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Scale factor — determined by matter content

Friedman-Lemaître-Robertson-Walker (FLRW) spacetime: the geometry of a homogeneous-isotropic universe

Spatial curvature

(Spherical coordinates)

Spatially flat (Euclidean)Positively curved (e.g. 3-sphere) Negatively curved (e.g. hyperbolic 3-space)

 > 0

<latexit sha1_base64="56Qm9Of3AMr4Zn5D2GRKn1IzhHk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmZKpZ2NFN24rGAf0g4lk2ba0CQTkoxQhn6FGxeKuPVz3Pk3pg+Kih64cDjnXu69J5KMauN5n05ubX1jcyu/XdjZ3ds/KB4etXSSKkyaOGGJ6kRIE0YFaRpqGOlIRRCPGGlH4+uZ334gStNE3JmJJCFHQ0FjipGx0n1vjKRE8NLrF0ueG1TLFT+AvuvNAT23HFS9oLZSSmCJRr/40RskOOVEGMyQ1l3fkybMkDIUMzIt9FJNJMJjNCRdSwXiRIfZ/OApPLPKAMaJsiUMnKvfJzLEtZ7wyHZyZEb6tzcT//K6qYlrYUaFTA0ReLEoThk0CZx9DwdUEWzYxBKEFbW3QjxCCmFjMyrYEFa//09aZdevuBe3lVL9ahlHHpyAU3AOfFAFdXADGqAJMODgETyDF0c5T86r87ZozTnLmWPwA877F0jzkBc=</latexit>

 < 0

<latexit sha1_base64="qgoqbLMtQ26v0ekpEtZU/JfxYbE=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQhJa2oKLohuXFewD21BuppN26GQSZiZCCf0LNy4UcevfuPNvnD4oKnrgwuGce7n3niDhTGnH+bTW1jc2t7ZzO/ndvf2Dw8LRcUvFqSS0SWIey04AinImaFMzzWknkRSigNN2ML6e+e0HKhWLxZ2eJNSPYChYyAhoI933xpAkgC+x0y8UHbvmliteBbu2Mwd2bK/q1jx3pRTREo1+4aM3iEkaUaEJB6W6rpNoPwOpGeF0mu+liiZAxjCkXUMFRFT52fziKT43ygCHsTQlNJ6r3ycyiJSaRIHpjECP1G9vJv7ldVMdVv2MiSTVVJDFojDlWMd49j4eMEmJ5hNDgEhmbsVkBBKINiHlTQir3/8nLc92S3b5tlSsXy3jyKFTdIYukIsqqI5uUAM1EUECPaJn9GIp68l6td4WrWvWcuYE/YD1/gWL4pAy</latexit>

 = 0

<latexit sha1_base64="txA7Hc+MNJBvIl86qQyuSDTeeRY=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQhJa2i6EohuXFewD21BuppN26GQSZiZCCf0LNy4UcevfuPNvnD4oKnrgwuGce7n3niDhTGnH+bTW1jc2t7ZzO/ndvf2Dw8LRcUvFqSS0SWIey04AinImaFMzzWknkRSigNN2ML6e+e0HKhWLxZ2eJNSPYChYyAhoI933xpAkgC+x0y8UHbvmliteBbu2Mwd2bK/q1jx3pRTREo1+4aM3iEkaUaEJB6W6rpNoPwOpGeF0mu+liiZAxjCkXUMFRFT52fziKT43ygCHsTQlNJ6r3ycyiJSaRIHpjECP1G9vJv7ldVMdVv2MiSTVVJDFojDlWMd49j4eMEmJ5hNDgEhmbsVkBBKINiHlTQir3/8nLc92S3b5tlSsXy3jyKFTdIYukIsqqI5uUAM1EUECPaJn9GIp68l6td4WrWvWcuYE/YD1/gWNaJAz</latexit>

Preferred by the data

Conventionally Todaya = 1

<latexit sha1_base64="nl2Ht74J+Op63zGBqmXSh/aSI/g=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS9uDUPTisYJpC20om+2mXbrZhN2NUEJ/gxcPinj1B3nz37j9oKjog4HHezPMzAsSzpR2nE8rt7G5tb2T3y3s7R8cHhWPT9oqTiWhHol5LLsBVpQzQT3NNKfdRFIcBZx2gsnN3O88UKlYLO71NKF+hEeChYxgbSQPoyvkDoolx2641Vq5hlzbWQA5drnuNsruWinBCq1B8aM/jEkaUaEJx0r1XCfRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scO0MXRhmiMJamhEYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqRjNP8cDZmkRPOpIZhIZm5FZIwlJtrkUzAhrH//n7TLtluxq3eVUvN6FUcezuAcLsGFGjThFlrgAQEGj/AML5awnqxX623ZmrNWM6fwA9b7F7PVjfo=</latexit>

r <
1p


<latexit sha1_base64="NDUtRydhlmGH4zziV9epSwsMyQQ=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiTiBYWQRvLCOYDciHMbfaSJXt36+6eEI4rbPwrNhaK2Poj7Pw3bpIrNPHBwOO9GWbm+YIzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WJJLRJYh7Ljg+KchbRpmaa046QFEKf07Y/vp767QcqFYujOz0RtBfCMGIBI6CN1LfLEl9iL5BAUjdLPXUvdeqNQQjIsr5dcarODHiZuDmpoByNvv3lDWKShDTShINSXdcRupeC1IxwmpW8RFEBZAxD2jU0gpCqXjp7IsPHRhngIJamIo1n6u+JFEKlJqFvOkPQI7XoTcX/vG6ig4teyiKRaBqR+aIg4VjHeJoIHjBJieYTQ4BIZm7FZAQmEW1yK5kQ3MWXl0nrtOrWqme3tUr9Ko+jiMroCJ0gF52jOrpBDdREBD2iZ/SK3qwn68V6tz7mrQUrnzlEf2B9/gDsiJhP</latexit>

ds2 = �dt2 + a2 (t)


dr2

1� r2
+ r2

�
d✓2 + sin2 ✓d�2

��

<latexit sha1_base64="BRWOg31p3UjzCH4aGF7oXLR/WIY="></latexit>



Dynamics of homogeneous-isotropic Universe

How to determine a(t)

<latexit sha1_base64="sddxIRyNpvcNNzv7ZM6GJ78eixY=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1AO5RMmmlDk8yQZIRS+gtuXCji1h9y59+YmY6gogcuHM65l3vv8SNGlXacDyu3tr6xuZXfLuzs7u0fFA+PuiqMJSYdHLJQ9n2kCKOCdDTVjPQjSRD3Gen5s+vE790TqWgo7vQ8Ih5HE0EDipFOJFTW56NiybEv6xe1Sh2mpOFkpNp0oWs7KUogQ3tUfB+OQxxzIjRmSKmB60TaWyCpKWZkWRjGikQIz9CEDAwViBPlLdJbl/DMKGMYhNKU0DBVv08sEFdqzn3TyZGeqt9eIv7lDWIdNL0FFVGsicCrRUHMoA5h8jgcU0mwZnNDEJbU3ArxFEmEtYmnYEL4+hT+T7oV263atdtqqXWVxZEHJ+AUlIELGqAFbkAbdAAGU/AAnsCzxa1H68V6XbXmrGzmGPyA9fYJ6ASOLQ==</latexit>



Matter era EraRadiation 
era ⇤

<latexit sha1_base64="iwdonubZYeOSkX8wciJGVsiL4RU=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxoWLCvYBbSiTyaQdOnkwMxFK6Ee4caGIW7/HnX/jNI2gogcGDuecy9x73JgzqSzrw1hZXVvf2CxsFbd3dvf2SweHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp1cLv3dPhWRReKdmMXUCPA6ZzwhWWuoNb3TUw6NS2TIv6ue1Sh1lpGHlpNq0kW1aGcqQoz0qvQ+9iCQBDRXhWMqBbcXKSbFQjHA6Lw4TSWNMpnhMB5qGOKDSSbN15+hUKx7yI6FfqFCmfp9IcSDlLHB1MsBqIn97C/Evb5Aov+mkLIwTRUOy/MhPOFIRWtyOPCYoUXymCSaC6V0RmWCBidINFXUJX5ei/0m3YtpVs3ZbLbcu8zoKcAwncAY2NKAF19CGDhCYwgM8wbMRG4/Gi/G6jK4Y+cwR/IDx9gmVAY/C</latexit>

t ⇠ 9.94Gyr

<latexit sha1_base64="hdWsmKMQ+BNF6aJMxYk+ygbd4SM=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DU9LUrutBlBfuANpTJdNIOnTyYmQgx9EvcuFDErZ/izr9xmkZQ0QMXDufcy733uBGjQprmh1ZYW9/Y3Cpul3Z29/bL+sFhT4Qxx6SLQxbygYsEYTQgXUklI4OIE+S7jPTd+eXS798RLmgY3MokIo6PpgH1KEZSSWO9LOFIUB+2jJYNrxI+1ium0aqf16p1mJGGmRO7aUHLMDNUQI7OWH8fTUIc+ySQmCEhhpYZSSdFXFLMyKI0igWJEJ6jKRkqGiCfCCfNDl/AU6VMoBdyVYGEmfp9IkW+EInvqk4fyZn47S3Fv7xhLL2mk9IgiiUJ8GqRFzMoQ7hMAU4oJ1iyRBGEOVW3QjxDHGGpsiqpEL4+hf+TXtWwbKN2Y1faF3kcRXAMTsAZsEADtME16IAuwCAGD+AJPGv32qP2or2uWgtaPnMEfkB7+wQnyZIl</latexit>

t ⇠ 41000yr

<latexit sha1_base64="X9RaIjrd+OuAvT+z2xte2UzVxrc=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCqzCp6cNd0Y3LCvYBbSiT6bQdOnkwMxFi6Je4caGIWz/FnX/jNI2gogcuHM65l3vv8SLOpELowyisrW9sbhW3Szu7e/tl8+CwK8NYENohIQ9F38OSchbQjmKK034kKPY9Tnve/Grp9+6okCwMblUSUdfH04BNGMFKSyOzrOBQMh86NkIIJmJkVpB1UT+vVeswIw2UE6dpQ9tCGSogR3tkvg/HIYl9GijCsZQDG0XKTbFQjHC6KA1jSSNM5nhKB5oG2KfSTbPDF/BUK2M4CYWuQMFM/T6RYl/KxPd0p4/VTP72luJf3iBWk6absiCKFQ3IatEk5lCFcJkCHDNBieKJJpgIpm+FZIYFJkpnVdIhfH0K/yfdqmU7Vu3GqbQu8ziK4BicgDNggwZogWvQBh1AQAwewBN4Nu6NR+PFeF21Fox85gj8gPH2Ce22kf8=</latexit>



General Relativity — Gravity as geometry of spacetime

Einstein equations

Schematically: gµ⌫

<latexit sha1_base64="vYYsUPes0WzkgNCatMehlLIhCjM=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfWATymQ6aYdOJmEeQgn9CzcuFHHr37jzb5ymEVT0wIXDOfdy7z1BwqhUjvNhrayurW9sFraK2zu7e/ulg8OujLXApINjFot+gCRhlJOOooqRfiIIigJGesH0auH37omQNOa3apYQP0JjTkOKkTLS3XiYepH2uJ4PS2XHvqif1yp1mJGGk5Nq04Wu7WQogxztYendG8VYR4QrzJCUA9dJlJ8ioShmZF70tCQJwlM0JgNDOYqI9NPs4jk8NcoIhrEwxRXM1O8TKYqknEWB6YyQmsjf3kL8yxtoFTb9lPJEK8LxclGoGVQxXLwPR1QQrNjMEIQFNbdCPEECYWVCKpoQvj6F/5NuxXardu2mWm5d5nEUwDE4AWfABQ3QAtegDToAAw4ewBN4tqT1aL1Yr8vWFSufOQI/YL19AoJbkX4=</latexit>

�µ
↵�

<latexit sha1_base64="OckGDHJZblqB/f0q6EdiFfEEE4w=">AAACAXicdVDLSgNBEJyNrxhfq14EL4NB8BR2Y17egh70GMEkQjaG3skkGTKzu8zMCmGJF3/FiwdFvPoX3vwbJw9BRQsaiqpuurv8iDOlHefDSi0sLi2vpFcza+sbm1v29k5DhbEktE5CHsprHxTlLKB1zTSn15GkIHxOm/7wbOI3b6lULAyu9CiibQH9gPUYAW2kjr3nnYMQcOOJuJN4wKMBeD7VMO7YWSd3Ujou5kt4SsrOnBQqLnZzzhRZNEetY7973ZDEggaacFCq5TqRbicgNSOcjjNerGgEZAh92jI0AEFVO5l+MMaHRuniXihNBRpP1e8TCQilRsI3nQL0QP32JuJfXivWvUo7YUEUaxqQ2aJezLEO8SQO3GWSEs1HhgCRzNyKyQAkEG1Cy5gQvj7F/5NGPucWcsXLQrZ6Oo8jjfbRATpCLiqjKrpANVRHBN2hB/SEnq1769F6sV5nrSlrPrOLfsB6+wRpVpeM</latexit>

Rµ⌫

<latexit sha1_base64="sAL8obstZpU19FiPIo1VB2Xyh5Q=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZLal7uiG5dV7AObUCbTaTt0MgnzEEroX7hxoYhb/8adf+M0jaCiBy4czrmXe+8JYkalcpwPK7eyura+kd8sbG3v7O4V9w86MtICkzaOWCR6AZKEUU7aiipGerEgKAwY6QbTy4XfvSdC0ojfqllM/BCNOR1RjJSR7m4GiRdqj+v5oFhy7PPaWbVcgympOxmpNFzo2k6KEsjQGhTfvWGEdUi4wgxJ2XedWPkJEopiRuYFT0sSIzxFY9I3lKOQSD9JL57DE6MM4SgSpriCqfp9IkGhlLMwMJ0hUhP521uIf3l9rUYNP6E81opwvFw00gyqCC7eh0MqCFZsZgjCgppbIZ4ggbAyIRVMCF+fwv9Jp2y7Fbt6XSk1L7I48uAIHINT4II6aIIr0AJtgAEHD+AJPFvSerRerNdla87KZg7BD1hvn2HKkWk=</latexit>

R

<latexit sha1_base64="ny5kJ9ozJGRx4p6k+ErBfkuWjh0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkLevGYiImBZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnGxWUNGChqKqm+4uN+JMKsv6MHIrq2vrG/nNwtb2zu5ecf+gK8NYENohIQ9Fz8WSchbQjmKK014kKPZdTm/d6eXCv72nQrIwuFGziDo+HgfMYwQrLbWvh8WSZZ7XzqrlGkpJ3cpIpWEj27RSlCBDa1h8H4xCEvs0UIRjKfu2FSknwUIxwum8MIgljTCZ4jHtaxpgn0onSQ+doxOtjJAXCl2BQqn6fSLBvpQz39WdPlYT+dtbiH95/Vh5DSdhQRQrGpDlIi/mSIVo8TUaMUGJ4jNNMBFM34rIBAtMlM6moEP4+hT9T7pl066Y1Xal1LzI4sjDERzDKdhQhyZcQQs6QIDCAzzBs3FnPBovxuuyNWdkM4fwA8bbJzYMjTs=</latexit>

Gµ⌫ ⌘ Rµ⌫ � 1

2
Rgµ⌫

<latexit sha1_base64="vU4eeUXbQYxx6RWOHRnP2pnMugo="></latexit>

Gµ⌫ =8⇡GTµ⌫ � ⇤gµ⌫

<latexit sha1_base64="nzloht0Il5XBGU5yD2wtXnbvRa8="></latexit>

@

<latexit sha1_base64="HcXm6Eh3/A/XyOgDPJlIE4zgVBI=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUF+4A2lMl00g6dPJyZCCX0J9y4UMStv+POv3GSRlDRAwOHc+69c+9xI86ksqwPY2V1bX1js7BV3N7Z3dsvHRx2ZRgLQjsk5KHou1hSzgLaUUxx2o8Exb7Lac+dXaV+754KycLgVs0j6vh4EjCPEay01B9GWCiG+ahUtsyL+nmtUkcZaVg5qTZtZJtWhjLkaI9K78NxSGKfBopwLOXAtiLlJOk0wumiOIwljTCZ4QkdaBpgn0onyfZdoFOtjJEXCv0ChTL1e0eCfSnnvqsrfaym8reXin95g1h5TSdhQRQrGpDlR17MkQpRejwaM0GJ4nNNMBFM74rIFAtMlI6oqEP4uhT9T7oV066atZtquXWZx1GAYziBM7ChAS24hjZ0gACHB3iCZ+POeDRejNdl6YqR9xzBDxhvn8J5kHg=</latexit>

