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CJJ𝒪 ≲ γℓ as γℓ → 0

dγℓ

dt
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CFT Distance 
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Towards a CFT Distance Theorem
CFT Distance Conjecture 

CJJ𝒪 ≲ γℓ as γℓ → 0

dγℓ

dt
= − CJJ𝒪

+

Conformal perturbation theory

(Weakly-broken) HS symmetry

I. HS point Infinite distance II. Infinite distance HS point

No HS symmetry

∃𝒪 : CJJ𝒪 ≠ 0
?

III. γℓ ∼ e−αℓ t

∃𝒪 : CHS
KK𝒪 ≠ 0 ?

dγℓ

dt
≃ − CHS

KK𝒪 γℓ  as  γℓ → 0

+
Conformal perturbation theory

(Weakly-broken) HS symmetry

CFT Distance 
Criterion

Finite distance

Sufficient but 
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Towards a CFT Distance Theorem

Thank you for your attention!

CFT Distance Conjecture 

CJJ𝒪 ≲ γℓ as γℓ → 0

dγℓ

dt
= − CJJ𝒪

+

Conformal perturbation theory

(Weakly-broken) HS symmetry

I. HS point Infinite distance II. Infinite distance HS point

No HS symmetry

∃𝒪 : CJJ𝒪 ≠ 0
?

III. γℓ ∼ e−αℓ t

∃𝒪 : CHS
KK𝒪 ≠ 0 ?

dγℓ

dt
≃ − CHS

KK𝒪 γℓ  as  γℓ → 0

+
Conformal perturbation theory

(Weakly-broken) HS symmetry

CFT Distance 
Criterion

Finite distance

Sufficient but 
not necessary



Backup slides



Conformal Perturbation Theory for HS operators
Deform the theory with an operator: ℒt+δt = ℒt + δt 𝒪

δ ⟨JℓJℓ⟩ = δt ∫ ddy ⟨JℓJℓ𝒪(y)⟩reg
+ 𝒪(δt2)

δ ⟨JℓJℓ⟩ = −
Hℓ

12

|x |2Δℓ−2ℓ
2 δΔℓ log |x |

Conformal structures (see e.g. [Costa, Penedones, Poland, Rychkov ‘11])

Shift in conformal dimension 
linked to log divergences!

⟨JℓJℓ𝒪⟩ =
ℓ

∑
n=0

Cn
JJ𝒪Θn

conformal structuresℓ + 1

δΔℓ = − δt CJJ𝒪 + 𝒪(δt2)
dΔℓ

dt
= − CJJ𝒪

Valid everywhere in the 
conformal manifold

CJJ𝒪 =
ℓ

∑
n=0

wnCn
JJ𝒪

Values of      : 
[Sen, Tachikawa ’18]

wn

𝒪 marginal operator Theory remains conformal



Distances from Conformal Perturbation Theory

Two important questions:

What is the meaning of t?

2.                represents how we movet + δt  is a parameter of the trajectoryt

3.  Take ⟨𝒪𝒪⟩ ∼ 1 ds2 ∼ ⟨𝒪𝒪⟩ dt2 ∼ dt2  is the distance along the trajectory! t

How do we learn about ?CJJ𝒪

Here: Something different! In particular, weakly-broken HS symmetry

1.      defines a direction in  𝒪 ℳCFT 𝒪(t) defines a trajectory

Usually: CPT for ⟨JJ𝒪⟩ Complicated equations involving all 
spectrum of operators and conformal blocks

(See e.g. [Behan ’18])

ℳCFT
𝒪

dΔℓ

dt
= − CJJ𝒪 Δℓ(t) CFT Distance 

Conjecture

CJJ𝒪

𝒪

𝒪
Not necessarily 

a geodesic !



A CFT Distance Criterion

Consider a point with  and  invertible in a neighbourhood:Δℓ = Δ*ℓ Δℓ(t) CJJ𝒪(t) CJJ𝒪(Δℓ)

dΔℓ

dt
= − CJJ𝒪 Δℓ(t) CFT Distance 

Conjecture

CJJ𝒪

Take parametrization: CJJ𝒪 ∝ (Δℓ − Δ*ℓ)
a+1

a ∈ ℝ

CFT Distance criterion:

Finite distance

Infinite distance a ≥ 0 ∀𝒪 (marginal operator)

∃𝒪 (marginal operator) such that a < 0

t ∝ (Δℓ − Δ*ℓ)
−a Finite distance

Infinite distance

a < 0
a ≥ 0

Notice! Any point with  any automatically at finite distance!CJJ𝒪 ≠ 0



JJO Correlator at HS Points

CHS
JJ𝒪 = Cℓ

JJ𝒪

ℓ

∑
n=0

wnvn = 0 ? No :(   …Need to work a bit harder

Integrated Ward identity!

