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Cosmology

— Interdisciplinary field

Particle physics

Gravitational physics (e.g. General Relativity)

Quantum field theory

Numerical techniques (e.g. N-body simulations, ODE/PDE solving)

Astronomy

Astrophysics

Statistical techniques and data analysis

Kinetic theory and statistical physics

What are the fundamental interactions at play?

What is the particle content of the universe?

How did galaxies form and evolve?

What were the initial conditions of the Universe?

Lot’s of questions



Hubble law

v = cz = H0r

<latexit sha1_base64="PA0VSxR7fp5GfqGrAiNaFRgSMi0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DUvlwIRTddVrAPaEOYTCft0MmDmUmhDf0SNy4UceunuPNvnKYRVPTAvRzOuZe5c9yIUSFN80PLbWxube/kdwt7+weHRf3ouCvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vR25fdmhAsaBvdyHhHbR+OAehQjqSRHL87gNcRwoXrLMSF39JJpXNUuq+UaTEndzEilYUHLMFOUQIa2o78PRyGOfRJIzJAQA8uMpJ0gLilmZFkYxoJECE/RmAwUDZBPhJ2khy/huVJG0Au5qkDCVP2+kSBfiLnvqkkfyYn47a3Ev7xBLL2GndAgiiUJ8PohL2ZQhnCVAhxRTrBkc0UQ5lTdCvEEcYSlyqqgQvj6KfyfdMuGVTGqd5VS8yaLIw9OwRm4ABaogyZogTboAAxi8ACewLO20B61F+11PZrTsp0T8APa2yciQJF8</latexit>

(Small z)

Hubble constant

Redshift

H0 = 100h km s�1 Mpc�1

<latexit sha1_base64="uMJezmqlaCvT7XHQwlu2h3FxIyw="></latexit>

h ⇠ 0.7

<latexit sha1_base64="FYikD3hBGvtaIQBumEXtPDsc+sk=">AAAB8XicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUF+8A2lMl02g6dTMLMRCihf+HGhSJu/Rt3/o3TNIKKHrhwOOde7r3HjzhT2nE+rJXVtfWNzdxWfntnd2+/cHDYVmEsCW2RkIey62NFORO0pZnmtBtJigOf044/vVr4nXsqFQvFrZ5F1AvwWLARI1gb6W6C+ooFyLFrg0LRsS+q55VSFaWk5mSkXHeRazspipChOSi894chiQMqNOFYqZ7rRNpLsNSMcDrP92NFI0ymeEx7hgocUOUl6cVzdGqUIRqF0pTQKFW/TyQ4UGoW+KYzwHqifnsL8S+vF+tR3UuYiGJNBVkuGsUc6RAt3kdDJinRfGYIJpKZWxGZYImJNiHlTQhfn6L/Sbtku2W7clMuNi6zOHJwDCdwBi7UoAHX0IQWEBDwAE/wbCnr0XqxXpetK1Y2cwQ/YL19AnNwkCU=</latexit>

Data suggest

Physical distanceVelocity

The Universe is expanding

⇠ h

1010years

<latexit sha1_base64="Un9KrMNbTTOiMxM7s9tOOdOyB9I=">AAACDHicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfUATy2Q6aYfOJGFmIoSQD3Djr7hxoYhbP8Cdf+M0raCiBwYO55zLnXu8iFGpLOvDWFpeWV1bL2wUN7e2d3ZLe/tdGcYCkw4OWSj6HpKE0YB0FFWM9CNBEPcY6XnTi5nfuyVC0jC4VklEXI7GAfUpRkpLw1LZkZRDxxcIp5MshbZ1k9pWBlNHcJgQJGSW6ZRlntVPa5U6zEnDWpBq04a2aeUogwXaw9K7MwpxzEmgMENSDmwrUm6KhKKYkazoxJJECE/RmAw0DRAn0k3zYzJ4rJUR9EOhX6Bgrn6fSBGXMuGeTnKkJvK3NxP/8gax8ptuSoMoViTA80V+zKAK4awZOKKCYMUSTRAWVP8V4gnSxSjdX1GX8HUp/J90K6ZdNWtX1XLrfFFHARyCI3ACbNAALXAJ2qADMLgDD+AJPBv3xqPxYrzOo0vGYuYA/IDx9gmAiJtS</latexit>

⇠ 2⇥ 10�42h GeV

<latexit sha1_base64="E6gj8pGv+w4xAJQZxqu2Rf74e+c=">AAACC3icdVDLSsNAFJ3UV62vqks3Q4vgxpDUvsRN0YUuK9hWaGKZTCft0MmDmYlQQvdu/BU3LhRx6w+482+cpBFU9DADh3Pu5d57nJBRIQ3jQ8stLC4tr+RXC2vrG5tbxe2drggijkkHByzg1w4ShFGfdCSVjFyHnCDPYaTnTM4Sv3dLuKCBfyWnIbE9NPKpSzGSShoUS5agHqxAS1KPCGgaN/FhtTKDY2idJO+cdAfFsqEf149qlTpMScPISLVpQlM3UpRBhvag+G4NAxx5xJeYISH6phFKO0ZcUszIrGBFgoQIT9CI9BX1kZpsx+ktM7ivlCF0A66+L2Gqfu+IkSfE1HNUpYfkWPz2EvEvrx9Jt2nH1A8jSXw8H+RGDMoAJsHAIeUESzZVBGFO1a4QjxFHWKr4CiqEr0vh/6Rb0c2qXrusllunWRx5sAdK4ACYoAFa4AK0QQdgcAcewBN41u61R+1Fe52X5rSsZxf8gPb2CfUZmHs=</latexit>



Features:
• The Universe is expanding

• Gravity plays a fundamental role at all stages of the 
evolution of the Universe

General Relativity

• The Universe is statistically homogeneous and isotropic on scales larger than 

• The Universe is full of thermal microwave radiation, 

Assumption

• The observable patch of the Universe has a radius of  

• The Universe contains baryonic matter, roughly 1 baryon per       photons, and very little anti-matter.

• Baryons contribute Rest is:
“Dark matter”

“Cosmological constant” (Dark energy)

~27%

~68%
~5%

T̄CMB = 2.7255K

<latexit sha1_base64="gqVcdk1ZfyslzMoIW9FalC9NM8I=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DEpq0LobQbQYQKfUFbymQ6aYdOHsxMhBLixl9x40IRt/6FO//G6UNQ0QMXDufcy733uBGjQprmh7a0vLK6tp7ZyG5ube/s6nv7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyx9Wp37olXNAwqMtJRHo+GgbUoxhJJfX1w66LeFJP+0n1upLCC2gbRdtx4FVfz5nGeeHMsQtwRormguRLFrQMc4YcWKDW19+7gxDHPgkkZkiIjmVGspcgLilmJM12Y0EihMdoSDqKBsgnopfMPkjhiVIG0Au5qkDCmfp9IkG+EBPfVZ0+kiPx25uKf3mdWHqlXkKDKJYkwPNFXsygDOE0DjignGDJJoogzKm6FeIR4ghLFVpWhfD1KfyfNG3DyhvOTT5XriziyIAjcAxOgQWKoAwuQQ00AAZ34AE8gWftXnvUXrTXeeuStpg5AD+gvX0Cs8mVIQ==</latexit>

1Mpc ' 3.26⇥ 106years ' 3.08⇥ 1022m ' 1.56⇥ 1038GeV �1

<latexit sha1_base64="L+CeNTlPSQyim1ty1/lYVX/oIH0="></latexit>

⇠ 100Mpc

<latexit sha1_base64="cTjZ4H2xMGeQVX/k+E0Z7LWg5/c=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjKlpe2u6MaNUME+oDOUTJppQ5OZkGSEMvQ33LhQxK0/486/MX1QVPTAhcM593LvPaHkTBuEPp3cxubW9k5+t7C3f3B4VDw+6egkVYS2ScIT1QuxppzFtG2Y4bQnFcUi5LQbTq7nfveBKs2S+N5MJQ0EHsUsYgQbK/m+ZgJ6CMFbSQbFEnIbXrVWrkHPRQtA5JbrXqPsrZUSWKE1KH74w4SkgsaGcKx130PSBBlWhhFOZwU/1VRiMsEj2rc0xoLqIFvcPIMXVhnCKFG2YgMX6veJDAutpyK0nQKbsf7tzcW/vH5qonqQsVimhsZkuShKOTQJnAcAh0xRYvjUEkwUs7dCMsYKE2NjKtgQ1r//Tzpl16u41btKqXm1iiMPzsA5uAQeqIEmuAEt0AYESPAInsGLkzpPzqvztmzNOauZU/ADzvsXnYeQxw==</latexit>

⇠ 3000Mpc

<latexit sha1_base64="HMrPSNktopf4/SE2rdg2S8hx9EU=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6a2tN0V3bgRKtgHtEPJpJk2NMmMSaZQhn6HGxeKuPVj3Pk3pg+Kih64cDjnXu69J4g50wahT2dtfWNzazuzk93d2z84zB0dN3WUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRtczvzWmSrNI3ptJTH2BB5KFjGBjJb+rmYCXCCF4G5NeLo/cqlcqF8rQc9EcELmFilcteCslD5ao93If3X5EEkGlIRxr3fFQbPwUK8MIp9NsN9E0xmSEB7RjqcSCaj+dHz2F51bpwzBStqSBc/X7RIqF1hMR2E6BzVD/9mbiX14nMWHFT5mME0MlWSwKEw5NBGcJwD5TlBg+sQQTxeytkAyxwsTYnLI2hNXv/5NmwfWKbumumK9dLePIgFNwBi6AB8qgBm5AHTQAAQ/gETyDF2fsPDmvztuidc1ZzpyAH3DevwARfJED</latexit>

with well-developed inhomogeneous structure (stars, galaxies, clusters, filaments) on smaller scales

109

<latexit sha1_base64="amG1o5yMNUGXGDWRTRjRHNaHpiQ=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GmZqn7uiG5cV7APasWTSTBuaZIYkI5TSX3DjQhG3/pA7/8bMdAQVPXDhcM693HuPHzGqtON8WLm19Y3Nrfx2YWd3b/+geHjUVWEsMengkIWy7yNFGBWko6lmpB9JgrjPSM+fXSV+755IRUNxq+cR8TiaCBpQjHQiuc5dc1QsOXazdlEt12BK6k5GKg0XuraTogQytEfF9+E4xDEnQmOGlBq4TqS9BZKaYkaWhWGsSITwDE3IwFCBOFHeIr11Cc+MMoZBKE0JDVP1+8QCcaXm3DedHOmp+u0l4l/eINZBw1tQEcWaCLxaFMQM6hAmj8MxlQRrNjcEYUnNrRBPkURYm3gKJoSvT+H/pFu23YpdvamUWpdZHHlwAk7BOXBBHbTANWiDDsBgCh7AE3i2uPVovVivq9aclc0cgx+w3j4BobaN/w==</latexit>



Unit conventions
c = kB = ~ = 1

<latexit sha1_base64="nNIz9aZTTK7ui2bzCCgV9I2XRHs=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgapipfbkQSt24rGAf0A5DJs20oZkHSUYYhvorblwo4tYPceffmE5HUNEDyT2ccy+5OW7EqJCm+aEV1tY3NreK26Wd3b39A/3wqC/CmGPSwyEL+dBFgjAakJ6kkpFhxAnyXUYG7vxq6Q/uCBc0DG5lEhHbR9OAehQjqSRHL2N4CedOR93jmYu4qpajV0zjonFerzZgRppmTmotC1qGmaECcnQd/X08CXHsk0BihoQYWWYk7RRxSTEji9I4FiRCeI6mZKRogHwi7DRbfgFPlTKBXsjVCSTM1O8TKfKFSHxXdfpIzsRvbyn+5Y1i6bXslAZRLEmAVw95MYMyhMsk4IRygiVLFEGYU7UrxDPEEZYqr5IK4eun8H/SrxpWzajf1CrtTh5HERyDE3AGLNAEbXANuqAHMEjAA3gCz9q99qi9aK+r1oKWz5TBD2hvn6Ydkt4=</latexit>

Speed of light Boltzmann constant Planck constant /

Energy

Mass

Temperature

Length

Time

1GeV = 1.602⇥ 10�10J = 1.5637⇥ 1038Mpc�1

<latexit sha1_base64="dFq9rBirB4qfUQlXqbxepAy5rDI="></latexit>

1Kg = 5.6095⇥ 1026GeV = 8.7714⇥ 1064Mpc�1

<latexit sha1_base64="E7bdjPbvVQICFtJj6EqjGlBNpVQ="></latexit>

1K = 8.61698⇥ 10�14GeV = 1.34744⇥ 1025Mpc�1

<latexit sha1_base64="pIfz94XJb+SxG0VuxK/3sUBrDTk="></latexit>

1m = 5.0677⇥ 1015GeV �1 = 3.2409⇥ 10�23Mpc

<latexit sha1_base64="FoeTU/DdPkuu6jxCROkaTsDOEqI="></latexit>

1s = 1.51925⇥ 1024GeV �1 = 9.7160⇥ 10�15Mpc = 2.997925⇥ 108m

<latexit sha1_base64="8Cqp/TfHA/vlYfzqcrnkDPlfpjc="></latexit>

2⇡

<latexit sha1_base64="Ao6+WLtkaAta5G+RVRLyxOfgWQw=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZLal7uiG5cV7APaUCbTSTt0ZhJmJkIJ/QU3LhRx6w+582+cpBFU9MCFwzn3cu89fsSo0o7zYRXW1jc2t4rbpZ3dvf2D8uFRT4WxxKSLQxbKgY8UYVSQrqaakUEkCeI+I31/fp36/XsiFQ3FnV5ExONoKmhAMdKpVB1FdFyuOPZl46JebcCMNJ2c1FoudG0nQwXk6IzL76NJiGNOhMYMKTV0nUh7CZKaYkaWpVGsSITwHE3J0FCBOFFekt26hGdGmcAglKaEhpn6fSJBXKkF900nR3qmfnup+Jc3jHXQ8hIqolgTgVeLgphBHcL0cTihkmDNFoYgLKm5FeIZkghrE0/JhPD1Kfyf9Kq2W7Prt7VK+yqPowhOwCk4By5ogja4AR3QBRjMwAN4As8Wtx6tF+t11Vqw8plj8APW2ydKbo5u</latexit>



