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Q. What is the quantum gravity theory?

• We need predictions which can be tested experimentally.

✓ Very difficult.   𝑀pl ~ 1018 GeV: Very high.

“Not all consistent-looking EFTs are consistent with quantum gravity.”

• But, hidden predictions may exist.→ Swampland program:

* Inconsistent EFTs are said to be in the Swampland.

[C. Vafa (‘05)]
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• Hidden predictions exist! (without gravity): Positivity bounds

• Can we extend positivity bound to the gravitational context?

EFT for photon:

• If so, does it give any interesting Swampland Conditions? 

➢ Talk plan:

2. Formulation of gravitational positivity bounds.

3. Implications for the Standard Model.

1. A review of  positivity bounds without gravity.



Positivity bound (without gravity) (1/3)
* 𝑠 ∼ CM energy 2

𝓜 𝒔, 𝒕 behaves well at high energies. 

mass
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𝛾

𝑒−

EFT for photon

ℒEFT[𝛾] ∋
𝑐2

𝑚𝑒
4 𝐹

4

QED

ℒQED[𝛾, 𝑒
−] ∼ 𝛼2 log2(𝑚𝑒

2/𝑠)

∼
𝑐2

𝑚𝑒
4 𝑠

2

Embedding is possible 

if  and only if  𝒄𝟐 > 𝟎.

• UV complete theory: Local, Unitary, Lorentz invariant, Causal.

• Let’s consider 𝛾𝛾 → 𝛾𝛾 amplitude ℳ 𝑠, 𝑡 . * 𝑡 ∼
momentum
transfer

2
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[Pham+(‘85), Adams+(‘06)] 



Extension to Gravity?

∼
𝑠2

𝑀pl
2 𝑡

ℳ 𝑠, 𝑡 ∋

• Quantum gravity S-matrix: not fully understood.

• Feature: 𝑡-channel graviton exchange grows as fast as 𝒔𝟐,

• Assume the mild UV behavior: lim
|𝑠|→∞

ℳ 𝑠, 𝑡 𝑠−2 = 0 for 𝑡 < 0

c.f.) [Häring+(‘22)]

c.f.) tree-level string: ℳ ∼ 𝑠2+𝛼
′𝑡/𝑀pl

2 𝑡

• We can then derive a sum rule for c2 Λ .
* We ignore graviton loops and work up to 𝒪 𝑀pl

−2 .
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> 𝟎
?
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∋
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2 𝑡

+ 𝑐2 𝑠2ℳ 𝑠, 𝑡 ∼ 𝑠, 𝑡, 𝑢 poles + 𝑐2 𝑠
2 +⋯

• The sum rule for 𝑐2 Λ  contains graviton 𝒕-channel pole: 

• One solution: consider sum rules away from 𝒕 = 𝟎 limit.

✓ Perform smearing in 𝑡 to localize the sum rule in the domain 

𝑡 ≳ −4𝑚𝑒
2. Equivalent to work in impact parameter 𝑏 ≲ 2𝑚𝑒

−1.

[Caron-Huot+ (‘21)] 

✓ IR div in D=4: 𝑐2 > −25 2𝑀pl𝑚𝑒
−2
log(0.6𝑚𝑒𝑏IR).
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[JT-Aoki-Hirano (‘20)]• Gravitational positivity bound:
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• 𝒄𝟐 𝚲 = 𝟎 is allowed. ✓ Type-II superstring amplitude: 𝑐2 = 0. 

• Scale of  𝑀: depends on details of  the Regge behavior.

• An explicit relation between EFT and quantum gravity! 

[Hamada+(‘18 ’23)]

[Herrero-Valea+(‘20)] 

[Bellazzini+(‘19)]

[Alberte+(’20,’21)])

➢ Today, we discuss implications of  𝒄𝟐 𝚲 ≥ 𝟎 for models.

➢ Violation of 𝒄𝟐 𝚲 ≥ 𝟎 constrains UV properties of  S-matrix

(e.g. details of Regge behavior).



• We focus on the 𝛾𝛾 → 𝛾𝛾 process in the Standard Model + GR. 

Application: Standard Model + GR

ℒ =
𝑀pl
2

2
𝑅 + ℒSM +⋯

𝑐2 Λ ≥ 0.• We compute 𝑐2 Λ and then discuss implications of 

* We ignore higher-derivative terms

for simplicity.

* For earlier analysis in QED(-like)+GR, see
[Cheung+(’14), Andriolo+(‘18), Chen+(‘19), Alberte+(‘20)]

[Aoki-Loc-Noumi-JT (‘21)]

➢ We decompose 𝑐2 Λ  into two pieces:

𝑐2 Λ = 𝐧𝐨𝐧𝐠𝐫𝐚𝐯 + 𝐠𝐫𝐚𝐯

𝐧𝐨𝐧𝐠𝐫𝐚𝐯 : contributions from processes without graviton.

𝐠𝐫𝐚𝐯 : contributions from processes with graviton.