@

<latexit sha1_base64="HcXm6Eh3/A/XyOgDPJlIE4zgVBI=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUF+4A2lMl00g6dPJyZCCX0J9y4UMStv+POv3GSRlDRAwOHc+69c+9xI86ksqwPY2V1bX1js7BV3N7Z3dsvHRx2ZRgLQjsk5KHou1hSzgLaUUxx2o8Exb7Lac+dXaV+754KycLgVs0j6vh4EjCPEay01B9GWCiG+ahUtsyL+nmtUkcZaVg5qTZtZJtWhjLkaI9K78NxSGKfBopwLOXAtiLlJOk0wumiOIwljTCZ4QkdaBpgn0onyfZdoFOtjJEXCv0ChTL1e0eCfSnnvqsrfaym8reXin95g1h5TSdhQRQrGpDlR17MkQpRejwaM0GJ4nNNMBFM74rIFAtMlI6oqEP4uhT9T7oV066atZtquXWZx1GAYziBM7ChAS24hjZ0gACHB3iCZ+POeDRejNdl6YqR9xzBDxhvn8J5kHg=</latexit>

Einstein tensor

Matter stress-energy tensor

Cosmological constant

For any metric 
rµG

µ
⌫ = 0

<latexit sha1_base64="oXuSg199lrOtBib1ypwY3XmhpLE=">AAACB3icdVDLSgMxFM34rPU16lKQYBFclZnal4hQdKHLCvYBnTpk0rQNzWSGJCOUoTs3/oobF4q49Rfc+Tem0xFU9IRcDufcS3KPFzIqlWV9GHPzC4tLy5mV7Ora+samubXdlEEkMGnggAWi7SFJGOWkoahipB0KgnyPkZY3Op/6rVsiJA34tRqHpOujAad9ipHSkmvuORx5DLmOH8GLG13d2DnRh0cTeAot18xZ+ePyUalQhgmpWCkpVm1o560EOZCi7prvTi/AkU+4wgxJ2bGtUHVjJBTFjEyyTiRJiPAIDUhHU458IrtxsscEHmilB/uB0JcrmKjfJ2LkSzn2Pd3pIzWUv72p+JfXiVS/2o0pDyNFOJ491I8YVAGchgJ7VBCs2FgThAXVf4V4iATCSkeX1SF8bQr/J81C3i7mS1fFXO0sjSMDdsE+OAQ2qIAauAR10AAY3IEH8ASejXvj0XgxXmetc0Y6swN+wHj7BNDQmKc=</latexit>

rµT
µ
⌫ = 0

<latexit sha1_base64="h3Wk1totQGKVVSTcPtRvG60zUBk=">AAACB3icdVDLSgMxFM34rPU16lKQYBFclZnal4hQdOOyQl/QGYdMmrahmcyQZIQydOfGX3HjQhG3/oI7/8a0HUFFT8jlcM69JPf4EaNSWdaHsbC4tLyymlnLrm9sbm2bO7stGcYCkyYOWSg6PpKEUU6aiipGOpEgKPAZafujy6nfviVC0pA31DgiboAGnPYpRkpLnnngcOQz5DlBDBs3unqJc6YPjyfwHFqembPyp+WTUqEMZ6RipaRYtaGdt2bIgRR1z3x3eiGOA8IVZkjKrm1Fyk2QUBQzMsk6sSQRwiM0IF1NOQqIdJPZHhN4pJUe7IdCX67gTP0+kaBAynHg684AqaH87U3Fv7xurPpVN6E8ihXheP5QP2ZQhXAaCuxRQbBiY00QFlT/FeIhEggrHV1Wh/C1KfyftAp5u5gvXRdztYs0jgzYB4fgGNigAmrgCtRBE2BwBx7AE3g27o1H48V4nbcuGOnMHvgB4+0T5W6YtA==</latexit>

Compatible with Stress-energy conservation
r⇢gµ⌫ = 0

<latexit sha1_base64="hGAFVjAVPJOpC2HCbpsjOS3e9X0=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUhqXy6EohuXFewDmhAm02k7dDIJMxOhhIIbf8WNC0Xc+hPu/BunaQUVPXDhcM693HtPEDMqlW1/GLml5ZXVtfx6YWNza3vH3N1ryygRmLRwxCLRDZAkjHLSUlQx0o0FQWHASCcYX878zi0Rkkb8Rk1i4oVoyOmAYqS05JsHLkcBQ74rRhEc+qkbJi5PpvAc2r5ZtK2z6mmlVIUZqdkLUq470LHsDEWwQNM3391+hJOQcIUZkrLn2LHyUiQUxYxMC24iSYzwGA1JT1OOQiK9NPthCo+10oeDSOjiCmbq94kUhVJOwkB3hkiN5G9vJv7l9RI1qHsp5XGiCMfzRYOEQRXBWSCwTwXBik00QVhQfSvEIyQQVjq2gg7h61P4P2mXLKdsVa7LxcbFIo48OARH4AQ4oAYa4Ao0QQtgcAcewBN4Nu6NR+PFeJ235ozFzD74AePtE4wjl3o=</latexit>



Metric:

Spatially flat FLRW: 

gµ⌫

<latexit sha1_base64="vYYsUPes0WzkgNCatMehlLIhCjM=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfWATymQ6aYdOJmEeQgn9CzcuFHHr37jzb5ymEVT0wIXDOfdy7z1BwqhUjvNhrayurW9sFraK2zu7e/ulg8OujLXApINjFot+gCRhlJOOooqRfiIIigJGesH0auH37omQNOa3apYQP0JjTkOKkTLS3XiYepH2uJ4PS2XHvqif1yp1mJGGk5Nq04Wu7WQogxztYendG8VYR4QrzJCUA9dJlJ8ioShmZF70tCQJwlM0JgNDOYqI9NPs4jk8NcoIhrEwxRXM1O8TKYqknEWB6YyQmsjf3kL8yxtoFTb9lPJEK8LxclGoGVQxXLwPR1QQrNjMEIQFNbdCPEECYWVCKpoQvj6F/5NuxXardu2mWm5d5nEUwDE4AWfABQ3QAtegDToAAw4ewBN4tqT1aL1Yr8vWFSufOQI/YL19AoJbkX4=</latexit>

�↵
µ⌫ ⌘ 1

2
g↵� (@µg�⌫ + @⌫g�µ � @�gµ⌫)

<latexit sha1_base64="IVK+x1dusQCsg6y8WMCllZe0j64="></latexit>

Christoffel symbols

Ricci curvature

Scalar curvature

R ⌘ gµ⌫Rµ⌫

<latexit sha1_base64="wbX2LFSPjEIeng/b+aN33IC4KNk=">AAACCHicdZC7SgNBFIZnvcZ4W7W0cDAIVmE35mYXtLGMwVwgG8PsZJIMmZ1d5xIIS0obX8XGQhFbH8HOt3FyUVT0h4GP/5zDmfP7EaNSOc67tbC4tLyymlhLrm9sbm3bO7s1GWqBSRWHLBQNH0nCKCdVRRUjjUgQFPiM1P3B+aReHxIhaciv1CgirQD1OO1SjJSx2vZBBXrkRtMh7F3HXqA9rsew0v7Ctp1y0qf5k1wmD6dQcOaQLbrQTTtTpcBc5bb95nVCrAPCFWZIyqbrRKoVI6EoZmSc9LQkEcID1CNNgxwFRLbi6SFjeGScDuyGwjyu4NT9PhGjQMpR4JvOAKm+/F2bmH/Vmlp1i62Y8kgrwvFsUVczqEI4SQV2qCBYsZEBhAU1f4W4jwTCymSXNCF8Xgr/h1om7WbTuctsqnQ2jyMB9sEhOAYuKIASuABlUAUY3IJ78AierDvrwXq2XmatC9Z8Zg/8kPX6Afoimf4=</latexit>

�i
0j = H�

i
j

<latexit sha1_base64="Q+xVsQvdOAiCGouDePJBg+bltok="></latexit>

Hubble parameter

H(t) ⌘ ȧ

a

<latexit sha1_base64="dCFsiYBCgcXSxMCTeRKdD97yb5Y=">AAACBnicdVDLSgMxFM3UV62vqksRgkWomzJT+3JXdNNlBfuAtpRMmmlDMw+TO4UydOXGX3HjQhG3foM7/8Z0WkFFD1w4nHMPyT12ILgC0/wwEiura+sbyc3U1vbO7l56/6Cp/FBS1qC+8GXbJooJ7rEGcBCsHUhGXFuwlj2+mvutCZOK+94NTAPWc8nQ4w6nBLTUTx/XsnCGu+w25BPcdSShUXfgQ0RmMz39dMbMXZTOi/kSjknZXJJCxcJWzoyRQUvU++l3naahyzyggijVscwAehGRwKlgs1Q3VCwgdEyGrKOpR1ymelF8xgyfamWAHV/q8QDH6vdERFylpq6tN10CI/Xbm4t/eZ0QnEov4l4QAvPo4iEnFBh8PO8ED7hkFMRUE0Il13/FdER0F6CbS+kSvi7F/5NmPmcVcsXrQqZ6uawjiY7QCcoiC5VRFdVQHTUQRXfoAT2hZ+PeeDRejNfFasJYZg7RDxhvn502mUo=</latexit>

gµ⌫ =

0

BB@

�1 0 0 0
0 a2 0 0
0 0 a2 0
0 0 0 a2

1

CCA

<latexit sha1_base64="IR/1kiworu9oCH8l0Gp1O10QIHs="></latexit>

Rµ⌫ = @↵�
↵
µ⌫ � @⌫�

↵
↵µ + �↵

↵��
�
µ⌫ � �↵

�⌫�
�
µ↵

<latexit sha1_base64="CLQyL6d3pWvIRRSWg5IgifTx1RY="></latexit>

FLRW

�0
ij = Hgij

<latexit sha1_base64="qt90P38rdKPICApR313E9+wlX1I=">AAACA3icdZDLSgMxFIYz9VbrbdSdboJFcFVmam8uhKILu6xgL9DWkknTNjbJDElGKEPBja/ixoUibn0Jd76NaTuCiv4Q+PjPOZyc3wsYVdpxPqzEwuLS8kpyNbW2vrG5ZW/v1JUfSkxq2Ge+bHpIEUYFqWmqGWkGkiDuMdLwRufTeuOWSEV9caXHAelwNBC0TzHSxurae+0LxDm6droRvZnAUwgrcDDnrp12MieF43y2AGdQdGLIlVzoZpyZ0iBWtWu/t3s+DjkRGjOkVMt1At2JkNQUMzJJtUNFAoRHaEBaBgXiRHWi2Q0TeGicHuz70jyh4cz9PhEhrtSYe6aTIz1Uv2tT869aK9T9UieiIgg1EXi+qB8yqH04DQT2qCRYs7EBhCU1f4V4iCTC2sSWMiF8XQr/h3o24+Yy+ctcunwWx5EE++AAHAEXFEEZVEAV1AAGd+ABPIFn6956tF6s13lrwopndsEPWW+fZdyWwQ==</latexit>

R00 = �3Ḣ � 3H2

<latexit sha1_base64="6y3fxKPT8kvHw6WzzL9AQqQRM/E=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgENw4zvbsQim66rGIv0NaSSdM2NHMhyQhlmJ0bX8WNC0Xc+grufBsz0xFU9IfAx3/OSXJ+22dUSNP80BYWl5ZXVjNr2fWNza1tfWe3JbyAY9LEHvN4x0aCMOqSpqSSkY7PCXJsRtr29CKut28JF9Rzr+XMJ30HjV06ohhJZQ30g6tBaJoRPIPwpAB7Q0+G9ShGpfpNfqDnTOO0XCjlyzCBiplCsWpByzAT5UCqxkB/V3fgwCGuxAwJ0bVMX/ZDxCXFjETZXiCIj/AUjUlXoYscIvphskcEj5QzhCOPq+NKmLjfJ0LkCDFzbNXpIDkRv2ux+VetG8hRtR9S1w8kcfH8oVHAoPRgHAocUk6wZDMFCHOq/grxBHGEpYouq0L42hT+D628YRWN0mUxVztP48iAfXAIjoEFKqAG6qABmgCDO/AAnsCzdq89ai/a67x1QUtn9sAPaW+fzuOWHQ==</latexit>

Non-zero components

 = 0

<latexit sha1_base64="txA7Hc+MNJBvIl86qQyuSDTeeRY=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQhJa2i6EohuXFewD21BuppN26GQSZiZCCf0LNy4UcevfuPNvnD4oKnrgwuGce7n3niDhTGnH+bTW1jc2t7ZzO/ndvf2Dw8LRcUvFqSS0SWIey04AinImaFMzzWknkRSigNN2ML6e+e0HKhWLxZ2eJNSPYChYyAhoI933xpAkgC+x0y8UHbvmliteBbu2Mwd2bK/q1jx3pRTREo1+4aM3iEkaUaEJB6W6rpNoPwOpGeF0mu+liiZAxjCkXUMFRFT52fziKT43ygCHsTQlNJ6r3ycyiJSaRIHpjECP1G9vJv7ldVMdVv2MiSTVVJDFojDlWMd49j4eMEmJ5hNDgEhmbsVkBBKINiHlTQir3/8nLc92S3b5tlSsXy3jyKFTdIYukIsqqI5uUAM1EUECPaJn9GIp68l6td4WrWvWcuYE/YD1/gWNaJAz</latexit>

R = 6
h
Ḣ + 2H2

i

<latexit sha1_base64="UgfXYUOoK9xinw04pubpRPQbeK8="></latexit>

Rij =
h
Ḣ + 3H2

i
gij

<latexit sha1_base64="ZRN5uev1OPCdRJfdgAUHpfIrdpM="></latexit>

ds2 = �dt2 + a(t)2�ijdx
idxj

<latexit sha1_base64="HzkmEQWr3ucInKtNNXVM1mk7imA="></latexit>

(Cartesian coordinates)



Friedman eq.

 Energy density = sum over all matter species

rµT
µ
⌫ = 0

<latexit sha1_base64="h3Wk1totQGKVVSTcPtRvG60zUBk=">AAACB3icdVDLSgMxFM34rPU16lKQYBFclZnal4hQdOOyQl/QGYdMmrahmcyQZIQydOfGX3HjQhG3/oI7/8a0HUFFT8jlcM69JPf4EaNSWdaHsbC4tLyymlnLrm9sbm2bO7stGcYCkyYOWSg6PpKEUU6aiipGOpEgKPAZafujy6nfviVC0pA31DgiboAGnPYpRkpLnnngcOQz5DlBDBs3unqJc6YPjyfwHFqembPyp+WTUqEMZ6RipaRYtaGdt2bIgRR1z3x3eiGOA8IVZkjKrm1Fyk2QUBQzMsk6sSQRwiM0IF1NOQqIdJPZHhN4pJUe7IdCX67gTP0+kaBAynHg684AqaH87U3Fv7xurPpVN6E8ihXheP5QP2ZQhXAaCuxRQbBiY00QFlT/FeIhEggrHV1Wh/C1KfyftAp5u5gvXRdztYs0jgzYB4fgGNigAmrgCtRBE2BwBx7AE3g27o1H48V4nbcuGOnMHvgB4+0T5W6YtA==</latexit>

T00 = ⇢̄(t)

<latexit sha1_base64="UDt0aDAsRGSbVMveZAiTV9zCfxA=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3YSk9uVCKLpxWaEvaEOYTKft0EkmzEyEErvwV9y4UMStv+HOv3HaRlDRAxcO59zLvff4EaNS2faHsbS8srq2ntnIbm5t7+yae/styWOBSRNzxkXHR5IwGpKmooqRTiQICnxG2v74aua3b4mQlIcNNYmIG6BhSAcUI6UlzzxseIltT+EF7PlIJD0x4tO8OvXMnG2dl89KhTKck4qdkmLVgY5lz5EDKeqe+d7rcxwHJFSYISm7jh0pN0FCUczINNuLJYkQHqMh6WoaooBIN5nfP4UnWunDARe6QgXn6veJBAVSTgJfdwZIjeRvbyb+5XVjNai6CQ2jWJEQLxYNYgYVh7MwYJ8KghWbaIKwoPpWiEdIIKx0ZFkdwten8H/SKlhO0SrdFHO1yzSODDgCxyAPHFABNXAN6qAJMLgDD+AJPBv3xqPxYrwuWpeMdOYA/IDx9gnd6JVn</latexit>

Tij = P̄ (t)gij = P̄ (t)a2�ij

<latexit sha1_base64="6+PRDbUGZVJhNbIrvtDUjljjadQ="></latexit>

Einstein equations

Energy conservation

Raychaudhury eq.