Cosmological Principle

Universe is homogeneous and isotropic on very large scales

Looks the same along any direction

Looks the same at each point

In an average sense



Cosmic Microwave Background

Planck Satellite

Temperature Fluctuations Level of isotropy. 10�5

<latexit sha1_base64="O39J652IJP8tDsC9mZLy2IQJujQ=">AAAB+XicdVDLSgMxFM34rPU16tJNsAhuHGZqX+6KblxWsA9ox5JJ0zY0yQxJplCG/okbF4q49U/c+Tem0xFU9MCFwzn3cu89QcSo0q77Ya2srq1vbOa28ts7u3v79sFhS4WxxKSJQxbKToAUYVSQpqaakU4kCeIBI+1gcr3w21MiFQ3FnZ5FxOdoJOiQYqSN1LftHiNKKcqh594n5+V53y64zmXlolyswJRU3YyUah70HDdFAWRo9O333iDEMSdCY4aU6npupP0ESU0xI/N8L1YkQniCRqRrqECcKD9JL5/DU6MM4DCUpoSGqfp9IkFcqRkPTCdHeqx+ewvxL68b62HNT6iIYk0EXi4axgzqEC5igAMqCdZsZgjCkppbIR4jibA2YeVNCF+fwv9Jq+h4Jad8WyrUr7I4cuAYnIAz4IEqqIMb0ABNgMEUPIAn8Gwl1qP1Yr0uW1esbOYI/ID19gn+95NF</latexit>

Relic thermal 
radiation

T̄CMB = 2.7255K

<latexit sha1_base64="gqVcdk1ZfyslzMoIW9FalC9NM8I=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DEpq0LobQbQYQKfUFbymQ6aYdOHsxMhBLixl9x40IRt/6FO//G6UNQ0QMXDufcy733uBGjQprmh7a0vLK6tp7ZyG5ube/s6nv7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyx9Wp37olXNAwqMtJRHo+GgbUoxhJJfX1w66LeFJP+0n1upLCC2gbRdtx4FVfz5nGeeHMsQtwRormguRLFrQMc4YcWKDW19+7gxDHPgkkZkiIjmVGspcgLilmJM12Y0EihMdoSDqKBsgnopfMPkjhiVIG0Au5qkDCmfp9IkG+EBPfVZ0+kiPx25uKf3mdWHqlXkKDKJYkwPNFXsygDOE0DjignGDJJoogzKm6FeIR4ghLFVpWhfD1KfyfNG3DyhvOTT5XriziyIAjcAxOgQWKoAwuQQ00AAZ34AE8gWftXnvUXrTXeeuStpg5AD+gvX0Cs8mVIQ==</latexit>



Ehlers-Geren-Sachs Theorem

Isotropy of CMB + Copernican principle ( + GR) Homogeneity

We are not a 
privileged observer 

Stoeger W. R., Maartens R. & Ellis G. F. R., Astrophys. J. 443, 1 (1995)

Ehlers, J., Genen P. & Sachs R. K., J. Math. Phys. J. 9, 1344 (1968)

Almost Isotropy of CMB + Copernican principle ( + GR) Almost Homogeneity



Sloan Digital Sky survey

e.g. Using WiggleZ data:

 I. Morag et al, MNRAS 425, 116S (2012)

Copernican principle can be tested

Approaches homogeneity at  
⇠ 80� 100h�1Mpc

<latexit sha1_base64="doIvrifGGsa8mpABKp6N8FpkNaM=">AAACAXicdVDLSgMxFM34rPU16kZwEyyCmw6Z2pe7ohs3QgX7gHYsmTRtQzMPkoxQhrrxV9y4UMStf+HOvzGdjqCiBy4czrmXe+9xQ86kQujDWFhcWl5Zzaxl1zc2t7bNnd2mDCJBaIMEPBBtF0vKmU8biilO26Gg2HM5bbnj85nfuqVCssC/VpOQOh4e+mzACFZa6pn7Xck8WEUwD22E4OgmzttTeBmSnplD1mn5pFQow4RUUEqKVRvaFkqQAynqPfO92w9I5FFfEY6l7NgoVE6MhWKE02m2G0kaYjLGQ9rR1McelU6cfDCFR1rpw0EgdPkKJur3iRh7Uk48V3d6WI3kb28m/uV1IjWoOjHzw0hRn8wXDSIOVQBnccA+E5QoPtEEE8H0rZCMsMBE6dCyOoSvT+H/pFmw7KJVuirmamdpHBlwAA7BMbBBBdTABaiDBiDgDjyAJ/Bs3BuPxovxOm9dMNKZPfADxtsn5XKUpw==</latexit>



Describing a homogeneous-isotropic Universe



Special relativity spacetime interval:

3D Euclidean space is homogeneous and isotropic

d`2 = dx2 + dy2 + dz2

<latexit sha1_base64="hNehh4KqJDsKdJRUpoP9LU6w51U=">AAACBXicdVDLSgMxFM34rPU16lIXwSIIQpkZ+3IhFN24rGAf0E5LJpO2oZnMkGTEsXTjxl9x40IRt/6DO//G9CGo6IFwD+fcy809XsSoVJb1YczNLywuLadW0qtr6xub5tZ2TYaxwKSKQxaKhockYZSTqqKKkUYkCAo8Rure4Hzs16+JkDTkVyqJiBugHqddipHSUsfc81uEsbYDT6F/o8sR9JNpuW07HTNjZU8Kx3mnACekaM1IrmRDO2tNkAEzVDrme8sPcRwQrjBDUjZtK1LuEAlFMSOjdCuWJEJ4gHqkqSlHAZHucHLFCB5oxYfdUOjHFZyo3yeGKJAyCTzdGSDVl7+9sfiX14xVt+QOKY9iRTieLurGDKoQjiOBPhUEK5ZogrCg+q8Q95FAWOng0jqEr0vh/6TmZO1cNn+Zy5TPZnGkwC7YB4fABkVQBhegAqoAgzvwAJ7As3FvPBovxuu0dc6YzeyAHzDePgHpXpZP</latexit>

Pythagorean theorem measures distance (also infinitesimally):

ds2 = �dt2 + dx2 + dy2 + dz2

<latexit sha1_base64="pfFEfzeQ/HwePcY93DzrQocChS4=">AAACC3icdVDLSgMxFM3UV62vUZduQosgiGVm7MuFUHTjsoJ9QDstmUzahmYeJBmxDt278VfcuFDErT/gzr8xnVZQ0QPhHs65l5t7nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOQwQRx6SOAxbwloMEYdQndUklI62QE+Q5jDSd0fnUb14TLmjgX8lxSGwPDXzapxhJJfX0rCu6FjyFR9CVihxC92ZWxrNy27V6es7In5SOi1YJJqRszEmhYkIzbyTIgTlqPf294wY48ogvMUNCtE0jlHaMuKSYkUmmEwkSIjxCA9JW1EceEXac3DKB+0pxYT/g6vkSJur3iRh5Qow9R3V6SA7Fb28q/uW1I9mv2DH1w0gSH88W9SMGZQCnwUCXcoIlGyuCMKfqrxAPEUdYqvgyKoSvS+H/pGHlzUK+eFnIVc/mcaTBHsiCA2CCMqiCC1ADdYDBHXgAT+BZu9cetRftddaa0uYzu+AHtLdPZqiXhQ==</latexit>

Space is expanding — but is this means that space and time must be treated separately
Can’t do this respecting special relativity

Try: ds2 = �dt2 + a2 (t)
⇥
dx2 + dy2 + dz2

⇤

<latexit sha1_base64="sctyPP66/HMfUZdN5BA1YNyQr94="></latexit>

3D Euclidean space remains 
homogeneous and isotropicScale factor

Spatial part of 4D metric is expanding if ȧ > 0

<latexit sha1_base64="JT2wTSxc7ZTavch/lKzZ369ZBuY=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQlL7ciNFNy4r2AekoUymk3bo5MHMjVBCP8ONC0Xc+jXu/BunaQQVPTBwOOce5t7jxYIrsKwPY2V1bX1js7BV3N7Z3dsvHRx2VZRIyjo0EpHse0QxwUPWAQ6C9WPJSOAJ1vOm1wu/d8+k4lF4B7OYuQEZh9znlICWnMEogpTM8SW2hqWyZV7Uz2uVOs5Iw8pJtWlj27QylFGO9rD0rtM0CVgIVBClHNuKwU2JBE4FmxcHiWIxoVMyZo6mIQmYctNs5Tk+1coI+5HULwScqd8TKQmUmgWengwITNRvbyH+5TkJ+E035WGcAAvp8iM/ERgivLgfj7hkFMRME0Il17tiOiGSUNAtFXUJX5fi/0m3YtpVs3ZbLbeu8joK6BidoDNkowZqoRvURh1EUYQe0BN6NsB4NF6M1+XoipFnjtAPGG+fzn+Q9w==</latexit>

But how do we determine the scale factor?



General covariance: Physics does not depend on the coordinate system used to describe it

ds2 = �dt2 + a2 (t)
⇥
dx2 + dy2 + dz2

⇤

<latexit sha1_base64="sctyPP66/HMfUZdN5BA1YNyQr94="></latexit>

ds2 = �dt2 + a2 (t)
⇥
dr2 + r2

�
d✓2 + sin2 ✓d�2

�⇤

<latexit sha1_base64="lmDhYSHHY/FS15V0CGD5u71xBLE="></latexit>

Cartesian coordinates Spherical coordinates

Einstein summation convention: 
repeated indices summed over

3X

µ=0

3X

⌫=0

gµ⌫dx
µdx⌫ ⌘ gµ⌫dx

µdx⌫

<latexit sha1_base64="ny/6UpuTzHfjKr+rrCvKiK+0TQE="></latexit>

Coordinates: set of 4 scalars

ds2 = gµ⌫dx
µdx⌫

<latexit sha1_base64="3YnQF0MPj9MrZbS+0yFNAcgcewg=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgEV2Wm9uZCKLpxWcFeoDcymbQNzWSGXMQydOfGV3HjQhG3voI738ZMW0FFD4R8/P85JOf3IkalcpwPa2FxaXllNbWWXt/Y3Nq2d3brMtQCkxoOWSiaHpKEUU5qiipGmpEgKPAYaXiji8Rv3BAhaciv1TginQANOO1TjJSRevaBL7s5eAYHvbgd6DbXE/+2awgmF9c9O+NkT4snhVwRTqHkzCFfdqGbdaaVAfOq9uz3th9iHRCuMENStlwnUp0YCUUxI5N0W0sSITxCA9IyyFFAZCee7jGBR0bxYT8U5nAFp+r3iRgFUo4Dz3QGSA3lby8R//JaWvXLnZjySCvC8eyhvmZQhTAJBfpUEKzY2ADCgpq/QjxEAmFlokubEL42hf9DPZd189nCVT5TOZ/HkQL74BAcAxeUQAVcgiqoAQzuwAN4As/WvfVovVivs9YFaz6zB36U9fYJ9IeZbA==</latexit>

µ, ⌫, ⇢, etc = {0 . . . 3}

<latexit sha1_base64="qnqTndAk1iGQgcVpz5yWNjBychI="></latexit>

Indices

ds2 = gµ0⌫0dxµ0
dx⌫0

<latexit sha1_base64="mHNQjNiBUarbH43O/Y+dJWMf/Tc=">AAACEHicdZDLSgMxFIYz9VbrbdSlm2CRuioztTcXQtGNywr2Ar2RyaRtaCYzJBmxDH0EN76KGxeKuHXpzrcxnY6goj8EvvznHJLzOwGjUlnWh5FaWl5ZXUuvZzY2t7Z3zN29pvRDgUkD+8wXbQdJwignDUUVI+1AEOQ5jLScycW83rohQlKfX6tpQHoeGnE6pBgpbQ3MnCv7BXgGR4Oo64W5Lg9zM+je9uNbQnNvYGat/Gn5pFQowxgqVgLFqg3tvBUrCxLVB+Z71/Vx6BGuMENSdmwrUL0ICUUxI7NMN5QkQHiCRqSjkSOPyF4ULzSDR9px4dAX+nAFY/f7RIQ8Kaeeozs9pMbyd21u/lXrhGpY7UWUB6EiHC8eGoYMKh/O04EuFQQrNtWAsKD6rxCPkUBY6QwzOoSvTeH/0Czk7WK+dFXM1s6TONLgAByCY2CDCqiBS1AHDYDBHXgAT+DZuDcejRfjddGaMpKZffBDxtsns66ccg==</latexit>

xµ = {t, x, y, z}

<latexit sha1_base64="SYpzGT624k48uLB9kMg2k7VikS4=">AAACBHicdVDLSsNAFJ3UV62vqstuBovgooSk9uVCKLpxWcE+oIllMp22QycPZibSGLpw46+4caGIWz/CnX/jtI2gogcuHM65l3vvcQJGhTSMDy21tLyyupZez2xsbm3vZHf3WsIPOSZN7DOfdxwkCKMeaUoqGekEnCDXYaTtjM9nfvuGcEF970pGAbFdNPTogGIkldTL5ibXseWG01NoxVDCApyoigrwFlrTXjZv6CeV43KxAuekaiSkVDOhqRtz5EGCRi/7bvV9HLrEk5ghIbqmEUg7RlxSzMg0Y4WCBAiP0ZB0FfWQS4Qdz5+YwkOl9OHA56o8Cefq94kYuUJErqM6XSRH4rc3E//yuqEc1OyYekEoiYcXiwYhg9KHs0Rgn3KCJYsUQZhTdSvEI8QRliq3jArh61P4P2kVdbOkly9L+fpZEkca5MABOAImqII6uAAN0AQY3IEH8ASetXvtUXvRXhetKS2Z2Qc/oL19Ahcalno=</latexit>

xµ0
= {t, r, ✓,�}

<latexit sha1_base64="HnEskKDHzP7fIZ1k+XZTRg6Ej2E="></latexit>

dxµ =
@xµ

@xµ0 dx
µ0

<latexit sha1_base64="hLhg049yS/5wbovOjj2pV0kIN1k="></latexit>

gµ⌫ =
@xµ0

@xµ

@x⌫0

@x⌫
gµ0⌫0

<latexit sha1_base64="pu/GFSOqGAh0SUYVUqKo3HgWAgg="></latexit>

Geometric objects transforming like this 
are called “Tensors” Covariant components

Contravariant components

Tµ↵...
⌫�...