Evaluate 𝐧𝐨𝐧𝐠𝐫𝐚𝐯

• ℳnongrav satisfies the twice-subtracted dispersion relation. Hence,

* 𝜎tot
nongrav

≃
1

𝑠
Imℳnongrav(𝑠, 0): total cross section

𝐧𝐨𝐧𝐠𝐫𝐚𝐯 = න
Λ2

∞

d𝑠
Imℳnongrav(𝑠, 0)

𝑠3
≃ න

Λ2

∞

d𝑠
𝜎tot
nongrav

𝑠

𝑠2
> 0.

𝜎tot
nongrav

𝑠 ∼
𝑒4

𝑠

𝜎tot
nongrav

𝑠 ∼
𝑒4

𝑚w
2

QED: 

Weak:

[Aoki-Loc-Noumi-JT (‘21)]



Evaluate 𝐧𝐨𝐧𝐠𝐫𝐚𝐯

• QCD gives dominant contributions via 𝒕-ch. Pomeron exchange:

QCD:

* [Kłusek-Gawenda+ (‘16)] evaluates QCD contributions using the vector 

meson dominance model. We extrapolated their results up to high energies. 

∴ 𝐧𝐨𝐧𝐠𝐫𝐚𝐯 ∼
𝑒4

Λ4
+

𝑒4

Λ2𝑚w
2 +

𝑒4

Λ2ΛQCD
2

Λ2

ΛQCD
2

0.08

𝜎tot
nongrav

𝑠 ∼ 𝑒4
𝑠

𝛬QCD
2

0.08

[Aoki-Loc-Noumi-JT (‘21)]

• Since we consider physics at 𝑡 = 0, IR physics can play a role. 

• To calculate 𝜎tot(𝑠) at 𝑠 ≫ ΛQCD
2 , the Regge theory is useful.



Evaluate 𝐠𝐫𝐚𝐯 & Results

ℳgrav 𝑠, 𝑡 ∼ −
𝑠2

𝑀pl
2 𝑡

−
𝑒2𝑠2

𝑀pl
2𝑚𝑒

2 + 𝒪 𝑡/𝑚𝑒
2

𝐠𝐫𝐚𝐯 :

𝑒4

Λ4
+

𝑒4

Λ2𝑚w
2 +

𝑒4

Λ2ΛQCD
2

Λ2

ΛQCD
2

0.08

−
𝑒2

𝑀pl
2𝑚𝑒

2 ≥ 0

• Now, 𝑐2 Λ = (𝐧𝐨𝐧𝐠𝐫𝐚𝐯) + (𝐠𝐫𝐚𝐯) ≥ 0 reads

[Aoki-Loc-Noumi-JT (‘21)]

• For gravitational piece, electron one-loop correction to 𝛾𝛾ℎ couplings 

gives a dominant contribution, because electron is light:

∴ 𝐠𝐫𝐚𝐯 ∼ −
𝑒2

𝑀pl
2𝑚𝑒

2 < 0



• Now, 𝑐2 Λ = (𝐧𝐨𝐧𝐠𝐫𝐚𝐯) + (𝐠𝐫𝐚𝐯) > −𝑂 𝑀pl
−2𝑀𝑠

−2 reads

Evaluate 𝐠𝐫𝐚𝐯 & Results

ℳgrav(𝑠, 0) ∼ −
𝑒2𝑠2

𝑀pl
2𝑚𝑒

2

𝑒4

Λ4
+

𝑒4

Λ2𝑚w
2 +

𝑒4

Λ2ΛQCD
2

Λ2

ΛQCD
2

0.08

−
𝑒2

𝑀pl
2𝑚𝑒

2 ≥ 0

[Aoki-Loc-Noumi-JT (‘21)]

• For gravitational piece, electron one-loop correction to 𝛾𝛾ℎ couplings 

gives a dominant contribution, because electron is light:

QCDWeakQED

− 𝐠𝐫𝐚𝐯



• Now, 𝑐2 Λ = (𝐧𝐨𝐧𝐠𝐫𝐚𝐯) + (𝐠𝐫𝐚𝐯) > −𝑂 𝑀pl
−2𝑀𝑠

−2 reads

Evaluate 𝐠𝐫𝐚𝐯 & Results

ℳgrav(𝑠, 0) ∼ −
𝑒2𝑠2

𝑀pl
2𝑚𝑒

2

𝑒4

Λ4
+

𝑒4

Λ2𝑚w
2 +

𝑒4

Λ2ΛQCD
2

Λ2

ΛQCD
2

0.08

−
𝑒2

𝑀pl
2𝑚𝑒

2 ≥ 0

𝚲 ≲ 𝒪(𝟏𝟎𝟏𝟓−𝟏𝟔)GeV.
• The Standard Model can 

easily satisfy our bound! 

[Aoki-Loc-Noumi-JT (‘21)]

• For gravitational piece, electron one-loop correction to 𝛾𝛾ℎ couplings 

gives a dominant contribution, because electron is light:

QCDWeakQED

− 𝐠𝐫𝐚𝐯



Summary

• Gravitational positivity bounds reveal UV-IR correlations.

