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The statistics of string/M theory vacua
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We discuss systematic approaches to the classification of string/M theory vacua, and phys-
ical questions this might help us resolve. To this end, we initiate the study of ensembles of
effective Lagrangians, which can be used to precisely study the predictive power of string
theory, and in simple examples can lead to universality results. Using these ideas, we out-
line an approach to estimating the number of vacua of string/M theory which can realize

the Standard Model.
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the Standard Model.

Profound results with assumptions, e.g.:

W (21)W*(22) ze—K(zl,Zz)’

Although the ensembles we considered are somewhat crude, we can progress by for-
mulating better ones which try to reflect more of the structure of the problem, and test
our hypothesized ensembles against statistics of sample sets of string vacua constructed
either systematically, or by choosing random examples and doing detailed model-by-model
analysis. By finding better ensembles, we will be improving our understanding of the dis-
tribution of string/M theory vacua in a relatively concrete way. One might think of the
structure of a good ensemble as capturing a “stringy” concept of naturalness, which could

improve on traditional ideas of naturalness in guiding string phenomenology.
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what’s their physics?

* Which relevant scales (masses, string coupling,
scale of supersymmetry breaking, regimes for
successful uplifts [cf. Hebecker’s talk])?

* Universal features (distribution of physical
properties in a single geometry and in
ensembles of geometries)?

* Do minima satisfying all UV constraints actually
exist?

We actually know very little about this even after 20
years, because we have not been able to look.



Status of actual ensembles

No systematic analysis due to methodological limitations

Few examples:

Small | W,,| (Demirtas et al. 1912.10047, Alvarez et al. 2009.03325)

P11226 (Conlon et al. 0502058), P11169 (Martinez-Pedrera et al. 1212.4530),
some of our examples using homotopy methods (Cicoli et al. 1312.0014)

Analytic approximations: Coudarchet et al. (2212.02533)



What do we need?

Easily obtain flux vacua relevant for our physics gquestions:
 Many geometries, different regions of moduli space
* Different questions (e.g. SUSY, non SUSY vacua)

 Many samples (statistics, dedicated search algorithms)

— JAXvacua

2306.06160



Which flux solutions?

 CY orientifold compactifications of Type IIB to 4D ./ = 1 supergravity concentrating on

. h!? complex structure moduli Z',

e axio-dilaton 7.

Prepotentials at large complex structure (LCS) (Hosono et al. hep-th/9403096,hep-th/9406055); moduli values in Kahler cone

1 - | T
F = - l.ij’ZJZk+5aiJ-Z’ZJ+ bl-Zl+5 E+ Finst(Z) ,

1 | — | — X
FlnSt(Z) — (271- |)3 Z néo) |_|3 <eXp27T|in> , |_I3(X) — Z %
qe/%(f(?)) m=1

Kahler potential and flux superpotential:

K = —log[—i(z — )] — log(—iTI" - £-T), W= (f—ch) -Z-TI(Z).
0 1 We are interested In
—1 0/ minima of this system:

c fLh e 720+ are choices of integer 3-form fluxes satisfying tadpole constraint. A) SUSY: D]W = 0
B) Non-SUSY: D;W # ()

1= (2F—ZiFi,Fi,1,Zi)T , Fi=0,F, X= (

 The 4D F-term scalar potential for the fluxes reads

Ve = e <KT’EDTWD%W+ KifDiWD]-W) . DW= 0,W+ Wo,K
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Which models?

