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Motivations and Summary

e Generalized symmetries become a vibrant field, with applications in
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Motivations and Summary

e Generalized symmetries become a vibrant field, with applications in
QFT, condensed matter physics, particle phenomenology ...

o No global symmetry swampland conjecture: any UV complete QG
theory has no exact global symmetry, including the generalized

symmetries
e The past research are almost all about bosonic symmetries

e In this talk, discuss fermionic (higher-form) symmetries, the examples
and other properties: gauging, curved space-time ...
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p-form symmetry

e We consider a QFT in d-dimensional space-time RL.d-1

e An invertible p-form symmetry with symmetry group G is generated by
(d — p — 1)-dimensional topological operators Ug(M(d_P_l)), g€ G:
(Gaiotto, Kapustin, Seiberg, Willett 14")

Ug(M@=P= D) Up(ME=P7D) = Ugp( M=) (1)
and acts on p-dimensional objects(operators) V/(C(P)).

Ug(]\/[(d’7“>) Uh(M(d-pl)> Ugh(Md—p—l))
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p-form symmetry

e Ug(M(9=P=1)) has non-trivial action on V(C(P)) when M(¢=P~=1) and
C(P) are non-trivially linked. (C(®), M(4=P=1)} is the linking number.
R(g) is a representation of G.

Us (MU D)V (CP) = R(g) "M ey, (2)

e Example: pure 4d U(1) gauge theory
(1) U(l).(gl) 1-form symmetry acting on Wilson loops
(2) U(l)g) 1-form symmetry acting on ‘t Hooft loops
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Fermionic p-form symmetry

e An invertible fermionic p-form symmetry is generated by
(d — p — 1)-dimensional topological operators U (M(@=P=1)), ¢is a
fermionic spinor with Grassmannian components

Uél(M(d_p_l))Uﬁz(M(d_p_l)) = U61+62(M(d_p_1)) . (3)

and acts on p-dimensional objects(operators) V/(C(P)).

Yi-Nan Wang Fermionic Higher-form Symmetries 5/23



Fermionic p-form symmetry
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Uél(M(d_p_l))Uﬁz(M(d_p_l)) = U61+62(M(d_p_1)) . (3)

and acts on p-dimensional objects(operators) V/(C(P)).

e The action has the same form as the bosonic p-form symmetry

U(MEP D)V (CP) = R Dve). (@)
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Fermionic p-form symmetry

e An invertible fermionic p-form symmetry is generated by
(d — p — 1)-dimensional topological operators U (M(@=P=1)), ¢is a

fermionic spinor with Grassmannian components
Uél(M(d_p_l))Uﬁz(M(d_p_l)) = U61+62(M(d_p_1)) . (3)

and acts on p-dimensional objects(operators) V/(C(P)).

e The action has the same form as the bosonic p-form symmetry

U (ME=P=D)y(C(P)) = R(€)<C<"),M("‘”‘”> V(). (4)

e What is the symmetry group G? In this talk assume to be
non-compact G = R®, s is the number of spinor components
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Fermionic 0-form symmetry

(1) Global supersymmetry acts on local operators, with supercurrent

J(d—1) and supercharge Q = fM(d—uj(d—l) (and Q).

UE(M(dfl)) _ ei(eo+ée) '
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Fermionic O-form symmetry

(1) Global supersymmetry acts on local operators, with supercurrent
J(d—1) and supercharge Q = fM(d_l,j(d_l) (and Q).

UE(M(dfl)) — oi(EQ+Qe) (5)

(2) Shifting symmetry of a free Dirac spinor

S= / — 1 0,hdx . (6)

o Invariant under the shift v — ¢ +¢, d,e = 0.
e Generated by the topological operator

Ue(MU=D) = exp ("/M(d_l) * [Evayy — 15’7(1)6]> ; (7)

® Y(p) is the P-form ’Y—matrix Y(p) = %'Vm..-updxm .. dxHe
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e How to construct fermionic higher-form symmetry?
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Fermionic 1-form symmetry

e How to construct fermionic higher-form symmetry?
o Naively one can construct 1d operator as an integration of v, over a

circle C, e. g.