 Pressure = sum over all matter species

˙̄⇢I + 3H
�
⇢̄I + P̄I

�
= 0

<latexit sha1_base64="YRViwWsnwn3J+Vf6Nbm/UCQNoyE="></latexit>

I

<latexit sha1_base64="6N0hTSR9FHm+O/bgpUaZnpG3oAY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkLetFbAiYGkiXMTmaTMbMPZmaFsOQLvHhQxKuf5M2/cbJZQUULGoqqbrq73IgzqSzrw8itrK6tb+Q3C1vbO7t7xf2DrgxjQWiHhDwUPRdLyllAO4opTnuRoNh3Ob11p5cL//aeCsnC4EbNIur4eBwwjxGstNS+HhZLlnleO6uWaygldSsjlYaNbNNKUYIMrWHxfTAKSezTQBGOpezbVqScBAvFCKfzwiCWNMJkise0r2mAfSqdJD10jk60MkJeKHQFCqXq94kE+1LOfFd3+lhN5G9vIf7l9WPlNZyEBVGsaECWi7yYIxWixddoxAQlis80wUQwfSsiEywwUTqbgg7h61P0P+mWTbtiVtuVUvMiiyMPR3AMp2BDHZpwBS3oAAEKD/AEz8ad8Wi8GK/L1pyRzRzCDxhvnyhojTI=</latexit>

Labels species: e.g. baryons, dark matter, photons, neutrinos, cosmological constant, etc

(Includes cosmological constant)Gµ⌫ =8⇡GTµ⌫

<latexit sha1_base64="t8Eh8QQcNXqOcY4Ad+udGDj6rmI=">AAACCnicdVDLSsNAFJ34rPUVdelmtCiuQlL7ciEUXdRlhb6gKWUynbRDJ5MwMxFK6NqNv+LGhSJu/QJ3/o3Th/hAD1w4nHMv997jRYxKZdvvxsLi0vLKamotvb6xubVt7uw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNLyd+84YISUNeU6OIdALU59SnGCktdc2DSjdxg9jl8RjC82NYciMKK7D2pXbNjG2dFU7z2QKckqI9J7mSAx3LniID5qh2zTe3F+I4IFxhhqRsO3akOgkSimJGxmk3liRCeIj6pK0pRwGRnWT6yhgeaaUH/VDo4gpO1e8TCQqkHAWe7gyQGsjf3kT8y2vHyi91EsqjWBGOZ4v8mEEVwkkusEcFwYqNNEFYUH0rxAMkEFY6vbQO4fNT+D9pZC0nZ+Wvc5nyxTyOFNgHh+AEOKAIyuAKVEEdYHAL7sEjeDLujAfj2XiZtS4Y85k98APG6wdZv5l0</latexit>

Spatial curvature

�2
ä

a
�H

2 = �2Ḣ � 3H2 = 8⇡G
X

I

P̄I �


a2

<latexit sha1_base64="slILSgw8T9y9/HLm92GIFCA37Ic="></latexit>

H
2 =

ȧ
2

a2
=

8⇡G

3

X

I

⇢I �


a2

<latexit sha1_base64="+aG+AuZmhZsaavvfGFiwwL5ec1I="></latexit>

⇢̄

<latexit sha1_base64="vVcDCJGMt4XqhU6JCrVgJy3tAls=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfWATymQ6aYdOZsLMRCihf+HGhSJu/Rt3/o3TNIKKHrhwOOde7r0niBlV2nE+rJXVtfWNzcJWcXtnd2+/dHDYVSKRmHSwYEL2A6QIo5x0NNWM9GNJUBQw0gumVwu/d0+kooLf6llM/AiNOQ0pRtpId16AZOrJiZgPS2XHvqif1yp1mJGGk5Nq04Wu7WQogxztYendGwmcRIRrzJBSA9eJtZ8iqSlmZF70EkVihKdoTAaGchQR5afZxXN4apQRDIU0xTXM1O8TKYqUmkWB6YyQnqjf3kL8yxskOmz6KeVxognHy0VhwqAWcPE+HFFJsGYzQxCW1NwK8QRJhLUJqWhC+PoU/k+6Fdut2rWbarl1mcdRAMfgBJwBFzRAC1yDNugADDh4AE/g2VLWo/VivS5bV6x85gj8gPX2CW48kXE=</latexit>



Critical density: ⇢̄crit ⌘
3H2

8⇡G

<latexit sha1_base64="gUWu1ZX2o/b7bP56AuoWzfHewyY="></latexit>

Relative density: ⌦I ⌘ ⇢̄I

⇢̄crit
=

8⇡G⇢̄I

3H2

<latexit sha1_base64="y3iuqkiODkXcBWed4C7vYrQBO8I="></latexit>

Conventionally Todaya = 1

<latexit sha1_base64="nl2Ht74J+Op63zGBqmXSh/aSI/g=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS9uDUPTisYJpC20om+2mXbrZhN2NUEJ/gxcPinj1B3nz37j9oKjog4HHezPMzAsSzpR2nE8rt7G5tb2T3y3s7R8cHhWPT9oqTiWhHol5LLsBVpQzQT3NNKfdRFIcBZx2gsnN3O88UKlYLO71NKF+hEeChYxgbSQPoyvkDoolx2641Vq5hlzbWQA5drnuNsruWinBCq1B8aM/jEkaUaEJx0r1XCfRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scO0MXRhmiMJamhEYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqRjNP8cDZmkRPOpIZhIZm5FZIwlJtrkUzAhrH//n7TLtluxq3eVUvN6FUcezuAcLsGFGjThFlrgAQEGj/AML5awnqxX623ZmrNWM6fwA9b7F7PVjfo=</latexit>

H
2 =

ȧ
2

a2
=

8⇡G

3

X

I

⇢I �


a2

<latexit sha1_base64="+aG+AuZmhZsaavvfGFiwwL5ec1I="></latexit>

⇢̄

<latexit sha1_base64="vVcDCJGMt4XqhU6JCrVgJy3tAls=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfWATymQ6aYdOZsLMRCihf+HGhSJu/Rt3/o3TNIKKHrhwOOde7r0niBlV2nE+rJXVtfWNzcJWcXtnd2+/dHDYVSKRmHSwYEL2A6QIo5x0NNWM9GNJUBQw0gumVwu/d0+kooLf6llM/AiNOQ0pRtpId16AZOrJiZgPS2XHvqif1yp1mJGGk5Nq04Wu7WQogxztYendGwmcRIRrzJBSA9eJtZ8iqSlmZF70EkVihKdoTAaGchQR5afZxXN4apQRDIU0xTXM1O8TKYqUmkWB6YyQnqjf3kL8yxskOmz6KeVxognHy0VhwqAWcPE+HFFJsGYzQxCW1NwK8QRJhLUJqWhC+PoU/k+6Fdut2rWbarl1mcdRAMfgBJwBFzRAC1yDNugADDh4AE/g2VLWo/VivS5bV6x85gj8gPX2CW48kXE=</latexit>

⇢̄I(a = 1) = ⇢̄0,I

<latexit sha1_base64="sfUXVJ1crKMCnWbh7y0/OPJSfTw=">AAACDXicdVDJSgNBEO1xjXEb9eilMQoRZJiJ2TwEgl7MLYJZIBmGnk5P0qRnobtHCEN+wIu/4sWDIl69e/Nv7CxCFH1Q8Hiviqp6bsSokKb5qS0tr6yurac20ptb2zu7+t5+U4Qxx6SBQxbytosEYTQgDUklI+2IE+S7jLTc4dXEb90RLmgY3MpRRGwf9QPqUYykkhz9uOsinnT5IBw7tSyqWKewAhe0xDyrjR09YxoXxfNCrginpGTOSb5sQcswp8iAOeqO/tHthTj2SSAxQ0J0LDOSdoK4pJiRcbobCxIhPER90lE0QD4RdjL9ZgxPlNKDXshVBRJO1cWJBPlCjHxXdfpIDsRvbyL+5XVi6ZXthAZRLEmAZ4u8mEEZwkk0sEc5wZKNFEGYU3UrxAPEEZYqwLQK4ftT+D9p5gwrbxRu8pnq5TyOFDgERyALLFACVXAN6qABMLgHj+AZvGgP2pP2qr3NWpe0+cwB+AHt/QtCSZsV</latexit>

⌦0 ⌘
X

I

⌦0,I

<latexit sha1_base64="l5A/J9AcBq+ahNPi+KgFeAW/2zg=">AAACDHicdVDLSgMxFM3Ud31VXboJFsGFlBmttu6KbuzKClYLnaFk0tsamsyMSUYoQz/Ajb/ixoUibv0Ad/6N6XQEFT0QOJxzLjf3+BFnStv2h5Wbmp6ZnZtfyC8uLa+sFtbWL1UYSwpNGvJQtnyigLMAmpppDq1IAhE+hyt/cDL2r25BKhYGF3oYgSdIP2A9Rok2UqdQdM8E9EnHxi7cxOwWuyoWnTrO5MTerY9Myi4dHe4f7B3ilFTsjJSrDnZKdooiytDoFN7dbkhjAYGmnCjVduxIewmRmlEOo7wbK4gIHZA+tA0NiADlJekxI7xtlC7uhdK8QONU/T6REKHUUPgmKYi+Vr+9sfiX1451r+olLIhiDQGdLOrFHOsQj5vBXSaBaj40hFDJzF8xvSaSUG36y5sSvi7F/5PLvZJTLh2cl4u146yOebSJttAOclAF1dApaqAmougOPaAn9GzdW4/Wi/U6ieasbGYD/YD19gmidZrC</latexit>

Today  = (⌦0 � 1)H2
0

<latexit sha1_base64="OqEHt2+A5j5sSavBgc6JddIPdtQ="></latexit>

= ⌦KH
2
0

<latexit sha1_base64="SWe7rI228+ZczeMRIJULraxwwRs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiS1LxdC0U3BhRXsA9oYJtNpO3TyYGailNhPceNCEbd+iTv/xmkaQUUPXDiccy/33uOGjAppmh9aZml5ZXUtu57b2Nza3tHzu20RRByTFg5YwLsuEoRRn7QklYx0Q06Q5zLScSfnc79zS7iggX8tpyGxPTTy6ZBiJJXk6Hl4CvuXHhkh5wI2HPOm6OgF0zipHJeLFZiQqpmSUs2ClmEmKIAUTUd/7w8CHHnEl5ghIXqWGUo7RlxSzMgs148ECRGeoBHpKeojjwg7Tk6fwUOlDOAw4Kp8CRP1+0SMPCGmnqs6PSTH4rc3F//yepEc1uyY+mEkiY8Xi4YRgzKA8xzggHKCJZsqgjCn6laIx4gjLFVaORXC16fwf9IuGlbJKF+VCvWzNI4s2AcH4AhYoArqoAGaoAUwuAMP4Ak8a/fao/aivS5aM1o6swd+QHv7BCi6kq0=</latexit>

Negligible curvature ⌦K = �0.0106± 0.0065

<latexit sha1_base64="Hmd0lfAlpN/gvRBm0u3ifnnRXVw=">AAACCHicdVDLSgMxFM34rPVVdenCYBHcWDK1LxdC0Y3gwgr2Ae1QMmnahiYzQ5IRytClG3/FjQtF3PoJ7vwbM+0IKnogcDjnXG7ucQPOlEbow5qbX1hcWk6tpFfX1jc2M1vbDeWHktA68bkvWy5WlDOP1jXTnLYCSbFwOW26o/PYb95SqZjv3ehxQB2BBx7rM4K1kbqZvc6VoAPcjS4n8BQeoRyyUQl2AgENRaViN5NFuZPScTFfglNSRgkpVGxom0yMLEhQ62beOz2fhIJ6mnCsVNtGgXYiLDUjnE7SnVDRAJMRHtC2oR4WVDnR9JAJPDBKD/Z9aZ6n4VT9PhFhodRYuCYpsB6q314s/uW1Q92vOBHzglBTj8wW9UMOtQ/jVmCPSUo0HxuCiWTmr5AMscREm+7SpoSvS+H/pJHP2YVc8bqQrZ4ldaTALtgHh8AGZVAFF6AG6oCAO/AAnsCzdW89Wi/W6yw6ZyUzO+AHrLdPvPWWng==</latexit>

CMB (Planck 2018)

Spatially flat

X

I

⌦I = 1

<latexit sha1_base64="G2TU8GPX9vvG3h565uoiGttsWdI=">AAAB/HicdZDLSgMxFIYzXmu9jXbpJlgEV8NM7c2FUHSjKyvYC3RKyaRpG5pkhiQjDKW+ihsXirj1Qdz5NqbtCCr6Q+DjP+dwTv4gYlRp1/2wlpZXVtfWMxvZza3tnV17b7+pwlhi0sAhC2U7QIowKkhDU81IO5IE8YCRVjC+mNVbd0QqGopbnUSky9FQ0AHFSBurZ+d8FfPeFfSvORkiA2fQ69l51zktn5QKZTiHiptCsepBz3HnyoNU9Z797vdDHHMiNGZIqY7nRro7QVJTzMg068eKRAiP0ZB0DArEiepO5sdP4ZFx+nAQSvOEhnP3+8QEcaUSHphOjvRI/a7NzL9qnVgPqt0JFVGsicCLRYOYQR3CWRKwTyXBmiUGEJbU3ArxCEmEtckra0L4+in8H5oFxys6pZtivnaexpEBB+AQHAMPVEANXII6aAAMEvAAnsCzdW89Wi/W66J1yUpncuCHrLdPP3+T4g==</latexit>



Equation of state: a relation between density and pressure

Equation of state parameter

P̄ = w⇢̄

<latexit sha1_base64="NIb+SIY1QP1xFZmVQ6MKErRV+HY=">AAAB/3icdZDLSsNAFIYn9VbrLSq4cTNYBFchqb25EIpuXFawrdCEMplO2qGTCzMTpcQsfBU3LhRx62u4822cphFU9IeBj/+cwznzuxGjQprmh1ZYWFxaXimultbWNza39O2drghjjkkHhyzk1y4ShNGAdCSVjFxHnCDfZaTnTs5n9d4N4YKGwZWcRsTx0SigHsVIKmug79ku4kk7hafwFmZs83GYDvSyaZzUj2uVOsygYeZQbVrQMsxMZZCrPdDf7WGIY58EEjMkRN8yI+kkiEuKGUlLdixIhPAEjUhfYYB8Ipwkuz+Fh8oZQi/k6gUSZu73iQT5Qkx9V3X6SI7F79rM/KvWj6XXdBIaRLEkAZ4v8mIGZQhnYcAh5QRLNlWAMKfqVojHiCMsVWQlFcLXT+H/0K0YVtWoXVbLrbM8jiLYBwfgCFigAVrgArRBB2BwBx7AE3jW7rVH7UV7nbcWtHxmF/yQ9vYJ1iGWBw==</latexit>

Pressureless matter, also called dust

Radiation

(cool baryons, cold dark matter, galaxies, …)

 (photons, massless neutrinos, 
gravitational waves, …)