CY orientifold data — interfacing with previous work (CYTOOLYS)

We work with mirror pairs of CY3 hypersurfaces X3, X3
in toric varieties V,, V,

obtained from triangulations of 4D polytopes A°, A

Computations performed with

o i

http://cy.tools

Demirtas, Rios-Tascon, McAllister 2211.03823

473,800,776 reflexive polytopes in 4D
Kreuzer, Skarke (KS) [hep-th/0002240]

CY data — our input

Kiig» €2, GVs

We construct smooth orientifolds with
hll = h}_’z = 0 following [Jefferson,
Kim 2211.00210, Moritz 2305.06363]

We compute GV data for models with
hl’z(X3) < 25 using the algorithm of
[Demirtas et al. 2303.00757]


http://cy.tools

Model construction

CY orientifold data from JAXVaC u a

computational tools E FT m Od u Ie

EFT module * Flexible code (i.e. re-use for different CY data) for EFT properties with JAX
Auto-diff to construct SUGRA
equations from prepotential CY data Prepotential Periods EFT properties
Kiji» €25 GVS | ==mmees > | F ) uia LKW )i | Va010,V. My, .

Only hardcoded
input!

Sampling module

Choice Zfilr_“tia'dgfresses for » Auto-diff: machine precision derivatives; easy to implement and adapt to
oS ST e different properties.

Code example:
Optimisation module

Find minima by solving 9,V = 0

prepot(moduli):

using scipy.optimize.root return np.einsum("ijk,1i,j,k",kappa,moduli,moduli,moduli) + ...

gradient_prepot = jax.grad(prepot,holomorphic= ) (moduli)

Filter module

Check for vacua and consistent

. 1 - 1
LCS t t :
runcation On paper: F=— g ijkzgl 7] Zk_l_ o aiF — _ 5 ”

77+ ...



Model construction

CY orientifold data from JAXVa C u a

computational tools Making things fast: compiled and vectorised code

EFT module o Jit automatically generates C++ code during the first evaluation,
Auto-diff to construct SUGRA exeCUtable on CPU/GPU/TPU

equations from prepotential

Code example:

import jax
import jax.numpy as jnp

Sampling module
_ - def selu(x, alpha=1.67, lambda_=1.05):
Choice of initial guesses for return lambda_ * jnp.where(x > @, x, alpha * jnp.exp(x) — alpha)

moduli and fluxes X = jnp.arange(1000000)

%timeit selu(x).block_until_ready()

Optimisation modul

Find minima by solving 9,V = 0
using scipy.optimize.root selu_jit = jax.jit(selu)

# Warm up
selu_jit(x).block_until_ready()

%timeit selu_jit(x).block_until_ready()

Filter module

Check for vacua and consistent
L. CS truncation 10000 loops, best of 5: 150 us per loop



Model construction
CY orientifold data from

JAXvacua

computational tools Making things fast: compiled and vectorised code

EFT module « Jit automatically generates C++ code during the first evaluation, executable on CPU/GPU/TPU

Auto-diff to construct SUGRA

. . * Vmap automatically vectorises and parallelises code (CPU/GPU)
equations from prepotential

Advantages:

* Avoids manual rewriting of functions which is typically rigid and messy
* Can be used flexibly depending on the purpose

Sampling module
PiINg * Huge speed up

Choice of initial guesses for

moduli and fluxes Code example:

hessian_values = [model.scalar_potential_hessian(moduli, tau, flux) for moduli,tau,flux in enumerate(data)]l

Time to compute Hessian values sequentially: 7.26

Optlmlsatlon mOdUIe hessian_vmap = vmap(model.scalar_potential_hessian,axis=(0,0,0))

hessian_values = hessian_vmap(moduli, tau, flux)

Find minima by solving 9,V = 0

: : . . Time to compute Hessian values with vmap: 0.07
using scipy.optimize.root

Difference between evaluating the Hessian for O(10%) solutions in sequence or by
using vmap and evaluate on all solutions at once.
Filter module

Check for vacua and consistent
LCS truncation
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Model construction

CY orientifold data from JAXVaC u a

computational tools Making things fast: compiled and vectorised code

EFT module * Jit automatically generates C++ code during the first evaluation, executable on CPU/GPU/TPU

Auto-diff to construct SUGRA
equations from prepotential

* Vmap automatically vectorises and parallelises code (CPU/GPU)

Timing for evaluating D;W

- 2 ‘ 1,2 !
Sampling module 10  Implementation = 'hl2(xy) -7
® Mathematica @ —2  __-"7
Choice of initial guesses for Python —=a . .
1 an ’,a
moduli and fluxes 100 | e Jaxje T e Implementation is

® JAX jit, vmap

 completely modular: approach easily

@ 10° :
> generalisable

Optimisation module E 1071 * to more general flux vacua

Find minima by solving 0,V = 0 . . . .

