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Toroidal compactifications of 
non-SUSY heterotic strings.

𝑆!     matter spectrum 
  cosmological constant

Qualitative characterization of this 
moduli space and the behavior of the 

cosmological constant 
(extrema and stability)



SUSY: 
𝑺𝑶(𝟑𝟐)
𝑬𝟖×𝑬𝟖

Heterotic strings in 10D:



Equivalent 
in 9D

SUSY: 

𝑆!
𝑺𝑶(𝟑𝟐)
𝑬𝟖×𝑬𝟖

Heterotic strings in 10D:



Equivalent 
in 9D

Symmetries classified using EDD
[F. Cachazo, C. Vafa, ‘00]

[BF, M. Graña, C. A. Núñez ‘18]

SUSY: 

𝑆!
𝑺𝑶(𝟑𝟐)
𝑬𝟖×𝑬𝟖

Heterotic strings in 10D:



Equivalent 
in 9D

Symmetries classified using EDD
[F. Cachazo, C. Vafa, ‘00]

[BF, M. Graña, C. A. Núñez ‘18]

SUSY: 

SUSY: 

(𝐸#×𝑆𝑈(2))$ 𝑆𝑂(24)×𝑆𝑂(8)
𝑆𝑂(32) 𝑈(16)𝐸%×𝑆𝑂(16)
Tachyonic:

𝑆!
𝑺𝑶(𝟑𝟐)
𝑬𝟖×𝑬𝟖

Non-tachyonic:

𝑶(𝟏𝟔)×𝑶(𝟏𝟔)

(of rank 16)

Heterotic strings in 10D:

[Alvarez-Gaume, Ginsparg, Moore, Vafa ‘86] 
[Dixon, Harvey ‘86]



Equivalent 
in 9D

Symmetries classified using EDD
[F. Cachazo, C. Vafa, ‘00]

[BF, M. Graña, C. A. Núñez ‘18]

SUSY: 

SUSY: 

𝑆!

(𝐸#×𝑆𝑈(2))$ 𝑆𝑂(24)×𝑆𝑂(8)
𝑆𝑂(32) 𝑈(16)𝐸%×𝑆𝑂(16)
Tachyonic:

𝑆!

Equivalent 
in 9D

𝑺𝑶(𝟑𝟐)
𝑬𝟖×𝑬𝟖

Non-tachyonic:

𝑶(𝟏𝟔)×𝑶(𝟏𝟔)

(of rank 16)
[Alvarez-Gaume, Ginsparg, Moore, Vafa ‘86] 

[Dixon, Harvey ‘86]

Heterotic strings in 10D:



Equivalent 
in 9D

Symmetries classified using EDD
[F. Cachazo, C. Vafa, ‘00]

[BF, M. Graña, C. A. Núñez ‘18]

SUSY: 

SUSY: 

𝑆!

(𝐸#×𝑆𝑈(2))$ 𝑆𝑂(24)×𝑆𝑂(8)
𝑆𝑂(32) 𝑈(16)𝐸%×𝑆𝑂(16)
Tachyonic:

𝑆!

Equivalent 
in 9D

Symmetries classified using new EDD
[BF, M. Graña, H. P. de Freitas, S. Sethi WIP]

𝑺𝑶(𝟑𝟐)
𝑬𝟖×𝑬𝟖

Non-tachyonic:

𝑶(𝟏𝟔)×𝑶(𝟏𝟔)

(of rank 16)
[Alvarez-Gaume, Ginsparg, Moore, Vafa ‘86] 

[Dixon, Harvey ‘86]

Heterotic strings in 10D:



Non-SUSY heterotic on 𝑺𝟏

Classical moduli space: 
Radius R 
16-dimensional Wilson line 𝑨𝒊
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Non-SUSY heterotic on 𝑺𝟏

Classical moduli space: 
Radius R 
16-dimensional Wilson line 𝑨𝒊

There is a quantum potential for the moduli!

We interpret it as a cosmological constant 𝚲

9D
R

𝑨𝟏

𝑨𝟐

𝚲!'())* R, A = 4
𝑑$𝜏
𝜏$$

𝒁(𝜏, 𝑅, 𝐴)



We are interested in points extremizing the
one-loop cosmological constant…

What type of extrema?      
𝐌𝐚𝐱𝐢𝐦𝐚
𝐌𝐢𝐧𝐢𝐦𝐚

𝐒𝐚𝐝𝐝𝐥𝐞 𝐩𝐨𝐢𝐧𝐭𝐬

We don’t need to go far to find examples…
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Saddle points
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Saddle points

Maxima No local minima?!



Saddle points

Maxima No local minima?!

How to find extrema?



How is the (classical) moduli space of O(16) x O(16) heterotic string on 𝑺𝟏?
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Tachyons appear inside hyper-ellipses defined by regions with massless scalars!

How is the (classical) moduli space of O(16) x O(16) heterotic string on 𝑺𝟏?
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How is the (classical) moduli space of O(16) x O(16) heterotic string on 𝑺𝟏?
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Massless scalars have 𝑝-$ + 𝑝.$ = 3à Finite contribution to 𝚲

Tachyons have 𝑝-$ + 𝑝.$ < 3à Infinite contribution to 𝚲

Massive (and “off-shell”) states may have a big contribution.

