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Toric Calabi-Yau Geometries

Non-Compact Calabi-Yaus

Toric Calabi-Yaus

® Cone over Sasaki-Einstein Manifolds ® Toric ldeals
Cone  CY3 = C(SEs) Variety Clx;]/ <H Xy — be>
CY4 — C(SE7) abinomial rela[t)ions
SEs 7

Example Conifold C[M;;|/ (det M) ij=1,2

¢ Joric Diagrams

A toric variety is characterized by a convex lattice polytope

CY34

ZQ
Metric d5(2:y — dl’2 —|— I’2 ngE

Example | | | L
Example  Conifold with Sasaki-Einstein base T 1! .
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Brane Probes [Franco-Hanany-Kennaway-Vegh-Wecht 2005]
[Franco-Lee-Seong 2015] [Franco-Lee-Seong-Vafa 2016]

Calabi-Yau 3-folds

D3 | X X X X
cYs | - - + .+ X X X X X X

4d N=1 worldvolume gauge theory
Brane Tilings (Dimers)

Calabi-Yau 4-folds
D1 X X

CYy | - -+ X X X X X X X X

2d (0,2) worldvolume gauge theory
Brane Brick Models

Calabi-Yau 5-folds

D(-1)
CYs | X X X X X X X X X X

-
—
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08
I
O
(@)
~
00
O

0d N=1 worldvolume gauge theory
Brane Hyper-Brick Models D(—l) cY

O
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Brane Probes [Franco-Hanany-Kennaway-Vegh-Wecht 2005]
[Franco-Lee-Seong 2015] [Franco-Lee-Seong-Vafa 2016]

Calabi-Yau 3-folds

D3 | X X X X
cYs | - - + .+ X X X X X X

4d N=1 worldvolume gauge theory
Brane Tilings (Dimers)

Calabi-Yau 4-folds
D1 X X

CYy | - -+ X X X X X X X X

2d (0,2) worldvolume gauge theory
Brane Brick Models

Calabi-Yau 5-folds

D(-1)
CYs | X X X X X X X X X X

-
—
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(@)
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0d N=1 worldvolume gauge theory
Brane Hyper-Brick Models D(-l) cY

O
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Brane ConStrUCtion [Franco-Lee-Seong 2015]

Calabi-Yau 4-folds

o 1 2 |3 4 |5 6 |7 8 9
D1 X X : : : : : : : :
CYs | - X | X| X | x| x| X|] X X

T-Duality
v
//
NS5 0 1 2 3 45 6 7 8 9
D4 | x x —X(x,y,z) —
NS5 | x X — X (x,y,2) —

NS5’ Holomorphic Surface ¥ : P(x,y,z) =0

NS5 Example P(x,y,z)=(x+1/x)+(y+1/y)+(z+1/z)+c
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Brane ConStrUCtiOn [Franco-Lee-Seong-Vafa 2016]

Calabi-Yau 4-folds

® Tropical Geometry

D4

Coamoeba Map

y T3

NS5”

Coamoeba on 3-Torus
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Brane BriCk Models [Franco-Lee-Seong 2015]
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Brane BriCk Models [Franco-Lee-Seong 2015]
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Brane Brick Models

10

[Franco-Lee-Seong 2015]
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Brane Brick Models

11

[Franco-Lee-Seong 2015]
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Brane BriCk Models [Franco-Lee-Seong 2015]

o Geometry e Brane Brick Model

C*/Zp, X Lny X Lp,

3
order of the orbifold “ T

ni * ny * n3 = #(truncated octahedra)

&
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Brane BriCk Models [Franco-Lee-Seong 2015]

e U(N) Gauge Group e 2d (0,2) Chiral o J, E-Terms

Convex Polytopes with even- Even-sided Faces Faces attached to Edges form

sided Faces monomials in J,E-Term relations
{ ; . /\
quiver
. e 2d (0,2) Fermi
N w Square F
quare Faces K/ Y1
truncated octahedron O/ <> ‘ . X1 X0 —Y1Y5

quiver
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Brane BriCk Models [Franco-Lee-Seong 2015]

e U(N) Gauge Group e 2d (0,2) Chiral o J, E-Terms
Convex Polytopes with even- Even-sided Faces Faces attached to Edges form
sided Faces monomials in J,E-Term relations
O of X4
Xa ]
quiver
Yy
. e 2d (0,2) Fermi
™ ~ Square F
quare Faces X
truncated octahedron O/ | <> E : X3X4—Y3Y,
Aa

quiver
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Fano 3-Folds

[Franco-Seong 2022]