• We discuss implications of 𝑐2 Λ ≥ 0 for models.

• Further study of  quantum gravity S-matrix will be 

important for phenomenology, and vice versa.

Approximate positivity: 𝑐2 Λ ≥ ±1/𝑀pl
2𝑀2

* 𝑀: depends on details of UV theory (e.g. Regge behavior)

・The Standard Model

Sota Sato’s talk! (Next talk)

e.g.) dark sector physics

・Nontrivial for generic models.

✓ Violation of 𝒄𝟐 𝚲 ≥ 𝟎 constrains UV properties of  S-matrix

Easily satisfies the bound ☺.



backup



The setup we consider

mass

𝑀s

EFT (QFT + gravity in 4D)

Higher-spin 

tower

Λ

Other QFT 

states (if any)

Light fields 

in EFTs0

𝑚𝑒

ℎ, 𝛾

𝑒−

e.g.) ℒ ∼ 𝑀pl
2 𝑅 + ℒmatter[𝛾, 𝑒

−, … ]

UV completion with Reggeization

ℳ ∼
𝑓(𝑡)

𝑀pl
2 𝑡

𝑠2+𝛼
′𝑡 < 𝑠2

Any correlations?

• We assume the Reggeization of graviton exchange at UV.

* up to 𝒪 𝑀pl
−2 .



Basic properties of  S-matrix

• How can we understand good properties of S-matrix?

➢ Analyticity of ℳ(𝑠, 0) in the 𝑠-plane

➢ Mild behavior lim
𝑠 →∞

ℳ 𝑠,0

𝑠2
= 0

Contour 

deformation

Causality

Locality & Unitarity



Analyticity & Causality

• To get some intuition, let’s consider a signal model.

𝑓out 𝑡 = න
−∞

∞

d𝑡′ 𝑆 𝑡 − 𝑡′ 𝑓in 𝑡′ .

𝑆 𝑡 = න
−∞

∞ d𝜔

2𝜋
ሚ𝑆 𝜔 𝑒−𝑖𝜔𝑡 .ሚ𝑓out 𝜔 = ሚ𝑆 𝜔 ሚ𝑓in 𝜔 ,

• Causality implies: 𝑆 𝑡 = 0 for 𝑡 < 0.

ሚ𝑆 𝜔 = න
0

∞

d𝑡 𝑆 𝑡 𝑒𝑖𝜔𝑡 Analytic in the upper half plane.

• We have an initial signal 𝑓in(𝑡) and an out-signal 𝑓out 𝑡 with

⇔

• ሚ𝑆 𝜔 : S-matrix element.

c.f.) [Camanho-Edelstein-

Maldacena-Zhiboedov+(‘14)]



Mild behavior from Locality ＆ Unitarity

𝑠𝑁 ∼ 𝜕# ∼ Locality

• Key: polynomial boundedness (PB)

• Consider the partial-wave expansion 

ℳ ∼෍

ℓ=0

∞

2ℓ + 1 𝑓ℓ 𝑠 𝑃ℓ cos 𝜃

➢ Partial-wave unitarity: 𝑓ℓ(𝑠) ≤ 1

➢ Short-range force: 𝑓ℓ(𝑠) < 𝑠𝑁 exp −𝑚𝑒ℓ/ 𝑠  @ large ℓ

𝑏 ∼ ℓ/ 𝑠

𝜙

𝜙

ℳ 𝑠, 0 < ෍

ℓ=0

𝑠 ln 𝑠

2ℓ + 1 ∼ 𝑠 ln 𝑠 2 as 𝑠 → ∞. Froissart-

Martin bound.

𝓜 𝒔, 𝒕 < 𝒔𝑵 as 𝑠 → ∞, 𝑡: fixed .



Why “𝑠2”- bound ? (Naïve)

ℳ 𝑠, 𝑡 ∼
𝑠𝒥

𝑚𝒥
2 − 𝑡

.

• Suppose that we have an elementary particle with spin-𝒥 in 

our Lagrangian. 𝑡-channel exchange of spin-𝒥 particle:

• This violates the condition lim
𝑠 →∞

ℳ 𝑠,0

𝑠2
= 0 when 𝓙 ≥ 𝟐.

• The following may be useful. (But, just my naïve guess)

c.f.) 4.3 of Gribov’s textbook

• Usually renormalizable theories contain elementary particles 

with spin less than two.



Remark

• Recall that 𝐧𝐨𝐧𝐠𝐫𝐚𝐯 is evaluated as

𝐧𝐨𝐧𝐠𝐫𝐚𝐯 ≃ න
Λ2

∞

d𝑠
𝜎tot
nongrav

𝑠

𝑠2
> 0.

* 𝜎tot
nongrav

≃
1

𝑠
Imℳnongrav(𝑠, 0): total cross section

• Typically, physics with the mass scale 𝑀 gives

𝜎tot
nongrav

𝑠 ≲ 𝑀−2 @ s ≳ 𝑀2 .