<latexit sha1_base64="3FA9AtFe5EQ2WhvHu2QpueIh5jA=">AAACJnicdVDLSgMxFM34tr6qLt0Ei+CqzGhtdSGIblxW6As6tWTS1AbzGJI7Qhn6NW78FTcuFBF3forpQ/F5IHByzrkk90Sx4BZ8/9Wbmp6ZnZtfWMwsLa+srmXXN2pWJ4ayKtVCm0ZELBNcsSpwEKwRG0ZkJFg9uj4b+vUbZizXqgL9mLUkuVK8yykBJ7Wzx5XLNJRJSETcI6HoaLCDdhq6iwItf1mhSsKIwWcym/PzR8X9g70iHpGSPyGFwwAHeX+EHJqg3M4+hh1NE8kUUEGsbQZ+DK2UGOBUsEEmTCyLCb0mV6zpqCKS2VY6WnOAd5zSwV1t3FGAR+rXiZRIa/sycklJoGd/ekPxL6+ZQPewlXIVJ8AUHT/UTQQGjYed4Q43jILoO0Ko4e6vmPaIIRRcsxlXwsem+H9S28sHhfzBRSF3cjqpYwFtoW20iwJUQifoHJVRFVF0i+7RI3ry7rwH79l7GUenvMnMJvoG7+0dMFmouw==</latexit>

General tensor

e.g.



General Relativity — Gravity as geometry of spacetime

- 4x4 symmetric matrix (10 components) determined by Einstein equations 

ds2 = gµ⌫dx
µdx⌫

<latexit sha1_base64="3YnQF0MPj9MrZbS+0yFNAcgcewg=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgEV2Wm9uZCKLpxWcFeoDcymbQNzWSGXMQydOfGV3HjQhG3voI738ZMW0FFD4R8/P85JOf3IkalcpwPa2FxaXllNbWWXt/Y3Nq2d3brMtQCkxoOWSiaHpKEUU5qiipGmpEgKPAYaXiji8Rv3BAhaciv1TginQANOO1TjJSRevaBL7s5eAYHvbgd6DbXE/+2awgmF9c9O+NkT4snhVwRTqHkzCFfdqGbdaaVAfOq9uz3th9iHRCuMENStlwnUp0YCUUxI5N0W0sSITxCA9IyyFFAZCee7jGBR0bxYT8U5nAFp+r3iRgFUo4Dz3QGSA3lby8R//JaWvXLnZjySCvC8eyhvmZQhTAJBfpUEKzY2ADCgpq/QjxEAmFlokubEL42hf9DPZd189nCVT5TOZ/HkQL74BAcAxeUQAVcgiqoAQzuwAN4As/WvfVovVivs9YFaz6zB36U9fYJ9IeZbA==</latexit>

gµ⌫(t, ~x)

<latexit sha1_base64="UdntmlRV6WuerxxHFEcPzsKj0wM=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkhJal/uim5cVrAPaEqZTKft0MkkzEyKJWbhr7hxoYhbf8Odf+M0raCiBy4czrmXe+9xA0alsqwPI7W0vLK6ll7PbGxube+Yu3tN6YcCkwb2mS/aLpKEUU4aiipG2oEgyHMZabnjy5nfmhAhqc9v1DQgXQ8NOR1QjJSWeuYBHPYixwsdHsY5depMCI5u45OembXy5+WzUqEME1KxFqRYtaGdtxJkwQL1nvnu9H0ceoQrzJCUHdsKVDdCQlHMSJxxQkkChMdoSDqacuQR2Y2S+2N4rJU+HPhCF1cwUb9PRMiTcuq5utNDaiR/ezPxL68TqkG1G1EehIpwPF80CBlUPpyFAftUEKzYVBOEBdW3QjxCAmGlI8voEL4+hf+TZiFvF/Ol62K2drGIIw0OwRHIARtUQA1cgTpoAAzuwAN4As/GvfFovBiv89aUsZjZBz9gvH0CNECWQg==</latexit>

gµ⇢g⇢⌫ = �µ⌫

<latexit sha1_base64="gz9B2veAtxgd7xAFuREKfb3lkI0="></latexit>

Metric tensor

- Generally, not equivalent to Minkowski metric except in (sometimes) vacuum

vµ = gµ⌫v⌫

<latexit sha1_base64="gdViDGoMsNgXtRPgSBSpW5XBm5w=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYBFfDTO3NhVB047KCbYXOtGTSTBuayQxJplCGuvFV3LhQxK1v4c63Mb0IKnog5OP/zyE5vx8zKpVtfxiZpeWV1bXsem5jc2t7x9zda8ooEZg0cMQicesjSRjlpKGoYuQ2FgSFPiMtf3g59VsjIiSN+I0ax8QLUZ/TgGKktNQ1D0YdN0zgOex3Ug0uTyZw1NVX18zb1ln5tFQowxlU7AUUqw50LHtWebCoetd8d3sRTkLCFWZIyrZjx8pLkVAUMzLJuYkkMcJD1CdtjRyFRHrpbIMJPNZKDwaR0IcrOFO/T6QolHIc+rozRGogf3tT8S+vnaig6qWUx4kiHM8fChIGVQSnccAeFQQrNtaAsKD6rxAPkEBY6dByOoSvTeH/0CxYTtEqXRfztYtFHFlwCI7ACXBABdTAFaiDBsDgDjyAJ/Bs3BuPxovxOm/NGIuZffCjjLdPibiW/Q==</latexit>

vµ = gµ⌫v
⌫

<latexit sha1_base64="f+h5P3VIgHJQi2tpzBwn48fqE4U=">AAACAXicdZDLSgMxFIYz9VbrrepGcBMsgqthpvbmQii6cVnBXqAzDpk0bUMzmSHJFMpQN76KGxeKuPUt3Pk2pu0IKnog5OP/zyE5vx8xKpVlfRiZpeWV1bXsem5jc2t7J7+715JhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P7qc+e0xEZKG/EZNIuIGaMBpn2KktOTlD8aeE8TwHA68RIPD4ykc3+rLyxcs86xyWi5W4ByqVgqlmg1t05pXAaTV8PLvTi/EcUC4wgxJ2bWtSLkJEopiRqY5J5YkQniEBqSrkaOASDeZbzCFx1rpwX4o9OEKztXvEwkKpJwEvu4MkBrK395M/MvrxqpfcxPKo1gRjhcP9WMGVQhnccAeFQQrNtGAsKD6rxAPkUBY6dByOoSvTeH/0CqadsksX5cK9Ys0jiw4BEfgBNigCurgCjRAE2BwBx7AE3g27o1H48V4XbRmjHRmH/wo4+0Ti12W/g==</latexit>

- Is invertible: Raising/lowering of tensor indices

Identity matrix

@xµ0

@xµ

@x⌫0

@x⌫
gµ0⌫0 6= ⌘µ⌫

<latexit sha1_base64="UZRjnGu4fhAPNBzT95fQrJ/ToKI="></latexit>



Scale factor — determined by matter content

Friedman-Lemaître-Robertson-Walker (FLRW) spacetime: the geometry of a homogeneous-isotropic universe

Spatial curvature

(Spherical coordinates)

Spatially flat (Euclidean)Positively curved (e.g. 3-sphere) Negatively curved (e.g. hyperbolic 3-space)

 > 0

<latexit sha1_base64="56Qm9Of3AMr4Zn5D2GRKn1IzhHk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmZKpZ2NFN24rGAf0g4lk2ba0CQTkoxQhn6FGxeKuPVz3Pk3pg+Kih64cDjnXu69J5KMauN5n05ubX1jcyu/XdjZ3ds/KB4etXSSKkyaOGGJ6kRIE0YFaRpqGOlIRRCPGGlH4+uZ334gStNE3JmJJCFHQ0FjipGx0n1vjKRE8NLrF0ueG1TLFT+AvuvNAT23HFS9oLZSSmCJRr/40RskOOVEGMyQ1l3fkybMkDIUMzIt9FJNJMJjNCRdSwXiRIfZ/OApPLPKAMaJsiUMnKvfJzLEtZ7wyHZyZEb6tzcT//K6qYlrYUaFTA0ReLEoThk0CZx9DwdUEWzYxBKEFbW3QjxCCmFjMyrYEFa//09aZdevuBe3lVL9ahlHHpyAU3AOfFAFdXADGqAJMODgETyDF0c5T86r87ZozTnLmWPwA877F0jzkBc=</latexit>

 < 0

<latexit sha1_base64="qgoqbLMtQ26v0ekpEtZU/JfxYbE=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQhJa2oKLohuXFewD21BuppN26GQSZiZCCf0LNy4UcevfuPNvnD4oKnrgwuGce7n3niDhTGnH+bTW1jc2t7ZzO/ndvf2Dw8LRcUvFqSS0SWIey04AinImaFMzzWknkRSigNN2ML6e+e0HKhWLxZ2eJNSPYChYyAhoI933xpAkgC+x0y8UHbvmliteBbu2Mwd2bK/q1jx3pRTREo1+4aM3iEkaUaEJB6W6rpNoPwOpGeF0mu+liiZAxjCkXUMFRFT52fziKT43ygCHsTQlNJ6r3ycyiJSaRIHpjECP1G9vJv7ldVMdVv2MiSTVVJDFojDlWMd49j4eMEmJ5hNDgEhmbsVkBBKINiHlTQir3/8nLc92S3b5tlSsXy3jyKFTdIYukIsqqI5uUAM1EUECPaJn9GIp68l6td4WrWvWcuYE/YD1/gWL4pAy</latexit>

 = 0

<latexit sha1_base64="txA7Hc+MNJBvIl86qQyuSDTeeRY=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQhJa2i6EohuXFewD21BuppN26GQSZiZCCf0LNy4UcevfuPNvnD4oKnrgwuGce7n3niDhTGnH+bTW1jc2t7ZzO/ndvf2Dw8LRcUvFqSS0SWIey04AinImaFMzzWknkRSigNN2ML6e+e0HKhWLxZ2eJNSPYChYyAhoI933xpAkgC+x0y8UHbvmliteBbu2Mwd2bK/q1jx3pRTREo1+4aM3iEkaUaEJB6W6rpNoPwOpGeF0mu+liiZAxjCkXUMFRFT52fziKT43ygCHsTQlNJ6r3ycyiJSaRIHpjECP1G9vJv7ldVMdVv2MiSTVVJDFojDlWMd49j4eMEmJ5hNDgEhmbsVkBBKINiHlTQir3/8nLc92S3b5tlSsXy3jyKFTdIYukIsqqI5uUAM1EUECPaJn9GIp68l6td4WrWvWcuYE/YD1/gWNaJAz</latexit>

Preferred by the data

Conventionally Todaya = 1

<latexit sha1_base64="nl2Ht74J+Op63zGBqmXSh/aSI/g=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS9uDUPTisYJpC20om+2mXbrZhN2NUEJ/gxcPinj1B3nz37j9oKjog4HHezPMzAsSzpR2nE8rt7G5tb2T3y3s7R8cHhWPT9oqTiWhHol5LLsBVpQzQT3NNKfdRFIcBZx2gsnN3O88UKlYLO71NKF+hEeChYxgbSQPoyvkDoolx2641Vq5hlzbWQA5drnuNsruWinBCq1B8aM/jEkaUaEJx0r1XCfRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scO0MXRhmiMJamhEYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqRjNP8cDZmkRPOpIZhIZm5FZIwlJtrkUzAhrH//n7TLtluxq3eVUvN6FUcezuAcLsGFGjThFlrgAQEGj/AML5awnqxX623ZmrNWM6fwA9b7F7PVjfo=</latexit>

r <
1p


<latexit sha1_base64="NDUtRydhlmGH4zziV9epSwsMyQQ=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiTiBYWQRvLCOYDciHMbfaSJXt36+6eEI4rbPwrNhaK2Poj7Pw3bpIrNPHBwOO9GWbm+YIzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WJJLRJYh7Ljg+KchbRpmaa046QFEKf07Y/vp767QcqFYujOz0RtBfCMGIBI6CN1LfLEl9iL5BAUjdLPXUvdeqNQQjIsr5dcarODHiZuDmpoByNvv3lDWKShDTShINSXdcRupeC1IxwmpW8RFEBZAxD2jU0gpCqXjp7IsPHRhngIJamIo1n6u+JFEKlJqFvOkPQI7XoTcX/vG6ig4teyiKRaBqR+aIg4VjHeJoIHjBJieYTQ4BIZm7FZAQmEW1yK5kQ3MWXl0nrtOrWqme3tUr9Ko+jiMroCJ0gF52jOrpBDdREBD2iZ/SK3qwn68V6tz7mrQUrnzlEf2B9/gDsiJhP</latexit>

ds2 = �dt2 + a2 (t)


dr2

1� r2
+ r2

�
d✓2 + sin2 ✓d�2

��

<latexit sha1_base64="BRWOg31p3UjzCH4aGF7oXLR/WIY="></latexit>



Physical vs co-moving distance — Back to Hubble law

tem

<latexit sha1_base64="OJh/CtpWX5PtdEZp1w1lTffqQYg=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgadmNeXkLevEYwSRCsoTZySQZM49lZlYIS/7BiwdFvPo/3vwbJ5sVVLSgoajqprsrjBjVxvM+nNzK6tr6Rn6zsLW9s7tX3D/oaBkrTNpYMqluQ6QJo4K0DTWM3EaKIB4y0g2nlwu/e0+UplLcmFlEAo7Ggo4oRsZKHTNICJ8PiiXPPa+dVcs1mJK6l5FKw4e+66UogQytQfG9P5Q45kQYzJDWPd+LTJAgZShmZF7ox5pECE/RmPQsFYgTHSTptXN4YpUhHEllSxiYqt8nEsS1nvHQdnJkJvq3txD/8nqxGTWChIooNkTg5aJRzKCRcPE6HFJFsGEzSxBW1N4K8QQphI0NqGBD+PoU/k86ZdevuNXrSql5kcWRB0fgGJwCH9RBE1yBFmgDDO7AA3gCz450Hp0X53XZmnOymUPwA87bJ27kj7g=</latexit>

a(tem)

