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1. Introduction

, Atiyah-Singer index theorem (2 dimension)

n+—n_mj F
M

n,. chiral zero modes # .. a smooth manifold




Introduction

, Atiyah-Singer index theorem (2 dimension)

n, —n_« F Contribution of flux
J M

AS index theorem on magnetized 7

F
n,—n_=| —=M

\ ST

Chiral zero modes # flux quantization#

We get three generations if we choose M = 3.
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2. Purpose of my talk

In previous paper, we obtain the following formula
on T-/Z, orbifolds

M : flux quanta. V., : sum of winding humber at fixed points

Makoto Sakamoto,Maki Takeuchi, Yoshiyuki Tatsuta,
Phys. Rev. D 102 (2020) 025008



2. Purpose of my talk

In previous paper, we obtain the following formula
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be consistent after examining the left and right sides independently.

@ The physical meaning is not clear.
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3. T¢/Z, orbifold model

» M*x T?/Z, in flux background 4

/7 »/
> 1>Rez

T?:z~z+1~z+71

Zy:z~pz (p=e)

.~ —Z

EX) T°/Z, (tr = i) Wz,

A

Imz @T*:z~z+1~z+1

» Rez

@ﬁinigo/mu
°

@

Independent region is 1/N of T2
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3. T¢/Z, orbifold model

Zy eigen function yy;, , . (2)

Boundary condition

W%/ZN'F’”J(Z T 1) = Ul(Z) l/jznfz/ZN+,n,]'(Z) W;}Z/ZN+,I’L,J.(p Z) =P ml’”]n}z/ZN+,n,j(Z)

- 21
N

Wisg sn G0 = U@wiy, , (2) p=e

U,(2) = MO, U,(7) = e/

Winding number
Define winding number of Z, eigen function Wiy o (@) At fixed point z]f

Wiy on P2+ z]f ) = PPy, 2+ z]f ) =>winding #: 4.
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3. T¢/Z, orbifold model

Atiyah-Singer index theorem on 7%/z, orbifold

It is difficult to apply AS index theorem because
fixed points are singular points.

» We consider blow-up manifold without singular points.

Ex) T?/7,
N ® Singular point
O O
¢ ® Re>z

T. Kobayashi, H. Otsuka, H. Uchida., JHEP 08, 104 (2019),046 14
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Atiyah-Singer index theorem on 7%/z, orbifold

It is difficult to apply AS index theorem because
fixed points are singular points.
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3. T¢/Z, orbifold model

Atiyah-Singer index theorem on 7%/z, orbifold

It is difficult to apply AS index theorem because
fixed points are singular points.

» We consider blow-up manifold without singular points.

EX) 7%/2, Blow-up manifold
Imz f > A part of magnetized 52
! ! We can apply AS
index theorem to
O O = blow-up manifold
without singularity.

T. Kobayashi, H. Otsuka, H. Uchida., JHEP 08, 104 (2019),046 17



4. Blow-up of T%/z, orbifold

vy, ,(2) With winding number cannot connect to v, ,(z) ,

because the boundary conditions are different at z ~ 2/
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4. Blow-up of T%/z, orbifold

Purpose : To remove winding number

We consider in case of fixed point zIf =0 (m -y, incase zlf #0 )

Wr2z,+(P2) = P Wy ((2) » U2z, +(PD) = Yoy 4 (2)

“"Singular” gauge transformation

fF

- Z\°
Wr27,,£(2) = Ugr Usr W7, +(2) Uer <T> y Ugr (

4

e+ localized flux at fixed point, & : localized curvature at fixed point

<§R

. F_ef .
l//T2/ZN,+(pZ) =p o Tt WT2/ZN,+(Z)

However this gauge transformation changes flux,

this is called " “singular gauge transformation®.
19



4. Blow-up of T%/z, orbifold

Localized flux &* Degree of freedom by
mod N of p = ¢V

R

gr 7—m+lN (l e Z)

The information of winding numbers are replaced by
localized flux & and localized curvature &£X.