v(c) = /C (Tt — T (8)
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e How to construct fermionic higher-form symmetry?
o Naively one can construct 1d operator as an integration of v, over a
circle C, e. g.
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e However there is no (d — 2)-dim. topological operator in the free
fermion theory that links C.
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Fermionic 1-form symmetry

e How to construct fermionic higher-form symmetry?
o Naively one can construct 1d operator as an integration of v, over a
circle C, e. g.

v(c) = /c (Tt — T (8)

e However there is no (d — 2)-dim. topological operator in the free
fermion theory that links C.
o One should consider theories with Rarita-Schwinger field ,,!
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Fermionic 1-form symmetry

o Consider a free Rarita-Schwinger field 1, (d > 3)

S= /fz/jﬂ’yﬂypﬁyszddx, (9)
with gauge symmetry )1, = 9, A

e There is a gauge invariant operator (fermionic analog of the bosonic

Wilson loop)

Vi(C) = exp <i/c(ﬁw# + zﬁﬂn)dx“> . (10)

e The “charge” 7 is unquantized, since the gauge group is non-compact.
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Fermionic 1-form symmetry

e From the conserved 2-form current
jpl/ = _7uup¢p7 (11)
one can construct (d — 2)-dim. topological operator
U (M=) = exp ('/ . [€(xT)(d-2) + (xT )(d-2) 6]) (12)
M(d—2
e Acts on V,(C) as
(U(M@=2)V,(C)) = exp (i(n +Tie)(C, M@=2) ) (v, (C)) . (13)

e The phase factor is a Grassmannian even element.
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Fermionic p-form symmetry

e Generalize to a free fermionic p-form tensor gauge field
1/)(,,) = %l/’muzmupdxm ... dx*r, with fermionic p-form symmetry
(d>2p+1)

S= / () A Wd—2p-1) A\ dYp) (14)

with gauge symmetry 0x%(,) = dA(p—1). Quantization: (Lekeu, Zhang 21')
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Fermionic p-form symmetry

e Generalize to a free fermionic p-form tensor gauge field
7/f(p) = %wmmmﬂpdxﬂl ... dx*r, with fermionic p-form symmetry
(d>2p+1)

S= / —(p) AN V(d—2p-1) A dib(p) (14)

with gauge symmetry 0x%(,) = dA(p—1). Quantization: (Lekeu, Zhang 21')
e Similarly, one can construct the p-dimensional gauge invariant operator

e =eso (i [ + ) ) (15)
P
e (d — p — 1)-dim. topological operator acting on Vn(C(P))

UG(M(d—P—l)) = exp (I Aﬂ(d_ L [E (*j)(d—p—l) + (*j)(d_p_1)6]>

J— V1.V,
ju1u2~~-ﬂp+1 = 7#1--<Mp+1”1-~”p¢ B (17)
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Examples with fermionic higher-form symmetry

e A general class of examples: Lagrangian with 1), fields, y-tensor and
one derivative in each term.

e For example the “fermionic BF theory” in 4d

S = /d X X W’w%api/}a /‘Zlfyuypg’%al’xﬁf) . (18)

e Gauge transformation 6.1, = du€, OAXuw = 20\,
e The gauge invariant operators

Vi(C) = exp (i f[i: (T + Pun) dx“) (19)
" We(S) = exp (f 7{9 %(Exw + Xpwt) dS’“’) (20)

are the charged objects under fermionic 1-form and 2-form symmetries.
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Examples with fermionic higher-form symmetry

o V,(C) and W(S) has non-trivial action on each other

(VlCWe(8) = exp (3G +76)(5.0) ) (We().
WSV, e = o0 (@ +70(C.8) (V). (21

= exp (560195, ) (V(O))-

e Hence in d = 4, the theory is a fermionic TQFT on R'3, in the sense
that correlation functions are given by the linking number.
e Analogous to the bosonic BF theory, it is also gapped.
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6d (4,0) theory

e Another example is 6d (4,0) theory with 32 supercharges, which is
conjectured to be the strongly coupled limit of 5d maximal supergravity
(Hull 00")(Bertrand, Borsten, Cederwall, Gunaydin, Henneaux, Hohenegger, Hohm,
Hull, Minasian, Lekeu, Leonard, Samtleben, Strickland-Constable, Zhang. . .)

