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Matter at high baryon densityThe high-energy frontier

Cold Nuclear Matter

RHIC BES, SPS, SIS, 
FAIR, J-PARC, NICA

RHIC
LHC (ALICE, ALICE 3)

Correlation/Fluctuation techniques are 
the main tools for:

• Studying the nature of phase transition
• Probing the QCD critical point.

Tapan Nayak



2

Net-charge fluctuationsHadron gas: 
confined, few d.o.f

Deconfined: 
many d.o.f.

• Scaled ⱱdyn[+,-] shows increasing correlations with increasing multiplicity for all systems, 
• net-charge fluctuations are strongly dominated by resonance contributions.

ALICE Preliminary

Dynamical net-charge fluctuations:



Lattice QCD meets experiment
Thermodynamic susceptibilities (response of a thermalized system 
to changes in external conditions): conserved charge fluctuations

Some 6th order cumulants 15

[HotQCD, preliminary (2019)]             

large deviations from non-interacting HRG model

6th order cumulants of baryon number fluctuations 
and their correlations with electric charge are 
negative at the pseudo-critical temperature

Phys. Rev. D 95 (2017), 054504

Deviations from the Baseline:

o Baseline: difference of two Skellams: 𝜿𝐧/𝜿𝟐 is 0 (odd) or 1 (even);
o up to 3rd order HRG model agrees with LQCD at μB = 0;
o higher order → larger deviations:  4th order ~30%, 6th order ~150%. 

• Lattice QCD calculations: Taylor expansion of the QCD pressure:

lines) and QM-HRG (solid lines) in the baryon sector are as large as 40%
while they are negligible in the meson sector. This reflects that the experi-
mentally known meson spectrum is more complete than the baryon spectrum.

In the open charm meson sector, the well established excitations cover a
mass range of about 700 MeV above the ground state D, Ds-mesons. In the
charmed baryon sector much less is known, for instance, experimentally well
known excitations of Ξc range up to 350 MeV above the ground state and in
the doubly strange charmed baryon sector only two Ωc states separated by
100 MeV are well established.

As a consequence of the limited knowledge of the charmed baryon spec-
trum compared to the open charm meson spectrum, the ratio of partial pres-
sures in the baryon and meson sectors differs strongly between the PDG-HRG
and the QM-HRG. This is shown in Fig. 1 (top). Significant differences be-
tween the QM-HRG-3 and PDG-HRG results also indicate that almost half of
the enhanced contributions actually comes from additional charmed baryons
that are lighter than the heaviest PDG state. Similar conclusions can be
drawn when analyzing partial pressures in the strange-charmed hadron sec-
tor or the electrically charged charmed hadron sectors.

3. Calculation of charm fluctuations in (2+1)-flavor lattice QCD

In order to detect changes in the relevant degrees of freedom that are the
carriers of charm quantum numbers at low and high temperatures as well as
to study their properties we calculate dimensionless generalized susceptibili-
ties of conserved charges,

χBQSC
klmn =

∂(k+l+m+n)[P (µ̂B, µ̂Q, µ̂S, µ̂C)/T 4]
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Here P denotes the total pressure of the system. In the following we also
use the convention to drop a superscript in χBQSC

klmn when the corresponding
subscript is zero.

For our analysis of net charm fluctuations we use gauge field configu-
rations generated with the highly improved staggered quark (HISQ) action
[29]. Use of the HISQ action in the charm sectors includes the so-called ε-term
and thus makes our calculations free of tree-level order (amc)4 discretization
errors [29], where mc is the bare charm quark mass in units of the lattice
spacing. These dynamical (2+1)-flavor QCD calculations have been carried
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• Experiment: within GCE, susceptibilities are related to event-by-event 
fluctuations of the number of conserved charges.
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Link	to	LQCD:	Fluctuations	of	conserved	charges

𝜅! → central moments of X ∆𝑁! = 𝑋 = 𝑁! − 𝑁! ,

3LHCP2023: Tapan Nayak



Net-proton fluctuations at LHC energies
2nd order cumulants

3rd order cumulants

• 2nd order: Deviation from Skellam baseline 
due to Baryon number conservation.

