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Introduction: the AdS Distance Conjecture

In string theory the vacuum energy (Vmin ≡ Λ) is calculable.

AdS Conjecture: Consider quantum gravity on AdS. There exists an

in�nite tower of states with mass scale M which, as Λ→ 0, behaves

as M ∼ |Λ|α, with α positive number. [Lüst, Palti, Vafa, 2019].

Great interest in recent years: dark dimension scenario [Gonzalo, Obied,

Montero, Valenzuela, Vafa, 2022], understanding scale separated vacua, e.g.

[Shiu, Tonioni, Van Hemelryck, Van Riet 2023], etc...

Do the AdS conjecture make sense? If yes, what is the physics behind?
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Generalized distance and metric variations

Compacti�cations parametrize deformations of the internal metric, RR

�elds, etc → Distance Conjecture [Ooguri, Vafa, 2006].

External metric variations are particularly interesting:

ds2
d = e2σds2

AdSd
Λ = −(d− 1)(d− 2) e−2σ .

We give to σ a dependence over AdSd −→ Sd ⊃ −
∫
Kσσ(∂σ)2.

Deformations in σ are equivalent to variations of Λ [Lüst, Palti, Vafa, 2019]

∆ = −1

2

∫ Λf

Λi

(
K(σ) +K ′

)1/2
d log Λ .

AdS Distance conjecture: (K(σ) +K ′)1/2 ∼ O(1)

m ∼ e−α∆ ∼ |Λ|α [Lüst, Palti, Vafa, 2019].
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Imaginary distance and conformal factor problem

Let's see if we can develop this idea: we start with ds2
d = e2σdŝ2

AdSd
.

Very simple calculation: derive the EH action Sd =
∫
ddx
√
−g Rd with

Rd = e−2σ
(
R̂d − (d− 1)(d− 2)ĝmnd ∂m σ∂n σ − 2(d− 1) ∇̂2

d σ
)
.

O�-shell action for external volume variations:

Sd =

∫
ddx
√
−gd

(
e−2σR̂d −Kσσ(∂ σ)2

)
with Kσσ = −(d− 1)(d− 2)←− negative de�nite metric!

This is the conformal factor problem in quantum gravity (big deal).
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The inclusion of extra-dimensions: AdSd × Yk

External and internal metric variations ds2
D = e2σ dŝ2

d + e2τ dŝ2
k.

Sd ⊃
∫
ddx
√
−gE

[
−Kσσ (∂ σ)2 −Kττ (∂ τ)2

]
with τ = aσ

Total metric over metric variations:

Ktot
σσ = Kσσ +Kττ = −(d− 1)(d− 2) + a2k2

(
d− 1

d− 2
− k − 1

k

)
,

Positivity is related to scale separation.

KAdS4×S7 = 51
2 , KAdS5×S5 = 4

3 , KAdS7×S4 = −114
5 .

KDGKT = − 51
128 (a 6= 1 + dilaton contribution).
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Flux variations on AdS7 × S4 vacua

ds2
11 = L2

(
ds2

AdS7
+ 4 ds2

S4

)
and F4 = −3

8 L
3 volS4 .

Dual �ux: Ĉ6 = −L6z−6volR1,5 with F7 = L6dĈ6 = 6L6volAdS7 .

Flux variations: C6 = eαĈ6 with αon-shell = 6 logL

F7 = eα F̂7 + eα dα ∧ Ĉ6 −→ F4 = ?F7

O�-shell �ux action:

SF =

∫
d11x
√
−g e2α(−1

2
|F̂4|2−

1

2
(∂zα)2 + 6z−1gzz∂zα)

We need �compensating" metric variations!

ds2
11 = e2σdŝ2

7 + e2τdŝ2
4 with dŝ2

7 =
1

z2

(
ds2

R1,5 + e2σ1dz2
)
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The action metric and on-shell conditions

We derive S =
∫
d11x
√
−g(R− 1

2 |F4|2) and go to the Einstein frame

S7 ⊃
∫ (
−Kσσ (∂z σ)2 −Kττ (∂z τ)2 − 1

2
e−12σ+2α(∂zα)2

−12e−2σ−2σ1 z∂z σ1 + 6 e−2σ−2σ1−12σ+2α z ∂zα
)

On-shell conditions AdS7 × S4: EOM: σ + σ1 = τ and α = 6σ

Cancellation of linear terms: σ1 = α
2 .

Our �nal o�-shell action (∂zσ + ∂zσ1 = ∂zτ , ∂zα = 6∂zσ,

∂zσ1 = ∂zα
2 ):

S7 ⊃
∫
d7x
√
−gE

[
−516

5
(∂z σ)2

]
=⇒ KAdS7×S4 =

516

5
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