• Light particles with non-decaying 𝜎tot
nongrav

are important.

• If 𝜎tot
nongrav

𝑠  decays at s ≫ 𝑀2, its contribution to 𝐧𝐨𝐧𝐠𝐫𝐚𝐯

also decays. 



QED + GR
[Alberte-de Rham-Jaitly-Tolley. (‘20)]

• A cutoff is too low ? 𝑚𝑒 → 0 is prohibited?

(Earlier works: [Cheung+(’14), Andriolo+(‘18), Chen+(‘19)])

• Renormalizable couplings can be constrained!

(𝐧𝐨𝐧𝐠𝐫𝐚𝐯):

𝐠𝐫𝐚𝐯 :

∼
𝑒4

Λ4
> 0

∼ −
𝑒2

𝑀pl
2𝑚𝑒

2 < 0
≈ 𝒪(𝟏𝟎𝟖)GeV.

𝚲 ≲ 𝒆𝑴𝐩𝐥𝒎𝒆

• We focus on the 𝛾𝛾 → 𝛾𝛾 process.

𝑐2 Λ = 𝐧𝐨𝐧𝐠𝐫𝐚𝐯 + 𝐠𝐫𝐚𝐯 > −𝒪 𝑀pl
−2𝑀𝑠

−2 .

• It is conjectured that 𝑐2 Λ > −𝒪 𝑀pl
−2𝑚𝑒

−2 .

(see also: [Hamada+(’23)])



Setup: dark photon model

• A hidden U(1) massive gauge field 𝐴′ with kinetic mixing:

ℒ ⊃
𝑀pl
2

2
𝑅 −

1

4
𝐹2 + 𝑒𝐽SM

𝜇
𝐴𝜇 −

1

4
𝐹′

2
−
𝑚𝐴′
2

2
𝐴′2 −

𝜖

2
𝐹𝐹′

[Noumi-Sato-JT (‘22)]

* 𝐹′: field strength of hidden U(1)

* For a while, we assume {𝑋𝑖}’s are very heavy and negligible.



Setup: dark photon model

• A hidden U(1) massive gauge field 𝐴′ with kinetic mixing:

• Diagonalizing the kinetic term, 

ℒ ⊃
𝑀pl
2

2
𝑅 −

1

4
𝐹2 −

1

4
𝐹′

2
−
𝑚𝐴′
2

2
𝐴′2 + 𝑒𝐽SM

𝜇
𝐴𝜇 − 𝜖𝐴𝜇

′

• The dark photon 𝐴′ is coupled to the SM sector.

ℒ ⊃
𝑀pl
2

2
𝑅 −

1

4
𝐹2 + 𝑒𝐽SM

𝜇
𝐴𝜇 −

1

4
𝐹′

2
−
𝑚𝐴′
2

2
𝐴′2 −

𝜖

2
𝐹𝐹′

• We consider 𝜸𝜸′ → 𝜸𝜸′ process. We ignore QCD sector. 

[Noumi-Sato-JT (‘22)]

* 𝐹′: field strength of hidden U(1)

* For a while, we assume {𝑋𝑖}’s are very heavy and negligible.



Results (1/2)

𝑐2 Λ ≃
32𝛼2𝜖2

𝑚𝑤
2 Λ2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.
𝛼: fine structure const

𝑚𝑤: mass of W-boson

𝑀pl: Planck mass

𝑚𝑒: mass of electron

• For transverse modes:

[Non-grav pieces] [Grav pieces]𝛾′ 𝛾′

[Noumi-Sato-JT (‘22)]

𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′



Results (1/2)

𝛼: fine structure const

𝑚𝑤: mass of W-boson

𝑀pl: Planck mass

𝑚𝑒: mass of electron

• For transverse modes:

• For longitudinal modes:

𝑐2 Λ =
8𝛼2𝜖2

𝑚𝑤
2 Λ2

⋅
𝑚𝐴′

𝑚𝑤

2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.

[Non-grav pieces] [Grav pieces]𝛾′ 𝛾′

[Noumi-Sato-JT (‘22)]

𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′

𝑐2 Λ ≃
32𝛼2𝜖2

𝑚𝑤
2 Λ2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.



Results (1/2)

𝛼: fine structure const

𝑚𝑤: mass of W-boson

𝑀pl: Planck mass

𝑚𝑒: mass of electron

• For transverse modes:

• For longitudinal modes:

[Non-grav pieces] [Grav pieces]𝛾′ 𝛾′

[Noumi-Sato-JT (‘22)]

𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′

Decoupling of longitudinal modes as 𝑚𝐴′ → 0. 

𝑐2 Λ ≃
32𝛼2𝜖2

𝑚𝑤
2 Λ2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.

𝑐2 Λ =
8𝛼2𝜖2

𝑚𝑤
2 Λ2

⋅
𝑚𝐴′

𝑚𝑤

2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.