Spatial Curvature, or cosmic strings 

Domain walls

Cosmological constant

Stiff fluid, massless scalar fieldw = 1

<latexit sha1_base64="xlnjh0vSAFkbSJC1fCV50zoBi8k=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkQgl48RjAPSJYwO5kkQ2Znl5lZJYR8gxcPinj1g7z5N042K6hoQUNR1U13lx9xprTjfFiZldW19Y3sZm5re2d3L79/0FJhLAltkpCHsuNjRTkTtKmZ5rQTSYoDn9O2P7la+O07KhULxa2eRtQL8EiwISNYG6l5jy6Q288XHPu8clYuVlBCqk5KSjUXubaToAApGv38e28QkjigQhOOleq6TqS9GZaaEU7nuV6saITJBI9o11CBA6q8WXLsHJ0YZYCGoTQlNErU7xMzHCg1DXzTGWA9Vr+9hfiX1431sObNmIhiTQVZLhrGHOkQLT5HAyYp0XxqCCaSmVsRGWOJiTb55EwIX5+i/0mraLslu3xTKtQv0ziycATHcAouVKEO19CAJhBg8ABP8GwJ69F6sV6XrRkrnTmEH7DePgEMaI42</latexit>

w =
1

3

<latexit sha1_base64="4tiKzYD1iME2yBM91zJ9G5xBjyo=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5D07UIounFZwbZCG8pkOmmHTiZhZqLUkC9x40IRt36KO//GaVpBRQ9cOJxzL/fe40WMSmXbH0ZuZXVtfSO/Wdja3tktmnv7XRnGApMODlkobjwkCaOcdBRVjNxEgqDAY6TnTS/mfu+WCElDfq1mEXEDNObUpxgpLQ3N4h08gwNfIJw4aVJJh2bJtk7rlVq5DjPSsJek2nSgY9kZSmCJ9tB8H4xCHAeEK8yQlH3HjpSbIKEoZiQtDGJJIoSnaEz6mnIUEOkm2eEpPNbKCPqh0MUVzNTvEwkKpJwFnu4MkJrI395c/Mvrx8pvugnlUawIx4tFfsygCuE8BTiigmDFZpogLKi+FeIJ0ikonVVBh/D1KfyfdMuWU7VqV9VS63wZRx4cgiNwAhzQAC1wCdqgAzCIwQN4As/GvfFovBivi9acsZw5AD9gvH0CTh2S5g==</latexit>

w = 0

<latexit sha1_base64="nxkKcD6iO9vGVvLH/YvQHhnHBqQ=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkQgl48RjAPSJYwO5kkQ2Znl5lZJYR8gxcPinj1g7z5N042K6hoQUNR1U13lx9xprTjfFiZldW19Y3sZm5re2d3L79/0FJhLAltkpCHsuNjRTkTtKmZ5rQTSYoDn9O2P7la+O07KhULxa2eRtQL8EiwISNYG6l5jy6Q088XHPu8clYuVlBCqk5KSjUXubaToAApGv38e28QkjigQhOOleq6TqS9GZaaEU7nuV6saITJBI9o11CBA6q8WXLsHJ0YZYCGoTQlNErU7xMzHCg1DXzTGWA9Vr+9hfiX1431sObNmIhiTQVZLhrGHOkQLT5HAyYp0XxqCCaSmVsRGWOJiTb55EwIX5+i/0mraLslu3xTKtQv0ziycATHcAouVKEO19CAJhBg8ABP8GwJ69F6sV6XrRkrnTmEH7DePgEK5I41</latexit>

w = �1

3

<latexit sha1_base64="EaZa6hHcnfw7LspEW46mXqgD3M4=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY0j6diEU3bisYGuhDWUynbRDJ5MwM6mU0D9x40IRt/6JO//GaRpBRQ9cOJxzL/fe40WMSmXbH0ZuZXVtfSO/Wdja3tndM/cPOjKMBSZtHLJQdD0kCaOctBVVjHQjQVDgMXLnTa4W/t2UCElDfqtmEXEDNOLUpxgpLQ1M8x5ewLO+LxBOnHlSng/Mom2d18rVUg2mpG5npNJwoGPZKYogQ2tgvveHIY4DwhVmSMqeY0fKTZBQFDMyL/RjSSKEJ2hEeppyFBDpJunlc3iilSH0Q6GLK5iq3ycSFEg5CzzdGSA1lr+9hfiX14uV33ATyqNYEY6Xi/yYQRXCRQxwSAXBis00QVhQfSvEY6RTUDqsgg7h61P4P+mULKdiVW8qxeZlFkceHIFjcAocUAdNcA1aoA0wmIIH8ASejcR4NF6M12VrzshmDsEPGG+fulOTHQ==</latexit>

w = �2

3

<latexit sha1_base64="KSg0o2/7fAR68GLzPsRu8xog3z8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY0j6diEU3bisYGuhDWUynbRDJ5MwM6mU0D9x40IRt/6JO//GaRpBRQ9cOJxzL/fe40WMSmXbH0ZuZXVtfSO/Wdja3tndM/cPOjKMBSZtHLJQdD0kCaOctBVVjHQjQVDgMXLnTa4W/t2UCElDfqtmEXEDNOLUpxgpLQ1M8x5ewLO+LxBOSvOkPB+YRds6r5WrpRpMSd3OSKXhQMeyUxRBhtbAfO8PQxwHhCvMkJQ9x46UmyChKGZkXujHkkQIT9CI9DTlKCDSTdLL5/BEK0Poh0IXVzBVv08kKJByFni6M0BqLH97C/Evrxcrv+EmlEexIhwvF/kxgyqEixjgkAqCFZtpgrCg+laIx0inoHRYBR3C16fwf9IpWU7Fqt5Uis3LLI48OALH4BQ4oA6a4Bq0QBtgMAUP4Ak8G4nxaLwYr8vWnJHNHIIfMN4+Abvbkx4=</latexit>

w = �1

<latexit sha1_base64="WaOYazfn34XKB0OTyBXt7KDAlzk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZipfbkQim5cVrAPaIeSSTNtbCYZkoxShv6DGxeKuPV/3Pk3ptMKKnrgwuGce7n3Hj9iVGnH+bAyS8srq2vZ9dzG5tb2Tn53r6VELDFpYsGE7PhIEUY5aWqqGelEkqDQZ6Ttjy9nfvuOSEUFv9GTiHghGnIaUIy0kVr38ByeuP18wbHPKqflYgWmpOosSKnmQtd2UhTAAo1+/r03EDgOCdeYIaW6rhNpL0FSU8zINNeLFYkQHqMh6RrKUUiUl6TXTuGRUQYwENIU1zBVv08kKFRqEvqmM0R6pH57M/EvrxvroOYllEexJhzPFwUxg1rA2etwQCXBmk0MQVhScyvEIyQR1iagnAnh61P4P2kVbbdkl69LhfrFIo4sOACH4Bi4oArq4Ao0QBNgcAsewBN4toT1aL1Yr/PWjLWY2Qc/YL19Anapjm0=</latexit>

˙̄⇢I + 3H
�
⇢̄I + P̄I

�
= 0

<latexit sha1_base64="YRViwWsnwn3J+Vf6Nbm/UCQNoyE="></latexit>

Solve

⇢sti↵ / a�6

<latexit sha1_base64="ClyXY6X3s+FPMks6ipGpIIEqDX4=">AAACCnicdVDLSsNAFJ34rPUVdelmtAhuLEnty13RjcsK9gFNDJPppB06yYSZiVBC1m78FTcuFHHrF7jzb5w+BBU9MHA4517unOPHjEplWR/GwuLS8spqbi2/vrG5tW3u7LYlTwQmLcwZF10fScJoRFqKKka6sSAo9Bnp+KOLid+5JUJSHl2rcUzcEA0iGlCMlJY888ARQ+6lqSNCKBUNgiyDTix4rDhEN+lJNfPMglU8q55WSlU4JTVrTsp1G9pFa4oCmKPpme9On+MkJJHCDEnZs61YuSkSimJGsryTSBIjPEID0tM0QiGRbjqNksEjrfRhwIV+kYJT9ftGikIpx6GvJ0OkhvK3NxH/8nqJCupuSqM4USTCs0NBwqDOOekF9qkgWLGxJggLqv8K8RAJhJVuL69L+EoK/yftUtEuFytX5ULjfF5HDuyDQ3AMbFADDXAJmqAFMLgDD+AJPBv3xqPxYrzORheM+c4e+AHj7RMDM5sf</latexit>

⇢r / a�4

<latexit sha1_base64="6t9vR75MZgc/Dvpq5XvU5xd/h/4=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4MaQ1PThrujGZQX7gLaWyXTSDp1kwsxEKCEbf8WNC0Xc+hnu/BunaQUVPTBwOOde7pzjRYxKZdsfRm5peWV1Lb9e2Njc2t4xd/dakscCkybmjIuOhyRhNCRNRRUjnUgQFHiMtL3J5cxv3xEhKQ9v1DQi/QCNQupTjJSWBuZBT4z5IBEp7EWCR4pDdJucuunALNrWeeWsXKrAjFTtBXFrDnQsO0MRLNAYmO+9IcdxQEKFGZKy69iR6idIKIoZSQu9WJII4Qkaka6mIQqI7CdZgBQea2UIfS70CxXM1O8bCQqknAaengyQGsvf3kz8y+vGyq/1ExpGsSIhnh/yYwZ1zlkbcEgFwYpNNUFYUP1XiMdIIKx0ZwVdwldS+D9plSzHtcrXbrF+sagjDw7BETgBDqiCOrgCDdAEGKTgATyBZ+PeeDRejNf5aM5Y7OyDHzDePgERdpa8</latexit>

⇢m / a�3

<latexit sha1_base64="GBsLU7x7Zay1aLN0xYjmOAFlDHI=">AAACAHicdVDLSgMxFM34rPU16sKFm2AR3Fhm+nZXdOOygn1AZyyZNG1Dk8mQZIQyzMZfceNCEbd+hjv/xvQhqOiBwOGce7k5J4gYVdpxPqyl5ZXVtfXMRnZza3tn197bbykRS0yaWDAhOwFShNGQNDXVjHQiSRAPGGkH48up374jUlER3uhJRHyOhiEdUIy0kXr2oSdHopfwFHqRFJEWEN0mZ8W0Z+ec/HmlWC5U4IxUnQUp1Vzo5p0ZcmCBRs9+9/oCx5yEGjOkVNd1Iu0nSGqKGUmzXqxIhPAYDUnX0BBxovxkFiCFJ0bpw4GQ5oUaztTvGwniSk14YCY50iP125uKf3ndWA9qfkLDKNYkxPNDg5hBk3PaBuxTSbBmE0MQltT8FeIRkghr01nWlPCVFP5PWoW8W8qXr0u5+sWijgw4AsfgFLigCurgCjRAE2CQggfwBJ6te+vRerFe56NL1mLnAPyA9fYJCA2Wtg==</latexit>

⇢strings / a�2

<latexit sha1_base64="KJ0uyZcMX1u0zplQh2l360B7//c=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4sczUvtwV3bisYB/QGUsmTdvQTDIkGaEM8wFu/BU3LhRx6we4829M2xFU9EDgcM653Nzjh4wqbdsfVmZpeWV1Lbue29jc2t7J7+61lYgkJi0smJBdHynCKCctTTUj3VASFPiMdPzJxczv3BKpqODXehoSL0AjTocUI22kfr7gyrHox7ErA6i0pHykkgS6oRShFhDdxCelxKTs4ln1tFKqwjmp2Skp1x3oFO05CiBFs59/dwcCRwHhGjOkVM+xQ+3FSGqKGUlybqRIiPAEjUjPUI4Corx4fkwCj4wygEMhzeMaztXvEzEKlJoGvkkGSI/Vb28m/uX1Ij2sezHlYaQJx4tFw4hBc+esGTigkmDNpoYgLKn5K8RjJBHWpr+cKeHrUvg/aZeKTrlYuSoXGudpHVlwAA7BMXBADTTAJWiCFsDgDjyAJ/Bs3VuP1ov1uohmrHRmH/yA9fYJzcKcHQ==</latexit>

⇢walls / a�1

<latexit sha1_base64="eF2eHQkhxODB4M3hxxVHTlmwAqw=">AAACCnicdVC7TsMwFHXKq5RXgJHFUCGxUCWlL7YKFsYi0YfUlMpx3daqE0e2A6qizCz8CgsDCLHyBWz8DW4aJEBwJEtH59yr63PcgFGpLOvDyCwsLi2vZFdza+sbm1vm9k5L8lBg0sSccdFxkSSM+qSpqGKkEwiCPJeRtjs5n/ntGyIk5f6Vmgak56GRT4cUI6WlvrnviDHvR5EjPHiLGJNxDJ1A8EBxiK6jYzvum3mrcFo5KRcrMCFVKyWlmg3tgpUgD1I0+ua7M+A49IivMENSdm0rUL0ICUUxI3HOCSUJEJ6gEelq6iOPyF6URInhoVYGcMiFfr6Cifp9I0KelFPP1ZMeUmP525uJf3ndUA1rvYj6QaiIj+eHhiGDOuesFziggmDFppogLKj+K8RjJBBWur2cLuErKfyftIoFu1QoX5by9bO0jizYAwfgCNigCurgAjRAE2BwBx7AE3g27o1H48V4nY9mjHRnF/yA8fYJBpCbIQ==</latexit>

⇢⇤ =
⇤

8⇡G
= constant

<latexit sha1_base64="9gRNzyvxlk8V2BI3nelWAT29MrI="></latexit>

Conventionally 

Today

a = 1

<latexit sha1_base64="nl2Ht74J+Op63zGBqmXSh/aSI/g=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKS9uDUPTisYJpC20om+2mXbrZhN2NUEJ/gxcPinj1B3nz37j9oKjog4HHezPMzAsSzpR2nE8rt7G5tb2T3y3s7R8cHhWPT9oqTiWhHol5LLsBVpQzQT3NNKfdRFIcBZx2gsnN3O88UKlYLO71NKF+hEeChYxgbSQPoyvkDoolx2641Vq5hlzbWQA5drnuNsruWinBCq1B8aM/jEkaUaEJx0r1XCfRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scO0MXRhmiMJamhEYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqRjNP8cDZmkRPOpIZhIZm5FZIwlJtrkUzAhrH//n7TLtluxq3eVUvN6FUcezuAcLsGFGjThFlrgAQEGj/AML5awnqxX623ZmrNWM6fwA9b7F7PVjfo=</latexit>