<latexit sha1_base64="/j8Y+uVcoqNXD/rZgHjZsLa4J68=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6GWZqX+6KblxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+Tem0xFU9MCFwzn3cu89fsSo0o7zYa2srq1vbOa28ts7u3v7hYPDjgpjiUkbhyyUPR8pwqggbU01I71IEsR9Rrr+9Grhd++JVDQUt3oWEY+jsaABxUgb6Q6V9DAhfH42LBQd+6J2Xi3XYErqTkYqDRe6tpOiCDK0hoX3wSjEMSdCY4aU6rtOpL0ESU0xI/P8IFYkQniKxqRvqECcKC9JD57DU6OMYBBKU0LDVP0+kSCu1Iz7ppMjPVG/vYX4l9ePddDwEiqiWBOBl4uCmEEdwsX3cEQlwZrNDEFYUnMrxBMkEdYmo7wJ4etT+D/plG23YldvKsXmZRZHDhyDE1ACLqiDJrgGLdAGGHDwAJ7AsyWtR+vFel22rljZzBH4AevtE/JIkIg=</latexit>

a = 1

<latexit sha1_base64="XNFXzPCousPLVswN2rBbbEoMUlU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmZqXy6EohuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6XQEFT1w4XDOvdx7jx8xqrTjfFi5ldW19Y38ZmFre2d3r7h/0FEilpi0sWBC9nykCKOctDXVjPQiSVDoM9L1p1cLv3tPpKKC3+pZRLwQjTkNKEbaSB0E4QV0h8WSY5/XzqrlGkxJ3clIpeFC13ZSlECG1rD4PhgJHIeEa8yQUn3XibSXIKkpZmReGMSKRAhP0Zj0DeUoJMpL0mvn8MQoIxgIaYprmKrfJxIUKjULfdMZIj1Rv72F+JfXj3XQ8BLKo1gTjpeLgphBLeDidTiikmDNZoYgLKm5FeIJkghrE1DBhPD1KfyfdMq2W7GrN5VS8zKLIw+OwDE4BS6ogya4Bi3QBhjcgQfwBJ4tYT1aL9brsjVnZTOH4Aest09BBY5K</latexit>

t0

<latexit sha1_base64="7q1lWVfSdRsssv7kaqnspgpcfXw=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqv7wVvXisYNpCG8pmu22XbjZhdyKU0N/gxYMiXv1B3vw3btsIKvpg4PHeDDPzglhwDY7zYeXW1jc2t/LbhZ3dvf2D4uFRW0eJosyjkYhUNyCaCS6ZBxwE68aKkTAQrBNMrxd+554pzSN5B7OY+SEZSz7ilICRPBikznxQLDn2Ze2iWq7hJak7Gak0XOzazhIllKE1KL73hxFNQiaBCqJ1z3Vi8FOigFPB5oV+ollM6JSMWc9QSUKm/XR57ByfGWWIR5EyJQEv1e8TKQm1noWB6QwJTPRvbyH+5fUSGDX8lMs4ASbpatEoERgivPgcD7liFMTMEEIVN7diOiGKUDD5FEwIX5/i/0m7bLsVu3pbKTWvsjjy6ASdonPkojpqohvUQh6iiKMH9ISeLWk9Wi/W66o1Z2Uzx+gHrLdPUgyPDA==</latexit>

(Today)

Emission

A B A B

rphys = a r

<latexit sha1_base64="DyUDEzqWHQ+n6DxyiPpuhDUxwFA=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaT2JSIU3bisYB/QhjCZTtqhkwczEyXEfoobF4q49Uvc+TdO0wgqeuDC4Zx7ufceN2JUSNP80JaWV1bX1gsbxc2t7Z1dvbTXFWHMMengkIW87yJBGA1IR1LJSD/iBPkuIz13ejn3e7eECxoGNzKJiO2jcUA9ipFUkqOXuJNGk0TM4DlEcHgGuaOXTeO0flKr1GFGGmZOqk0LWoaZoQxytB39fTgKceyTQGKGhBhYZiTtFHFJMSOz4jAWJEJ4isZkoGiAfCLsNDt9Bo+UMoJeyFUFEmbq94kU+UIkvqs6fSQn4rc3F//yBrH0mnZKgyiWJMCLRV7MoAzhPAc4opxgyRJFEOZU3QrxBHGEpUqrqEL4+hT+T7oVw6oatetquXWRx1EAB+AQHAMLNEALXIE26AAM7sADeALP2r32qL1or4vWJS2f2Qc/oL19Alnnk24=</latexit>

Redshift
(Wavelength stretched)

v = ṙphys = ȧ r = H(t)rphys

<latexit sha1_base64="mqJ56oQRlJcH6PRDxy+8qpyu+3E="></latexit>

Generalized Hubble law

H =
ȧ

a

<latexit sha1_base64="LilykRKjmRE6jBexQ5ytYjY15J4=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyGpfbkQim66rGAf0IYymU7aoZNJmJkIJRT8FTcuFHHrd7jzb5ymEVT0wIXDOfcwd44XMSqVbX8YuZXVtfWN/GZha3tnd8/cP+jIMBaYtHHIQtHzkCSMctJWVDHSiwRBgcdI15teL/zuHRGShvxWzSLiBmjMqU8xUloamkdNeAkHvkA4GYxClaD5XM/QLNrWRfW8UqrClNTsjJTrDnQsO0URZGgNzXedxnFAuMIMSdl37Ei5CRKKYkbmhUEsSYTwFI1JX1OOAiLdJD1/Dk+1MoJ+KPRwBVP1eyJBgZSzwNObAVIT+dtbiH95/Vj5dTehPIoV4Xj5kB8zqEK46AKOqCBYsZkmCAuqb4V4gnQXSjdW0CV8/RT+TzolyylblZtysXGV1ZEHx+AEnAEH1EADNEELtAEGCXgAT+DZuDcejRfjdbmaM7LMIfgB4+0TjAuV7A==</latexit>

t

<latexit sha1_base64="vjA4pSqzPYcZj9cgg87w70OqGgo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6a4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeGwmuwLI+jNza+sbmVn67sLO7t39QPDzqqjCWlHVoKELZd4liggesAxwE60eSEd8VrOfOrpd+755JxcPgFuYRc3wyCbjHKQEttWFULFnmZe2iWq7hlNStjFQaNrZNK0UJZWiNiu/DcUhjnwVABVFqYFsROAmRwKlgi8IwViwidEYmbKBpQHymnCQ9dIHPtDLGXih1BYBT9ftEQnyl5r6rO30CU/XbW4p/eYMYvIaT8CCKgQV0tciLBYYQL7/GYy4ZBTHXhFDJ9a2YTokkFHQ2BR3C16f4f9Itm3bFrLYrpeZVFkcenaBTdI5sVEdNdINaqIMoYugBPaFn4854NF6M11VrzshmjtEPGG+faZSNXQ==</latexit>

H0 = H(t0)

<latexit sha1_base64="StUFCfEHaGpiTU2lbaG08V6I3Ak=">AAAB83icdVDLSsNAFJ3UV62vqks3g0Wom5DUvlwIRTddVrAPaEOYTCft0MkkzEyEEvobblwo4tafceffOE0jqOiBC4dz7uXee7yIUaks68PIra1vbG7ltws7u3v7B8XDo54MY4FJF4csFAMPScIoJ11FFSODSBAUeIz0vdnN0u/fEyFpyO/UPCJOgCac+hQjpaVR27XgFWyXlWudu8WSZV7WL2qVOkxJw8pItWlD27RSlECGjlt8H41DHAeEK8yQlEPbipSTIKEoZmRRGMWSRAjP0IQMNeUoINJJ0psX8EwrY+iHQhdXMFW/TyQokHIeeLozQGoqf3tL8S9vGCu/6SSUR7EiHK8W+TGDKoTLAOCYCoIVm2uCsKD6VoinSCCsdEwFHcLXp/B/0quYdtWs3VZLressjjw4AaegDGzQAC3QBh3QBRhE4AE8gWcjNh6NF+N11Zozsplj8APG2yfURJBH</latexit>

Hubble parameter
Today



In the absence of forces, particle trajectories are geodesics

Timelike geodesics: massive particles

Null geodesics: massless particles

Spacelike geodesics: no physical particles

�↵
µ⌫ ⌘ 1

2
g↵� (@µg�⌫ + @⌫g�µ � @�gµ⌫)

<latexit sha1_base64="IVK+x1dusQCsg6y8WMCllZe0j64="></latexit>

Christoffel symbols

Subject to constraint:

L = �1

<latexit sha1_base64="GZqxqCUzMMU/WLzDdPwqLYZENxk=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQ3DpPS0nYhFN24cFHBPqAdSibNtLGZZEgyQhn6D25cKOLW/3Hn35g+KCp64MLhnHu5954g5kwbz/t0VlbX1jc2M1vZ7Z3dvf3cwWFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxhdTf3WA1WaSXFnxjH1IzwQLGQEGys1b+AFPEe9XN5zq6hULpQhcr0ZoOcWKqhaQEslDxao93If3b4kSUSFIRxr3UFebPwUK8MIp5NsN9E0xmSEB7RjqcAR1X46u3YCT63Sh6FUtoSBM/X7RIojrcdRYDsjbIb6tzcV//I6iQkrfspEnBgqyHxRmHBoJJy+DvtMUWL42BJMFLO3QjLEChNjA8raEJa//0+aBRcV3dJtMV+7XMSRAcfgBJwBBMqgBq5BHTQAAffgETyDF0c6T86r8zZvXXEWM0fgB5z3L/3Djhw=</latexit>

L = 0

<latexit sha1_base64="SLId7UnhtpfjiNr9+HI2kzClbLc=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklpaXsQil48eKhg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/DduPygq+mDg8d4MM/OChDOlHefTWlvf2Nzazu3kd/f2Dw4LR8ctFaeSUI/EPJadACvKmaCeZprTTiIpjgJO28H4eua3H6hULBb3epJQP8JDwUJGsDaSd4sukdMvFB277laqpSpybWcO5NilmlsvuSulCEs0+4WP3iAmaUSFJhwr1XWdRPsZlpoRTqf5XqpogskYD2nXUIEjqvxsfuwUnRtlgMJYmhIazdXvExmOlJpEgemMsB6p395M/Mvrpjqs+RkTSaqpIItFYcqRjtHsczRgkhLNJ4ZgIpm5FZERlphok0/ehLD6/X/SKtlu2a7clYuNq2UcOTiFM7gAF6rQgBtoggcEGDzCM7xYwnqyXq23ReuatZw5gR+w3r8AkimN5A==</latexit>

L = 1

<latexit sha1_base64="e4yFEWEIn/+M3xgKMLqw16NF1vg=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklpaXsQil48eKhg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/DduPygq+mDg8d4MM/OChDOlHefTWlvf2Nzazu3kd/f2Dw4LR8ctFaeSUI/EPJadACvKmaCeZprTTiIpjgJO28H4eua3H6hULBb3epJQP8JDwUJGsDaSd4sukdsvFB277laqpSpybWcO5NilmlsvuSulCEs0+4WP3iAmaUSFJhwr1XWdRPsZlpoRTqf5XqpogskYD2nXUIEjqvxsfuwUnRtlgMJYmhIazdXvExmOlJpEgemMsB6p395M/Mvrpjqs+RkTSaqpIItFYcqRjtHsczRgkhLNJ4ZgIpm5FZERlphok0/ehLD6/X/SKtlu2a7clYuNq2UcOTiFM7gAF6rQgBtoggcEGDzCM7xYwnqyXq23ReuatZw5gR+w3r8Ak62N5Q==</latexit>

d2xµ

d�2
+ �µ

↵�

dx↵

d�

dx�

d�
= 0

<latexit sha1_base64="S8UVbRvjyK1VtXA+lmNNvR0kRAI="></latexit>

Solution gives geodesicxµ(�)