e Analogue of strongly coupled 5d ' =2 SYM — 6d (2,0) theory
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6d (4,0) theory

D = 11 supergravity

D =10, type IIB
G = SL(2,R)
chiral A = (2,0)

D =10, type ITA

non-chiral A = (1,1)

D

G =SL(2,R) xR
D=8

G = SL(3,R) x SL(2,R)

D
G =SL(,R

D = 6 exotic theory D=6 D = 6 exotic theory
G = Eqg(5) G = 50(5,5) G = Fy)
chiral N = (4,0) non-chiral N = (2,2) chiral N = (3,1)
= =] = = £ DAe
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6d (4,0) theory

e 6d (4,0) supermultiplet, fields organized under reps of little group
SU(2) x SU(2) and the R-symmetry group USp(8):

(1) Cunpq: (5,1;1), a 4-index object with the same symmetry as the
Riemann tensor

(2) w3,n: (4,1;8), a fermionic 2-form gauge field, in the fundamental
rep. of USp(8)

(3) Byn: (3,1;27)

(4) ¢: (1,1,42)

(5) A: (2,1,48)

e Even a 6d Lorentz covariant free action is not found yet

o Nonetheless, in the free limit, W,y fields have a fermionic 2-form

symmetry!
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6d (4,0) theory

e In the free limit, the kinetic term for Wy fields is
Leg = Uy MMVPORGLW ok (22)

One can construct gauge invariant surface operator charged under
fermionic 2-form symmetry

V,(S) = exp (f 3@+ ) dsMN> @)
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6d (4,0) theory

e In the free limit, the kinetic term for Wy fields is
Log = VynMPROLW -, (22)

One can construct gauge invariant surface operator charged under
fermionic 2-form symmetry

V,(S) = exp (f £ 3@+ Bn) dsMN) @)

e After dimensional reduction to 5d on S?, decompose {M} = {u,5},
write Wy = (’(/AJMN, O)T

wuu = Iﬁuu s wu = 7;;145 . (24)
e 5d Lagrangian

L5g4 = QZ_}#VFYMVPUTap,l;Z}UT + 2/.¢_le'¥“ypaap1/1a _ 2i1/_)#vuupaay¢po ] (25)

e A fermionic 1-form symmetry and a fermionic 2-form symmetry in 5d

Yi-Nan Wang Fermionic Higher-form Symmetries 16 /23



Gauging of fermionic p-form symmetries

e How do we gauge such symmetries? Take the 0-form example

Sfree - _&Vﬂauwddx . (26)

My
e Invariant under the shift ¢ — v + ¢, global symmetry— 0, = 0.
e After € becomes local, the way to write down a gauge invariant action

is to introduce the dynamical gauge field v,
Oct)y, = Ope. (27)

e The combination 1, — 0,7 is gauge invariant.
e The gauged action is

Sumgsa = [ d*x31(6, ~ 0,). (28)
e Analogous to gauging shifting symmetry of a free scalar??
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Gauging of fermionic p-form symmetries

e However, the action is still not gauge invariant!

Sgauged = /ddmh”(wu - ;ﬂﬁ) (29)

5 Senuzed = / At (s — D) (30)

e 't Hooft anomaly: cannot cancel it by adding local counter terms.
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Gauging of fermionic p-form symmetries

e However, the action is still not gauge invariant!