Simple solutions

Pressureless matter

Radiation

Cosmological constant

Stiff fluid w = 1

<latexit sha1_base64="xlnjh0vSAFkbSJC1fCV50zoBi8k=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkQgl48RjAPSJYwO5kkQ2Znl5lZJYR8gxcPinj1g7z5N042K6hoQUNR1U13lx9xprTjfFiZldW19Y3sZm5re2d3L79/0FJhLAltkpCHsuNjRTkTtKmZ5rQTSYoDn9O2P7la+O07KhULxa2eRtQL8EiwISNYG6l5jy6Q288XHPu8clYuVlBCqk5KSjUXubaToAApGv38e28QkjigQhOOleq6TqS9GZaaEU7nuV6saITJBI9o11CBA6q8WXLsHJ0YZYCGoTQlNErU7xMzHCg1DXzTGWA9Vr+9hfiX1431sObNmIhiTQVZLhrGHOkQLT5HAyYp0XxqCCaSmVsRGWOJiTb55EwIX5+i/0mraLslu3xTKtQv0ziycATHcAouVKEO19CAJhBg8ABP8GwJ69F6sV6XrRkrnTmEH7DePgEMaI42</latexit>

w =
1

3

<latexit sha1_base64="4tiKzYD1iME2yBM91zJ9G5xBjyo=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5D07UIounFZwbZCG8pkOmmHTiZhZqLUkC9x40IRt36KO//GaVpBRQ9cOJxzL/fe40WMSmXbH0ZuZXVtfSO/Wdja3tktmnv7XRnGApMODlkobjwkCaOcdBRVjNxEgqDAY6TnTS/mfu+WCElDfq1mEXEDNObUpxgpLQ3N4h08gwNfIJw4aVJJh2bJtk7rlVq5DjPSsJek2nSgY9kZSmCJ9tB8H4xCHAeEK8yQlH3HjpSbIKEoZiQtDGJJIoSnaEz6mnIUEOkm2eEpPNbKCPqh0MUVzNTvEwkKpJwFnu4MkJrI395c/Mvrx8pvugnlUawIx4tFfsygCuE8BTiigmDFZpogLKi+FeIJ0ikonVVBh/D1KfyfdMuWU7VqV9VS63wZRx4cgiNwAhzQAC1wCdqgAzCIwQN4As/GvfFovBivi9acsZw5AD9gvH0CTh2S5g==</latexit>

w = 0

<latexit sha1_base64="nxkKcD6iO9vGVvLH/YvQHhnHBqQ=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkQgl48RjAPSJYwO5kkQ2Znl5lZJYR8gxcPinj1g7z5N042K6hoQUNR1U13lx9xprTjfFiZldW19Y3sZm5re2d3L79/0FJhLAltkpCHsuNjRTkTtKmZ5rQTSYoDn9O2P7la+O07KhULxa2eRtQL8EiwISNYG6l5jy6Q088XHPu8clYuVlBCqk5KSjUXubaToAApGv38e28QkjigQhOOleq6TqS9GZaaEU7nuV6saITJBI9o11CBA6q8WXLsHJ0YZYCGoTQlNErU7xMzHCg1DXzTGWA9Vr+9hfiX1431sObNmIhiTQVZLhrGHOkQLT5HAyYp0XxqCCaSmVsRGWOJiTb55EwIX5+i/0mraLslu3xTKtQv0ziycATHcAouVKEO19CAJhBg8ABP8GwJ69F6sV6XrRkrnTmEH7DePgEK5I41</latexit>

w = �1

<latexit sha1_base64="WaOYazfn34XKB0OTyBXt7KDAlzk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZipfbkQim5cVrAPaIeSSTNtbCYZkoxShv6DGxeKuPV/3Pk3ptMKKnrgwuGce7n3Hj9iVGnH+bAyS8srq2vZ9dzG5tb2Tn53r6VELDFpYsGE7PhIEUY5aWqqGelEkqDQZ6Ttjy9nfvuOSEUFv9GTiHghGnIaUIy0kVr38ByeuP18wbHPKqflYgWmpOosSKnmQtd2UhTAAo1+/r03EDgOCdeYIaW6rhNpL0FSU8zINNeLFYkQHqMh6RrKUUiUl6TXTuGRUQYwENIU1zBVv08kKFRqEvqmM0R6pH57M/EvrxvroOYllEexJhzPFwUxg1rA2etwQCXBmk0MQVhScyvEIyQR1iagnAnh61P4P2kVbbdkl69LhfrFIo4sOACH4Bi4oArq4Ao0QBNgcAsewBN4toT1aL1Yr/PWjLWY2Qc/YL19Anapjm0=</latexit>

3
ȧ2

a2
= 8⇡G⇢̄

<latexit sha1_base64="ce0xEJtypagag1rEIki8cOLMCqM="></latexit>

3H2
0 = 8⇡G⇢̄0

<latexit sha1_base64="7oL2sfSLAvbFcrvPt4SM5ms9nhQ=">AAACB3icdVDLSsNAFJ3UV62vqEtBBovgKiR9uxCKLuyygn1AE8NkOm2HTh7MTIQSunPjr7hxoYhbf8Gdf2OSRlDRAxcO59zLvfc4AaNC6vqHkltaXlldy68XNja3tnfU3b2u8EOOSQf7zOd9BwnCqEc6kkpG+gEnyHUY6TnTi8Tv3RIuqO9dy1lALBeNPTqiGMlYstXDMmzZ+k0JnsGGGVB4CU0H8cjkE39u6wVbLeraaa1cLdVgSup6RioNAxqanqIIMrRt9d0c+jh0iScxQ0IMDD2QVoS4pJiRecEMBQkQnqIxGcTUQy4RVpT+MYfHsTKEI5/H5UmYqt8nIuQKMXOduNNFciJ+e4n4lzcI5ahhRdQLQkk8vFg0ChmUPkxCgUPKCZZsFhOEOY1vhXiCOMIyji4J4etT+D/pljSjolWvKsXmeRZHHhyAI3ACDFAHTdACbdABGNyBB/AEnpV75VF5UV4XrTklm9kHP6C8fQJqaZcu</latexit>

Friedman eq. a(t)

<latexit sha1_base64="sddxIRyNpvcNNzv7ZM6GJ78eixY=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1AO5RMmmlDk8yQZIRS+gtuXCji1h9y59+YmY6gogcuHM65l3vv8SNGlXacDyu3tr6xuZXfLuzs7u0fFA+PuiqMJSYdHLJQ9n2kCKOCdDTVjPQjSRD3Gen5s+vE790TqWgo7vQ8Ih5HE0EDipFOJFTW56NiybEv6xe1Sh2mpOFkpNp0oWs7KUogQ3tUfB+OQxxzIjRmSKmB60TaWyCpKWZkWRjGikQIz9CEDAwViBPlLdJbl/DMKGMYhNKU0DBVv08sEFdqzn3TyZGeqt9eIv7lDWIdNL0FFVGsicCrRUHMoA5h8jgcU0mwZnNDEJbU3ArxFEmEtYmnYEL4+hT+T7oV263atdtqqXWVxZEHJ+AUlIELGqAFbkAbdAAGU/AAnsCzxa1H68V6XbXmrGzmGPyA9fYJ6ASOLQ==</latexit>

Today:

⇢̄sti↵ = ⇢̄0a
�6

<latexit sha1_base64="3sIQc3LYADYShRDFdwVe99Uzqwo="></latexit>

⇢̄r = ⇢̄0a
�4

<latexit sha1_base64="sFH4kNsQCssK0AlSnXjpWlXQ/sU=">AAACDXicdVDLSsNAFJ34rPUVdelmsApuDElNHy6EohuXFewD2hom02k7dPJgZiKUkB9w46+4caGIW/fu/BunaYQqeuDC4Zx7ufceN2RUSNP81BYWl5ZXVnNr+fWNza1tfWe3KYKIY9LAAQt420WCMOqThqSSkXbICfJcRlru+HLqt+4IFzTwb+QkJD0PDX06oBhJJTn6YddFPO7yUZA4MU/gOZwTTIhu4xM7cfSCaZyVT0vFMkxJxcyIXbWgZZgpCiBD3dE/uv0ARx7xJWZIiI5lhrIXIy4pZiTJdyNBQoTHaEg6ivrII6IXp98k8EgpfTgIuCpfwlSdn4iRJ8TEc1Wnh+RI/Pam4l9eJ5KDai+mfhhJ4uPZokHEoAzgNBrYp5xgySaKIMypuhXiEeIISxVgXoXw/Sn8nzSLhmUbpWu7ULvI4siBfXAAjoEFKqAGrkAdNAAG9+ARPIMX7UF70l61t1nrgpbN7IEf0N6/AIzTm+E=</latexit>

⇢̄m = ⇢̄0a
�3

<latexit sha1_base64="c5ytg1qU/7+AdAgjtbdGa5ue2Es=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1VwY0n6diEU3bisYB/QxDKZTtuhM0mYmQgl5Afc+CtuXCji1r07/8bpQ6iiBy4czrmXe+/xQkalsqxPI7W0vLK6ll7PbGxube+Yu3tNGUQCkwYOWCDaHpKEUZ80FFWMtENBEPcYaXmjy4nfuiNC0sC/UeOQuBwNfNqnGCktdc0jx0MidsQwSLoxT+A5XBAsiG7j00LSNbNW7qxcKOXLcEoq1pwUqza0c9YUWTBHvWt+OL0AR5z4CjMkZce2QuXGSCiKGUkyTiRJiPAIDUhHUx9xIt14+k0Cj7XSg/1A6PIVnKqLEzHiUo65pzs5UkP525uIf3mdSPWrbkz9MFLEx7NF/YhBFcBJNLBHBcGKjTVBWFB9K8RDJBBWOsCMDuH7U/g/aeZzdjFXui5maxfzONLgAByCE2CDCqiBK1AHDYDBPXgEz+DFeDCejFfjbdaaMuYz++AHjPcvg0eb2w==</latexit>

⇢̄⇤ = ⇢̄0

<latexit sha1_base64="nFO1oDbuyfW2mvTcjz4FSISiRXY=">AAACDnicdVDLSsNAFJ3UV62vqEs3g6XgqiS1LxdC0Y0LFxXsA5oQJtNpO3TyYGYilJAvcOOvuHGhiFvX7vwbp2mEKnpg4HDOPdy5xw0ZFdIwPrXcyura+kZ+s7C1vbO7p+8fdEUQcUw6OGAB77tIEEZ90pFUMtIPOUGey0jPnV7O/d4d4YIG/q2chcT20NinI4qRVJKjlywX8djikyBxYutaBYcogedwWTYSRy8a5bP6aa1ShylpGBmpNk1olo0URZCh7egf1jDAkUd8iRkSYmAaobRjxCXFjCQFKxIkRHiKxmSgqI88Iuw4PSeBJaUM4Sjg6vkSpupyIkaeEDPPVZMekhPx25uLf3mDSI6adkz9MJLEx4tFo4hBGcB5N3BIOcGSzRRBmFP1V4gniCMsVYMFVcL3pfB/0q2UzWq5dlMtti6yOvLgCByDE2CCBmiBK9AGHYDBPXgEz+BFe9CetFftbTGa07LMIfgB7f0LJeic1g==</latexit>

a = eH0t

<latexit sha1_base64="UMQYda/2SHBZ9CRhZDlV4GP8rF0=">AAAB9HicdVDJSgNBEK1xjXGLevTSGARPw0zM5kEIeskxglkgGUNPpydp0rPY3RMIQ77DiwdFvPox3vwbO5MIKvqg4PFeFVX13IgzqSzrw1hZXVvf2MxsZbd3dvf2cweHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2x9dzvz2hQrIwuFXTiDo+HgbMYwQrLTkYXSJ6l9T7FlKzfi5vmRfl81KhjFJSsZakWLWRbVop8rBEo5977w1CEvs0UIRjKbu2FSknwUIxwuks24sljTAZ4yHtahpgn0onSY+eoVOtDJAXCl2BQqn6fSLBvpRT39WdPlYj+dubi3953Vh5VSdhQRQrGpDFIi/mSIVongAaMEGJ4lNNMBFM34rICAtMlM4pq0P4+hT9T1oF0y6apZtivna1jCMDx3ACZ2BDBWpQhwY0gcA9PMATPBsT49F4MV4XrSvGcuYIfsB4+wSho5Fl</latexit>

a =
p

2H0t

<latexit sha1_base64="P0WfDZyeoIydY//NDM5AJlrdvgE=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoPgaZiJ2TwIQS85RjALJCH0dHqSJj2L3TVCHIK/4sWDIl79D2/+jZ1JBBV9UPB4r4qqek4ouALL+jBSS8srq2vp9czG5tb2TnZ3r6mCSFLWoIEIZNshignuswZwEKwdSkY8R7CWM76c+a1bJhUP/GuYhKznkaHPXU4JaKmfPSAYn+OuupEQ53Gtb2EM0342Z5lnpdNivoQTUrYWpFCxsW1aCXJogXo/+94dBDTymA9UEKU6thVCLyYSOBVsmulGioWEjsmQdTT1icdUL06un+JjrQywG0hdPuBE/T4RE0+piefoTo/ASP32ZuJfXicCt9KLuR9GwHw6X+RGAkOAZ1HgAZeMgphoQqjk+lZMR0QSCjqwjA7h61P8P2nmTbtgFq8KuerFIo40OkRH6ATZqIyqqIbqqIEoukMP6Ak9G/fGo/FivM5bU8ZiZh/9gPH2CTVsk9E=</latexit>

a = (3H0t)
1/3

<latexit sha1_base64="Kd4kIf2/DoH7xjkSR8CQ2CCFiPQ=">AAACCXicdVA9SwNBEN3zM8avqKXNYBBiE++SmMRCCNqkVDBRSGLY2+wli3sf7M4J4Uhr41+xsVDE1n9g579xEyOo6IOBx3szzMxzIyk02va7NTM7N7+wmFpKL6+srq1nNjabOowV4w0WylBdulRzKQLeQIGSX0aKU9+V/MK9Phn7FzdcaREG5ziMeMen/UB4glE0UjcDFOAI2pJ7mCtCvWsDYFuJ/gD3rhJnvzjqZrJ2/rBcPCiUYUIq9pSUqg44eXuCLJnitJt5a/dCFvs8QCap1i3HjrCTUIWCST5Kt2PNI8quaZ+3DA2oz3UnmXwygl2j9MALlakAYaJ+n0ior/XQd02nT3Ggf3tj8S+vFaNX7SQiiGLkAftc5MUSMIRxLNATijOUQ0MoU8LcCmxAFWVowkubEL4+hf9Js5B3SvmDs1K2djyNI0W2yQ7JEYdUSI3UySlpEEZuyT15JE/WnfVgPVsvn60z1nRmi/yA9foBxSaX5w==</latexit>

a =

✓
3

2
H0t

◆2/3

<latexit sha1_base64="xdfg3DsYYHPvmpa1pjqcavmtSYE="></latexit>



Expansion eras
Matter era

a
<latexit sha1_base64="vEzRwqUQAsmmwrKT7CChL2cMtiU="></latexit>

⇢
<latexit sha1_base64="XB4TyHj4Q3WlBCaKqkf7eSbkThs="></latexit>

Kg/m3
<latexit sha1_base64="gA1OgQKcYN8TMB3hQxIEU/bbco0="></latexit>

GeV 4
<latexit sha1_base64="6FqlY0PTJBa4+0FR6KRdYGAGbCw="></latexit>

10�26
<latexit sha1_base64="mwhKjGBqqfpLsENXVcUWPlFvfjE="></latexit>

10�20
<latexit sha1_base64="MUkCa+xU/2yy1SzCQWqfyWQWoIg="></latexit>

10�15
<latexit sha1_base64="Hjw6B74cWgXKL4yT0pU4XgXx1u0="></latexit>

10�10
<latexit sha1_base64="w6zYGB4EpgA81XpB9jEKdwtxgew="></latexit>

10�5
<latexit sha1_base64="kgUe+5WA0cBM35+DZn0VE9F4JBY="></latexit>

Now

recombination

Radiation

Baryons

CDM

⇤
<latexit sha1_base64="aoxmGzJqyI/dgmxKq0sJXDQG1eQ="></latexit>

z ⇠ 0.28

<latexit sha1_base64="cH5P3P/5ujWR9Ia3rjoB23B/PHw=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiabNLMHIkevGIiYARNqRbutDQdjdt1wQ3/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6r+xBrypmkLcMMp/eJoliEnHbC8fXM7zxSpVks78wkoYHAQ8kiRrCx0sNTTzOBPLda75crnuvNgVaJn5MK5Gj2y1+9QUxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPaddSiQXVQTa/eIrOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc1UT3ImExSQyVZLIpSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdKuun7NvbitVRpXeRxFOIFTOAcfLqEBN9CEFhCQ8Ayv8OZo58V5dz4WrQUnnzmGP3A+fwAmt4/t</latexit>

z ⇠ 3770

<latexit sha1_base64="GLpeu/vvJmbgTnpVgdmBt1zYhvs=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqBI9ELx4xkY8IG9ItXWhou5u2a4Ib/oUXDxrj1X/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57UeqNIvkvZnE1Bd4KFnICDZWenjqaSbQZa3m9oslt+zOgVaJl5ESZGj0i1+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/eIrOrDJAYaRsSYPm6u+JFAutJyKwnQKbkV72ZuJ/Xjcx4ZWfMhknhkqyWBQmHJkIzd5HA6YoMXxiCSaK2VsRGWGFibEhFWwI3vLLq6R1UfYq5epdpVS/zuLIwwmcwjl4UIM63EIDmkBAwjO8wpujnRfn3flYtOacbOYY/sD5/AE0e4/2</latexit>