Examples

e Geometry ® Brane Brick Model e J,E-Terms

8 U(N) Gauge Groups, with 24 Chiral Fields

621,1,1/22

Ny Yoz YarXus X23Y34Ys1 P15 Xso Q15 Rs2

Ny 0 Xo3X34 Yar Y23 X34X41 P15 Y52 (15 S50

Ny, : X7g Yas Ys2 Y78 Ye5 X520 PoeXe7 X23 P37

N57 0 Yo Xs5Xs2 X78Xgs5 Y52 Pog Yo7 Y23 P37

e Toric Di agram N3; : Xzg Yss5Ss2 Y7g Yes Rsn X3 (37 (D26 X7
N3;: YzgXss5Rs) X78Xg5552 Y3 (37 (6 Y67

Ng . Yas Y52 Xo3 Xgs Y52 Y23 P37.X7s X34Pasg

< N XasXs2Yos Yes X520 X203 P37 Y78 Y34 Pag

Ng:  Ya5S50X03 Xo5552 Y23 X34 (g (37 X78

N3g :  XgsRso Yas Yes R50Xo3  Y34Qss (37 Y78

Nis © Xs2Ya3Yas Y50 Y23 X324 PagXgs Xa1 P15

N N © Ys2X23X34 X52Xo3 Y34  PagYss Ya1 P15
Nis: Rs2YasYas 552 Y23 X312 Xa1Q15 (ag Xsgs5

Nis @ S52X23 X34 RsoXo3 Y34 Ya1 Q15 (ag Yss

Ngs : Yo7 Y78 Xs5 Xo7 Y78 Yss  Rs52 (6 Xs2 Pog

Nes : Xe7X78 Yss Yo7 X78 X5 S52 (o6 Y52 Pog

15
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Fano 3-Folds

Examples

o Geometry

621,1,1/22

® TJoric Diagram

16

8

AN

o J.E-Terms
8 U(N) Gauge Groups, with 24 Chiral Fields

Y23 Y34.X41
X23X34 Ya1
X78 Y5 Y52
Y78 Xg5X52
X78 Y85 552
Y78 Xg5 Rs2
Ya5 Y52X23
Xgs5X52 Y23
Yg5 552 X23
Xss R52 Y23
Xs52 Y23 Y34
Y52 X23X34
Rs2 Y23 Y34
552 X23 X34
Yo7 Y78 X35
Xo7X78 Y85

X23 Y34 Y41
Y23 X34 X1
Y78 Y85 X5
X78Xg5 Y52
Y78 Yg5 R52
X78 X85 552
Xss Y52 Y23
Yg5X50X23
Xs5552 Y23
Ya5 R52X23
Y52 Y23.X34
X52X23 Y34
552 Y23 X34
Rs52.X23 Y34
Xeo7 Y78 Y85
Y67 X78 X85

P15 X5
P15 Ys)
Poe Xe7
P26 Y67
X23 (37
Y23 (37
P37 X713
P37 Y7g
X34 (ag
Y34 Qs
Pag Xsgs
Pag Ygs
X1 Q15
Ya1 Q15
Rs2 Q26
S50 (26

Q15 Rs2
(15552
X23 P37
Y23 P37
(D26 X67
(26 Yo7
X34Pas
Y34 Pas
()37 X78
(37 Y78
Xa1 P15
Y41 P15
(18 Xgs5
(as Yss
X502 P2g
Y52 Poe

[Franco-Seong 2022]

e Hilbert Series

Generating function of gauge invariant operators

HS(QY /7,) =

1+ 19t% — 63112 + 4318 + 43124 — 63130 4+ 10436 4 42

(1 — t5)8

— 1+ 27t% 4+ 125¢1% 1+ 34318 £ 720¢%4 &

(X 7T x7T =343

hbxbhxbh=125

3x3x3=27

=) (2n+1)*®
n=0
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Fano 3-Folds

Examples

o Geometry

621,1,1/22

¢ Toric Diagram

[Franco-Seong 2022]

® Hilbert Series e Global Symmetry
Generating function of gauge invariant operators Characters of Irreducible Representations
HS(QM/Z,) = SU(2)
1+ 19t° — 63¢12 + 43¢18 4 43424 — 63130 + 19430 42 1
(1 — t6)8 2] =x+1+ - adjoint
= 1+ 27t° + 125¢12 + 343t + 720¢%% 4 . .. [4] = x* + x* + 1 12 | 14
X X
| L1
6] = x° + x* +x* + 1 > 7 -
7Xx7x7=2343 o0 X
5xbxb=125
dimension dim[2n] = 2n + 1
3Xx3x3=27

— i(Qn—l— 1 HS(Q"M/Zp) =) [2n][2n][2n]t®"
n=0 n=0

Global Symmetry SU(2), x SU(2), x SU(2), x U(1); LFisST
1



Fano 3_ FOIdS [Franco-Seong 2022]