• long-range correlations (Δη about ±2.5) 
originating from earlier in time.

• 3rd order: data agree with Skellam baseline “0”

4LHCP2023: Tapan Nayak

ALICE collaboration, arXiv: 2206.03343 



Probing the QCD Critical Point

• Net-proton kurtosis ratio shows non-monotonic behavior as a function of collision energy. 
• At 3 GeV, the fluctuations are driven by baryon number conservation (matter hadron dominated).
• Higher order moments can pin-point the nature of phase transition (cross-over).

Lattice meets experiment: 
fluctuation of conserved quantities

STAR: PRL 130 , 82301 (2023)Moments of Net-proton STAR: PRL 130 , 82301 (2023)

What other observables can be used 
to get a better handle on the locaton 
of the critical point?
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Heat capacityIsothermal compressibility
• S. Mrowczynski, Phys. Lett. B 430 (1998) 9
• M. Mukherjee, S. Basu, TN et al. PLB 784 (2018) 1-5
• A. Khuntia, R. Sahoo, TN et al. PRC 100 (2019) 014910

ALICE: Eur. Phys. J. C (2021) 81:1012 

How to address the non-physical 
fluctuations (background)?

SPS, RHIC data, UrQMD, EPOS & HRG

⟨pT⟩ Teff
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in the left panels of Fig. ??. The fitted distributions
are used to generate a large number of hpTi values for
which corresponding Te↵ values are calculated from
eqn. ??. The resulting histograms represent event-
by-event Te↵ distributions, which are shown in the
right panels of Fig. ?? for both real data and mixed
events. These distributions are also fitted by the �
function as shown by the solid and dashed lines for
data and mixed events, respectively. Table ?? lists
the fit parameters for event-by-event Te↵ distribu-
tions for data and mixed events.

The system size dependence of hpTi and Te↵ dis-
tributions have been studied with the STAR experi-
mental data of top 10% central Cu+Cu collisions atp
sNN = 62.4 and 200 GeV [? ]. The results are pre-

sented in in Fig. ??. Corresponding � distribution
fit parameters to the event-by-event Te↵ distribu-
tions for top 10% central collisions are tabulated in
Table ??.

TABLE I: The event-by-event Te↵ distributions for cen-
tral (top 5%) Au+Au collisions are fitted by the gamma
function. Table gives fhe fit parameters, ↵ and � along
with mean (µ) and standard deviation (�).

p
sNN Case ↵ � µ �

(GeV) (GeV) (GeV) (GeV)
20 data 658.53 3.556⇥10�4 0.2341 0.00912
20 mixed 724.56 3.229⇥10�4 0.2339 0.00869
62.4 data 860.20 2.885⇥10�4 0.2482 0.00846
62.4 mixed 1043.67 2.378⇥10�4 0.2481 0.00768
130 data 920.25 2.789⇥10�4 0.2566 0.00846
130 mixed 1140.12 2.249⇥10�4 0.2564 0.00759
200 data 1078.23 2.483⇥10�4 0.2677 0.00815
200 mixed 1387.56 1.927⇥10�4 0.2674 0.00718

TABLE II: The event-by-event Te↵ distributions for cen-
tral (top 10%) Cu+Cu collisions are fitted by the gamma
function. Table gives th fit parameters, ↵ and � along
with mean (µ) and standard deviation (�).

p
sNN Case ↵ � µ �

(GeV) (GeV) (GeV) (GeV)
62.4 data 211.88 12.040⇥10�4 0.2550 0.0175
62.4 mixed 271.94 9.455⇥10�4 0.2571 0.0156
200 data 277.08 9.687⇥10�4 0.2684 0.0161
200 mixed 370.71 7.278⇥10�4 0.2698 0.0140

From these two figures and the given tables for
hpTi and Te↵ distributions for Au+Au and Cu+Cu
collisions at RHIC energies, we can infer that: (a)
the mean values of the event-by-event hpTi and
Te↵ consistently increase with the increase of beam
energy, (b) the widths of the distributions decrease
with the increase of beam energy. In addition,
the widths for Cu+Cu system are observed to be
larger compared to the corresponding widths of the

Au+Au system. This may be because of the smaller
system size for Cu+Cu compared to Au+Au system.