Using scioy.optimize. oot - including e.g. conifolds (wip)
* to include Kahler moduli (wip)
1073
Filter module 101 102 103 104
Check for vacua and consistent #Points

LCS truncation

Orders of magnitude speed improvements!




Model construction

CY orientifold data from
computational tools

EFT module

Auto-diff to construct SUGRA
equations from prepotential

Sampling module

Choice of initial guesses for
moduli and fluxes

Optimisation module
Find minima by solving 0,V = 0
using scipy.optimize.root

Filter module

Check for vacua and consistent
LCS truncation

JAXvacua

Sampling module

Initial guesses for moduli VEVs Flux choices

Fluxes f, i uniformly sampled from

fih € [-L,LPP#D

(in practice L < 10) and we impose typically
]Vflux < QD3

Geometry: Cone Sphere

Use-cases: LCS Conifold Axions

ISD sampling:

We sample half of the fluxes plus initial points 7! , T together.
Then, the remaining fluxes are fixed by the ISD condition

ISD, : m;—zyn; =Ny (ml — 7 nl) (also [Tsagkaris, Plauschinn 2207.13721])

where we sample the RHS. In general, rounding is necessary

. rounding . ..
m,ne€R ———— m,n €& Z (ISD no longer satisfied — optimisation module)

Effective sampling method with generically higher success rate.



Model construction
CY orientifold data from

JAXvacua

computational tools Optimisation mOdUIe

EFT module T _
| Optimisation targets:
Auto-diff to construct SUGRA
equations from prepotential _
0,V =0
4 1 3
4 .
4 .
4 .
] " ‘
Sampling module ‘ %
4 .
Choice of initial guesses for ;' “
moduli and fluxes
DW =0 DW # 0
Dubey, SK, Schachner SK, Schachner
[2306.06160] [2307 . XXXX]

Optimisation module
Find minima by solving 0,V = 0

using scipy.optimize.root e Currently, we employ scipy.optimize.root together with multiprocessing!

* \We are implementing new optimisers that are adapted to JAX parallelisation scheme (wip)

Filter module

Check for vacua and consistent
LCS truncation
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Model construction
CY orientifold data from