Since vy, .(z) have no winding numbers, these can

be connected to v (2.
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4. Blow-up of T%/z, orbifold

Connection condition i3, .(2) and y;, (2

Ef N-1
N 2N

: N —
&F : localized flux. M’ : Total flux of S,

M/

! - embedded area of §2

Physical meaning of connection condition

Cut out flux of 72%/7, Embedded flux of s
at fixed point

21



5. Conclusion

Index theorem on blow-up manifold of 7¢/z, orbifold

N-1 M F
M=—+%) =
2N N &N

n, . chiral zero modes number , M’ : Total flux of 2,

: embedded area of $?, & :localized flux at fixed point
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5. Conclusion

Index theorem on blow- of 7°/7, orbifold

M M F
n+—n_=J —=— Z —+Z—
blow—up 27 N ]f N ij N

n, . chiral zero modes number , M’ : Total flux of 2,

N-1 : embedded area of $?, & : localized flux at fixed point
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5. Conclusion

of 7°/z, orbifold

M F

n, . chiral zero modes number , M’ : Total flux of 2,

Index theorem on blow-

F M
n+—n_=J —=—+Z
blow—upzn N

f
g

N-1 : embedded area of $?, & : localized flux at fixed point
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5. Conclusion

Index theorem on blow-up manifold J

F M N-1 M F
n+—n_=J —=—+Z M’=—+25—
blow—up 2% N 2N N N

f f
g <

n, . chiral zero modes number , M’ : Total flux of 2,

N-1 : embedded area of $?, & : localized flux at fixed point
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5. Conclusion

Index theorem on blow-up manifold

F M N-1 M i
n+—n_=J —=—+Z M’=—+Z§—
blow—up 2% N 2N N N

n, . chiral zero modes number , M’ : Total flux of 2,

N-1 : embedded area of $?, & : localized flux at fixed point
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5. Conclusion

Index theorem on blow-up manifold of 7¢/z, orbifold

N-—-1
M
2N

M F
"Nty

n, . chiral zero modes number , M’ : Total flux of 2,

: embedded area of $?, & :localized flux at fixed point

Only contribution of flux!

27



5. Conclusion

Reinterpretation of index formula on 77%/z, orbifold

Winding number has contributions of localized flux and curvature.

R R
<§F=7—m+lN (2l =0) = <§F=7—)(++ZN (2] #0)
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5. Conclusion

Reinterpretation of index theorem on 7-/z, orbifold

M : flux quanta. V., : sum of winding number y, at fixed points

Winding number has contributions of localized flux and curvature.

R R

Index theorem implies new zero modes of | = localized mode




5. Outlook

- Further analysis of localized mode
- Extension of the method of blow-up to higher

dimensions ( 7%/z, , T°/Z, )
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Thank youl
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Back up



3. 7% model

« /*x T? in flux background T?:z~z+1~z+7
I{nz E
: : T —>» S
6d Dirac action S
— ) {,l!.l.!!l_\:\\(\%.
S = [d“xjd%‘i’(x, z)iFMDM‘P(x, 2) ‘\
\ T >p 0 » Rez
D,, = 9d,,—iq4,, ©6d chiral fermion
Mode expansion 2d chiral fermion
4) A b @)
V(2 = D v @@l @+yhm eyl )
n T~ t

] _ 4 d chiral fermion
2d chiral fermion

Y2t i 0
(2) — ’ (2) _
l//T2+,n(Z) o ( O >’ l//TZ—,n(Z) — (l/sz—,n>
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3. 7% model

« /*x T? in flux background
T? sift corresponds to

L gauge transformation.
Boundary condition / y

/4
l//T2i,n,j(Z + 1) = UI(Z) l//Tzi,n,j(Z)

Wros p (2 +7) = Usy(2) Wrae , (2)

‘ qaf

Flux quantization S =MeZ

T

M: flux quantization number f: flux
35



3. 7% model

« /*x T? in flux background

Eigenvalue equation

2DZWT2+,n,j =2 (az _ lqAZ) WT2+,n,j = mnl//T2—,n,j _4DZDZWT2+,n,j — 1%WT2+,n,j

_2DzWT2—,n,j ==12 (az — iqAZ) Y ni = MWr2y p _4DZDZWT2—,n, i ;%WTZ—,n, j
= Zero mode has the eigenvalue m, = 0.