Experimental data for event-by-event hpTi distri-
butions are not available for Pb+Pb collisions at
LHC energies [? ]. The string melting mode of
AMPT model is used to generate central (top 5%)
Pb+Pb collisions at

p
sNN = 2.76 TeV. The hpTi and

Te↵ distributions are constructed from these gener-
ated events as shown in Fig 1. This distribution will
be used to extract specific heat at the LHC energy.

V. SPECIFIC HEAT FROM
EXPERIMENTAL DATA

The widths of the Te↵ distributions are strongly
a↵ected by statistical fluctuations, which need to be
subtracted as the heat capacity is related only to
the dynamical part of the fluctuation. The width
contains two components:

(�Te↵)
2 = (�T dyn

e↵ )2 + (�T stat
e↵ )2. (22)

�T dyn
e↵ values are obtained by subtracting the widths

of the Te↵ distributions for mixed events from the
real data. With this, eqn. ?? is expressed as:

1

C
=

(�T dyn
e↵ )2

hTkini2
. (23)

The heat capacity C is calculated from eqn. ??
by using the values of Tkin from Fig. ??. Knowing
the heat capacity, the specific heat, cv is obtained by
dividing C by number of charged particles in the sys-
tem. Since the experimental results presented here
are at mid-rapidity, we have divided the value of
C by charged particle multiplicity at mid-rapidity [?
? ] to obtain the specific heat. This is presented in
Fig. ?? for Au+Au and Cu+Cu collisions at RHIC
energies. The estimated C/N for the LHC energy
from the AMPT model using Fig. ?? is also shown
in the figure. The errors in the data points are esti-
mated mainly from the following sources: (a) error
in extraction of Tkin using the blast-wave fits, (b)
error in charge particle multiplicity density, and (c)
error in hpTi as reported in the experimental data.
The error in Tkin takes into account the spread in
the value of (�T). It is observed that C/N has a
sharp drop from

p
sNN = 20 GeV to 62.4 GeV, be-

yond which the decrease is rather slow up to the
LHC energy.

HRG calculations for C/N with Tkin are superim-
posed in Fig. ??. These results follow the experimen-
tal data points quite well. In Ref. [? ], specific heat
for central (top 5%) Au+Au collisions at RHIC ener-
gies are discussed using a parton and hadron cascade
model, called PACIAE. The results of the model
calculations are presented for three cases: hadronic
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• L. Stodolsky, PRL 75, 1044 (1995))
• S. Basu, TN et al PRC 94 (2016) 044901

Role of radial flow fluctuation 
in temperature fluctuation
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has been developed to understand statistical fluc-101

tuations which a↵ect the estimation of temperature102

fluctuations. The model and the results are pre-103

sented in section III. We have used the AMPT (A104

Multi-Phase Transport) model [24] to check the fea-105

sibility of such a study over a broad range of collision106

energy. This will presented in section IV. Event-107

by-event distributions of mean transverse momenta108

have been reported by several experiments. These109

have been used to extract specific heat as a func-110

tion of collision energy. The experimental results111

are compared to those from lattice and HRG calcula-112

tions. These results are presented in section V. The113

paper is summarised with an outlook in section VI.114

II. METHODOLOGY115

The heat capacity of a system is defined as [25]:116

Cv = T

✓
@S

@T

◆

V

=

✓
@E

@T

◆

V,N

(1)

where T , V , N , S and E are temperature, volume,117

number of particles, entropy and energy of the sys-118

tem, respectively. Equivalently, Cv can be expressed119

as the ratio of the event-by-event fluctuations of the120

energy (E) of a part of a finite system in thermal121

equilibrium to the energy:122

Cv =
(hE2i � hEi2)

hT i2 . (2)