JAXvacua

computational tools Fi Ite rm Od U Ie

4.0

L J
[ ] : L ]
)
° o0 9,80
L -
Co o> v *%* o X
o X) . 2 o ’e, *
® e e % o oe’e L) ® 0" % .
® 3 [ g - L L ] . F
35 e fe s . Sy o Tl ® 1o me e 28
. - [ ~ e e v [)
® o800 °C ., o () .: L) 2B e 2 oe.® ’ o :, i ®
) » . -
) » ® 5% @ o oo ® 9 °
® o e ° L4 ’ L4 Y Y 0) o L )
L] o 00, 0% ) o' @ o Yo L) [ [
y (- & L) ~ @ % LY S o
< ° ® % 00 o 97 1ege g0 ©° s %0 © %00 g e’e~ 0 ® s, e
30 d e o % o < e ® 05,0 T 0,% o -» & v ee? ~¢ 7
. & o - b ® o o’ L < L
’ [ 9 o . L a % o - e
{ P e80% 0, 9® g0 s DA TS T $
. ® 4. 00 0@ » 107, T8 G 000 > ) o0 0 @ #0% ¢ o L@
s )8 0% 02 S - sades % e ®e®C" % .0 3020 ¢ o
uto-diff to construc o SR Rkl S M OO
° L LN ) (8 205 © O « 1 ] ]
s S o0 ",.0,.~ 0, 29sq,%%0 ‘.. O o0 S0g o, :: 0. "a 0 080 o’ 28° e, 8"
2 5 2%} € on e lgip e @00 Te 80T 30 o, % e < o0 e ®-0 2
. . . ’, .‘. L5 4 g e . v e ° e o L ...‘c.' % e s
0% & " 2f0,a7g o BO® w5 T O @ L. Jeic e, Son oo 0 O
9. 08, 009 ° ® ¢S 0.°2%0% 8o 00100, 61 Co%m)) 20, % 2%
02 s *C %ite . ‘98 g e [ . 0 e "o g e, e 0o N Y
—_ o910 0. 5095 6% % 56" 87 070t T 0 0 0200 (2 r %0 wete: " e
s A 1 e ) . .
|_, o= L > .f;':. 2 0.‘;.0...) \.,‘:4\. e o e .0 _° @\.e. ° ..f-,: .o.:- 2 .o. »®
e Oy 089, SSe-ev v Yoy P al® %, o~ [t ‘e
~ 2.0 .l e : ° .\.0) (4@ .3 - )’...'.O‘.* C3 O.'... e ‘:4\.1(. = ....cj. :" .';"‘ o4 I= %P .
TP o .0 . - e o ‘e o) SO ol = SR Y
E %078 .’.’:;.D. PSP R AP L S S I Y @sse, fee T ,.,QAQ
= U R S OeRt O RGREE P, J I SR CORB B T B
@rY, o - v Ss e, 0% P & -~ o’ e T )OSy e- - o' &0 g
O od (D 0o g® °.” e ® ]
o » CooeD gy ®e%0 rog")a s °
-9 s &l o . 8 ) . ,
ogec 2ol L 00 St ) g % &5 o o ore 808 ‘aig a2
v’Q‘zJ"...‘,'.' L :. "‘. Yo 8% ‘.? » B"i o8 '. @ ;‘ o ’0., !." (] . .‘.‘
1 5 P O o 3 Waut e erig - =29 )0 ® -
* e’ 0 8% e P S 00 ' °® -~ o i€ i
€ e ) LS 15 €089, ) 510 o V. e O%e 0
et e @ o .E oA e o= 0 P2 ',," o® -0‘. LT8G
~0 () ... :.y 2o ™ )@ g oy Py o . e
®. 'u-.‘ .. 4 4’|~.:~- )‘* ‘f "’ "
o) o 9 9, 3" @ .
23 : * 2 e ’3».‘0?’ v &
[©F 0rg® . '\ e, ige
1.0 G ol i@ o~ e ve Yo e
s @ J

Sampling module

Choice of initial guesses for 0.5
moduli and fluxes 0.0

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
Re(T)

1.) Positive string coupling and 2.) Extremum is minimum (positivity of Hessian)
Optimisation module gauge inequivalence under SL(2,7) and absence of flat directions

Find minima by solving 9,V = 0
nd minima by soving oy 3.) Validity of LCS expansion (VEVs within radius of convergence of instanton sum):

F.

inst

£ = 3 < 1 in practice: € < 0.01

pert

using scipy.optimize.root

Filter module | | | |
General technique to determine radius of convergence are currently unavailable, but can

Check for vacua and consistent

LCS truncation easily be added to the module once available.
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JAXvacua
h11=2: Results

Benchmarking our performance: 100 nodes each with 32 cores to find 4 cores with 5GB of memory
24,882 solutions in 75,000 hours VS. 33,019 solutions in 45 minutes

Generating solutions at fixed Ny, = 34
[Martinez-Pedrera et al. 1212.4530] [Dubey, SK, Schachner 2306.06160]

To quantify our sampling biases, compare different samplings for optimisation

107 Q
D3
T .
~ o 10 il II'""!l||| Sampling method:
N 3 \ ““I — Qb3
1= . O 1 tip, ISD .
B . BB cone, ISD.
Bl cone, random
B cone, ISD _
100 I |
8 10 109 10t 102 103 104 10° 106
Nflux
‘é’ e K ,‘-*f:. T A\ és-:'"s = — Wl <Zl> — Z(l) + 67" ’ <T> = Tp + ot
B st At LT > AR e T R
0 N W - Z2
0 5 10 0 5 10 0 5 10 0 5 10