<latexit sha1_base64="hEnwcV8qnm7BB6irnfzNGgcp66g=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0Wom5DUvtwV3bisYB/QpGUymbRDJw9mJmoJ/Q83LhRx67+482+cphFU9MDA4Zx7uHeOEzEqpGF8aLmV1bX1jfxmYWt7Z3evuH/QFWHMMengkIW87yBBGA1IR1LJSD/iBPkOIz1nernwe7eECxoGN3IWEdtH44B6FCOppOH90PLjssVUwEWno2LJ0M/rZ7VKHaakYWSk2jShqRspSiBDe1R8t9wQxz4JJGZIiIFpRNJOEJcUMzIvWLEgEcJTNCYDRQPkE2En6dVzeKIUF3ohVy+QMFW/JxLkCzHzHTXpIzkRv72F+Jc3iKXXtBMaRLEkAV4u8mIGZQgXFUCXcoIlmymCMKfqVogniCMsVVEFVcLXT+H/pFvRzapeu66WWhdZHXlwBI5BGZigAVrgCrRBB2DAwQN4As/anfaovWivy9GclmUOwQ9ob5+FCpKN</latexit>

Affine parameter

gµ⌫
dxµ

d�

dx⌫

d�
= L

<latexit sha1_base64="eNjqcaNRayXiwJvsGw1SNNM9F2I="></latexit>

� ! s

<latexit sha1_base64="BrkCwvGq/Ba2Is82FgM+qNVA7pw=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyGpfbkrunFZwbZCE8pkMm2HTjJhZqKUUPBX3LhQxK3f4c6/cZpGUNEDA4dzzuXeOX7MqFS2/WEUlpZXVteK66WNza3tHXN3ryt5IjDpYM64uPGRJIxGpKOoYuQmFgSFPiM9f3Ix93u3REjKo2s1jYkXolFEhxQjpaWBeeAyHQ4QdAUdjRUSgt9BOTDLtnVWP61V6jAjDTsn1aYDHcvOUAY52gPz3Q04TkISKcyQlH3HjpWXIqEoZmRWchNJYoQnaET6mkYoJNJLs/Nn8FgrARxyoV+kYKZ+n0hRKOU09HUyRGosf3tz8S+vn6hh00tpFCeKRHixaJgwqDicdwEDKghWbKoJwoLqWyEeI4Gw0o2VdAlfP4X/k27FcqpW7apabp3ndRTBITgCJ8ABDdACl6ANOgCDFDyAJ/Bs3BuPxovxuogWjHxmH/yA8fYJpl+V9w==</latexit>

� ! s

<latexit sha1_base64="BrkCwvGq/Ba2Is82FgM+qNVA7pw=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyGpfbkrunFZwbZCE8pkMm2HTjJhZqKUUPBX3LhQxK3f4c6/cZpGUNEDA4dzzuXeOX7MqFS2/WEUlpZXVteK66WNza3tHXN3ryt5IjDpYM64uPGRJIxGpKOoYuQmFgSFPiM9f3Ix93u3REjKo2s1jYkXolFEhxQjpaWBeeAyHQ4QdAUdjRUSgt9BOTDLtnVWP61V6jAjDTsn1aYDHcvOUAY52gPz3Q04TkISKcyQlH3HjpWXIqEoZmRWchNJYoQnaET6mkYoJNJLs/Nn8FgrARxyoV+kYKZ+n0hRKOU09HUyRGosf3tz8S+vn6hh00tpFCeKRHixaJgwqDicdwEDKghWbKoJwoLqWyEeI4Gw0o2VdAlfP4X/k27FcqpW7apabp3ndRTBITgCJ8ABDdACl6ANOgCDFDyAJ/Bs3BuPxovxuogWjHxmH/yA8fYJpl+V9w==</latexit>

Connection - covariant derivative r�T
µ...

⌫... ⌘ @�T
µ...

⌫... + �µ
�⇢T

⇢...
⌫... � �⇢

�⌫T
µ...

⇢... + (. . .)

<latexit sha1_base64="G5RdAJgrjCmPlPY7yCr3K6KFeeQ="></latexit>



Energy of massless particles
dxµ

d�
= Pµ =

�
E,P i

�

<latexit sha1_base64="niGKp8OXcvBobcRJSYQcCGn5xJM="></latexit>

Use definition of 4-momentum dPµ

d�
= ��µ

↵�P
↵P �

<latexit sha1_base64="w0FFDfRJ77pooF+mxfUVBFhIItM="></latexit>

µ = 0

<latexit sha1_base64="UPSL84BiXvWtAgWVQepBYRWm/P4=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25UIounFZwT6gDWUynbRDJ5MwMxFK6Ue4caGIW7/HnX/jNI2gogcuHM65l3vv8WPOlHacD2tldW19YzO3ld/e2d3bLxwctlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT64XfueeSsUicaenMfVCPBIsYARrI3X6YYIukTMoFB37onpeKVVRSmpORsp1F7m2k6IIGZqDwnt/GJEkpEITjpXquU6svRmWmhFO5/l+omiMyQSPaM9QgUOqvFl67hydGmWIgkiaEhql6veJGQ6Vmoa+6QyxHqvf3kL8y+slOqh7MybiRFNBlouChCMdocXvaMgkJZpPDcFEMnMrImMsMdEmobwJ4etT9D9pl2y3bFduy8XGVRZHDo7hBM7AhRo04Aaa0AICE3iAJ3i2YuvRerFel60rVjZzBD9gvX0ChqqPEA==</latexit>

Take component dE

d�
= ��0

ijP
iP j = �aȧP 2

<latexit sha1_base64="eUfdfc4j/ii7/K8/UFaDqsjvSuo="></latexit>

=
dt

d�

dE

dt

<latexit sha1_base64="8c8Uy/wpoxO6S+yaidIY9eWx2zI=">AAACDXicdVDLSgMxFM3UV62vqks3wSq4GmZqXy6EogguK9gHtEPJZDJtaCYzJBmhDPMDbvwVNy4UcevenX9j+gIVPRA4nHMPN/e4EaNSWdankVlaXlldy67nNja3tnfyu3stGcYCkyYOWSg6LpKEUU6aiipGOpEgKHAZabujy4nfviNC0pDfqnFEnAANOPUpRkpL/fzROez5AuHEU2ni9ZhOeihdaFfpRIf9fMEyzyqn5WIFTknVmpNSzYa2aU1RAHM0+vmPnhfiOCBcYYak7NpWpJwECUUxI2muF0sSITxCA9LVlKOASCeZXpPCY6140A+FflzBqfo9kaBAynHg6skAqaH87U3Ev7xurPyak1AexYpwPFvkxwyqEE6qgR4VBCs21gRhQfVfIR4iXYTSBeZ0CYtL4f+kVTTtklm+KRXqF/M6suAAHIITYIMqqINr0ABNgME9eATP4MV4MJ6MV+NtNpox5pl98APG+xdHd5xf</latexit>

}

<latexit sha1_base64="yBeIAcHKMyecuikeSMxZ/kiLd4M=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUV+4A2lMl00g6dTMLMRCilf+DGhSJu/SN3/o3TNIKKHrhwOOde7r3HjzlT2nE+rJXVtfWNzdxWfntnd2+/cHDYVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uVr4nXsqFYvEnZ7G1AvxSLCAEayNdNufDwpFx76onldKVZSSmpORct1Fru2kKEKG5qDw3h9GJAmp0IRjpXquE2tvhqVmhNN5vp8oGmMywSPaM1TgkCpvll46R6dGGaIgkqaERqn6fWKGQ6WmoW86Q6zH6re3EP/yeokO6t6MiTjRVJDloiDhSEdo8TYaMkmJ5lNDMJHM3IrIGEtMtAknb0L4+hT9T9ol2y3blZtysXGZxZGDYziBM3ChBg24hia0gEAAD/AEz9bEerRerNdl64qVzRzBD1hvnyf3jcw=</latexit>

E
dE

dt
= �aȧP 2

<latexit sha1_base64="cnJUATWb7Cpr2GzQQoy2bs6Zr8c=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4sSS12roQiiK4rGBroa1lMpnUwcmDmRuhhCzd+CtuXCji1k9w5984jRFU9MDA4Zx7uHOPEwmuwLLejYnJqemZ2cJccX5hcWnZXFltqzCWlLVoKELZcYhiggesBRwE60SSEd8R7MK5Ph77FzdMKh4G5zCKWN8nw4B7nBLQ0sDcOME9TxKauCdp4kKKD/EO6bkhJCTFzcvKwCxZ5YP93b3KPs5IzcpJtW5ju2xlKKEczYH5ptM09lkAVBClurYVQT8hEjgVLC32YsUiQq/JkHU1DYjPVD/JDknxllZc7IVSvwBwpn5PJMRXauQ7etIncKV+e2PxL68bg1fvJzyIYmAB/VzkxQJDiMetYJdLRkGMNCFUcv1XTK+I7gV0d0Vdwtel+H/SrpTtannvrFpqHOV1FNA62kTbyEY11ECnqIlaiKJbdI8e0ZNxZzwYz8bL5+iEkWfW0A8Yrx+aKJkb</latexit>

 Massless particles: = 0

<latexit sha1_base64="X5oZNBcbISmg900NrvT72CZBYFs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNg9C0IvHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3diYjqOiDgsd7VVTVcyPOpLKsDyO3srq2vpHfLGxt7+zuFfcPOjKMBaFtEvJQ9FwsKWcBbSumOO1FgmLf5bTrTq8WfveeCsnC4E7NIur4eBwwjxGstHR7gaxhsWSZ57WzarmGUlK3MlJp2Mg2rRQlyNAaFt8Ho5DEPg0U4VjKvm1FykmwUIxwOi8MYkkjTKZ4TPuaBtin0knSU+foRCsj5IVCV6BQqn6fSLAv5cx3daeP1UT+9hbiX14/Vl7DSVgQxYoGZLnIizlSIVr8jUZMUKL4TBNMBNO3IjLBAhOl0ynoEL4+Rf+TTtm0K2b1plJqXmZx5OEIjuEUbKhDE66hBW0gMIYHeIJngxuPxovxumzNGdnMIfyA8fYJ2dyNig==</latexit>

P =
E

a

<latexit sha1_base64="j13XkOg4ro+O1/yXSBNqTO6o97w=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQlL7ciEURXBZwT6gDWUynbRDJ5MwMymUkD9x40IRt/6JO//GaRpBRQ9cOJxzL/fe40WMSmXbH8bK6tr6xmZhq7i9s7u3bx4cdmQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa8XfndGhKQhv1fziLgBGnPqU4yUloamCVvwEg58gXBykyYoHZol27qonVfLNZiRup2TSsOBjmVnKIEcraH5PhiFOA4IV5ghKfuOHSk3QUJRzEhaHMSSRAhP0Zj0NeUoINJNsstTeKqVEfRDoYsrmKnfJxIUSDkPPN0ZIDWRv72F+JfXj5XfcBPKo1gRjpeL/JhBFcJFDHBEBcGKzTVBWFB9K8QTpFNQOqyiDuHrU/g/6ZQtp2JV7yql5lUeRwEcgxNwBhxQB01wC1qgDTCYgQfwBJ6NxHg0XozXZeuKkc8cgR8w3j4BzOSTKw==</latexit>

}

<latexit sha1_base64="yBeIAcHKMyecuikeSMxZ/kiLd4M=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUV+4A2lMl00g6dTMLMRCilf+DGhSJu/SN3/o3TNIKKHrhwOOde7r3HjzlT2nE+rJXVtfWNzdxWfntnd2+/cHDYVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uVr4nXsqFYvEnZ7G1AvxSLCAEayNdNufDwpFx76onldKVZSSmpORct1Fru2kKEKG5qDw3h9GJAmp0IRjpXquE2tvhqVmhNN5vp8oGmMywSPaM1TgkCpvll46R6dGGaIgkqaERqn6fWKGQ6WmoW86Q6zH6re3EP/yeokO6t6MiTjRVJDloiDhSEdo8TYaMkmJ5lNDMJHM3IrIGEtMtAknb0L4+hT9T9ol2y3blZtysXGZxZGDYziBM3ChBg24hia0gEAAD/AEz9bEerRerNdl64qVzRzBD1hvnyf3jcw=</latexit>

dE

dt
= � ȧ

a
E

<latexit sha1_base64="yO0HPH/GuBHEsuHyLewokNVAuvM=">AAACDXicdVDJSgNBFOxxjXGLevTSGAUvhpmYzYMQlIDHCGaBJISenp6kSc9C9xshDPMDXvwVLx4U8erdm39jZxFUtOBBUfWK7ld2KLgC0/wwFhaXlldWU2vp9Y3Nre3Mzm5TBZGkrEEDEci2TRQT3GcN4CBYO5SMeLZgLXt0OfFbt0wqHvg3MA5ZzyMDn7ucEtBSP3PYdSWhsVNLYgcSfI5PZkLXCSAmSaIH1/qZrJk7K50W8yU8JWVzTgoVC1s5c4osmqPez7zrPI085gMVRKmOZYbQi4kETgVL0t1IsZDQERmwjqY+8ZjqxdNrEnykFQe7gdTjA56q3xMx8ZQae7be9AgM1W9vIv7ldSJwK72Y+2EEzKezh9xIYAjwpBrscMkoiLEmhEqu/4rpkOg2QBeY1iV8XYr/J818zirkiteFbPViXkcK7aMDdIwsVEZVdIXqqIEoukMP6Ak9G/fGo/FivM5WF4x5Zg/9gPH2CQf/nDU=</latexit>

Solution: E =
E0

a(t)