Results (2/2)

• Testable LOWER bound on 𝜖. Complementary to experimental search.  

* We take Λ = 1 TeV

Bound from 

longitudinal 

modes

Bound from 

transverse 

modes

[Noumi-Sato-JT (‘22)]

• New particles mediating 𝛾𝛾′ → 𝛾𝛾′ will change the results (next page).

• Lower bound on 𝒎𝑨′ is suggested.



Adding new particles

• We consider vector bosons V charged under both U(1)s.

[Noumi-Sato-JT (‘22)]

𝑚𝑉: mass of bi-charge vector bosons

෤𝛼: fine structure const for dark U(1)• For longitudinal modes:

𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′

𝑉

𝑐2 Λ =
16𝛼 ෤𝛼

𝑚𝑉
2Λ2

⋅
𝑚𝐴′

𝑚𝑉

2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.

* We set 𝜖 ≪ 1 so that we can ignore 

the contributions from kinetic mixing.



Adding new particles

• We consider vector bosons V charged under both U(1)s.

[Noumi-Sato-JT (‘22)]

𝑚𝑉: mass of bi-charge vector bosons

෤𝛼: fine structure const for dark U(1)• For longitudinal modes:

𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′ 𝛾′

𝑉

𝚲 ≲ 𝟏𝟎 𝐓𝐞𝐕 × 𝟒𝝅෥𝜶
𝒎𝑨′

𝟏 𝐤𝐞𝐕

𝟏 𝐓𝐞𝐕

𝒎𝑽

• Again, very tiny mass𝑚𝐴′ is disfavored. This is because, 

non-gravitational piece vanishes in the limit 𝑚𝐴′ → 0.

* We set 𝜖 ≪ 1 so that we can ignore 

the contributions from kinetic mixing.

(c.f. [Aoki-Noumi-Saito-Sato-Shirai-JT-Yamazaki (‘23)])

𝑐2 Λ =
16𝛼 ෤𝛼

𝑚𝑉
2Λ2

⋅
𝑚𝐴′

𝑚𝑉

2

−
11𝛼

45𝑚𝑒
2𝑀pl

2 ≥ 0.



Generalization

• Consider the GR+SM+dark sector model in 4D. 

𝓛 =
𝑴𝐩𝐥

𝟐

𝟐
𝑹 + 𝓛𝐒𝐌 𝑨𝝁, ⋯ + 𝓛𝐝𝐚𝐫𝐤−𝐬𝐞𝐜𝐭𝐨𝐫[𝑿,… ]

• Focus on the process 𝛾𝑋 → 𝛾𝑋. (We’ve discussed 𝑋 = 𝛾′case.)

𝑐2 Λ ≃ 𝑐2 Λ ቚ
non−grav

−
11𝛼

𝑚𝑒
2𝑀pl

2 ≥ 0.

[Non-grav pieces] [Grav pieces]

• “Dark sector cannot be too dark.”

• It would be interesting to consider various models! (e.g. axion)

𝑋 𝑋

[Noumi-Sato-JT (‘22)]



Regge behavior: higher-spin states

• Regge behavior ~ Regge pole 𝑓ℓ 𝑡 ∼ ℓ − 𝛼 𝑡
−1
:

• The Regge trajectory 𝜶 𝒕 ~ higher-spin spectra.

[Gribov’s textbook]

ℳ 𝑠, 𝑡 ∼ σℓ 𝑓ℓ 𝑡 𝑃ℓ 1 +
2𝑠

𝑡−4𝑚2 ∼ 𝑃𝛼 𝑡 1 +
2𝑠

𝑡−4𝑚2 ∼ 𝑠𝛼 𝑡 .

𝑓ℓ=𝑛 𝑡~𝑡𝑛 ∼
const.

𝛼′(𝑡𝑛)(𝑡 − 𝑡𝑛)

𝛼 𝑡 = 𝑡𝑛 = 𝑛 ∈ integers.

Spin-𝒏 state with mass 𝒕𝒏. 𝑡𝑡𝑛 𝑡𝑛+2

𝑛

𝑛 + 2

𝛼 𝑡

* Spin-𝐽 particle exchange (t-ch): 𝑓ℓ 𝑡 ∼
𝛿ℓ𝐽

𝑡 − 𝑀2 ℳ 𝑠, 𝑡 ∼ 𝑠𝐽 .



Finite energy sum rules [Noumi-JT (‘22)]

• We have ׬𝐶++𝐶𝐿
d𝑠

2𝜋𝑖
𝑠 + 𝑡/2 2𝑛+1ℳ 𝑠, 𝑡 = 0 𝑛 = 0,1,2,… .

𝑠∗

* We ignored 𝑠, 𝑢-channel 

poles of light particles.

* We ignored loops of light 

particles (for a while). 