1. Define conserved charges: Qℓ = ∫S
Jℓ

2. Use: ∫S
⟨Jℓ Jℓ 𝒪⟩ ∝ ⟨[Qℓ, Jℓ] 𝒪⟩

[Qℓ, Jℓ] ∼ ∑
s

Js

Recursive relation among all Cn
JJ𝒪 Cn

JJ𝒪 = vn Cℓ
JJ𝒪

Twist conservation: Δs − s = d − 2

⟨∂Jℓ Jℓ 𝒪⟩ = 0
At generic points!

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JJO Correlator at HS Points

Jℓ

Jℓ

𝒪

Surface integral

S

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JJO Correlator at HS Points

Jℓ

∂ ⋅ Jℓ

𝒪

Surface integral + Stokes theorem

𝒱

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JJO Correlator at HS Points

Jℓ

∂ ⋅ Jℓ

𝒪

Surface integral + Stokes theorem + Ward identity

Contact term!

𝒱

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JJO Correlator at HS Points

[Qℓ, Jℓ]

𝒪

Surface integral + Stokes theorem + Ward identity

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JJO Correlator at HS Points

CHS
JJ𝒪 = Cℓ

JJ𝒪

ℓ

∑
n=0

wnvn = 0 ? No :(   …Need to work a bit harder

Integrated Ward identity!

1. Define conserved charges: Qℓ = ∫S
Jℓ

2. Use: ∫S
⟨Jℓ Jℓ 𝒪⟩ ∝ ⟨[Qℓ, Jℓ] 𝒪⟩

Non-vanishing!

[Qℓ, Jℓ] ∼ ∑
s

Js ⟨JℓJℓ𝒪⟩ = 0 ∀Jℓ, 𝒪

k Cℓ
JJ𝒪 ∝ ∑

ℓ
⟨Jℓ 𝒪⟩ = 0 Cℓ

JJ𝒪 = 0

Recursive relation among all Cn
JJ𝒪 Cn

JJ𝒪 = vn Cℓ
JJ𝒪

Twist conservation: Δs − s = d − 2

⟨∂Jℓ Jℓ 𝒪⟩ = 0
At generic points!

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JKO Correlator at HS Points

No :(   …Need to work a bit harder

Integrated Ward identity!

1. Define conserved charges: Qℓ = ∫S
Jℓ

2. Use: ∫S
⟨Kℓ−1 Jℓ 𝒪⟩ ∝ ⟨[Qℓ, Kℓ−1] 𝒪⟩

Non-vanishing!

[Qℓ, Kℓ−1] ∼ ∑
s

Ks

k Cℓ−1
JK𝒪 ∝ ∑

ℓ
⟨Kℓ 𝒪⟩ = ⟨K0 𝒪⟩

Recursive relation among all Cn
JK𝒪 Cn

JK𝒪 = vn Cℓ
JK𝒪

:  equations for  variables ⟨JℓJℓ𝒪⟩ ℓ ℓ + 1

:  equations for  variables ⟨JℓKℓ−1𝒪⟩ ℓ ℓ
?Enough

A priori could 
not vanish!

 …Need to work a bit harder

Twist conservation: Δs − s = d

⟨∂Jℓ Kℓ−1 𝒪⟩ = 0
At generic points!

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)



JKO Correlator at HS Points

? No :(   …Need to work a bit harder

Charge conservation identity! [Maldacena, Zhiboedov ’11]

:  equations for  variables ⟨JℓJℓ𝒪⟩ ℓ ℓ + 1

:  equations for  variables ⟨JℓKℓ−1𝒪⟩ ℓ ℓ
Enough

Involves presence of energy-momentum tensor Dynamical gravity in the bulk!
⟨[Qℓ, T2Kℓ−1𝒪]⟩ = 0 βℓ ⟨JℓKℓ−1𝒪⟩ + ⋯ = 0 ∀xi

Non-vanishing! [Maldacena, Zhiboedov ’11]

For all positions of operators!

Goal: Show that only consistent solution is 
such that this contribution vanishes ⟨JℓKℓ−1𝒪⟩ = 0 ∀Jℓ, Kℓ−1, 𝒪

⟨∂Jℓ Kℓ−1 𝒪⟩ = 0
At generic points!

Goal achieved for ℓ = 4!
Enough! Any HS 
point contains J4

HS point  Ward identities→

∂ ⋅ Jℓ = 0 + (contact terms)

Recursive relation among all Cn
JK𝒪 Cn

JK𝒪 = vn Cℓ
JK𝒪