<latexit sha1_base64="qDGvxjgL728Utpb+WK80y1cFJoU=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3YSk9uVCKErBZQX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78G6dtBBU9cOFwzr3ce48bMSqkaX5omaXlldW17HpuY3Nre0ff3WuLMOaYtHDIQt51kSCMBqQlqWSkG3GCfJeRjju+nPmdW8IFDYMbOYmI7aNhQD2KkVSSox804DnsexzhpOGY0wQV5MnU0fOmcVY5LRcrcE6qZkpKNQtahjlHHqRoOvp7fxDi2CeBxAwJ0bPMSNoJ4pJiRqa5fixIhPAYDUlP0QD5RNjJ/PopPFbKAHohVxVIOFe/TyTIF2Liu6rTR3Ikfnsz8S+vF0uvZic0iGJJArxY5MUMyhDOooADygmWbKIIwpyqWyEeIRWFVIHlVAhfn8L/SbtoWCWjfF3K1y/SOLLgEByBArBAFdTBFWiCFsDgDjyAJ/Cs3WuP2ov2umjNaOnMPvgB7e0TPImUfA==</latexit>

Particle’s energy decays T =
T0

a(t)

<latexit sha1_base64="yE6JmZXIM+eP/JhA/2okfTnNYBc=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0Wom5DUvlwIRTcuK/QFbQiT6aQdOnkwMxFqKP6KGxeKuPU/3Pk3TtMIKnrgwuGce7n3HjdiVEjT/NCWlldW19ZzG/nNre2dXX1vvyPCmGPSxiELec9FgjAakLakkpFexAnyXUa67uRq7ndvCRc0DFpyGhHbR6OAehQjqSRHP2zBCzjwOMJJyzFnCSrK05mjF0zjvHpWKVVhSmpmRsp1C1qGmaIAMjQd/X0wDHHsk0BihoToW2Yk7QRxSTEjs/wgFiRCeIJGpK9ogHwi7CS9fgZPlDKEXshVBRKm6veJBPlCTH1XdfpIjsVvby7+5fVj6dXthAZRLEmAF4u8mEEZwnkUcEg5wZJNFUGYU3UrxGOkopAqsLwK4etT+D/plAyrbFRuyoXGZRZHDhyBY1AEFqiBBrgGTdAGGNyBB/AEnrV77VF70V4XrUtaNnMAfkB7+wRrpZSa</latexit>

c.f. also temperature 

Energy today (at                )a = 1

<latexit sha1_base64="EOxYq6xz8PscEcupJ08h33kRMlM=">AAAB7HicdVDLSsNAFL3xWeur6tLNYBFclaT25UIounFZwT6gDWUynbRDJ5MwMxFK6De4caGIWz/InX/jNI2gogcuHM65l3vv8SLOlLbtD2tldW19YzO3ld/e2d3bLxwcdlQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa8XfveeSsVCcadnEXUDPBbMZwRrI7UxukTOsFC0Sxe182q5hlJStzNSaTjIKdkpipChNSy8D0YhiQMqNOFYqb5jR9pNsNSMcDrPD2JFI0ymeEz7hgocUOUm6bFzdGqUEfJDaUpolKrfJxIcKDULPNMZYD1Rv72F+JfXj7XfcBMmolhTQZaL/JgjHaLF52jEJCWazwzBRDJzKyITLDHRJp+8CeHrU/Q/6ZRLTqVUva0Um1dZHDk4hhM4Awfq0IQbaEEbCDB4gCd4toT1aL1Yr8vWFSubOYIfsN4+AeqpjiA=</latexit>

gµ⌫
dxµ

d�

dx⌫

d�
= L

<latexit sha1_base64="eNjqcaNRayXiwJvsGw1SNNM9F2I="></latexit>

d2xµ

d�2
+ �µ

↵�

dx↵

d�

dx�

d�
= 0

<latexit sha1_base64="S8UVbRvjyK1VtXA+lmNNvR0kRAI="></latexit>

(That’s why the redshift)



Redshift and scale factor

Photon energy

tem

<latexit sha1_base64="OJh/CtpWX5PtdEZp1w1lTffqQYg=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgadmNeXkLevEYwSRCsoTZySQZM49lZlYIS/7BiwdFvPo/3vwbJ5sVVLSgoajqprsrjBjVxvM+nNzK6tr6Rn6zsLW9s7tX3D/oaBkrTNpYMqluQ6QJo4K0DTWM3EaKIB4y0g2nlwu/e0+UplLcmFlEAo7Ggo4oRsZKHTNICJ8PiiXPPa+dVcs1mJK6l5FKw4e+66UogQytQfG9P5Q45kQYzJDWPd+LTJAgZShmZF7ox5pECE/RmPQsFYgTHSTptXN4YpUhHEllSxiYqt8nEsS1nvHQdnJkJvq3txD/8nqxGTWChIooNkTg5aJRzKCRcPE6HFJFsGEzSxBW1N4K8QQphI0NqGBD+PoU/k86ZdevuNXrSql5kcWRB0fgGJwCH9RBE1yBFmgDDO7AA3gCz450Hp0X53XZmnOymUPwA87bJ27kj7g=</latexit>

a(tem)

<latexit sha1_base64="/j8Y+uVcoqNXD/rZgHjZsLa4J68=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6GWZqX+6KblxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+Tem0xFU9MCFwzn3cu89fsSo0o7zYa2srq1vbOa28ts7u3v7hYPDjgpjiUkbhyyUPR8pwqggbU01I71IEsR9Rrr+9Grhd++JVDQUt3oWEY+jsaABxUgb6Q6V9DAhfH42LBQd+6J2Xi3XYErqTkYqDRe6tpOiCDK0hoX3wSjEMSdCY4aU6rtOpL0ESU0xI/P8IFYkQniKxqRvqECcKC9JD57DU6OMYBBKU0LDVP0+kSCu1Iz7ppMjPVG/vYX4l9ePddDwEiqiWBOBl4uCmEEdwsX3cEQlwZrNDEFYUnMrxBMkEdYmo7wJ4etT+D/plG23YldvKsXmZRZHDhyDE1ACLqiDJrgGLdAGGHDwAJ7AsyWtR+vFel22rljZzBH4AevtE/JIkIg=</latexit>

a = 1

<latexit sha1_base64="XNFXzPCousPLVswN2rBbbEoMUlU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmZqXy6EohuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6XQEFT1w4XDOvdx7jx8xqrTjfFi5ldW19Y38ZmFre2d3r7h/0FEilpi0sWBC9nykCKOctDXVjPQiSVDoM9L1p1cLv3tPpKKC3+pZRLwQjTkNKEbaSB0E4QV0h8WSY5/XzqrlGkxJ3clIpeFC13ZSlECG1rD4PhgJHIeEa8yQUn3XibSXIKkpZmReGMSKRAhP0Zj0DeUoJMpL0mvn8MQoIxgIaYprmKrfJxIUKjULfdMZIj1Rv72F+JfXj3XQ8BLKo1gTjpeLgphBLeDidTiikmDNZoYgLKm5FeIJkghrE1DBhPD1KfyfdMq2W7GrN5VS8zKLIw+OwDE4BS6ogya4Bi3QBhjcgQfwBJ4tYT1aL9brsjVnZTOH4Aest09BBY5K</latexit>

t0

<latexit sha1_base64="7q1lWVfSdRsssv7kaqnspgpcfXw=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqv7wVvXisYNpCG8pmu22XbjZhdyKU0N/gxYMiXv1B3vw3btsIKvpg4PHeDDPzglhwDY7zYeXW1jc2t/LbhZ3dvf2D4uFRW0eJosyjkYhUNyCaCS6ZBxwE68aKkTAQrBNMrxd+554pzSN5B7OY+SEZSz7ilICRPBikznxQLDn2Ze2iWq7hJak7Gak0XOzazhIllKE1KL73hxFNQiaBCqJ1z3Vi8FOigFPB5oV+ollM6JSMWc9QSUKm/XR57ByfGWWIR5EyJQEv1e8TKQm1noWB6QwJTPRvbyH+5fUSGDX8lMs4ASbpatEoERgivPgcD7liFMTMEEIVN7diOiGKUDD5FEwIX5/i/0m7bLsVu3pbKTWvsjjy6ASdonPkojpqohvUQh6iiKMH9ISeLWk9Wi/W66o1Z2Uzx+gHrLdPUgyPDA==</latexit>

(Today)

Emission

A B A B

t

<latexit sha1_base64="vjA4pSqzPYcZj9cgg87w70OqGgo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6a4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeGwmuwLI+jNza+sbmVn67sLO7t39QPDzqqjCWlHVoKELZd4liggesAxwE60eSEd8VrOfOrpd+755JxcPgFuYRc3wyCbjHKQEttWFULFnmZe2iWq7hlNStjFQaNrZNK0UJZWiNiu/DcUhjnwVABVFqYFsROAmRwKlgi8IwViwidEYmbKBpQHymnCQ9dIHPtDLGXih1BYBT9ftEQnyl5r6rO30CU/XbW4p/eYMYvIaT8CCKgQV0tciLBYYQL7/GYy4ZBTHXhFDJ9a2YTokkFHQ2BR3C16f4f9Itm3bFrLYrpeZVFkcenaBTdI5sVEdNdINaqIMoYugBPaFn4854NF6M11VrzshmjtEPGG+faZSNXQ==</latexit>

Eem

<latexit sha1_base64="gsY3a9GxKlBD6hpUa/wqCjNRFAk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KIrisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+4829MpyOo6IELh3Pu5d57/IhRpR3nw8qtrK6tb+Q3C1vbO7t7xf2DjhKxxKSNBROy5yNFGOWkralmpBdJgkKfka4/vVz43XsiFRX8Vs8i4oVozGlAMdJG6lwNExLOh8WSY5/XzqrlGkxJ3clIpeFC13ZSlECG1rD4PhgJHIeEa8yQUn3XibSXIKkpZmReGMSKRAhP0Zj0DeUoJMpL0mvn8MQoIxgIaYprmKrfJxIUKjULfdMZIj1Rv72F+JfXj3XQ8BLKo1gTjpeLgphBLeDidTiikmDNZoYgLKm5FeIJkghrE1DBhPD1KfyfdMq2W7GrN5VS8yKLIw+OwDE4BS6ogya4Bi3QBhjcgQfwBJ4tYT1aL9brsjVnZTOH4Aest08mvY+J</latexit>

Photon energy

Photon wavelength �em =
1

Eem

<latexit sha1_base64="p1r59Nk0zy+yBlc06zDL2R8BEvg=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhbBVUlqXy6EogguK9haaEOYTCft0JkkzEyEErJ046+4caGIWz/BnX/jNK2gogcGDuecy517vIhRqSzrw8gtLC4tr+RXC2vrG5tb5vZOR4axwKSNQxaKrockYTQgbUUVI91IEMQ9Rm688fnUv7klQtIwuFaTiDgcDQPqU4yUllxzv890eIDchPAUnsK+LxBO7DS5yJTUNYtW6aR2XC3XYEbq1pxUGja0S1aGIpij5Zrv/UGIY04ChRmSsmdbkXISJBTFjKSFfixJhPAYDUlP0wBxIp0kOySFh1oZQD8U+gUKZur3iQRxKSfc00mO1Ej+9qbiX14vVn7DSWgQxYoEeLbIjxlUIZy2AgdUEKzYRBOEBdV/hXiEdBVKd1fQJXxdCv8nnXLJrpSqV5Vi82xeRx7sgQNwBGxQB01wCVqgDTC4Aw/gCTwb98aj8WK8zqI5Yz6zC37AePsESDmaMA==</latexit>

E0 = a(t)Eem

<latexit sha1_base64="TyOlVHZgtj76MyjWY0bJJV0lBUQ=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyGpfbkQilJwWcE+oA1hMp20QycPZiZKif0UNy4UceuXuPNvnKYVVPTAhcM593LvPW7EqJCm+aFlVlbX1jeym7mt7Z3dPT2/3xFhzDFp45CFvOciQRgNSFtSyUgv4gT5LiNdd3I597u3hAsaBjdyGhHbR6OAehQjqSRHzzcdE55DVJQnsOkkxJ85esE0zqqnlVIVpqRmLkm5bkHLMFMUwBItR38fDEMc+ySQmCEh+pYZSTtBXFLMyCw3iAWJEJ6gEekrGiCfCDtJT5/BY6UMoRdyVYGEqfp9IkG+EFPfVZ0+kmPx25uLf3n9WHp1O6FBFEsS4MUiL2ZQhnCeAxxSTrBkU0UQ5lTdCvEYcYSlSiunQvj6FP5POiXDKhuV63KhcbGMIwsOwREoAgvUQANcgRZoAwzuwAN4As/avfaovWivi9aMtpw5AD+gvX0CP5ySvw==</latexit>

�0 =
1

E0
=

�em

a(t)

<latexit sha1_base64="ife6ccl7rE5yis+vlyhBTmyuwEo="></latexit>

Photon wavelength

Today

Redshift

z ⌘ �0 � �em

�em

<latexit sha1_base64="xcaqXc2+Uiekc56gsGPwdSB+WSo=">AAACIHicdVDLSgMxFM3UV62vqks3wSK4sczUvtwV3bisYB/QKSWT3mlDMw+TTKEO/RQ3/oobF4roTr/G9AVW9EDg5Jx7SO5xQs6kMs1PI7Gyura+kdxMbW3v7O6l9w/qMogEhRoNeCCaDpHAmQ81xRSHZiiAeA6HhjO4mviNIQjJAv9WjUJoe6TnM5dRorTUSZfusQ13ERti2xWExjbX2S7pmPgML3gM3ngcL91SnXTGzF4Uzwu5Ip6Skjkn+bKFraw5RQbNUe2kP+xuQCMPfEU5kbJlmaFqx0QoRjmMU3YkISR0QHrQ0tQnHsh2PF1wjE+00sVuIPTxFZ6qPxMx8aQceY6e9Ijqy9/eRPzLa0XKLbdj5oeRAp/OHnIjjlWAJ23hLhNAFR9pQqhg+q+Y9okuSulOJyUsNsX/k3oua+WzhZt8pnI5ryOJjtAxOkUWKqEKukZVVEMUPaAn9IJejUfj2Xgz3mejCWOeOURLML6+AZdYo+0=</latexit>