• We assume ׬𝐶+
d𝑠

2𝜋𝑖
⋯ ℳ 𝑠, 𝑡 ≃ +𝐶׬

d𝑠

2𝜋𝑖
⋯ ℳR 𝑠, 𝑡 ,

ℳR =
−𝑓 𝑡 𝑒−𝑖𝜋𝛼 𝑡 + 1

sin 𝜋𝛼 𝑡
𝑠/𝑠∗

𝛼 𝑡 , 𝛼 𝑡 = 2 + 𝛼′𝑡 + 𝛼′′𝑡2/2 +⋯ .

• We consider the scattering of massless identical scalar.



Finite energy sum rules [Noumi-JT (‘22)]

𝑓 𝑡

𝛼 𝑡 + 2𝑛 + 2
=

1

𝑠∗ + 𝑡/2 2𝑛+2න
𝑀𝑠
2

𝑠∗

d𝑠 𝑠 + 𝑡/2 2𝑛+1 Imℳ(𝑠, 𝑡) .

• Finite energy sum rules (FESRs) [for 𝑛 = 0,1,2, …]

=: 𝑆2𝑛+1 𝑡

✓ We can derive FESRs for 𝑓(𝑡) and 𝛼 𝑡 . For instance,

𝑓′(0) =
2

𝑛 −𝑚
𝑛 + 2 2𝑆2𝑛+1

′ 0 − 𝑚 + 2 2𝑆2𝑚+1
′ 0 𝑛,𝑚 = 0,1,2, … .

• FESRs directly connect Regge parameters with “infrared” 

physics 𝑠 ≤ 𝑠∗ ! 



FESR test: examples [Noumi-JT (‘22)]

* 𝜖 ≔ 𝑀𝑠
2/𝑠∗ ≪ 1.



Key Idea

• Our case: no experimental input for Imℳ(𝑠, 0) with 𝑠 > 𝑀𝑠
2.

• But, we have a theoretical input !!  “Null constraints”

… implied by crossing symmetry. 
[Arkani-Hamed+(’19, ’21), Bellazzini+ 

(’20), Tolley+ (‘20), Caron-Huot+(’20)]

[Noumi-JT (‘22)]

• FESRs were useful in the context of strong interactions. 
[Igi (1962), Dolen+(1967,68), Ademollo+(1967,68)…]

・Veneziano amplitude = solution of “FESR bootstrap” for 𝜋𝜋 → 𝜋𝜔 .

𝑓 𝑡

𝛼 𝑡 + 2𝑛 + 2
=

1

𝑠∗ + 𝑡/2 2𝑛+2න
𝑀𝑠
2

𝑠∗

d𝑠 𝑠 + 𝑡/2 2𝑛+1 Imℳ(𝑠, 𝑡) .

e.g.) ・Experimental input for the RHS -> Constraints on LHS.



Results [Noumi-JT (‘22)]

* We choose 𝑠∗ = 10𝑀s
2 as a benchmark point in this talk.

𝑓′/𝑓 < 9.1 × 102𝑀s
−2 𝛼′′/𝛼′ > −2𝑓′/𝑓 − 2.4 × 105𝑀s

−4/𝛼′

𝑐2 > −𝑀pl
−2𝑀s

−2 3.7 × 103 + 2.4 × 105 𝑀𝑠
2𝛼′

−1

• We confirm that the Regge parameters 𝑓 𝑡 and 𝛼(𝑡) are 

governed by the scales of  higher-spin tower 𝑀𝑠 and 𝛼′,
ignoring loops of light particles.

• IR finite grav. positivity bounds in D=4 dimensions! 

• New bounds on gravitational Regge parameters.

• An extension to higher-D is straightforward.



Comparisons [Noumi-JT (‘22)]

• Our bounds are easily satisfied by string amplitude.

𝑓′

𝑓
<
102

𝑀𝑠
2 × 3.0, 2.2, 1.8, 1.5, 1.4, 1.3, 1.2 (𝐷 = 4,5,6,⋯ , 10)

𝑓′

𝑓
ቚ
type−II

≃
5.86

𝑀𝑠
2

• In general, we expect 𝑐2 >
−𝒪 1

𝑀pl
2 𝑀𝑠

2 from power counting. This is 

proven in [Caron-Huot+(‘21)] in higher dimensions 𝐷 > 4.

• However, the finite bound on 𝑐2 in 𝐷 = 4 was not known.

• We expect the presence of theoretical bound on 𝑐2 which is much 

stronger than ours: future work.



• We consider 4D scalar QFT +GR. 

Application 1: 4D scalar QFT + GR

ℒ =
𝑀pl
2

2
𝑅 −

1

2
𝜕𝜙 2 − 𝑉 𝜙 + (counterterms) 𝑉 𝜙 =

𝑚2𝜙2

2
+
𝑔𝜙3

3!
+
𝜆𝜙4

4!