Examples

® Hilbert Series and Global Symmetry

The character weights of generators form

O
HS(QYY! /7Z,) = Z[Qn]X[Qn]y[Qn]Zt6” a convex polygon
n=0
2 _2 2. 2 2 2 _2 2 2
X“Zz X 1
:1+(1+X2y222I B )2/ | >2<2I)/§ | jzl )2/2I 22,2
y Z y=z X X~y X=Z X“y=Z
2 2 2 2
22 Xy 1 o, x 2 1 Lo 1
—+ X Y A y2 | 2 | X2y2 r X Z T 2 | 2 i 2,2 - X 2 4
2 2
2 | £ | 'y | 1 | 2 | 1 | 2 1 6
+z~ y2 i 22 i y222 -y y2 - Z° + ?) t- + ...
We can collect exponents for ‘ |
terms corresponding to scaling

generators (07 _27 O) —_— (07 _17 O)
generator

—— 1 -
xMyM2ZzMs — (my, my, ms3) (0,2,0) (0,1,0) lattice

character weights 0,-2,-2) —————————p (0,—1,-1)

WHNNST
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Fano 3_ FOIdS [Franco-Seong 2022]

Examples
o Geometry ® Toric Diagram o |attice of Generators
Ql’l’l / Z2 A Reflexive Polytope A Reflexive Polytope

Dual Polytopes
D

property of reflexive ~
polytopes
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Fano 3-Folds

Examples

o Geometry

<Cl4/Z4 (17 ]-7 ]-7 1)

¢ Toric Diagram

20

e Hilbert Series

series expansion

1+ 31t% + 3118 + t1°
(1—t%)"

— 1+ 35¢t* + 165¢° + 455¢2 + 969¢1° + . ..

(12,0, 0]

HS(C*/Z4 (1,1,1,1)) =

Characters of
[8, O, O] |rredUCib|.e
Representations

4,0,0] SU(4)

= Z[4n, 0, 0]t*"
n=0

Global Symmetry  SU(4)x. X U(1);

[Franco-Seong 2022]

® Generator Lattice

generators

dim[4, O, O]SU(4) = 3b

v

(X1, X2, X3)

generator lattice is a convex polytope

f
/N
yauh
A &
/// ?
PATRR A
AT
/ ; 1
«;’/ —@ —o—&

—o— ¢ ! x 35
~®—_ :
B S points
\‘\&
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Fano 3_ FOIdS [Franco-Seong 2022]

Examples
® Geometry ® Toric Diagram e Lattice of Generators
(C4 /Z4 (1’ 1, 17 1) A Reflexive Polytope A Reflexive Polytope .
/I
// \\
Vo ( )g
/
/ { \\
Dual Polytopes P A $
— //’ *
/ e Ty
/ y
( —o— 4 \
) e W
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Fano 3-Folds

® Regular Reflexive Polytopes (CY4)

22

18 Polytopes and their Brane Brick Models

[26]

13

[82]

[1]

P -blowup of 5

dP, bundle over P*

8

[27]

14

[83]

P? x P!

P(Ogp, © Ogp, (1)) ,

Plap, =1

dP, bundle over P!

15

[84]

[6]

9

[28]

P(Op2 @ Op2(1))

P(Oplxpl D O]plxpl(l, 1))

dP, bundle over P!

16

[85]

A
7

10

[29]

P(Opl D Opr B Opl(l))

P!-blowup of 3

dP2 X Pl

[Franco-Seong 2022]

5 P(Op: © Op2(2)) O P(Opxp ® Opiypi(l,-1))

[8] [25]
o \ 5
\

11 dP; x P! 12 P! x P! x P!
[30] [31]

17 dP; x P 18 dP3 bundle over P*
[219] [220]

=
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Infinite Families of Geometries

[Gauntlett-Martelli-Sparks-Waldram 2004]

“For every 2n-dimensional Kahler-Einstein manifold B,, there is an infinite family of Sasaki-Einstein manifolds Y, 43

n=1 CPl: YP9  [Gauntlett-Martelli-Sparks-Waldram 2004]

2 Kahler-Einstein manifolds: CP?and CP! x CP! [Gauntlett-Martelli-Sparks-Waldram 2004] [Martelli-Sparks 2008}

YPK(CP' x CP') YP-K(CP?)

cone toric CYjy cone toric CY;y
isometry SU(2) x SU(2) x U(1)? isometry SU(3) x U(1)?
3
parameters 0< k<p parameters 0< k< §p
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Ypk(CP1xCP1) and Ypk(CP2)

YPK(CP' x CP')

¢ toric diagrams

24

Y Pk (CP?)