1 + z =
1

a

<latexit sha1_base64="cD0BpF/NK7mxTT7dln9IsG8fN0w=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCIISk9uVCKLpxWcE+oA1lMp20QycPZiZCG4K/4saFIm79D3f+jdM0gooeuHA4517uvccJGRXSND+03NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAe86SBBGfdKSVDLSDTlBnsNIx5lczf3OHeGCBv6tnIbE9tDIpy7FSCppoB9AC57CGbyAfZcjHFtJjJKBXjSN8+pZpVSFKamZGSnXLWgZZooiyNAc6O/9YYAjj/gSMyREzzJDaceIS4oZSQr9SJAQ4QkakZ6iPvKIsOP0+gQeK2UI3YCr8iVM1e8TMfKEmHqO6vSQHIvf3lz8y+tF0q3bMfXDSBIfLxa5EYMygPMo4JBygiWbKoIwp+pWiMdIpSBVYAUVwten8H/SLhlW2ajclIuNyyyOPDgER+AEWKAGGuAaNEELYDADD+AJPGv32qP2or0uWnNaNrMPfkB7+wR7+JQF</latexit>



tem

<latexit sha1_base64="OJh/CtpWX5PtdEZp1w1lTffqQYg=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgadmNeXkLevEYwSRCsoTZySQZM49lZlYIS/7BiwdFvPo/3vwbJ5sVVLSgoajqprsrjBjVxvM+nNzK6tr6Rn6zsLW9s7tX3D/oaBkrTNpYMqluQ6QJo4K0DTWM3EaKIB4y0g2nlwu/e0+UplLcmFlEAo7Ggo4oRsZKHTNICJ8PiiXPPa+dVcs1mJK6l5FKw4e+66UogQytQfG9P5Q45kQYzJDWPd+LTJAgZShmZF7ox5pECE/RmPQsFYgTHSTptXN4YpUhHEllSxiYqt8nEsS1nvHQdnJkJvq3txD/8nqxGTWChIooNkTg5aJRzKCRcPE6HFJFsGEzSxBW1N4K8QQphI0NqGBD+PoU/k86ZdevuNXrSql5kcWRB0fgGJwCH9RBE1yBFmgDDO7AA3gCz450Hp0X53XZmnOymUPwA87bJ27kj7g=</latexit>

a(tem)

<latexit sha1_base64="/j8Y+uVcoqNXD/rZgHjZsLa4J68=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6GWZqX+6KblxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+Tem0xFU9MCFwzn3cu89fsSo0o7zYa2srq1vbOa28ts7u3v7hYPDjgpjiUkbhyyUPR8pwqggbU01I71IEsR9Rrr+9Grhd++JVDQUt3oWEY+jsaABxUgb6Q6V9DAhfH42LBQd+6J2Xi3XYErqTkYqDRe6tpOiCDK0hoX3wSjEMSdCY4aU6rtOpL0ESU0xI/P8IFYkQniKxqRvqECcKC9JD57DU6OMYBBKU0LDVP0+kSCu1Iz7ppMjPVG/vYX4l9ePddDwEiqiWBOBl4uCmEEdwsX3cEQlwZrNDEFYUnMrxBMkEdYmo7wJ4etT+D/plG23YldvKsXmZRZHDhyDE1ACLqiDJrgGLdAGGHDwAJ7AsyWtR+vFel22rljZzBH4AevtE/JIkIg=</latexit>

a = 1

<latexit sha1_base64="XNFXzPCousPLVswN2rBbbEoMUlU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmZqXy6EohuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6XQEFT1w4XDOvdx7jx8xqrTjfFi5ldW19Y38ZmFre2d3r7h/0FEilpi0sWBC9nykCKOctDXVjPQiSVDoM9L1p1cLv3tPpKKC3+pZRLwQjTkNKEbaSB0E4QV0h8WSY5/XzqrlGkxJ3clIpeFC13ZSlECG1rD4PhgJHIeEa8yQUn3XibSXIKkpZmReGMSKRAhP0Zj0DeUoJMpL0mvn8MQoIxgIaYprmKrfJxIUKjULfdMZIj1Rv72F+JfXj3XQ8BLKo1gTjpeLgphBLeDidTiikmDNZoYgLKm5FeIJkghrE1DBhPD1KfyfdMq2W7GrN5VS8zKLIw+OwDE4BS6ogya4Bi3QBhjcgQfwBJ4tYT1aL9brsjVnZTOH4Aest09BBY5K</latexit>

t0

<latexit sha1_base64="7q1lWVfSdRsssv7kaqnspgpcfXw=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqv7wVvXisYNpCG8pmu22XbjZhdyKU0N/gxYMiXv1B3vw3btsIKvpg4PHeDDPzglhwDY7zYeXW1jc2t/LbhZ3dvf2D4uFRW0eJosyjkYhUNyCaCS6ZBxwE68aKkTAQrBNMrxd+554pzSN5B7OY+SEZSz7ilICRPBikznxQLDn2Ze2iWq7hJak7Gak0XOzazhIllKE1KL73hxFNQiaBCqJ1z3Vi8FOigFPB5oV+ollM6JSMWc9QSUKm/XR57ByfGWWIR5EyJQEv1e8TKQm1noWB6QwJTPRvbyH+5fUSGDX8lMs4ASbpatEoERgivPgcD7liFMTMEEIVN7diOiGKUDD5FEwIX5/i/0m7bLsVu3pbKTWvsjjy6ASdonPkojpqohvUQh6iiKMH9ISeLWk9Wi/W66o1Z2Uzx+gHrLdPUgyPDA==</latexit>

(Today)

Emission

A B A B

t

<latexit sha1_base64="vjA4pSqzPYcZj9cgg87w70OqGgo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6a4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeGwmuwLI+jNza+sbmVn67sLO7t39QPDzqqjCWlHVoKELZd4liggesAxwE60eSEd8VrOfOrpd+755JxcPgFuYRc3wyCbjHKQEttWFULFnmZe2iWq7hlNStjFQaNrZNK0UJZWiNiu/DcUhjnwVABVFqYFsROAmRwKlgi8IwViwidEYmbKBpQHymnCQ9dIHPtDLGXih1BYBT9ftEQnyl5r6rO30CU/XbW4p/eYMYvIaT8CCKgQV0tciLBYYQL7/GYy4ZBTHXhFDJ9a2YTokkFHQ2BR3C16f4f9Itm3bFrLYrpeZVFkcenaBTdI5sVEdNdINaqIMoYugBPaFn4854NF6M11VrzshmjtEPGG+faZSNXQ==</latexit>

Measuring distance: use light

dt

a
=

drp
1� r2

<latexit sha1_base64="4DT3p0Z6Pd54QnDcYmZ5tVPf2N8="></latexit>

r = dcom

<latexit sha1_base64="5GD+3sxJGhse+re+JNtV0gny2MU=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQlL7ciEU3bisYB+QhjKZTNuhM5kwMxFK6Ge4caGIW7/GnX/jNI2gogcuHM65l3vvCWJGlXacD2tldW19Y7OwVdze2d3bLx0cdpVIJCYdLJiQ/QApwmhEOppqRvqxJIgHjPSC6fXC790TqaiI7vQsJj5H44iOKEbaSJ6ElzAcpljw+bBUduyL+nmtUocZaTg5qTZd6NpOhjLI0R6W3gehwAknkcYMKeW5Tqz9FElNMSPz4iBRJEZ4isbEMzRCnCg/zU6ew1OjhHAkpKlIw0z9PpEirtSMB6aTIz1Rv72F+JfnJXrU9FMaxYkmEV4uGiUMagEX/8OQSoI1mxmCsKTmVognSCKsTUpFE8LXp/B/0q3YbtWu3VbLras8jgI4BifgDLigAVrgBrRBB2AgwAN4As+Wth6tF+t12bpi5TNH4Aest08pgpE2</latexit>

~r = 0

<latexit sha1_base64="uivbnxVDHK/v4hq9cjb0twfNUsQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmZqXy6EohuXFewDpkPJpGkbmkmGJFMoQz/DjQtF3Po17vwb0+kIKnrgwuGce7n3niBiVGnH+bBya+sbm1v57cLO7t7+QfHwqKNELDFpY8GE7AVIEUY5aWuqGelFkqAwYKQbTG+WfndGpKKC3+t5RPwQjTkdUYy0kbz+jOBELuAVdAbFkmNf1i6q5RpMSd3JSKXhQtd2UpRAhtag+N4fChyHhGvMkFKe60TaT5DUFDOyKPRjRSKEp2hMPEM5Conyk/TkBTwzyhCOhDTFNUzV7xMJCpWah4HpDJGeqN/eUvzL82I9avgJ5VGsCcerRaOYQS3g8n84pJJgzeaGICypuRXiCZIIa5NSwYTw9Sn8n3TKtluxq3eVUvM6iyMPTsApOAcuqIMmuAUt0AYYCPAAnsCzpa1H68V6XbXmrGzmGPyA9fYJ2UmQ/g==</latexit>

Co-moving distance

dcom =
1p

sin

�p
�

�

<latexit sha1_base64="jwXzup26utkZoKA6snHS1DGnCyE="></latexit>

� =

Z t0

t

dt
0

a(t0)
=

Z 1

a

da
0

a02H(a0)
=

Z z

0

dz
0

H(z0)

<latexit sha1_base64="a+OMm18a/kWjOoGhWq6+cMY5peM="></latexit>

Horizon distance



Measuring distance

Angular diameter distance =

Luminosity distance

 Etherington’s theorem (1933):                                     irrespective of the underlying theory of gravity.

Theorem fails when photon number not conserved. E.g. the photon conversion into axions.

Observed flux

Absolute luminosity of source
d2L =

Ls

4⇡F =

<latexit sha1_base64="qs3Jzqtxpj1WjV9Rn1BgavyuEhI="></latexit>

4⇡

<latexit sha1_base64="1kDB6e3IjD/j81y6FLI7gRXZ3bI=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZKaPtwV3bisYB/QhjKZTtuhM5MwMxFK6C+4caGIW3/InX/jJI2gogcuHM65l3vvCSJGlXacD6uwtr6xuVXcLu3s7u0flA+PuiqMJSYdHLJQ9gOkCKOCdDTVjPQjSRAPGOkF8+vU790TqWgo7vQiIj5HU0EnFCOdSt4woqNyxbEv6xe1ah1mpOHkxGu60LWdDBWQoz0qvw/HIY45ERozpNTAdSLtJ0hqihlZloaxIhHCczQlA0MF4kT5SXbrEp4ZZQwnoTQlNMzU7xMJ4koteGA6OdIz9dtLxb+8QawnTT+hIoo1EXi1aBIzqEOYPg7HVBKs2cIQhCU1t0I8QxJhbeIpmRC+PoX/k27Vdj27dutVWld5HEVwAk7BOXBBA7TADWiDDsBgBh7AE3i2uPVovVivq9aClc8cgx+w3j4BTXyOcA==</latexit>

dL = (1 + z)2dA

<latexit sha1_base64="e+iA6gKnQrjJ3yMH12aCkbVJOuc=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIugCGWm9uVCqLpx4aKCfUBbh0wm04ZmMkOSUWrtp7hxoYhbv8Sdf2P6EFT0wIXDOfdy7z1uxKhUlvVhJObmFxaXksupldW19Q0zvVmXYSwwqeGQhaLpIkkY5aSmqGKkGQmCApeRhts/G/uNGyIkDfmVGkSkE6Aupz7FSGnJMdOecwGP4Z59cLd/nYOec+KYGSt7VDws5IpwQkrWjOTLNrSz1gQZMEPVMd/bXojjgHCFGZKyZVuR6gyRUBQzMkq1Y0kihPuoS1qachQQ2RlOTh/BXa140A+FLq7gRP0+MUSBlIPA1Z0BUj352xuLf3mtWPnlzpDyKFaE4+kiP2ZQhXCcA/SoIFixgSYIC6pvhbiHBMJKp5XSIXx9Cv8n9VzWzmcLl/lM5XQWRxJsgx2wB2xQAhVwDqqgBjC4BQ/gCTwb98aj8WK8TlsTxmxmC/yA8fYJUHGSIQ==</latexit>

Diameter (actual)
Angle subtended

=
d2com
a2

<latexit sha1_base64="ER19R0zC3i3Rq6FqEjmT0/uAcw8=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CoktS8XQtGNywr2AW0Mk8mkHTp5MDMRSsjGX3HjQhG3foY7/8ZpG0FFD9zL4Zx7mbnHjRkV0jQ/tMLS8srqWnG9tLG5tb2j7+51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+dXM783h3hgkbhjZzGxA7QKKQ+xUgqydEPzuHQ5winnpPiKMhuK1mKVHP0smmc1U9rlTqck4aZk2rTgpZhzlEGOdqO/j70IpwEJJSYISEGlhlLO0VcUsxIVhomgsQIT9CIDBQNUUCEnc4PyOCxUjzoR1xVKOFc/b6RokCIaeCqyQDJsfjtzcS/vEEi/aad0jBOJAnx4iE/YVBGcJYG9CgnWLKpIghzqv4K8RipPKTKrKRC+LoU/k+6FcOqGrXrarl1kcdRBIfgCJwACzRAC1yBNugADDLwAJ7As3avPWov2utitKDlO/vgB7S3TwDflrY=</latexit>

dA = adcom

<latexit sha1_base64="Et3l3Ig5RK1otjPBcuYLYv9PpKo=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DUvlwIVTcuK9gHtCFMJpN26OTBzESooV/ixoUibv0Ud/6N0zSCih64cDjnXu69x40ZFdI0P7TCyura+kZxs7S1vbNb1vf2eyJKOCZdHLGID1wkCKMh6UoqGRnEnKDAZaTvTq8Wfv+OcEGj8FbOYmIHaBxSn2IkleToZc+5gOcQQc9JcRTMHb1iGmeN03q1ATPSNHNSa1nQMswMFZCj4+jvIy/CSUBCiRkSYmiZsbRTxCXFjMxLo0SQGOEpGpOhoiEKiLDT7PA5PFaKB/2IqwolzNTvEykKhJgFruoMkJyI395C/MsbJtJv2SkN40SSEC8X+QmDMoKLFKBHOcGSzRRBmFN1K8QTxBGWKquSCuHrU/g/6VUNq2bUb2qV9mUeRxEcgiNwAizQBG1wDTqgCzBIwAN4As/avfaovWivy9aCls8cgB/Q3j4B49KSog==</latexit>