AS index theorem on 77

CF
n,—n_= — =M

\ S P

Chiral zero modes # flux quantization#
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4. T°/7, orbifold model

Winding number

Define winding number of Z, eigen function yg;, , | (2)

at fixed point z]f

Wiy o P+ z]f ) = PPy, 2+ zjf ) =>winding #: y,

Im z Im &

ex)winding # = 2 ﬂ B

c, — § —
NS

» Rez

0

Winding number depends on eigen function & fixed point
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5. Magnetized §?

Magnetized S*

How to take the coordinate 7’ of S-

N

AS index theorem on S-

0 0
(R tan ) cos ¢, R tan 5 sin ¢,0)

7’| = Rtan —
| 2’| >

(Rsin@cos ¢, Rsin G sin ¢, — R cos )

- F
n,—n_=| —=M

WA

Chiral zero modes # flux quantization#

faYa)
VO




5. Magnetized §?

Magnetized 5~
Dirac equation

RP+1|Z17 . o o
1(0; +i—wz — zAZ-,)t,//S2 +(z) = my (@)
R 2 ’ ’
R2 + |Z,|2 . . . / /
B (0, — zEa)Z, — zAZ,)wg,_(z) =m, fz +(z)
i 2 - i 2 i M i M
-, = — Z, ) = — — 7, Az = — Z, , = — —
© 2R24 7 ¢ 2 R2 4|7 © 2R24 7 ¢ 2 R2+ |72
= Zero mode has the eigenvalue m, = 0.
Zero mode Lowest mode with - chirality
0 , f_|_(Z,) 1 (Z/) — f—(Z/)
llfsz,_,_(z) = S M1 Wiz, 5 NS
R+ 2|7y = (RZ+|Z']7)>

f.(2), f_(z)): holomorphic function
39



4. Blow-up of T%/z, orbifold

To apply AS index theorem, we introduce blow-up manifold

Magnetized S?

v ‘ Connection line

Embed (V- 1)/2N

u of the area of §2

40




4. Blow-up of T%/z, orbifold

To apply AS index theorem, we introduce blow-up manifold

Magnetized S?

‘ Connection line

at connection point.
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6. Blow-up manifold of 7%/Z, orbifold

“"Singular” gauge transformation

1/7T2/ZN,1(Z) =U EF U ER V/TZ/ZN,i(Z)

WT2/ZN,+(Z)

Field strength F

J F M
T2/ZN2” N

Gauge field A

_I_
Winding number y,

Field strength F + 6F

Gauge field A + 6A

L ocalized curvature &R

Ué:FOC (T

EF + localized flux at fixed point

6A = iUgr dUZ!

J 6R  EX
T2/Zy fixedpoint 21 N

+ No winding number
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6. Blow-up of T¢/Z, orbifold

Localized curvature at fixed point &£*

At fixed points
—Winding is closed at 180°

At the other points
—Winding is closed at 360°

At fixed points, there is
2T N-1
a

deflection angle 27 — ~ = 21

44



6. Blow-up of T¢/Z, orbifold

Localized curvature at fixed point &£*

Gauss-Bonnet theorem

R
py = y(M)
Jau “%

R : Curvature y . Euler characteristic

_|_
(deflection angle) = 2ry
R N—-1

— Localized curvature at fixed point ~ =N

45



5. Conclusion

Reinterpretation of index formula on 77%/z, orbifold

(generation #) =

M : flux quanta. V., : sum of winding number y, at fixed points

Winding number has contributions of localized flux and curvature.

R R

Index theorem implies the existence of [ new zero modes = localized modes