-1.0 -0.5 0 0.5 1

0.5

1

1.5

2
⌧2

⌧1

We must consider all states to compute 𝚲
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Maximal enhancement ⇒ extremum of 𝚲

[Ginsparg, Vafa ‘87]
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Decompactification limit to 
O(16) x O(16) non-SUSY string  

𝐴 = (𝑎, 0!/)

𝚲 > 0

[V. Collazuol, M. Graña, 
A. Herráez ‘22]

[see V. Collazuol’s talk]

SUSY case:
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Tachyons
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107 maximal enhancements

Most maximal enhancement points are tachyonic, but there are 8 free of tachyons

Are their 𝚲’s positive, negative? minima? maxima? saddle points? Let’s find out!

[BF, M. Graña, H. P. de Freitas, S. Sethi WIP]

Extended Dynkin Diagram



Extrema of the cosmological constant: 
We compute 𝚲 and its Hessian for the 8 non-tachyonic 
maximal enhancements:
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We compute 𝚲 and its Hessian for the 8 non-tachyonic 
maximal enhancements:
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We compute 𝚲 and its Hessian for the 8 non-tachyonic 
maximal enhancements:



𝑆𝑂 10 × 𝑆𝑂 10 × 𝑆𝑈(8) 𝚲 = 𝟑𝟎𝟑. 𝟕𝟖

𝐸" × 𝑆𝑈(12) × 𝑺𝑼 𝟐 𝑹 𝚲 = 𝟏𝟖𝟎. 𝟒𝟑

𝑆𝑂 16 × 𝑆𝑂 18 𝚲 = 𝟑𝟎𝟓. 𝟎𝟏
𝑆𝑂 16 × 𝑆𝑂 10 × 𝑆𝑂(8) 𝚲 = 𝟑𝟎𝟓. 𝟎𝟏

(𝑆𝑂 12 × 𝑆𝑈 2 )! × 𝑆𝑈(4) 𝚲 = 𝟑𝟎𝟓. 𝟎𝟏

Knife-edges

—> (local maximum)

Extrema of the cosmological constant: 

Saddle points𝑆𝑂 16 × 𝑆𝑂 16 × 𝑆𝑈(2) 𝚲 = 𝟒𝟑𝟏.35

𝑆𝑂 16 × 𝑆𝑂 12 × 𝑆𝑈 3 × 𝑆𝑈(2) 𝚲 = 𝟑𝟖𝟒. 𝟓𝟏
𝑆𝑂 16 × 𝑆𝑂 10 × 𝑆𝑈 5 𝚲 = 𝟑𝟓𝟗. 𝟐𝟎

Completely surrounded by tachyons:
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We compute 𝚲 and its Hessian for the 8 non-tachyonic 
maximal enhancements:

No local minima.



Maximal enhancement ⇒ EXTREMA of 𝚲

But there are also extremal points with 
non-maximal enhancement
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𝐴 = (𝑎, 𝑎, 𝑎, 0!5)

2D8+A1

A4+D5+D8

A4+D5+D8
A4+D5+D8

D8+D9
A1+A2+D6+D8

D8+D9

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

a

R

A = (a3,013)

340

362

370

390

430

535

655

1100



Maximal enhancement ⇒ EXTREMA of 𝚲

But there are also extremal points with 
non-maximal enhancement

𝑆𝑂 16 ×𝑆𝑂 10 ×𝑆𝑈 4 ×𝑈(1) 𝚲 = 𝟑𝟔𝟕. 𝟏𝟓
𝑆𝑂 16 ×𝑆𝑂 8 ×𝑆𝑈 5 ×𝑈(1) 𝚲 = 𝟑𝟓𝟗. 𝟐𝟎

𝑆𝑂 8 $×𝑈(1) 𝚲 = 𝟑𝟎𝟓. 𝟎𝟏
𝑆𝑈 8 !×𝑆𝑈 2 !×𝑈(1) 𝚲 = 𝟑𝟎𝟓. 𝟎𝟏

These are special points were extra 
massless spinors and/or scalars appear

(all saddle points or knife-edges)
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𝐴 = (𝑎, 𝑎, 𝑎, 0!5)

Non-maximal extrema
(𝚲 = 𝟑𝟔𝟕)
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It is interesting to overlap the curves of symmetry enhancement and the profile of 𝚲…
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𝐴 = (𝑎, 0#, 𝑎, 0#)𝐴 = (𝑎, 0!/)

Massless spinors

Massless bosons
Massless bosons + spinors 

Tachyon-free maximal enhancements
connected trough these curves avoiding 

tachyons except for 𝐸6 × 𝑆𝑈 12 × 𝑺𝑼 𝟐 𝑹



• No local minimum of Λ

• From the EDD we get the fundamental region for the O(16)xO(16) circle 
compactification moduli space.

• 107 maximal enhancements, 8 have finite extremal values of 𝚲:
• 1 local maximum.
• 3 saddle points.
• 4 knife-edges

• Seems that 𝚲 > 𝟎 everywhere except close to SUSY restoration limits.

• 4 non-maximal points extremizing 𝚲

Conclusions



• Some enhancement curves give interpolations between all 10D theories at infinite 
distance limits. [see Koga’s talk] 

• Compactifying to less space-time dimensions à more extrema!

• These compactifications can be used to construct AdS𝟑 vacua!

• Same analysis could be done for reduced rank non-SUSY theories. 
[Nakajima ’23], [see H. P. de Freitas talk]

감사합니다!

Future work

[Baykara, Robbins, Sethi ’22]
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Massless spinorsMassless bosons Massless bosons + spinors 
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Massless spinorsMassless bosons Massless bosons + spinors 
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