For a system in equilibrium, the transverse momen-123

tum spectra of emitted particle can be expressed in124

terms of event-by-event temperature fluctuation:125

P (T ) ⇠ exp[�Cv

2

(�T )2

hT i2 ], (3)

where hT i is the mean temperature and �T = T �126

hT i is the variance in temperature. This yields the127

expression for Cv [2–4, 7, 25]::128

1

Cv
=

(hT 2i � hT i2)
hT i2 . (4)

Heat capacity thus can be estimated from the fluc-129

tuations in energy or temperature. For a system130

in equilibrium, the mean values of T and E are re-131

lated by an equation of state. However, the fluctua-132

tions in energy and temperature have very di↵erent133

behaviour. Energy being an extensive quantity, its134

fluctuation has a component arising from the volume135

fluctuations, and not suited for obtaining the heat136

capacity. Temperature fluctuations provide a good137

major for estimating the specific heat (cv), expressed138

as heat capacity per number of particles [2–4, 25].139

The temperature of the system can be obtained140

from the transverse momentum (pT ) spectra of the141

emitted particles. An exponential Boltzmann-type142

fit to the pT spectra gives a measure of the temper-143

ature:144

F (pT) =
1

pT

dN

dpT
⇡ Ae�pT/Teff , (5)

where A is a normalization factor and Te↵ is the ap-145

parent or e↵ective temperature of the system [7]. For146

obtaining the event-by-event fluctuation, the tem-147

perature needs to be estimated in every event. The148

fitting is possible only for central heavy-ion collisions149

at the LHC energies when the number of particles is150

at least one thousand in every event. Even in this151

case, the error associated with the fitting will be rel-152

atively large. This can be overcome by making a153

connection of mean transverse momentum (hpTi) of154

particles in every event with the temperature. Since155

the calculation of the mean value is more stable, this156

method of temperature estimation can also be used157

for collisions at RHIC energies. The hpTi can be158

expressed as [20]:159

hpTi =

R1
0 p2TF (pT)dpTR1
0 pTF (pT)dpT

(6)

=
2T 2

e↵ + 2m0Te↵ +m2
0

m0 + Te↵
, (7)

where m0 is the rest mass of the particle. Note that160

the integration for pT is from 0 to 1. But in reality161

the pT window is finite. For a range of pT within162

a to b, we obtain:163

hpTi =

R b
a p2TF (pT)dpT
R b
a pTF (pT)dpT

(8)

= 2Te↵ +
a2e�a/Teff � b2e�b/Teff

(a+ Te↵)e�a/Teff � (b+ Te↵)e�b/Teff
.(9)

This is an important relation which links the164

hpTi with the Te↵ . The extracted temperature,165

Te↵ from this relation is a combination of kinetic166

temperature (Tkin) and transverse flow velocity (�T167

of the system:168

Te↵ = Tkin + f(�T). (10)

For pion, f(�T) ⇡ m0h�Ti. The event-by-event fluc-169

tuations of �T needs to be taken into account for170

calculating the fluctuation in kinetic temperature.171

Fluctuation in �T has been discussed in the litera-172

ture lately [26, 27]. Experimental determination is173

only possible by a fitting event-by-event pT distri-174

bution by a blast-wave fit. This has not yet been175

done. For the present work, we have assigned an176

error to the value of �T from the available data and177
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Equation of State
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Fluctuations of mean pT
• ⟨pT⟩ fluctuations result from fluctuations of the energy of the fluid when the hydrodynamic expansion starts.
• ⟨pT⟩ is a proxy to the system temperature => measure of  temperature fluctuations ⇒ heat capacity.
• Higher order: probes of QCD thermodynamics at higher T, achieved during the early stages of the collision.

Skewness (3-particle correlator): Kurtosis (4-particle correlator):

• Positive intensive skewness excess from its baseline 
value observed - indicates hydrodynamic evolution.
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