Material content of the Universe

Negligible curvature

Cold dark matter 

Baryons 

Photons 

Neutrinos  

Hubble constant

Critical density

⇢̄crit,0 =
3H2

0

8⇡G
= 1.878⇥ 10�26

h
2 kg m�3

<latexit sha1_base64="g2mP4WF9iYPLiKR7UmTUXOtu1Ss="></latexit>

5 %

27 %

68 %
⌦0,bh

2 = 0.02236± 0.00015

<latexit sha1_base64="ODPi9aoHtbnnSXovzg/C0dZSu4s="></latexit>

⌦0,ch
2 = 0.1202± 0.0014

<latexit sha1_base64="zQbJBl/K+Th2U1VmDtTH8xBuP1Q="></latexit>

⌦0,b ⇠ 0.0494

<latexit sha1_base64="5WfaVhFcBOdNSWWIEzHbYsbdEWI=">AAACBXicdVDLSsNAFJ34rPUVdamLwVJwIWFS09eu6MadFewD2lIm02k7dCYJMxOhhG7c+CtuXCji1n9w59+YpBVU9MCFwzn3cu89bsCZ0gh9GEvLK6tr65mN7ObW9s6uubffVH4oCW0Qn/uy7WJFOfNoQzPNaTuQFAuX05Y7uUj81i2VivnejZ4GtCfwyGNDRrCOpb551L0SdIT7ETqF7gx2FRMQWcipOjCb7Zs5ZFVLZ8VCCaakjBbEqdjQtlCKHFig3jffuwOfhIJ6mnCsVMdGge5FWGpGOJ1lu6GiASYTPKKdmHpYUNWL0i9mMB8rAzj0ZVyehqn6fSLCQqmpiK/MC6zH6reXiH95nVAPK72IeUGoqUfmi4Yhh9qHSSRwwCQlmk9jgolk8a2QjLHERMfBJSF8fQr/J82CZTtW8drJ1c4XcWTAITgGJ8AGZVADl6AOGoCAO/AAnsCzcW88Gi/G67x1yVjMHIAfMN4+AVhDleo=</latexit>

H0 = 67.36± 0.54

<latexit sha1_base64="boYi8KBP3Q5k9gPd6W/Wh042usw=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyFp07QuhKKbLivYWmhDmEwn7dDJg5mJUELBX3HjQhG3foc7/8YkjaCiBy4czrmXe+9xI0aF1PUPpbSyura+Ud6sbG3v7O6p+wd9EcYckx4OWcgHLhKE0YD0JJWMDCJOkO8ycuvOrjL/9o5wQcPgRs4jYvtoElCPYiRTyVGPOo4OL6DV1OoWHEU+1LWGWXHUqq6dW/VGzYI5aeoFMVsGNDQ9RxUU6Drq+2gc4tgngcQMCTE09EjaCeKSYkYWlVEsSITwDE3IMKUB8omwk/z8BTxNlTH0Qp5WIGGufp9IkC/E3HfTTh/JqfjtZeJf3jCWXstOaBDFkgR4uciLGZQhzLKAY8oJlmyeEoQ5TW+FeIo4wjJNLAvh61P4P+nXNMPUGtdmtX1ZxFEGx+AEnAEDNEEbdEAX9AAGCXgAT+BZuVcelRflddlaUoqZQ/ADytsnS9SShA==</latexit>

H0 = 73.04± 1.04

<latexit sha1_base64="ibQHK6N4EEpXIaypOsymE45AGPo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyFp04cLoeimywq2FtoQJtNpO3TyYGYilFDwV9y4UMSt3+HOv3GSRlDRAwOHc87l3jlexKiQpvmhFVZW19Y3ipulre2d3T19/6Anwphj0sUhC3nfQ4IwGpCupJKRfsQJ8j1Gbr3ZVerf3hEuaBjcyHlEHB9NAjqmGEklufpR2zXhBWxUDdOGw8iHliIlVy+bxnm9WqvUYUYaZk7sppVGMpRBjo6rvw9HIY59EkjMkBADy4ykkyAuKWZkURrGgkQIz9CEDBQNkE+Ek2TnL+CpUkZwHHL1Agkz9ftEgnwh5r6nkj6SU/HbS8W/vEEsx00noUEUSxLg5aJxzKAMYdoFHFFOsGRzRRDmVN0K8RRxhKVqLC3h66fwf9KrGJZt1K7tcusyr6MIjsEJOAMWaIAWaIMO6AIMEvAAnsCzdq89ai/a6zJa0PKZQ/AD2tsnOUOSeA==</latexit>

{

<latexit sha1_base64="5/I89LR6S/yd0Xc+tJ0LLNpfK0I=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFclaT25a7oxmUV+4A2lMl00g6dTMLMRCihf+DGhSJu/SN3/o3TNIKKHrhwOOde7r3HizhT2rY/rJXVtfWNzdxWfntnd2+/cHDYUWEsCW2TkIey52FFORO0rZnmtBdJigOP0643vVr43XsqFQvFnZ5F1A3wWDCfEayNdDtIhoWiXbqonVfLNZSSup2RSsNBTslOUYQMrWHhfTAKSRxQoQnHSvUdO9JugqVmhNN5fhArGmEyxWPaN1TggCo3SS+do1OjjJAfSlNCo1T9PpHgQKlZ4JnOAOuJ+u0txL+8fqz9hpswEcWaCrJc5Mcc6RAt3kYjJinRfGYIJpKZWxGZYImJNuHkTQhfn6L/Sadcciql6k2l2LzM4sjBMZzAGThQhyZcQwvaQMCHB3iCZ2tqPVov1uuydcXKZo7gB6y3TyTvjco=</latexit>

CMB (Planck 2018)

Local (SH0ES 2021)

Matter density

Cosmological constant

⌦K = �0.0106± 0.0065

<latexit sha1_base64="Hmd0lfAlpN/gvRBm0u3ifnnRXVw=">AAACCHicdVDLSgMxFM34rPVVdenCYBHcWDK1LxdC0Y3gwgr2Ae1QMmnahiYzQ5IRytClG3/FjQtF3PoJ7vwbM+0IKnogcDjnXG7ucQPOlEbow5qbX1hcWk6tpFfX1jc2M1vbDeWHktA68bkvWy5WlDOP1jXTnLYCSbFwOW26o/PYb95SqZjv3ehxQB2BBx7rM4K1kbqZvc6VoAPcjS4n8BQeoRyyUQl2AgENRaViN5NFuZPScTFfglNSRgkpVGxom0yMLEhQ62beOz2fhIJ6mnCsVNtGgXYiLDUjnE7SnVDRAJMRHtC2oR4WVDnR9JAJPDBKD/Z9aZ6n4VT9PhFhodRYuCYpsB6q314s/uW1Q92vOBHzglBTj8wW9UMOtQ/jVmCPSUo0HxuCiWTmr5AMscREm+7SpoSvS+H/pJHP2YVc8bqQrZ4ldaTALtgHh8AGZVAFF6AG6oCAO/AAnsCzdW89Wi/W6yw6ZyUzO+AHrLdPvPWWng==</latexit>

CMB (Planck 2018)

Assuming flatness, CMB (Planck 2018)

⌦0,⇤ = 0.6847± 0.0073

<latexit sha1_base64="yaneq15tA2UDCgPFube4JQths8M="></latexit>

⌦0,m = 0.3153± 0.0073

<latexit sha1_base64="wdsOIHUG725azbxLm+tD6H5iH3Y=">AAACC3icdVDLSgMxFM3UV62vqks3oUVwISXTtwuh6MadFWwtdIaSSdM2NJkZkoxQhu7d+CtuXCji1h9w59+YaSuo6IHA4ZxzubnHCzlTGqEPK7W0vLK6ll7PbGxube9kd/faKogkoS0S8EB2PKwoZz5taaY57YSSYuFxeuONzxP/5pZKxQL/Wk9C6go89NmAEayN1MvmnEtBh7gXo2MxhacQFUp2pQSdUBiKUK0EM71sHhVOqqVKsQpnpIYWpFy3oW1SCfJggWYv++70AxIJ6mvCsVJdG4XajbHUjHA6zTiRoiEmYzykXUN9LKhy49ktU3holD4cBNI8X8OZ+n0ixkKpifBMUmA9Ur+9RPzL60Z6UHdj5oeRpj6ZLxpEHOoAJsXAPpOUaD4xBBPJzF8hGWGJiTb1JSV8XQr/J+1iwS4XKlflfONsUUcaHIAcOAI2qIEGuABN0AIE3IEH8ASerXvr0XqxXufRlLWY2Qc/YL19AgjRlzs=</latexit>

Baryons 

CDM

⇤

<latexit sha1_base64="cPl7Ys9W1ZnGrHraEqU67Tnjj6E=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgapgpLW13RTcuXFSwD2iHkslk2tBMZkgyQhn6EW5cKOLW73Hn35g+KCp6IHA451xy7/ETzpR2nE8rt7G5tb2T3y3s7R8cHhWPTzoqTiWhbRLzWPZ8rChngrY105z2Eklx5HPa9SfXc7/7QKVisbjX04R6ER4JFjKCtZG6g1sTDfCwWHLshlutlWvItZ0FkGOX626j7K6VEqzQGhY/BkFM0ogKTThWqu86ifYyLDUjnM4Kg1TRBJMJHtG+oQJHVHnZYt0ZujBKgMJYmic0WqjfJzIcKTWNfJOMsB6r395c/MvrpzqsexkTSaqpIMuPwpQjHaP57ShgkhLNp4ZgIpnZFZExlpho01DBlLC+/X/SKdtuxa7eVUrNq1UdeTiDc7gEF2rQhBtoQRsITOARnuHFSqwn69V6W0Zz1mrmFH7Aev8CXi2PnA==</latexit>

⌦0,c ⇠ 0.2658

<latexit sha1_base64="Oel6RoDV4KB8ue/ZBxE9FsA1yzM=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgQkJS+3JXdOPOCrYV2lIm00k7dGYSZiZCCV248VfcuFDErR/hzr8xSSOo6IELh3Pu5d573IBRpW37w8gtLa+sruXXCxubW9s75u5eR/mhxKSNfebLGxcpwqggbU01IzeBJIi7jHTd6Xnid2+JVNQX13oWkAFHY0E9ipGOpaFZ7F9yMkbDyD6GeA77inJoW+VatVEoDM2SbZ3WTqrlGkxJ3c5IpeFAx7JTlECG1tB87498HHIiNGZIqZ5jB3oQIakpZmRe6IeKBAhP0Zj0YioQJ2oQpU/M4WGsjKDny7iEhqn6fSJCXKkZd+NOjvRE/fYS8S+vF2qvMYioCEJNBF4s8kIGtQ+TROCISoI1m8UEYUnjWyGeIImwjnNLQvj6FP5POmXLqVjVq0qpeZbFkQdFcACOgAPqoAkuQAu0AQZ34AE8gWfj3ng0XozXRWvOyGb2wQ8Yb58Cb5XF</latexit>

{

<latexit sha1_base64="5/I89LR6S/yd0Xc+tJ0LLNpfK0I=">AAAB6XicdVDLSsNAFL3xWeur6tLNYBFclaT25a7oxmUV+4A2lMl00g6dTMLMRCihf+DGhSJu/SN3/o3TNIKKHrhwOOde7r3HizhT2rY/rJXVtfWNzdxWfntnd2+/cHDYUWEsCW2TkIey52FFORO0rZnmtBdJigOP0643vVr43XsqFQvFnZ5F1A3wWDCfEayNdDtIhoWiXbqonVfLNZSSup2RSsNBTslOUYQMrWHhfTAKSRxQoQnHSvUdO9JugqVmhNN5fhArGmEyxWPaN1TggCo3SS+do1OjjJAfSlNCo1T9PpHgQKlZ4JnOAOuJ+u0txL+8fqz9hpswEcWaCrJc5Mcc6RAt3kYjJinRfGYIJpKZWxGZYImJNuHkTQhfn6L/Sadcciql6k2l2LzM4sjBMZzAGThQhyZcQwvaQMCHB3iCZ2tqPVov1uuydcXKZo7gB6y3TyTvjco=</latexit>

“Hubble 
tension”

⇢̄crit,0 =
3H2

0

8⇡G
= 1.878⇥ 10�26

h
2 kg m�3

<latexit sha1_base64="g2mP4WF9iYPLiKR7UmTUXOtu1Ss="></latexit>

⌦0� ⇠ 5.04⇥ 10�5

<latexit sha1_base64="LP0w8/y7mn9awhzWB3mT6hkXD9k="></latexit>

3.43⇥ 10�5 . ⌦0⌫ . 0.01

<latexit sha1_base64="aqiKLnljBcMYGywVKiWMtkYc1cM="></latexit>



Expansion age of the Universe

Matter era EraRadiation era ⇤

<latexit sha1_base64="iwdonubZYeOSkX8wciJGVsiL4RU=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxoWLCvYBbSiTyaQdOnkwMxFK6Ee4caGIW7/HnX/jNI2gogcGDuecy9x73JgzqSzrw1hZXVvf2CxsFbd3dvf2SweHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp1cLv3dPhWRReKdmMXUCPA6ZzwhWWuoNb3TUw6NS2TIv6ue1Sh1lpGHlpNq0kW1aGcqQoz0qvQ+9iCQBDRXhWMqBbcXKSbFQjHA6Lw4TSWNMpnhMB5qGOKDSSbN15+hUKx7yI6FfqFCmfp9IcSDlLHB1MsBqIn97C/Evb5Aov+mkLIwTRUOy/MhPOFIRWtyOPCYoUXymCSaC6V0RmWCBidINFXUJX5ei/0m3YtpVs3ZbLbcu8zoKcAwncAY2NKAF19CGDhCYwgM8wbMRG4/Gi/G6jK4Y+cwR/IDx9gmVAY/C</latexit>

t ⇠ 11.3Gyr

<latexit sha1_base64="KgwzBnkkctfyg06E2jEljFMSX28=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyHp213RhS4r2Ac0oUym03boTBJmJkIJBX/FjQtF3Pod7vwbp2kEFT1w4XDOvdx7jx8xKpVtfxi5ldW19Y38ZmFre2d3z9w/6MgwFpi0cchC0fORJIwGpK2oYqQXCYK4z0jXn14u/O4dEZKGwa2aRcTjaBzQEcVIaWlgHinoSsqh41hlmLiCw6uZmA/Mom2d18rVUg2mpG5npNJwoGPZKYogQ2tgvrvDEMecBAozJGXfsSPlJUgoihmZF9xYkgjhKRqTvqYB4kR6SXr+HJ5qZQhHodAVKJiq3ycSxKWccV93cqQm8re3EP/y+rEaNbyEBlGsSICXi0YxgyqEiyzgkAqCFZtpgrCg+laIJ0ggrHRiBR3C16fwf9IpWU7Fqt5Uis2LLI48OAYn4Aw4oA6a4Bq0QBtgkIAH8ASejXvj0XgxXpetOSObOQQ/YLx9ApLHlKM=</latexit>

ar,meq =
⌦0r

⌦0m

<latexit sha1_base64="TvvE2MHBJ0+hH6WRmMyTbfEjO8M="></latexit>

am,⇤
eq =

✓
⌦0m

⌦0⇤

◆1/3

<latexit sha1_base64="7vHSEsE2dxXB469IgHizZMQMbjM="></latexit>

am,⇤
eq ⇠ 0.78

<latexit sha1_base64="lT4gHnyJPHl7nYBgym8Iv8comew=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4kGGm9uWu6MaFiwr2AW0tmUymDU1mxiQjlKEbN/6KGxeKuPUf3Pk3ptMKKnogcDjnHm7ucSNGpbLtD2NufmFxaTmzkl1dW9/YNLe2GzKMBSZ1HLJQtFwkCaMBqSuqGGlFgiDuMtJ0h2cTv3lLhKRhcKVGEely1A+oTzFSWuqZe6iXkJvxdcKPOhc65qEx7EjKoW2VKz0zZ1snpeNivgRTUrZnpFBxoGPZKXJghlrPfO94IY45CRRmSMq2Y0eqmyChKGZknO3EkkQID1GftDUNECeym6RXjOGBVjzoh0K/QMFU/Z5IEJdyxF09yZEayN/eRPzLa8fKr3QTGkSxIgGeLvJjBlUIJ5VAjwqCFRtpgrCg+q8QD5BAWOnisrqEr0vh/6SRt5yCVbws5KqnszoyYBfsg0PggDKognNQA3WAwR14AE/g2bg3Ho0X43U6OmfMMjvgB4y3T4V8l/Q=</latexit>