𝑐2 Λ >
−𝑂 1

𝑀pl
2𝑀s

2 .• We compute 𝑐2 Λ and then discuss implications of 

𝑐2 Λ ≔ 𝑐2 −න
4𝑚2

Λ2

d𝑠
Imℳ 𝑠, 0

𝑠 − 2𝑚2 3

ℳ 𝑠, 𝑡 ∼ 𝑠, 𝑡, 𝑢 poles + 𝑐2 𝑠 − 2𝑚2 2
+⋯

∗ 𝑐2 ∼ “𝑠2 coefficient"

*Λ: EFT cutoff

* 𝑐2 Λ : calculable within EFT

• In this setup, loop diagrams give leading contributions to 𝑐2. Then, we also 

need to compute Imℳ(𝑠, 0) to get 𝑐2 Λ . Actually, the “improvement 

procedure” is practically important. [Alberte, de Rham, Jaitly, Tolley (’20,’21)]



Results (1/2)

𝑐2 Λ = 𝒄𝐧𝐨𝐧−𝐠𝐫𝐚𝐯 + 𝒄𝐠𝐫𝐚𝐯 > −𝑂 𝑀pl
−2𝑀𝑠

−2 .

ℎ𝜇𝜈

✓In the limit 𝑚 → 0 while keeping 𝜆, 𝑔/𝑚 fixed, 𝒄𝐠𝐫𝐚𝐯 → −∞, 

leading to the violation of inequality. 

𝑽(𝝓) cannot be arbitrarily flat.

✓This inequality is nontrivial when the negative 𝒄𝐠𝐫𝐚𝐯 dominates 

over “ − 𝑶 𝑀pl
−2𝑀s

−2 ”on the RHS.

[T. Noumi, JT (‘21)]

𝒄𝐧𝐨𝐧−𝐠𝐫𝐚𝐯 =
𝜆2

16𝜋2Λ4
−

𝜆𝑔2

6𝜋2Λ6
ln

Λ2

𝑚2
−
1

6
+

𝑔4

12𝜋2𝑚2Λ6
> 0

𝒄𝐠𝐫𝐚𝐯 = −
1

𝑀pl
2

45 − 8𝜋 3

1296𝜋2
𝑔2

𝑚4
+
10 − 𝜋2

4608𝜋4
𝜆2

𝑚2
< 𝟎



Results (2/2)

• When having a scaling 𝑔2 ≤ 𝜆 𝑚2, the bound reads 

• Our bound provides quantitative swampland criteria.

• In 𝜆𝜙4 theory, the bound becomes a lower bound on 𝑚2

𝑐grav = 𝑀pl
−2𝑀𝑠

−2 ⇔𝑚 = 5.4 × 10−4 𝜆 𝑀s

Excluded region

𝑚 = 4.6 × 10−5
Λ2

𝑀pl
 

≈ 2.8 × 109
Λ

1015 GeV

2
 GeV

*𝜆 = 10−2, 𝑀s = 1016 GeV is 

used in this plot.

[T. Noumi, JT (‘21)]

• Typically, tiny mass 𝒎 ≪ 𝚲 is disfavored. 



Computation of 𝑐grav

𝑉𝜇𝜈 𝑘1, 𝑘3 |𝑘12=𝑘32=−𝑚2 ∋ 𝑅 𝑞2 (𝑘1 − 𝑘3)
𝜇 𝑘1 − 𝑘3

𝜈, 𝑅tree 𝑞2 = 1/2.

• 1PI vertices 𝑉𝜇𝜈 𝑘1, 𝑘3 =

ℳ 𝑠, 𝑡 ቚ
grav

∼
4𝑅2 −𝑡 𝑠𝑢

𝑀pl
2 𝑡

∼
4𝑅′(0)

𝑀pl
2 𝑠2

• Negative term arises as a result of expanding 𝑅 𝑞2 around 𝑞2 = 0.

𝑐grav ≃
8𝑅′ 0

𝑀pl
2 ≃ −

1

𝑀pl
2

45 − 8𝜋 3

1296𝜋2
𝑔2

𝑚4 +
10 − 𝜋2

4608𝜋4
𝜆2

𝑚2 < 0. Negative!! 

• 𝑐grav = ℎ𝜇𝜈
+⋯



Sign of 𝑐grav and superluminality

• Relevant 1PI vertices:

𝑐grav = +⋯• Consider scalar theory.

𝓛 = 𝑀pl
2 𝑅 −

1

2
𝜕𝜙 2 − 𝑉 𝜙 + 𝛼𝑅𝜇𝜈 𝜕𝜇𝜙 𝜕𝜈𝜙 𝛼 < 0

Effective metric for 𝜙: ෤𝑔𝜇𝜈 = 𝑔𝜇𝜈 − 2𝛼𝑅𝜇𝜈

Dispersion relation: 𝜔2 ≃ 1 + 4𝛼 ሶ𝐻 𝑘2 > 𝑘2

e.g.) FLRW metric with ሶ𝐻 < 0

Superluminal relative to the speed of GW!

⇔ 𝑐grav < 0

𝑐grav < 0 ∼ Superluminal propagation in b.g. satisfying null-E condition.



