
Generalised Bismut-Lichnerowicz Formulae and
Quantum Corrections in String Theory

forthcoming w/ P. Cheng, A. Coimbra and R. Minasian

Yi Zhang

Peking University
Center for High Energy Physics

String Pheno ’23
Institute for Basic Science, Daejeon

July 6th, 2023



Outline

1 Bismut-Lichnerowicz formulae and generalised geometry

2 Romans’ 6d gravities and string dualities

3 Towards dualitiy manifest higher derivative corrections

4 Summary and discussion



Bismut-Lichnerowicz formulae and generalised
geometry



Lichnerowicz formula

Spineurs harmonique (harmonic spinors)[A. Lichnerowicz ’63]

Standard Lichnerowicz formula



Bismut-Lichnerowicz formula

• A physicist familiar version is given in components asÄ
/∇2 −∇µ∇µ

ä
ϵ = −1

4
Rϵ .

• ∇ here is the covariant derivative with respect to the torsion free
Levi-Civita connection and R is the scalar curvature.

• A version of the Lichnerowicz formula with closed three-form torsion H
is found due to Bismut.

• The Bismut version have a pair of operators such that the difference of
their squares is again tensorial, i.e. there is no derivative piece applying
on the spinor on the right hand side.



Bismut-Lichnerowicz formula

A local index theorem for non Kähler manifolds [J-M. Bismut ’89]

In local coordinates

( /∇H
)2 − (∇H)µ∇H

µ ϵ = −1

4
Rϵ+

1

48
HµνρHµνρϵ

The operators look like

∇H
µ ϵ = ∇µϵ+

1

8
Hµνργ

νρϵ

/∇H
ϵ = /∇ϵ+ 1

24
Hµνργ

µνρϵ

Note that the Dirac operator is no longer the trace of the covariant
derivative with torsionful connection.



Why and how are these related to SUGRA/String?

Bismut’s formula captures the physics of the ten-dimensional NS
sector (without dilaton) —the action and the equations of motion
to order of lowest derivatives.

The operators can be identified as supersymmetry variations of the
gravitino ψµ and the dilatino ρ. (no dilaton terms, no RR-Flux
terms)

Interestingly enough, it is the inclusion of the dilaton that requires a
truly generalised treatment.

TYPE II SUSY variation including dilatons are

δψµ = Dµϵ = ∇µϵ+
1

8
Hµνργ

νρϵ ,

δρ = Dϵ = /∇ϵ+ 1

24
Hµνργ

µνρϵ− γµ∂µϕϵ .

However, difference of squares of them does not provide tensorial
quantities.



Generalised geometry

Hint from generalised tangent bundle

In using Bismut-Lichnerowicz formula with dilaton, add extra terms
when doing DµDµϵ

2∇µϕD
µϵ = 2∇µϕ

Å
∇µϵ+

1

8
Hµ

νργ
νρϵ

ã
.

The formula then yields the bosonic NS action S , and the Bianchi
identity for H

−1

4
Sϵ−∇[µHνρσ]γ

µνρσϵ .

The key here is having a different action of the same operator on a
spinor and a vector-spinor. The above-mentioned pair of operators
is then seen as a component of the same “generalised Levi-Civita
connection” DM on T ⊕ T ∗. [Waldram et al. ’2011]



Generalised geometry and more

Generalised complex geometry [N. Hitchin ’2000 and M. Gualtieri
’2004]
GCG unites the geometric data with the antisymmetric two form field and
puts diffeomorphisms and gerbe gauge transformations on equal footing

(g ,B, ϕ) −→ (g + Lvg ,B + LvB, ϕ+ Lvϕ)

(g ,B, ϕ) −→ (g ,B − dλ, ϕ) .

• For TYPE II supergravities, notably, a generalised vanishing torsion
condition on a generalised metric-connection yields a notion of a
generalised Ricci tensor which fully captures the physics and geometrize
the O(d , d) structure. [Waldram et al. ’2011]

• The passage to non-closed torsion H requires an extension of the
generalised tangent bundle to T ⊕ T ∗ ⊕ g and the inclusion of gauge
fields, eventually leading to a generalised complex description of heterotic
strings. [Waldram et al. ’2014]



Limitations and new insights from a step back

In ordinary complex generalised geometry, the RR sector fields does
not enter operators. They are mathematically spinors of the
generalised tangent bundle.

Fully geometrise both the NS and RR sector is possible. Exceptional
generalised geometry describe M-theory on internal d-dimensional
space of a generic supersymmetric compactification, where the
generalised tangent bundle corresponds to a representation of an
exceptional Ed(d) group. [Hull, Waldram et al.]

It is still, however, an open question whether generalised complex
geometry can capture the structure of stringy perturbative
corrections to the effective theories.

Almost only work with maximal SUSY.

Continuous version of U-dualities (Ed(d)) is manifest in the
exceptional setup. How about other dualities?

At this point one would like to dream that the suitable versions of
the Lichnerowicz formula underlie every supersymmetric theory.