zm,⇤
eq ⇠ 0.28

<latexit sha1_base64="iBU6HQQL/hAR7iZP+h0BOTNn8vE=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgQoaZ2pe7ohsXLirYB3TGkknTNjSZGZOMUIfZuPFX3LhQxK3/4M6/MX0IKnogcDjnHm7u8UJGpbKsDyM1N7+wuJRezqysrq1vZDe3GjKIBCZ1HLBAtDwkCaM+qSuqGGmFgiDuMdL0hqdjv3lDhKSBf6lGIXE56vu0RzFSWupkd287MblOrmJ+6JzrWBcl0JGUQ8vMVzrZnGUel46K+RKckLI1I4WKDW3TmiAHZqh1su9ON8ARJ77CDEnZtq1QuTESimJGkowTSRIiPER90tbUR5xIN55ckcB9rXRhLxD6+QpO1O+JGHEpR9zTkxypgfztjcW/vHakehU3pn4YKeLj6aJexKAK4LgS2KWCYMVGmiAsqP4rxAMkEFa6uIwu4etS+D9p5E27YBYvCrnqyayONNgBe+AA2KAMquAM1EAdYHAHHsATeDbujUfjxXidjqaMWWYb/IDx9gmmapgI</latexit>

zr,meq ⇠ 3770

<latexit sha1_base64="lFr1NdakxDWcD4FkQPxbfUrTJeU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXEhI+nZXdOOygn1AG8tkOm2HziRxZiLU2IW/4saFIm79DXf+jdO0gooeuHA4517uvccLGZXKtj+M1MLi0vJKejWztr6xuWVu7zRkEAlM6jhggWh5SBJGfVJXVDHSCgVB3GOk6Y3Opn7zhghJA/9SjUPicjTwaZ9ipLTUNfduuzG5nlzF4phPYEdSDvPlst01s7Z1UsoXcyWYkLI9J4WKAx3LTpAFc9S65nunF+CIE19hhqRsO3ao3BgJRTEjk0wnkiREeIQGpK2pjziRbpzcP4GHWunBfiB0+Qom6veJGHEpx9zTnRypofztTcW/vHak+hU3pn4YKeLj2aJ+xKAK4DQM2KOCYMXGmiAsqL4V4iESCCsdWUaH8PUp/J80cpZTsIoXhWz1dB5HGuyDA3AEHFAGVXAOaqAOMLgDD+AJPBv3xqPxYrzOWlPGfGYX/IDx9glTnpWq</latexit>

ar,meq ⇠ 2.6⇥ 10�4

<latexit sha1_base64="Sc3kKMbutjbvXxSpMXlj2WgGiO4="></latexit>

a(t) =

q
2H0

p
⌦0rt

<latexit sha1_base64="ivbjRwoLSrBsYypBWEKYDbX4ZwA="></latexit>

t =
a
2

2H0
p
⌦0r

<latexit sha1_base64="yIPtzYtLiFdSmtZ00d5eDDATElU="></latexit>

a =

✓
3

2
H0

p
⌦0mt

◆2/3

<latexit sha1_base64="ppcArXfVMNBvCeFlKuVg5p87x1k="></latexit>

t = teq +
2a3/2

3H0
p
⌦0m

<latexit sha1_base64="7yu/7tmyOZzBHS3vmC1L1kbV6HA="></latexit>

a = eH0
p
⌦0⇤t

<latexit sha1_base64="XQIB3UPJiqCPKW2oMTClrQtrCSs="></latexit>

t = teq,⇤ +
ln a

H0
p
⌦0⇤

<latexit sha1_base64="9U0KcFzut1yw1tkIF0N7JtPgB9k="></latexit>

Beware: This is 
rather approximate

t0 ⇠ 15.5Gyr

<latexit sha1_base64="bAeDaRObJfpV78tR5/+4l3B65HU=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiS1aeuu6EKXFewD2hAm02k7dPJgZqKE2E9x40IRt36JO//GaRpBRQ9cOJxzL/fe40WMCmmaH1phZXVtfaO4Wdra3tnd08v7XRHGHJMODlnI+x4ShNGAdCSVjPQjTpDvMdLzZhcLv3dLuKBhcCOTiDg+mgR0TDGSSnL1snRNOBTUh5Zt2PAy4a5eMY2z+qldrcOMNMyc1JoWtAwzQwXkaLv6+3AU4tgngcQMCTGwzEg6KeKSYkbmpWEsSITwDE3IQNEA+UQ4aXb6HB4rZQTHIVcVSJip3ydS5AuR+J7q9JGcit/eQvzLG8Ry3HRSGkSxJAFeLhrHDMoQLnKAI8oJlixRBGFO1a0QTxFHWKq0SiqEr0/h/6RbNayaYV/XKq3zPI4iOARH4ARYoAFa4Aq0QQdgcAcewBN41u61R+1Fe122FrR85gD8gPb2CUMAkr0=</latexit>

Accurate 
way:

t(aref ) =
1

H0

Z aref

0

da

a

q
⌦0r
a4 + ⌦0m

a3 + ⌦0⇤

<latexit sha1_base64="z5LNbiKKxygOjcEEWAgXGQAEaz4="></latexit>

t0 ⇠ 13.205Gyr

<latexit sha1_base64="iQHjjcCApwOGRBzxL15ps6bdjHA=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchSS2tN0VXeiygn1AG8JkOmmHTiZhZiKEUH/FjQtF3Poh7vwbpw+Kih64cDjnXu69J0gYlcq2P4219Y3Nre3CTnF3b//g0Dw67sg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3mFzN/O49EZLG/E5lCfEiNOI0pBgpLflmSfk2HEgaQefCcu0qvM6Eb5Ztq+FUa24NOpY9B7Qtt+40XGellMESLd/8GAxjnEaEK8yQlH3HTpSXI6EoZmRaHKSSJAhP0Ij0NeUoItLL58dP4ZlWhjCMhS6u4Fz9PpGjSMosCnRnhNRY/vZm4l9eP1Vh3cspT1JFOF4sClMGVQxnScAhFQQrlmmCsKD6VojHSCCsdF5FHcLq9/9Jx7WcilW9rZSbl8s4CuAEnIJz4IAaaIIb0AJtgEEGHsEzeDEejCfj1XhbtK4Zy5kS+AHj/Qvw+JML</latexit>

t ⇠ 9.94Gyr

<latexit sha1_base64="qlFLAtGruWWxrK5skFkzSUxiybc=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CElja7ogtdVrAPaEOZTCft0JkkzEyEGPolblwo4tZPceffOH1QVPTAhcM593LvPUHCqFS2/WkUNja3tneKu6W9/YPDsnl03JFxKjBp45jFohcgSRiNSFtRxUgvEQTxgJFuML2a+917IiSNozuVJcTnaBzRkGKktDQ0ywoOJOXQs7wqvM7E0KzYlufU6m4dOpa9ALQtt+F4rrNWKmCF1tD8GIxinHISKcyQlH3HTpSfI6EoZmRWGqSSJAhP0Zj0NY0QJ9LPF4fP4LlWRjCMha5IwYX6fSJHXMqMB7qTIzWRv725+JfXT1XY8HMaJakiEV4uClMGVQznKcARFQQrlmmCsKD6VognSCCsdFYlHcL69/9Jx7WcqlW7rVaal6s4iuAUnIEL4IA6aIIb0AJtgEEKHsEzeDEejCfj1XhbthaM1cwJ+AHj/Qvw5pH/</latexit>

t ⇠ 53155yr

<latexit sha1_base64="CvKK9BnDT31zdvMGzbi97jAKXrQ=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEInkLSNm29Fb14rGBtoQ1ls920SzebsLsRYugv8eJBEa/+FG/+G7dpBRV9MPB4b4aZeX7MqFS2/WEU1tY3NreK26Wd3b39snlweCujRGDSxRGLRN9HkjDKSVdRxUg/FgSFPiM9f3a58Ht3REga8RuVxsQL0YTTgGKktDQyywoOJQ2hW3NcF6ZiZFZs67xRc6sNmJOmvSL1lgMdy85RASt0Rub7cBzhJCRcYYakHDh2rLwMCUUxI/PSMJEkRniGJmSgKUchkV6WHz6Hp1oZwyASuriCufp9IkOhlGno684Qqan87S3Ev7xBooKWl1EeJ4pwvFwUJAyqCC5SgGMqCFYs1QRhQfWtEE+RQFjprEo6hK9P4f/ktmo5dcu9rlfaF6s4iuAYnIAz4IAmaIMr0AFdgEECHsATeDbujUfjxXhdthaM1cwR+AHj7RMDOJIN</latexit>



Thermal history of the Universe



Cosmic Microwave Background

Best Black body spectrum in the Universe

T̄CMB = 2.7255K

<latexit sha1_base64="gqVcdk1ZfyslzMoIW9FalC9NM8I=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DEpq0LobQbQYQKfUFbymQ6aYdOHsxMhBLixl9x40IRt/6FO//G6UNQ0QMXDufcy733uBGjQprmh7a0vLK6tp7ZyG5ube/s6nv7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyx9Wp37olXNAwqMtJRHo+GgbUoxhJJfX1w66LeFJP+0n1upLCC2gbRdtx4FVfz5nGeeHMsQtwRormguRLFrQMc4YcWKDW19+7gxDHPgkkZkiIjmVGspcgLilmJM12Y0EihMdoSDqKBsgnopfMPkjhiVIG0Au5qkDCmfp9IkG+EBPfVZ0+kiPx25uKf3mdWHqlXkKDKJYkwPNFXsygDOE0DjignGDJJoogzKm6FeIR4ghLFVpWhfD1KfyfNG3DyhvOTT5XriziyIAjcAxOgQWKoAwuQQ00AAZ34AE8gWftXnvUXrTXeeuStpg5AD+gvX0Cs8mVIQ==</latexit>

I(⌫) =
4⇡⌫3

e2⇡⌫/T � 1

<latexit sha1_base64="++1GWhXUILRleytEEgVHg90WowM="></latexit>

⌫

<latexit sha1_base64="+GHa80jRq0tTzBlknE+IK7FQbto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBhe43f</latexit>

I(⌫)

<latexit sha1_base64="k7Fk+4bdD5UV06Ack3rg7rKU9YU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix6EVvFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Mbz9RpZkUD2YSUz/CQ8FCRrCxUuuu3BPJeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ 9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippXVS8aqV2Xy3Vr7M48nACp1AGDy6hDrfQgCYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDvPyOlw==</latexit>

CMB at thermal equilibrium today

Expansions preserves Black Body spectrum

CMB at thermal equilibrium in the past

+ anything interacting with it.



Today t0 ⇠ 13.7Gyr

<latexit sha1_base64="5bwVnSHzieNSgtsR1l8/yiso7gs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiR9uyu60GUF2wptCJPppB06eTAzUULsp7hxoYhbv8Sdf+M0jaCiBy4czrmXe+9xI0aFNM0PrbCyura+UdwsbW3v7O7p5f2+CGOOSQ+HLOQ3LhKE0YD0JJWM3EScIN9lZODOzhf+4JZwQcPgWiYRsX00CahHMZJKcvSydEw4EtSHVs1owYuEO3rFNE6btUa1CTPSMnNSb1vQMswMFZCj6+jvo3GIY58EEjMkxNAyI2mniEuKGZmXRrEgEcIzNCFDRQPkE2Gn2elzeKyUMfRCriqQMFO/T6TIFyLxXdXpIzkVv72F+Jc3jKXXtlMaRLEkAV4u8mIGZQgXOcAx5QRLliiCMKfqVoiniCMsVVolFcLXp/B/0q8aVt1oXNUrnbM8jiI4BEfgBFigBTrgEnRBD2BwBx7AE3jW7rVH7UV7XbYWtHzmAPyA9vYJQvySvQ==</latexit>

Tcmb ⇠ 2.7255K

<latexit sha1_base64="oNKrRaUxvAI+uMJxdPTx29z7rxA=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSwFVyGpTVt3RTeCmwp9QRvCZDpph04ezEyEGoq/4saFIm79D3f+jUkaQUUPXDiccy9z5jgho0Lq+odSWFldW98obpa2tnd299T9g54IIo5JFwcs4AMHCcKoT7qSSkYGISfIcxjpO7PL1O/fEi5o4HfkPCSWhyY+dSlGMpFs9ahjx9hzFnAkqAerWqNqmte2Wta18/qZWa3DjDT0nNSaBjQ0PUMZ5Gjb6vtoHODII77EDAkxNPRQWjHikmJGFqVRJEiI8AxNyDChPvKIsOIs/QJWEmUM3YAn40uYqd8vYuQJMU8zVjwkp+K3l4p/ecNIuk0rpn4YSeLj5UNuxKAMYFoFHFNOsGTzhCDMaZIV4iniCMuksFJSwtdP4f+kV9WMmmbe1Mqti7yOIjgGJ+AUGKABWuAKtEEXYHAHHsATeFbulUflRXldrhaU/OYQ/IDy9gmtdZQY</latexit>

z = 0

<latexit sha1_base64="0Af8tkM7Q0Ar7rrW6yu0l0KrUCE=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkQgl48RjAPSJYwO5kkQ2Znl5lZIYZ8gxcPinj1g7z5N042K6hoQUNR1U13lx9xprTjfFiZldW19Y3sZm5re2d3L79/0FJhLAltkpCHsuNjRTkTtKmZ5rQTSYoDn9O2P7la+O07KhULxa2eRtQL8EiwISNYG6l5jy6Q088XHPu8clYuVlBCqk5KSjUXubaToAApGv38e28QkjigQhOOleq6TqS9GZaaEU7nuV6saITJBI9o11CBA6q8WXLsHJ0YZYCGoTQlNErU7xMzHCg1DXzTGWA9Vr+9hfiX1431sObNmIhiTQVZLhrGHOkQLT5HAyYp0XxqCCaSmVsRGWOJiTb55EwIX5+i/0mraLslu3xTKtQv0ziycATHcAouVKEO19CAJhBg8ABP8GwJ69F6sV6XrRkrnTmEH7DePgEPfI44</latexit>

a = 1

<latexit sha1_base64="EOxYq6xz8PscEcupJ08h33kRMlM=">AAAB7HicdVDLSsNAFL3xWeur6tLNYBFclaT25UIounFZwT6gDWUynbRDJ5MwMxFK6De4caGIWz/InX/jNI2gogcuHM65l3vv8SLOlLbtD2tldW19YzO3ld/e2d3bLxwcdlQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa8XfveeSsVCcadnEXUDPBbMZwRrI7UxukTOsFC0Sxe182q5hlJStzNSaTjIKdkpipChNSy8D0YhiQMqNOFYqb5jR9pNsNSMcDrPD2JFI0ymeEz7hgocUOUm6bFzdGqUEfJDaUpolKrfJxIcKDULPNMZYD1Rv72F+JfXj7XfcBMmolhTQZaL/JgjHaLF52jEJCWazwzBRDJzKyITLDHRJp+8CeHrU/Q/6ZRLTqVUva0Um1dZHDk4hhM4Awfq0IQbaEEbCDB4gCd4toT1aL1Yr8vWFSubOYIfsN4+AeqpjiA=</latexit>