• Let us assume the analyticity and poly. boundedness of 𝑆(𝐸)

Analyticity and Causality (4/5)

0

Re 𝐸′

Im 𝐸′ 𝐸′
𝐶

𝑆 𝐸 =
𝑔 𝐸

2𝜋i
ර
𝐶

d𝐸′

𝑔 𝐸′
𝑆 𝐸′

𝐸′ − 𝐸 − 𝑖𝜖

where 𝑔(𝐸) ensures lim
𝐸 →∞

𝑆𝛽𝛼 𝐸

𝑔(𝐸)
= 0.

𝑆 𝐸 =
𝑔 𝐸

2𝜋
න
−∞

∞ d𝐸′

𝑔 𝐸′
−𝑖𝑆 𝐸′

𝐸′ − 𝐸 − 𝑖𝜖

𝑆 𝑡 = න
−∞

∞ d𝐸

2𝜋
𝑆 𝐸 𝑒−𝑖𝐸𝑡 = ⋯ next page ⋯

𝐸 + 𝑖𝜖

𝑔 𝐸 : polynomial



• Analyticity of 𝑆𝛽𝛼(𝐸) gives rise to

Analyticity and Causality (5/5)

0

Re 𝐸

Im 𝐸 𝐸

𝑡 < 0

𝑡 > 0

𝑓 𝑡 ≡ න
−∞

∞ d𝐸′

2𝜋

𝑖𝑆 𝐸′

𝑔 𝐸′
𝑒−𝑖𝐸

′𝑡

where

• Polynomial boundedness of 𝑆 𝐸

𝑔 𝑖𝜕𝑡  contains finite number of derivatives

𝑆 𝑡 = 0 for t < 0 : micro-causality.

𝑆 𝑡 = 𝑔 𝑖𝜕𝑡 න
−∞

∞ d𝐸′

2𝜋

𝑖𝑆𝛽𝛼 𝐸′

𝑔 𝐸′
𝑒−𝑖𝐸

′𝑡න
−∞

∞ d𝐸

2𝜋

𝑒−𝑖 𝐸−𝐸
′ 𝑡

𝐸 − 𝐸′ + 𝑖𝜖

= 𝑔 𝑖𝜕𝑡 Θ 𝑡 𝑓(𝑡)



Results (1/2)

𝑐2 Λ ≃
32𝛼2𝜖2

𝑚𝑤
2 Λ2

−
11𝛼

𝑚𝑒
2𝑀pl

2 > −𝑂 𝑀pl
−2𝑀𝑠

−2 .

[T. Noumi, JT (‘21)]

𝛼: fine structure const

𝑚𝑤: mass of W-boson

𝑀pl: Planck mass

𝑚𝑒: mass of electron

• For transverse modes:

• For longitudinal modes:

𝑐2 Λ =
8𝛼2𝜖2

𝑚𝑤
2 Λ2

⋅
𝑚𝐴′

𝑚𝑤

2

−
11𝛼

𝑚𝑒
2𝑀pl

2 > −𝑂 𝑀pl
−2𝑀𝑠

−2 .

𝜖 ≥
11

5760𝜋𝛼

𝑚𝑤Λ

𝑚𝑒𝑀pl
≃ 1.9 × 10−11

Λ

1 TeV

𝜖 ≥
11

1440𝜋𝛼

𝑚𝑤Λ

𝑚𝑒𝑀pl
⋅
𝑚𝑤

𝑚𝐴′
≃ 3.0 × 10−3

Λ

1 TeV

1 keV

𝑚𝐴′



Example of positivity violation

• e.g) type-Ⅱ superstring amplitude of identical massless boson

𝑐2 Λ = lim
𝑡→−0

4

𝜋
න
Λ2

∞

d𝑠′
Im𝓜 𝑠′, 𝑡

𝑠′ + 𝑡/2 3
+

2

𝑀pl
2 𝑡

= 0

𝓜 𝑠, 𝑡 = −𝐴 𝑠2𝑢2 + 𝑡2𝑢2 + 𝑠2𝑡2
Γ −

𝛼′𝑠
4

Γ −
𝛼′𝑡
4

Γ −
𝛼′𝑢
4

Γ 1 +
𝛼′𝑠
4

Γ 1 +
𝛼′𝑡
4

Γ 1 +
𝛼′𝑢
4

𝐴 > 0

✓ Strict positivity is violated, due to the exact cancellation:

Higher-spin tower states Reggeize the amplitude.

(Regge states) − (graviton t-pole) = 0

𝑓 0 = 256𝐴/𝛼′4, 𝜕𝑡𝑓 𝑡 |𝑡=0 = 128𝐴/𝛼′3.

𝑠

Im𝓜 𝑠𝑒𝑖𝜀, 𝑡 ≈ 𝑓 𝑡
𝛼′𝑠

4

2+𝛼′𝑡/2

𝑠 = 4𝑁/𝛼′ (𝑁 = 1,2,⋯ )

for 𝑠 ≫ 𝛼′
−1
, 0 < 𝜀 ≪ 1.

spin 𝐽 = 2𝑁 + 2
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