Limitations and new insights from a step back

In fact, generalised geometry structure is not the unique way out for
the missing piece needed for tensoriality. [forthcoming paper ’2023]

SUSY variation of gravitino δψµ = Dµϵ defines an operator sending
spinor to vector-spinor

C∞(S) −→ C∞(S ⊗ T ∗M)

ϵ 7−→ Dϵ .

The spinor bilinear form < ϵ, χ >=
∫
e−2ϕ√−g ϵ̄χ and

<< ψ, η >>=
∫
e−2ϕ√−g ψ̄āηā allow as to compute the formal

adjoint of D, i.e. an operator D† : C∞(S ⊗ T ∗M) −→ C∞(S) such
that

<< Dϵ, ψ >>=< ϵ,D†ψ >

Tensoriality is restored by suitable choice of integration measure in
the bilinear form.



Bismut-Lichnerowicz with Bochner Laplacian

For instance, for Dµϵ = ∇µϵ+
1
8Hµνργ

νρ one computes

D†
µψ

µ = −∇µψ
µ − 1

8
Hµαβγ

αβψµ + 2∂µϕψ
µ

In fact, we can reinterpret the Bismut-Lichnerowicz formula as

(
D†

µD
µ + D†D

)
ϵ = (tensorial supergravity quantities) ϵ .

The squares above are analog of ∇†∇ of Bochner Laplacian on
general vector bundles, where ∇† is specified by the fiber metric. It
differs to the usual connection Laplacian by a sign.

How about adding gauge fields within the gravity multiplet? It is
not a problem in some specific dimensions and we would like to look
at 6d .

Minimal input: SUSY, and assume that SUSY is order by order.



Romans’ 6d gravities and string dualities



The multiplet and supergravities

Six-dimensional N = (1, 1) gravity multiplet [Strathdee’87] consists
of one graviton gµν , four vectors aµ and Aµ

I with field strengths fµν
and F I

µν , with I runs through 1, 2 and 3 respectively, a 2-form
tensor field Bµν , a scalar ϕ, two symplectic-Majorana gravitini ψµi

and two symplectic-Majorana spin- 12 fields χi .

As shown by Romans [Romans’85], the same field content can be
interpreted as degrees of freedom of different supergravity theories
in 6d. Some of which are related by duality that can be traced back
to string dualities in ten dimensions. His 6d N = 40 supergravity
can be think of as IIA string reduced on K3 with all the 6d vector
multiplets removed. The dual theory, called N = 4̃0, describe the
gravity part of Heterotic string on T 4.

In Romans’ D = 6 N = (1, 1) gauged supergravity, the four vectors
are SU(2)× U(1) Yang-Mills fields. For simplicity we just want to
include the gravi-photon fµν .



Generalised Bismut-Lichnerowicz in six dimensions

Including the field strength of aµ the heterotic operators (SUSY
variations) read

Dµϵ := ∇µϵ+
1

8
Hµαβγ

αβϵ+
1

2
γν fµνϵ

Dϵ := /∇ϵ+ 1

24
γµνρHµνρϵ− γµ∂µϕϵ+

1

4
γµν fµνϵ

One gets(
D†D + D†

µDµ

)
ϵ =

(
−1

4
R −∇2ϕ+ (∂ϕ)2 − 1

8
fµν f

µν +
1

48
HµνρH

µνρ

+
1

24
∇µHνρσγ

µνρσ +
1

4
∇µfνργ

µνρ − 1

16
fµν fρσγ

µνρσ
)
ϵ ,

where the γ(4) part yields the Bianchi identity

∇[aHbcd ] =
3

2
f[abfcd ] ,

which in differential form language reads

dH = f ∧ f .



Dualising the heterotic version to IIA version

Duality map between six SUGRAs

The map is explicitly given as [Liu and Minasian ’13]

ϕHET = −φIIA

gHET = e2ϕg IIA = e−2φg IIA

HHET = e2ϕ ⋆ H̃ IIA = e−2φ ⋆ H̃ IIA .

We also need to rescale fermions to keep tensoriality: ψµ −→ e−φψµ.

Operators change under the duality map

Dµϵ ≡ eφ
Å
∇µϵ−

1

2
γµν∂

νφϵ− 1

24
γ7γµνρσH̃

νρσϵ+
1

2
eφfµνγ

νϵ

ã
Dϵ ≡ eφ

Å
/∇ϵ− 3

2
/∂φϵ+

1

24
γ7H̃µνργ

µνρϵ+
1

4
eφfµνγ

µνϵ

ã
.



IIA Bismut-Licherowicz with dilaton

The canonical choice for the measure is e−4φ√−g , which is also
obtained by direct duality transformation from the heterotic measure

e−2ϕ
√
−gHET −→ e4ϕ

√
−g IIA = e−4φ√−g .