Summary so far:

ds2 = �dt2 + a2 (t)


dr2

1� r2
+ r2

�
d✓2 + sin2 ✓d�2

��

<latexit sha1_base64="BRWOg31p3UjzCH4aGF7oXLR/WIY="></latexit>

Friedman-Lemaître-Robertson-Walker (FLRW) metric

Expanding, homogeneous-isotropic universe

Scale factor - redshift relation: 1 + z =
1

a

<latexit sha1_base64="cD0BpF/NK7mxTT7dln9IsG8fN0w=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCIISk9uVCKLpxWcE+oA1lMp20QycPZiZCG4K/4saFIm79D3f+jdM0gooeuHA4517uvccJGRXSND+03NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAe86SBBGfdKSVDLSDTlBnsNIx5lczf3OHeGCBv6tnIbE9tDIpy7FSCppoB9AC57CGbyAfZcjHFtJjJKBXjSN8+pZpVSFKamZGSnXLWgZZooiyNAc6O/9YYAjj/gSMyREzzJDaceIS4oZSQr9SJAQ4QkakZ6iPvKIsOP0+gQeK2UI3YCr8iVM1e8TMfKEmHqO6vSQHIvf3lz8y+tF0q3bMfXDSBIfLxa5EYMygPMo4JBygiWbKoIwp+pWiMdIpSBVYAUVwten8H/SLhlW2ajclIuNyyyOPDgER+AEWKAGGuAaNEELYDADD+AJPGv32qP2or0uWnNaNrMPfkB7+wR7+JQF</latexit>

Distance measures dA = adcom = a2dL

<latexit sha1_base64="GBW6qcKvnqv/65s8QqFxxQTH/Uk=">AAACAnicdZDLSgMxFIYzXmu9jboSN8EiuCoztTcXQtWNCxcV7AXacchk0jY0mRmSjFCG4sZXceNCEbc+hTvfxrQdQUV/CHz5zzkk5/ciRqWyrA9jbn5hcWk5s5JdXVvf2DS3tpsyjAUmDRyyULQ9JAmjAWkoqhhpR4Ig7jHS8obnk3rrlghJw+BajSLicNQPaI9ipLTlmru+ewpPIIK+m+CQjyd8U9C3S9fMWfnj8lGpUIZTqFgpFKs2tPPWVDmQqu6a710/xDEngcIMSdmxrUg5CRKKYkbG2W4sSYTwEPVJR2OAOJFOMl1hDA+048NeKPQJFJy63ycSxKUccU93cqQG8ndtYv5V68SqV3USGkSxIgGePdSLGVQhnOQBfSoIVmykAWFB9V8hHiCBsNKpZXUIX5vC/6FZyNvFfOmqmKudpXFkwB7YB4fABhVQAxegDhoAgzvwAJ7As3FvPBovxuusdc5IZ3bADxlvn4nblaM=</latexit>

dcom =
1p

sin

�p
�

�

<latexit sha1_base64="jwXzup26utkZoKA6snHS1DGnCyE="></latexit>

� =

Z z

0

dz
0

H(z0)

<latexit sha1_base64="cK5poX3nSDktYh9iBC/b1amlzu4="></latexit>

E =
E0

a

<latexit sha1_base64="hEwVvKRG5lOHc+6ITFaFlgDOmjY=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaT25UIoSsFlBfuANoTJdNIOnTyYmYgl5FfcuFDErT/izr9xmkZQ0QMXDufcy733uBGjQprmh7ayura+sVnYKm7v7O7t6welnghjjkkXhyzkAxcJwmhAupJKRgYRJ8h3Gem7s6uF378jXNAwuJXziNg+mgTUoxhJJTl6qQ0v4MjjCCdtx0wTlEJHL5vGef2sVqnDjDTMnFSbFrQMM0MZ5Og4+vtoHOLYJ4HEDAkxtMxI2gnikmJG0uIoFiRCeIYmZKhogHwi7CS7PYUnShlDL+SqAgkz9ftEgnwh5r6rOn0kp+K3txD/8oax9Jp2QoMoliTAy0VezKAM4SIIOKacYMnmiiDMqboV4ilSQUgVV1GF8PUp/J/0KoZVNWo31XLrMo+jAI7AMTgFFmiAFrgGHdAFGNyDB/AEnrVUe9RetNdl64qWzxyCH9DePgHsO5PD</latexit>

T =
T0

a

<latexit sha1_base64="8JFR8TVVnmkKYXxqexC3took43w=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiS1LxdC0Y3LCn1BG8JkOmmHTh7MTMQS8ituXCji1h9x5984TSOo6IELh3Pu5d573IhRIU3zQyusrW9sbhW3Szu7e/sH+mG5L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu/HrpD+4IFzQMunIREdtH04B6FCOpJEcvd+ElHHsc4aTrmGmCUujoFdO4aJzXqw2YkaaZk1rLgpZhZqiAHB1Hfx9PQhz7JJCYISFGlhlJO0FcUsxIWhrHgkQIz9GUjBQNkE+EnWS3p/BUKRPohVxVIGGmfp9IkC/EwndVp4/kTPz2luJf3iiWXstOaBDFkgR4tciLGZQhXAYBJ5QTLNlCEYQ5VbdCPEMqCKniKqkQvj6F/5N+1bBqRv22Vmlf5XEUwTE4AWfAAk3QBjegA3oAg3vwAJ7As5Zqj9qL9rpqLWj5zBH4Ae3tExsqk+E=</latexit>

� = a�0

<latexit sha1_base64="tYEBV+pL3nxR+lL2s4AkhUtkJNU=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyGpfbkQim5cVrC10IYwmUzboZNJmJkIJRT8FTcuFHHrd7jzb5ymEVT0wMDhnHO5d44fMyqVbX8YhaXlldW14nppY3Nre8fc3evKKBGYdHDEItHzkSSMctJRVDHSiwVBoc/IrT+5nPu3d0RIGvEbNY2JG6IRp0OKkdKSZx4MmA4HCJ5DBHPu2Z5Ztq2z+mmtUocZadg5qTYd6Fh2hjLI0fbM90EQ4SQkXGGGpOw7dqzcFAlFMSOz0iCRJEZ4gkakrylHIZFump0/g8daCeAwEvpxBTP1+0SKQimnoa+TIVJj+dubi395/UQNm25KeZwowvFi0TBhUEVw3gUMqCBYsakmCAuqb4V4jATCSjdW0iV8/RT+T7oVy6latetquXWR11EEh+AInAAHNEALXIE26AAMUvAAnsCzcW88Gi/G6yJaMPKZffADxtsnBFCU6Q==</latexit>

Photon energy, wavelength, temperature

Particles follow geodesics
d2xµ

d�2
+ �µ

↵�

dx↵

d�

dx�

d�
= 0

<latexit sha1_base64="767nOcqg6cTYCR4Rrlh3BnYiaxg="></latexit>

�i
0j = H�

i
j

<latexit sha1_base64="Q+xVsQvdOAiCGouDePJBg+bltok="></latexit>

H(t) ⌘ ȧ

a

<latexit sha1_base64="dCFsiYBCgcXSxMCTeRKdD97yb5Y=">AAACBnicdVDLSgMxFM3UV62vqksRgkWomzJT+3JXdNNlBfuAtpRMmmlDMw+TO4UydOXGX3HjQhG3foM7/8Z0WkFFD1w4nHMPyT12ILgC0/wwEiura+sbyc3U1vbO7l56/6Cp/FBS1qC+8GXbJooJ7rEGcBCsHUhGXFuwlj2+mvutCZOK+94NTAPWc8nQ4w6nBLTUTx/XsnCGu+w25BPcdSShUXfgQ0RmMz39dMbMXZTOi/kSjknZXJJCxcJWzoyRQUvU++l3naahyzyggijVscwAehGRwKlgs1Q3VCwgdEyGrKOpR1ymelF8xgyfamWAHV/q8QDH6vdERFylpq6tN10CI/Xbm4t/eZ0QnEov4l4QAvPo4iEnFBh8PO8ED7hkFMRUE0Il13/FdER0F6CbS+kSvi7F/5NmPmcVcsXrQqZ6uawjiY7QCcoiC5VRFdVQHTUQRXfoAT2hZ+PeeDRejNfFasJYZg7RDxhvn502mUo=</latexit>

�0
ij = Hgij

<latexit sha1_base64="qt90P38rdKPICApR313E9+wlX1I=">AAACA3icdZDLSgMxFIYz9VbrbdSdboJFcFVmam8uhKILu6xgL9DWkknTNjbJDElGKEPBja/ixoUibn0Jd76NaTuCiv4Q+PjPOZyc3wsYVdpxPqzEwuLS8kpyNbW2vrG5ZW/v1JUfSkxq2Ge+bHpIEUYFqWmqGWkGkiDuMdLwRufTeuOWSEV9caXHAelwNBC0TzHSxurae+0LxDm6droRvZnAUwgrcDDnrp12MieF43y2AGdQdGLIlVzoZpyZ0iBWtWu/t3s+DjkRGjOkVMt1At2JkNQUMzJJtUNFAoRHaEBaBgXiRHWi2Q0TeGicHuz70jyh4cz9PhEhrtSYe6aTIz1Uv2tT869aK9T9UieiIgg1EXi+qB8yqH04DQT2qCRYs7EBhCU1f4V4iCTC2sSWMiF8XQr/h3o24+Yy+ctcunwWx5EE++AAHAEXFEEZVEAV1AAGd+ABPIFn6956tF6s13lrwopndsEPWW+fZdyWwQ==</latexit>

gµ⌫
dxµ

d�

dx⌫

d�
=

<latexit sha1_base64="BNP+P0YN5z899znHwPtnsuFF9Fc="></latexit>

{

<latexit sha1_base64="5/I89LR6S/yd0Xc+tJ0LLNpfK0I=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFclaT25a7oxmUV+4A2lMl00g6dTMLMRCihf+DGhSJu/SN3/o3TNIKKHrhwOOde7r3HizhT2rY/rJXVtfWNzdxWfntnd2+/cHDYUWEsCW2TkIey52FFORO0rZnmtBdJigOP0643vVr43XsqFQvFnZ5F1A3wWDCfEayNdDtIhoWiXbqonVfLNZSSup2RSsNBTslOUYQMrWHhfTAKSRxQoQnHSvUdO9JugqVmhNN5fhArGmEyxWPaN1TggCo3SS+do1OjjJAfSlNCo1T9PpHgQKlZ4JnOAOuJ+u0txL+8fqz9hpswEcWaCrJc5Mcc6RAt3kYjJinRfGYIJpKZWxGZYImJNuHkTQhfn6L/Sadcciql6k2l2LzM4sjBMZzAGThQhyZcQwvaQMCHB3iCZ2tqPVov1uuydcXKZo7gB6y3TyTvjco=</latexit>

0

<latexit sha1_base64="d66+H0YtblbIF8xsNF0X3XZcyeE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsKHRoyEPRd4kEzgLoKKY49CMBxHc59NzZ9dLv3YOQLAxu1TwCxyeTgHmMEqWltjUqlizzsnZRLddwSupWRioNG9umlaKEMrRGxffhOKSxD4GinEg5sK1IOQkRilEOi8IwlhAROiMTGGgaEB+kk6SHLvCZVsbYC4WuQOFU/T6REF/Kue/qTp+oqfztLcW/vEGsvIaTsCCKFQR0tciLOVYhXn6Nx0wAVXyuCaGC6VsxnRJBqNLZFHQIX5/i/0m3bNoVs9qulJpXWRx5dIJO0TmyUR010Q1qoQ6iCNADekLPxp3xaLwYr6vWnJHNHKMfMN4+AQKEjRk=</latexit>

�1

<latexit sha1_base64="hYZ1HI/FVLqSisIKCj6gC8MOgII=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4cZiJ2bwFvXiMYhZIhtDT6Uma9Cx09whhyB948aCIV//Im39jZzKCij4oeLxXRVU9N+JMKsv6MHIrq2vrG/nNwtb2zu5ecf+gI8NYENomIQ9Fz8WSchbQtmKK014kKPZdTrvu9Grhd++pkCwM7tQsoo6PxwHzGMFKS7dn9rBYssyL2nm1XEMpqVsZqTRsZJtWihJkaA2L74NRSGKfBopwLGXftiLlJFgoRjidFwaxpBEmUzymfU0D7FPpJOmlc3SilRHyQqErUChVv08k2Jdy5ru608dqIn97C/Evrx8rr+EkLIhiRQOyXOTFHKkQLd5GIyYoUXymCSaC6VsRmWCBidLhFHQIX5+i/0mnbNoVs3pTKTUvszjycATHcAo21KEJ19CCNhDw4AGe4NmYGo/Gi/G6bM0Z2cwh/IDx9gltTY1R</latexit>

Massless

Massive