(0,0, p)

(—1,—-1, k)

(0,0,0) \" (0,1,0)

(1,0,0)
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Ypk(CP1xCP1) and Ypk(CP2)

YPK(CP' x CP')

e orbifolds

25

p=k=2m, meZ"

Y22(CP! x CP")
~ QYY1 /7, x 74

Y44(CP! x CP")
~ QYY1 /7, x 7,

|

Y®5(CP! x CP)
~ QYY1 /7, x Zs

Y®9(CP?)
~ M3’2/Z3

WHNNST



Ypk(CP1xCP1) and Ypk(CP2)

Theory on M2-Brane Theory on D1-Brane
worldvolume theory is a 3d Chern-Simons theory worldvolume theory is a 2d (0,2) quiver gauge theory
(Chern-Simons level weighted Brane Tiling) (Brane Brick Model)

M2 CY, = C(YPH) D1 CY, = C(YPHK)
* fully identified for YP¥(CP?) * fully identified for both YP*(CP?) and YP*(CP' x CP")
[Benini-Closset-Cremonesi 2011] [Franco-Ghim-Seong 2022]

» partially identified for YP*(CP' x CP*)

[Benini-Closset-Cremonesi 2011]

26 WHNNST



Ypk(CP1xCP1) and Ypk(CP2)

YPk(CP' x CP')

Examples

e Geometry ® Quiver e J,E-Terms

J
Ayt €ijen X5 X34 X
A%z eijele;chésXéz
At eijenXgs X3 X
A% : eijele§2X§3X§4
Adr 6ij€le$8X§5Q53X§4
A : eijelee]%ngX&
A%y ¢ ejen XX PirXog

| | i?.j7k7l:172

SU(2) x SU(2) x U(1)?

Y21(CP' x CP')

¢ Toric Diagram

Global Symmetry

27

[Franco-Ghim-Seong 2022]

E

P17 XQs2 — Q15 X%,
X33Q37 — Q26 X¢7
X5,Qus — Q37X
X31Q15 — Qus Xy
X1 Prr — Py Xg;
X:9Qo6 — Q53X54Pas
X§5Q53 T Q82X§3
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Ypk(CP1xCP1) and Ypk(CP2)

YPk(CP' x CP')

Examples

o Geometry
Y3,2(<C]P)2)

¢ Toric Diagram

Pa

® Quiver
g
A d
e /
L
‘ _/
\ /
/
(S A
6 = 5

o J E-Terms
J

Ayt € X33 X3

A3 fiijs;?X%

A3; Ez‘ij%ng:s

e eiijg6Xg4
AZs € X3 Prs X5

A% - Eiij§9X57
Ags + €ijrXgaP1s X,
ijk=1,23

SU(3) x U(1)?

Global Symmetry

[Franco-Ghim-Seong 2022]

E
P15 XtQea — Q17.X%,
X§3Q39 e Q28X§9
X3 Q17 — Q39X
Pys Xi9Qos — Qa3 X% Pis
Xe4Quz — Qe2X’s
X2Qas — Qr6 Xy Pas
X4 Qr — QosXig
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Ypk(CP1xCP1) and Ypk(CP2) [Franco-Ghim-Seong 2022]

YPk(CP' x CP')

Examples
® Geometry ® Quiver e JE-Terms
Y34(CP?) J E

Ay €nX33 X5 PieX5iQuz — QuoXgr Pro
Azs : €ijiX4Qu2 X35 X51Pis — P35 X3
Af : €nXgrPraX3s X5 Quo — Qas X
150 €ikXeXgy  PusXgoQos — QuaX33Pss
Nog: €rX3gXgr  PraX33Qas — Qr6XgaPas
A% : €inXoPasXgy  X57Qre — Qos X

¢ Toric Diagram

p3

I,j,k=1,2,3

SU(3) x U(1)?

Global Symmetry
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Evolution of Brane Brick Model Constructions

Dimensional Reduction

[Franco-Ghim-Lee-Seong-Yokoyama 2015]

CY3 CY3 x C

A
- ‘Z/L

4d N=1 quiver 2d (2,2) quiver
gauge theory gauge theory
Brane Tiling Brane Brick Model

30
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Evolution of Brane Brick Model Constructions

Dimensional Reduction Orbifold Reduction

CY4 — C_|__|__ (CY3)

[Franco-Ghim-Lee-Seong-Yokoyama 2015] [Franco-Lee-Seong 2016]
CY3 CY3 x C CY3
O
A

— /‘L —> °
4d N=1 quiver 2d (2,2) quiver 4d N=1 quiver 2d (0,2) quiver
gauge theory gauge theory gauge theory gauge theory

Brane Tiling Brane Brick Model Brane Tiling Brane Brick Model
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Evolution of Brane Brick Model Constructions

3D Printing Ypk Manifolds
CY,
[Franco-Hasan 2018] [Franco-Ghim-Seong 2022]
/*\
CY3 CY3 / \
\\

— —
4d N=1 quiver 2d (0,2) quiver 4d N=1 quiver 2d (0,2) quiver
gauge theory gauge theory gauge theory gauge theory
Brane Tiling Brane Brick Model Brane Tiling Brane Brick Model
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