Im(Z1) Im(Zy) Im(Zy) 16 Im(Z4)



JAXvacua

h12=4,5 — previously hard to access. Now easy

With similar computational resources of 10 CPUs: 0.6
O(1) minima [Cicoli, Klevers, SK et al. 1312.0014] — O(10%) minima
0.4
® Ex.2 h%?2=4,0p;=104 ® Ex. 3, ht?2=50p3=192 Ex. 4, h?=5,Qp3 =192
0.2

1072 1071 100 1072 1071 100 1072 101 100
ds ds Js

102 Model : e, o

w 1010 | .
® 2, h1’2=4,QD3=104, :
10715 @ 3,h12=5,0,5=192 °
1020 1073 4, h'?2=5,Qp3=192 :
0O 02 04 06 08 1 0O 02 04 06 08 1 , ~
- 107t 0 0.2 0.4 0.6
S
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Scaling behaviour at larger /!

JAXvacua

Numerical results — 1! < 25

Rt | RY2 | Qps | success rate | fvacua

213 | 5 220 50% 1,370,842
244 | 10 | 256 16% 498,545

399 | 15 | 416 7% 168,291

350 | 20 | 372 < 1%

245 | 25 | 272 < 1%

0.6
N flux/ Qb3

ht2(Xs)
s 5
mm 10
B 15

hl'z(X3)

I- 10
-15

...|III||TFI

10-14 10-10 10 -6 -2 10° 10*

3
= 10
)
S
102
101
100 I

Success rate decreases rapidly because

* high dimensionality means slower evaluation time

* harder to perform numerical optimisation

* phase of Kahler cone becomes narrower
[Demirtas et al. 1808.01282]

Important to stress: sampling with N, < O
much harder than allowing Nﬂux — 0.

We actually looked at examples with 2> > 100
and found solutions with Ny, > Q)

Timing Minimisation:

e 10
e 15
o 20
ﬁ O
(0b]
£
| || i
‘ || ‘ V
I
I I I 01
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N
N
o1
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@0 (
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[EN

#Input fluxes
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Let’'s do some interesting
physics...



What can we say about W,?



What can we say abou ?

2 Moduli
104 Qp3: 148 51, 1, sol.) 101 QOps: 124 (1.33 +06 sol.) 104 Qp3: 136 (1.37e+06 sol.) Qp3: 132 (1.45e+06 sol.)
> 5 - 5 -
>
3 0- 0- 0-
£
-5 -5 -5
~10 - —-10 A : —-10 A
-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10 10
”7 _ 2/71. eK/Z ”7 3 Moduli
O 101 Qps: 104 (1.27e+06 sol.) 101 Qps: 104 Qps: 112 (1.54e+06 sol.)
5 - 5
| | | /8
Universal behaviour S .
£
_5 - : L ; _5 -
Looks Gaussian?
. . ) ] ~10 -5 0 5 10 -10 -5 0 5 10 10 ~10 5 0 5 10
(Near origin: Gaussian ~ Uniform [Douglas]) 4 Modul
101 Qps3: 128 (2.15e+06 sol.) 101 Qps3: 136 (5.04e+05 sol.) 104 Qps3: 104 (1.84e+06 sol.)
5 - 5 - 5 -
S
?, 0- 0- 0
£
_5 _5 _5
—10 A —10 A —-10 A
~10 =5 0 5 10 ~10 =5 0 5 10 ~10 =5 0 5 10 10 =5 0 5 10 ~10 =5 0 5 10
5 Moduli
10{ Qp3: 156 (2.82e+05 sol.) 101 Qps: 160 (3.36e+05 sol.) 10 - 101 Qps: 10 -
5 - 5 - 5 - 5 - 5 -
>
% 0- 0- 0- 0- 0
£
_5 _5 _5 _5 _5
~10- i ~10 ' ~10 B ~10- ~10-
~10 5 0 5 10 ~10 5 0 5 10 ~10 5 0 5 10 10 5 0 5 10
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What can we say about W?