Sgauged = /ddmh“(wu - ;ﬂﬁ) (29)

SeSumsea = [ ST (1~ 0,0) (30)
e 't Hooft anomaly: cannot cancel it by adding local counter terms.
e Uplift to (d + 1)-dim., by rewriting

Stvee ~ / O ITMN (31)
Mg 11

e My is the boundary of My
e Introduce the (d 4 1)-dim. gauge field Wy, one can write the gauge
invariant (d 4+ 1)-dim. action

Sgauge invariant ™~ / (\TJM - aMLTJ)FMN(\IJN - an) (32)

M1
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Gauging of fermionic p-form symmetries

e Nonetheless, one can gauge it by introducing a more exotic gauge field
1, with gauge transformation

1
0, = O+ £ (33)

f is a constant with the unit [M]~1. (Love 03')
e The action

1 _ _
Senees = ~3 [ d*x(B1" Dy + 3D
1- - -
+ 20— (DD — FD,07" D)

is gauge invariant! (D¢ = 0,9 — 1)

e Similar phenomenon happens for fermionic p-form symmetry as well, in
the cases of a free fermion p-form gauge field. (Ongoing work)

e Nonetheless, such gauge fields do not have a gauge invariant kinetic
term, geometric and physical interpretation?
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Breaking of fermionic p-form symmetries and swampland

e What about theories in curved space-time
e Expectation: fermionic p-form global symmetries should be broken in a

quantum gravity theory (no global symmetry swampland conjectures)
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Breaking of fermionic p-form symmetries and swampland

e What about theories in curved space-time
e Expectation: fermionic p-form global symmetries should be broken in a
quantum gravity theory (no global symmetry swampland conjectures)

(1) 0-form symmetry case, a Dirac spinor in curved space-time
Sl¥lga = — [ dx/Tdet gl 39,0, (35)

1
Vﬂ = GH + - 7 “ 'Yab (36)

e The action is invariant under ¢ — 1) + ¢, where V,e =0, € is a
covariantly constant spinor.
e The symmetry is not present on a general space-time background,

hence such fermionic symmetry is broken in quantum gravity theory
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Breaking of fermionic p-form symmetries and swampland

(2) fermionic 1-form symmetry

STlsugrs = — / d¥x/[det g] 7"V, (37)

The symmetry generator

Ue(M(g-2)) = exp (/M Ex (Y"PP,) + C-C-> (38)
(d—2)

is only topological when Ve = 0.
e Hence the fermionic higher-form symmetries can also be present on a
particular fixed background M with covariantly constant spinors, but

broken on a general background.
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Breaking of fermionic p-form symmetries and swampland

(2) fermionic 1-form symmetry

STlsugrs = — / d¥x/[det g] 7"V, (37)

The symmetry generator

Ue(M(g-2)) = exp (/M Ex (Y"PP,) + C-C-> (38)
(d—2)

is only topological when Ve = 0.

e Hence the fermionic higher-form symmetries can also be present on a
particular fixed background M with covariantly constant spinors, but
broken on a general background.

e As another comment, on such background M, one can still define the
fermionic TQFTs and gauge invariant extended operators!
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Summary

e We discussed fermionic p-form symmetries, as non-compact shifting
symmetry of fermionic p-form fields

e Example of fermionic higher-form symmetry:

(1) Free fermionic p-form fields

(2) fermionic TQFTs constructed with fermionic p-form fields

S = /d X _u m pJ'VSap'(/}U /‘Zufylwpgf)’SaVXpa) . (39)

e Relation to known spin TQFTs?
e The free limit of 6d (4,0) theory also possesses fermionic 2-form
symmetry. Breaking the symmetry with interaction terms?

Yi-Nan Wang Fermionic Higher-form Symmetries 22/23



Summary

e Constructing more interesting physical examples with fermionic
higher-form symmetries, e. g. gaugino condensation? (Farakos's talk)
e Non-invertible fermionic symmetries?
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Summary

e Constructing more interesting physical examples with fermionic
higher-form symmetries, e. g. gaugino condensation? (Farakos's talk)

e Non-invertible fermionic symmetries?

e Fermionic higher-form symmetries in string theory context? Seems hard
as the only massless fermionic tensor field is the gravitino in supergravity.
e Higher version of supersymmetry?
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Summary

e Constructing more interesting physical examples with fermionic
higher-form symmetries, e. g. gaugino condensation? (Farakos's talk)

e Non-invertible fermionic symmetries?

e Fermionic higher-form symmetries in string theory context? Seems hard
as the only massless fermionic tensor field is the gravitino in supergravity.
e Higher version of supersymmetry?

e Relation to condensed matter physics models, bosonization etc..

e Thanks!
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