCFb07ow=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4KjOi1WXRjcuKfUE7lkwm04bmMSQZoQz9AnGr3+FO3PoVfoZ/YKadhbUeCDmccy7ce4KYUW1c98sprKyurW8UN0tb2zu7e+X9g7aWicKkhSWTqhsgTRgVpGWoYaQbK4J4wEgnGN9kfueRKE2laJpJTHyOhoJGFCNjpfvmQ21QrrhVdwa4TLycVECOxqD83Q8lTjgRBjOkdc9zY+OnSBmKGZmW+okmMcJjNCQ9SwXiRPvpbNUpPLFKCCOp7BMGztTfE2kQcJsKJAuhnnD76wUbcZ3JNsKRGS15mfif10tMdOWnVMSJIQLP94gSBo2EWS0wpIpgwyaWIKyoPQXiEVIIG1teyXbk/W1kmbTPql6tenF3Xqlf520VwRE4BqfAA5egDm5BA7QABkPwDF7Aq/PkvDnvzsc8WnDymUOwAOfzB5uLmfs=</latexit>

T 6
<latexit sha1_base64="z38JJ8B8Xb7eoew5Q2SGR/696cw=">AAACEnicbVDLSgMxFM34rPVVdekmWARXZaY+l0U3gpsKfUFnLJlMpg3NY0gyQin9C3Gr3+FO3PoDfoZ/YKadhbUeCDmccy65OWHCqDau++UsLa+srq0XNoqbW9s7u6W9/ZaWqcKkiSWTqhMiTRgVpGmoYaSTKIJ4yEg7HN5kfvuRKE2laJhRQgKO+oLGFCNjJf/u1DeUEw0bD9VeqexW3CngIvFyUgY56r3Stx9JnHIiDGZI667nJiYYI2UoZmRS9FNNEoSHqE+6lgpkHwrG050n8NgqEYylskcYOFV/T4zDkNtUKFkE9YjbW8/ZiOtMthGOzGDBy8T/vG5q4qtgTEWSGiLwbI84ZdBImPUDI6oINmxkCcKK2q9APEAKYWNbLNqOvL+NLJJWteJdVM7vz8q167ytAjgER+AEeOAS1MAtqIMmwCABz+AFvDpPzpvz7nzMoktOPnMA5uB8/gAPaJ1t</latexit>

K3⇥ T 2



Generalizations
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points 
‣ This is puzzling: The Laplacian eigenmodes are not (known to be) BPS, 

but the BHs are in general. Potential explanations: 
• The eigenmodes are not BPS, but certain loci where eigenmodes cross are 

• The generalization is to attractors that do not correspond to BPS objects 

• This is an accident for tori and does not generalize 

‣ The notion of CM can be generalized to any CY 3-fold (where it 
becomes a condition on the middle cohomology lattice)



Crossing Points - Generalizations
‣ Beyond   or  , there is likely no relation between attractors and CM points: 

• Gukov and Vafa argued that attractors are dense, while CM points are rare (based on a 
relation of (dense) RCFTs and the (recently proven) Andre-Oort conjecture 

• Attractors are not algebraic (    Moore’s conjecture) for higher-dim CYs (they construct 
counter-examples for CY              folds for                      ) 

• Candelas et.al. related attractors to L functions, which are believed to be transcendental 
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Crossing Points - Generalizations
‣ Beyond   or  , there is likely no relation between attractors and CM points: 

• Gukov and Vafa argued that attractors are dense, while CM points are rare (based on a 
relation of (dense) RCFTs and the (recently proven) Andre-Oort conjecture 

• Attractors are not algebraic (    Moore’s conjecture) for higher-dim CYs (they construct 
counter-examples for CY              folds for                      ) 

• Candelas et.al. related attractors to L functions, which are believed to be transcendental 

‣ Since crossings are also ubiquitous (dense?), the generalization (if any) is to a relation 
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Crossing Points - Generalizations
‣ Beyond   or  , there is likely no relation between attractors and CM points: 

• Gukov and Vafa argued that attractors are dense, while CM points are rare (based on a 
relation of (dense) RCFTs and the (recently proven) Andre-Oort conjecture 

• Attractors are not algebraic (    Moore’s conjecture) for higher-dim CYs (they construct 
counter-examples for CY              folds for                      ) 

• Candelas et.al. related attractors to L functions, which are believed to be transcendental 

‣ Since crossings are also ubiquitous (dense?), the generalization (if any) is to a relation 
between attractors and crossings, not CM and crossings  

‣ The appearance of CM was an accident of the 1:1 correspondence between CM and 
attractors for tori
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Crossings on 1-parameter Quartic K3
‣ For the K3, there is still a correlation between CM points and attractors 
‣ The CM points for the quartic are again at special values of the periods 

‣ We compute the spectrum and compare crossings to these CM points
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Crossings on 1-parameter Quintic CY3
‣ For the Quintic, we need to compare crossings to attractors: 

• Compute the CY spectrum 

• Read off crossings 

• Compute the attractors in the mirror-dual (D0,D2,D4,D6) brane system and look for 
minima of the central charge at the crossing points [Denef, Greene, Raugas `01]
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Conclusions

CM points
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Eigenvalue crossings rational

Attractors

General CY
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Announcements

ML Meetings @ Caltech
- Dec 10-12: Mathematics and ML 2023
- Dec 13-15: string_data 2023

Aspen Winter Conference
- Jan 14-19: Fields, Strings, and Deep Learning
                     Application deadline: Aug 31



Thank You!
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Additional Material



Numerical Spectrum - Discretizing the CY
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Numerical Spectrum - Discretizing the CY
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Numerical Spectrum - Discretizing the Eigenfunctions
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