2 moduli 3 moduli 4 moduli 5 moduli
0.20 0.25

0.18 A
0.18 -
0.20 A

0.15 A 0.15 -

0.12 -

0.12 - 0.15 A

0.10 + 0.10 -

0.08 - 0.08 - 0.10 -

Gaussian distribution is a reasonable fit

0.05 ~ 0.05 A

0.05 A

0.03 A 0.03 A

0.00 0.00 - 0.00 -+

g 1.00 1.00 ++ 1.00 - 1.00 A
; .00 +r—m—mmmr—m—rr——— T 0.00 0.00 +r—"m——mm"mmmr—mrrr—— T 0.00 ++
1073 1072 1071 10° 10! 1073 1072 1071 10° 10!
|Wol |Wol
0.6 A
\ 05_
. . . . 1 -1
Gaussian approximation — Expectation for — ° \
. g \ 0.4 -
smallest value for | W,| for a given sample. = \ -
© - i
g 107%; \ E: 0.3
Standard deviation + sample size relevant! § 0.2 -
1072 0.1
Benchmark for dedicated search algorithms.
0.0 A
‘103 104 100 108 107 w0 10 100 10

Sample size r= */x% + x2



Can we construct SUSY breaking minima D;W # (?

SK, Schachner WIP



Ensemble with D,W # 0

Non-SUSY solutions with D;W # 0:

* interesting for their potential application to de Sitter model
building [Saltman, Silverstein hep-th/0402135]

e almost nothing known about solution space apart from e.g.
for continuous fluxes [Gallego et al. 1707.01095]

» can be searched for easily our framework by using 0,V = 0

for the optimisation target

We see some interesting hierarchical suppressions!

New SUSY breaking vacua

Count

(-

104 hl 2 |
— r
s 3 “ ‘II

]

103 |u“““

o |||||M “IIII| ||“
100 ||||| ||| '|| “I ||||||| U
09 101

1 10~/ 10> 103 101
Vo/m ?73/2

hi2 =12 :171167 solutions, h'? = 3 : 79068 solutions
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Conclusions

A new look on flux vacua

Efficient code to generate ensembles of flux vacua (autodiff,
just in time compilation, vectorisation)

First large ensembles beyond 1 & 2 moduli cases. Ensembles
are necessary to demonstrate/disprove non-existence of
certain types of solutions.

Universal Gaussian behaviour across geometries

Flexible code allows to search for different type of solutions.
Here: Ensemble of SUSY breaking solutions. Hint for
hierarchies

20 years after Douglas et al. seminal works we are now ready
to compare with meaningful ensembles. Let’s look at their
physics!

Which imprint to discreteness and finiteness leave? Can we
achieve interesting parameter regimes.

25
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Implementation  p1.2(x5)

® Mathematica — 2
Python E——

® JAXjit

® JAXjit, vmap

-
-
—
—
—
-
-
-
—
—
-
-
-

10% 102 0° 10%

#Pnintc

.

I III IIIII' i |\l
““ ‘““Ludl
0.6 .

10° ht (X )

-10

I

104

||[||“ |

Qp3

N x/
2 .
Qp3: 148 (1.41e+06 sol.) 101 Qps: 124 (1.33e+06 sol.)
N
% ¥

0000000000000000000000000000
RRRRRRRRRRRRRRRRRRRRRRRR



100
1 Accuracy for
DenseModel-1

% DenseModel-2

+ Donaldson k=6

|| -—e- Extrapolation from ¢ =100

10—1 ]

| = - H)—
| A | Model |~
10! 102 vi—
learnable parameters €

|y

Z :
We learn the metric of extra-dimensional spaces — Sab

I h an k yO u ' Gerdes, Krippendorf: 2211.12520
_

Highly recommended: Andreas Schachner’s talk on Thursday
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