The result
Note that we multiply the whole thing by −4 to compare with the
standard normalisation

e2φ
Å
R +

1

12
H̃2 +

1

2
e2φf 2−8(∂φ)2 + 6∇2φ

− γµνρeφ∇µfνρ

+γµνρσ
ï
−1

6
e2φ∇µ

Ä
e−2φ(⋆H̃νρσ)

ä
+

1

4
e2φfµν fρσ

òã
,



Interpretation of the dual Lichnerowicz

The 0-form part together with the measure gives∫
e−2φ√−g dx

Å
R +

1

12
H̃2 +

1

2
e2φf 2−8(∂φ)2 + 6∇2φ

ã
=

∫
e−2φ√−g dx

Å
R +

1

12
H̃2 +

1

2
e2φf 2+4(∂φ)2

ã
=

∫ Å
e−2φ

ï
R +

1

2
⋆ H̃ ∧ H̃+4 ⋆ dφ ∧ dφ

ò
+ ⋆f ∧ f

ã
.

The 4-form part is: e4φ
Ä
−d(e−2φ ⋆ H̃) + f ∧ f

ä
.

We can multiply it by e−4φ and then wedge it with the 2-form B̃ to
get a top-form: ∫

−e−2φ ⋆ H̃ ∧ H̃ + B̃ ∧ f ∧ f

These together we get the action∫ Å
e−2φ

ï
R − 1

2
⋆ H̃ ∧ H̃+4 ⋆ dφ ∧ dφ

ò
+ ⋆f ∧ f + B̃ ∧ f ∧ f

ã
.



Towards dualitiy manifest higher derivative
corrections



SUSY order by order for heterotic side

• Let us now consider higher order modifications of the SUSY operators.
We demand that they still retain a form that is consistent with
tensoriality.

δψα = Dαϵ = D0
αϵ− 4k(X2)αβγ

βϵ− k((D0)†)αβ (Kαβϵ) ,

δρ = Dϵ = D0ϵ− 2k(X2)αβγ
αβϵ,

where k is a parameter to keep track of derivative count,
(X2)αβ = 1

2R
−
αβµν f

µν + 1
4 fαβf

2, and

Kαβϵ = 8[Dα,Dβ]ϵ = R+
αβµνγ

µνϵ+ 4(∇̃[αfβ]ρ)γ
ρϵ+ 2fαρfβσγ

ρσϵ,

is proportional to the curvature of the D0
α connection.

• The result is a polyform Θ1 where the scalar component is the dilaton
eom (from which the higher-order Lagrangian can be recovered) and the
3- and 4-forms are Bianchi identities (in particular, they have to be
closed).



IIA side and a glimpse of the result

• In principle, one applies the duality map for the corrected operators and
do the generalised Bismut-Lichnerowicz. We verified that the next level is
consistent with the standard result, see e.g. [Liu and Minasian ’13].

• The IIA correction term K is now

Kµν
ab =Rµν

ab − 2δ
[a
[µR

b]
ν] − 4δ

[a
[µ∇ν]φ∂

b]φ− δa[µδ
b
ν]∇

2φ− 1

2
H̃[µ

aκH̃ν]κ
b

+∇[µ(⋆H̃)ν]
ab + 2(⋆H̃)µν

[a∇b]φ+ 2δ
[a
[µ(⋆H̃)ν]

b]λ∇λφ .



IIA side and a glimpse of the result

• We also define Ĥ = ⋆H̃.

• The result is (remember that IIA measure is with e−4φ so this would
give one-loop and α′ (we used k) mixed corrections)

ke4φ
Å
−1

2
KµναβR

µν
λκγ

αβλκ + KµναβR
µναβ

− Kµαβκ∇µ∇νφγ
ναβκ + 2Kµρν

ρ∇µ∇νφ

− 1

4
Kµναβ∇µĤν

ρσγ
αβρσ +

1

2
Kµνρσ∇µĤνρσ

− Kµαβκ∇µφ∇νφγ
ναβκ + 2Kµν∇µφ∇νφ

− 1

2
Kµναβγ

µναβ(∂φ)2 + Kµν
µν(∂φ)2

− 1

2
ĤµνρKµαβκ∇ρφγ

ναβκ + ĤµνρKµν∇ρφ

− 1

2
ĤµνρKµναβ∇κφγ

ραβκ + ĤµνρKµνρσ∇σφ

+
1

8
Ĥµ

νρĤµστK
νσ

αβγ
ρταβ +

1

4
Ĥµ

νρĤµαβK
νραβ

ã



Summary and discussion



Summary and discussion

Bismut-Lichnerowicz formula can be generalised which offers more
than the common generalised complex geometry.

The can be a (String/String) duality manifest generalised complex
geometry structure that we will leave for future work.

Uplift to 10d in consideration.

Gauged Bismut-Lichnerowicz formula should be straight-forward to
establish which describes gauged supergravities

Gauge multiplets are not yet added in our 6d story and it could be
plugged-in a way like the HET-generalised geometry, which deserves
more attentions. (cf. transitive Courant Algebroid [Waldram ’14])

Thanks a lot for your attention!
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