Distant galaxies z = 5

<latexit sha1_base64="YX01NEcpn3WsDUiGCQo3c96jdF8=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadmNeXkQgl48RjAPSJYwO5kkQ2Znl5lZIYZ8gxcPinj1g7z5N042K6hoQUNR1U13lx9xprTjfFiZldW19Y3sZm5re2d3L79/0FJhLAltkpCHsuNjRTkTtKmZ5rQTSYoDn9O2P7la+O07KhULxa2eRtQL8EiwISNYG6l5jy5QuZ8vOPZ55axcrKCEVJ2UlGoucm0nQQFSNPr5994gJHFAhSYcK9V1nUh7Myw1I5zOc71Y0QiTCR7RrqECB1R5s+TYOToxygANQ2lKaJSo3ydmOFBqGvimM8B6rH57C/EvrxvrYc2bMRHFmgqyXDSMOdIhWnyOBkxSovnUEEwkM7ciMsYSE23yyZkQvj5F/5NW0XZLdvmmVKhfpnFk4QiO4RRcqEIdrqEBTSDA4AGe4NkS1qP1Yr0uWzNWOnMIP2C9fQIXEI49</latexit>

a ⇠ 0.17

<latexit sha1_base64="12A6b+XGbSMKOrJaKUofpOvNVaI=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZLal7uiG5cV7APSUCbTSTt0JhNmJkIJ/Qw3LhRx69e482+cphFU9MCFwzn3cu89Qcyo0o7zYRXW1jc2t4rbpZ3dvf2D8uFRT4lEYtLFggk5CJAijEakq6lmZBBLgnjASD+YXS/9/j2RioroTs9j4nM0iWhIMdJG8hAcKsqhY7vNUbni2JeNi3q1ATPSdHJSa7nQtZ0MFZCjMyq/D8cCJ5xEGjOklOc6sfZTJDXFjCxKw0SRGOEZmhDP0Ahxovw0O3kBz4wyhqGQpiINM/X7RIq4UnMemE6O9FT99pbiX56X6LDlpzSKE00ivFoUJgxqAZf/wzGVBGs2NwRhSc2tEE+RRFiblEomhK9P4f+kV7Xdml2/rVXaV3kcRXACTsE5cEETtMEN6IAuwECAB/AEni1tPVov1uuqtWDlM8fgB6y3T9qkkFk=</latexit>

Matter domination

domination⇤

<latexit sha1_base64="iwdonubZYeOSkX8wciJGVsiL4RU=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxoWLCvYBbSiTyaQdOnkwMxFK6Ee4caGIW7/HnX/jNI2gogcGDuecy9x73JgzqSzrw1hZXVvf2CxsFbd3dvf2SweHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp1cLv3dPhWRReKdmMXUCPA6ZzwhWWuoNb3TUw6NS2TIv6ue1Sh1lpGHlpNq0kW1aGcqQoz0qvQ+9iCQBDRXhWMqBbcXKSbFQjHA6Lw4TSWNMpnhMB5qGOKDSSbN15+hUKx7yI6FfqFCmfp9IcSDlLHB1MsBqIn97C/Evb5Aov+mkLIwTRUOy/MhPOFIRWtyOPCYoUXymCSaC6V0RmWCBidINFXUJX5ei/0m3YtpVs3ZbLbcu8zoKcAwncAY2NKAF19CGDhCYwgM8wbMRG4/Gi/G6jK4Y+cwR/IDx9gmVAY/C</latexit>

Radiation domination

Photon decoupling z ⇠ 1100

<latexit sha1_base64="aFV6m8VQC+KNuZq/rRSNkIhvHUo=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfUAaymQ6aYfOZMLMRKihn+HGhSJu/Rp3/o3TNIKKHrhwOOde7r0niBlV2nE+rJXVtfWNzcJWcXtnd2+/dHDYVSKRmHSwYEL2A6QIoxHpaKoZ6ceSIB4w0gumVwu/d0ekoiK61bOY+ByNIxpSjLSRvHs4UJRD13WcYans2Bf181qlDjPScHJSbbrQtZ0MZZCjPSy9D0YCJ5xEGjOklOc6sfZTJDXFjMyLg0SRGOEpGhPP0Ahxovw0O3kOT40ygqGQpiINM/X7RIq4UjMemE6O9ET99hbiX56X6LDppzSKE00ivFwUJgxqARf/wxGVBGs2MwRhSc2tEE+QRFiblIomhK9P4f+kW7Hdql27qZZbl3kcBXAMTsAZcEEDtMA1aIMOwECAB/AEni1tPVov1uuydcXKZ47AD1hvn/t6kG4=</latexit>

a ⇠ 9⇥ 10�4

<latexit sha1_base64="RvF/T7GppDGitTDtddihFTrRoaU=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAR3BiSmr52RTcuK9gHNLFMppN26OTBzEQooRt/xY0LRdz6Ge78G6dpBBU9cOFwzr3ce48XMyqkaX5oS8srq2vrhY3i5tb2zq6+t98RUcIxaeOIRbznIUEYDUlbUslIL+YEBR4jXW9yOfe7d4QLGoU3choTN0CjkPoUI6mkgX6IoCNoABvQkTQgAlrmbXpmzwZ6yTQa1fNKuQozUjNzYtctaBlmhhLI0Rro784wwklAQokZEqJvmbF0U8QlxYzMik4iSIzwBI1IX9EQqWVumj0wgydKGUI/4qpCCTP1+0SKAiGmgac6AyTH4rc3F//y+on0625KwziRJMSLRX7CoIzgPA04pJxgyaaKIMypuhXiMeIIS5VZUYXw9Sn8n3TKhmUblWu71LzI4yiAI3AMToEFaqAJrkALtAEGM/AAnsCzdq89ai/a66J1SctnDsAPaG+fzlWVSw==</latexit>

t ⇠ 1.15Gyr

<latexit sha1_base64="CHozbVQzqD+H3AQzRagCYqrsbbQ=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFZLal7uiC11WsA9oQ5lMJ+3QmSTMTIQY+iVuXCji1k9x5984TSOo6IGBwznncu8cL2JUKtv+MFZW19Y3Ngtbxe2d3b2SuX/QlWEsMOngkIWi7yFJGA1IR1HFSD8SBHGPkZ43u1z4vTsiJA2DW5VExOVoElCfYqS0NDJLCg4l5dCxnBq8SsTILNvWef2sVqnDjDTsnFSbjk7ZGcogR3tkvg/HIY45CRRmSMqBY0fKTZFQFDMyLw5jSSKEZ2hCBpoGiBPpptnhc3iilTH0Q6FfoGCmfp9IEZcy4Z5OcqSm8re3EP/yBrHym25KgyhWJMDLRX7MoArhogU4poJgxRJNEBZU3wrxFAmEle6qqEv4+in8n3QrllO1ajfVcusir6MAjsAxOAUOaIAWuAZt0AEYxOABPIFn4954NF6M12V0xchnDsEPGG+fELGSFg==</latexit>

t ⇠ 350000yr

<latexit sha1_base64="SE8hJv8FnZ1nFJ6juUVsyWVMbyQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK+3RXduKxgH9CGMplO2qGTSZiZFELon7hxoYhb/8Sdf+M0jaCiBy4czrmXe+/xIkalsu0Po7CxubW9U9wt7e0fHB6Zxyc9GcYCky4OWSgGHpKEUU66iipGBpEgKPAY6Xvzm5XfXxAhacjvVRIRN0BTTn2KkdLS2DQVHEkawGrd1oCJGJtl27pqVOuVBsxI085JreVAx7IzlEGOzth8H01CHAeEK8yQlEPHjpSbIqEoZmRZGsWSRAjP0ZQMNeUoINJNs8uX8EIrE+iHQhdXMFO/T6QokDIJPN0ZIDWTv72V+Jc3jJXfclPKo1gRjteL/JhBFcJVDHBCBcGKJZogLKi+FeIZEggrHVZJh/D1Kfyf9CqWU7Pqd7Vy+zqPowjOwDm4BA5ogja4BR3QBRgswAN4As9GajwaL8brurVg5DOn4AeMt09kIpI8</latexit>

Tcmb ⇠ 16K

<latexit sha1_base64="K2GPKbelEa8F8/vCVl3kY45U1LY=">AAAB+nicdVDLSsNAFJ3UV62vVJduBkvBVUhqX+6KbgQ3FfqCNoTJdNoOnUnCzEQpsZ/ixoUibv0Sd/6NSRpBRQ9cOJxzL3PmuAGjUpnmh5ZbW9/Y3MpvF3Z29/YP9OJhT/qhwKSLfeaLgYskYdQjXUUVI4NAEMRdRvru/DLx+7dESOp7HbUIiM3R1KMTipGKJUcvdpwIc3cJR5JyaNXhtaOXTOO8flar1GFKGmZGqk0LWoaZogQytB39fTT2cciJpzBDUg4tM1B2hISimJFlYRRKEiA8R1MyjKmHOJF2lEZfwnKsjOHEF/F4Cqbq94sIcSkXScAyR2omf3uJ+Jc3DNWkaUfUC0JFPLx6aBIyqHyY9ADHVBCs2CImCAsaZ4V4hgTCKm6rEJfw9VP4P+lVDKtq1G6qpdZFVkceHIMTcAos0AAtcAXaoAswuAMP4Ak8a/fao/aiva5Wc1p2cwR+QHv7BCf9k04=</latexit>

Tcmb ⇠ 3000K

<latexit sha1_base64="C0nKulRM4BOvccYqF0hHhGgBaVw=">AAAB/HicdVDLSsNAFJ3UV62vaJduBkvBVZj07a7oRnBToS9oS5lMJ+3QyYOZiRBC/RU3LhRx64e4829M0ggqeuDC4Zx7mTPH8jmTCqEPLbexubW9k98t7O0fHB7pxyd96QWC0B7xuCeGFpaUM5f2FFOcDn1BsWNxOrCWV4k/uKNCMs/tqtCnEwfPXWYzglUsTfVidxoRx1rBsWQOrCKE4M1ULyHjolGtVxowJU2UkVrLhKaBUpRAhs5Ufx/PPBI41FWEYylHJvLVJMJCMcLpqjAOJPUxWeI5HcXUxQ6VkygNv4LlWJlB2xPxuAqm6veLCDtShknEsoPVQv72EvEvbxQouzWJmOsHirpk/ZAdcKg8mDQBZ0xQongYE0wEi7NCssACExX3VYhL+Pop/J/0K4ZZM+q3tVL7MqsjD07BGTgHJmiCNrgGHdADBITgATyBZ+1ee9RetNf1ak7LborgB7S3Twj4k74=</latexit>

Matter-radiation equality

Nucleosynthesis ends

CMB anisotropies

Nuclear reactions efficient: formation of light elements

annihilation

Electroweak unification

GUT??

Quantum gravity??

Inflation: Scalar field domination
?

V (�) ⇠ ⇤inf

<latexit sha1_base64="tqnscUTQM9q5+5ylVVAj8eAXugs=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahbspM7ctd0Y0LFxXsAzrDkEkzbWgyMyQZoZSCG3/FjQtF3PoT7vwb02kFFT0QOJxzDzf3+DGjUlnWh5FZWl5ZXcuu5zY2t7Z3zN29towSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80cXM79wSIWkU3qhxTFyOBiENKEZKS5550C448ZCeQEdSDp0rnewjb0LDYOqZeat4Vj2tlKowJTVrQcp1G9pFK0UeLND0zHenH+GEk1BhhqTs2Vas3AkSimJGpjknkSRGeIQGpKdpiDiR7iS9YQqPtdKHQST0CxVM1e+JCeJSjrmvJzlSQ/nbm4l/eb1EBXVXHxQnioR4vihIGFQRnBUC+1QQrNhYE4QF1X+FeIgEwkrXltMlfF0K/yftUtEuFyvX5XzjfFFHFhyCI1AANqiBBrgETdACGNyBB/AEno1749F4MV7noxljkdkHP2C8fQJpg5du</latexit>

Graviton decoupling

z ⇠ 3700

<latexit sha1_base64="7NkQsfZcUJq7vVhvNRSYU76jgTo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJ9uyu6cVnBPmA6lEyaaUMzmSHJCLX0M9y4UMStX+POvzGdjqCiBy4czrmXe+/xY86URujDyq2tb2xu5bcLO7t7+wfFw6OuihJJaIdEPJJ9HyvKmaAdzTSn/VhSHPqc9vzp1dLv3VGpWCRu9SymXojHggWMYG0k9x4OFAthpYHQsFhC9kW9UivXYUoaKCPVpgMdG6UogQztYfF9MIpIElKhCcdKuQ6KtTfHUjPC6aIwSBSNMZniMXUNFTikypunJy/gmVFGMIikKaFhqn6fmONQqVnom84Q64n67S3Fvzw30UHTmzMRJ5oKsloUJBzqCC7/hyMmKdF8ZggmkplbIZlgiYk2KRVMCF+fwv9Jt2w7Vbt2Uy21LrM48uAEnIJz4IAGaIFr0AYdQEAEHsATeLa09Wi9WK+r1pyVzRyDH7DePgEHu5B2</latexit>

a ⇠ 2.6⇥ 10�4

<latexit sha1_base64="k3QNmHWBo76epseMhz+9OJ4ReO0=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgxpDU9OGu6MZlBfuAJpbJdNIOnTyYmQglFDf+ihsXirj1K9z5N07TCCp64MLhnHu59x4vZlRI0/zQFhaXlldWC2vF9Y3NrW19Z7ctooRj0sIRi3jXQ4IwGpKWpJKRbswJCjxGOt74YuZ3bgkXNAqv5SQmboCGIfUpRlJJfX0fQUfQAJaNKnQkDYiAlnmTntjTvl4yjbPqaaVchRmpmTmx6xa0DDNDCeRo9vV3ZxDhJCChxAwJ0bPMWLop4pJiRqZFJxEkRniMhqSnaIjUMjfNXpjCI6UMoB9xVaGEmfp9IkWBEJPAU50BkiPx25uJf3m9RPp1N6VhnEgS4vkiP2FQRnCWBxxQTrBkE0UQ5lTdCvEIcYSlSq2oQvj6FP5P2mXDso3KlV1qnOdxFMABOATHwAI10ACXoAlaAIM78ACewLN2rz1qL9rrvHVBy2f2wA9ob5+wSZW8</latexit>

t ⇠ 41000yr

<latexit sha1_base64="e66pSYGlhYJy+H0h8Aqang8V6tc=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuwqSmD3dFNy4r2Ae0oUymk3bo5MHMpBBC/8SNC0Xc+ifu/BunaQQVPXDhcM693HuPF3MmFUIfxtr6xubWdmmnvLu3f3BoHh13ZZQIQjsk4pHoe1hSzkLaUUxx2o8FxYHHac+b3Sz93pwKyaLwXqUxdQM8CZnPCFZaGpmmgkPJAujYECEEUzEyK8i6ql/WqnWYkwYqiNO0oW2hHBVQoD0y34fjiCQBDRXhWMqBjWLlZlgoRjhdlIeJpDEmMzyhA01DHFDpZvnlC3iulTH0I6ErVDBXv09kOJAyDTzdGWA1lb+9pfiXN0iU33QzFsaJoiFZLfITDlUElzHAMROUKJ5qgolg+lZIplhgonRYZR3C16fwf9KtWrZj1e6cSuu6iKMETsEZuAA2aIAWuAVt0AEEzMEDeALPRmY8Gi/G66p1zShmTsAPGG+fRuKSKQ==</latexit>

Tcmb ⇠ 10000K

<latexit sha1_base64="XSzc8yw47reHviMCg5eCEqNK6YY=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYCm4Cknty13RjeCmQl/QhjCZTtuhkwczEyGE+ituXCji1g9x5984SSOo6IELh3PuZc4cN2RUSNP80NbWNza3tgs7xd29/YND/ei4L4KIY9LDAQv40EWCMOqTnqSSkWHICfJcRgbu4ir1B3eECxr4XRmHxPbQzKdTipFUkqOXuk6CPXcJx4J60DIVbhy9bBoXjfN6tQEz0jRzUmtZ0DLMDGWQo+Po7+NJgCOP+BIzJMTIMkNpJ4hLihlZFseRICHCCzQjI0V95BFhJ1n4JawoZQKnAVfjS5ip3y8S5AkRpxErHpJz8dtLxb+8USSnLTuhfhhJ4uPVQ9OIQRnAtAk4oZxgyWJFEOZUZYV4jjjCUvVVVCV8/RT+T/pVw6oZ9dtauX2Z11EAJ+AUnAELNEEbXIMO6AEMYvAAnsCzdq89ai/a62p1TctvSuAHtLdPHjaTzA==</latexit>

a ⇠ 10�10

<latexit sha1_base64="zJF3Vf9ZQIdVtIKZYZz8Ne2+Yho=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCG0NS+3JXdOOygn1AG8tkOmmHziRhZiLU0C9x40IRt36KO//GaRpBRQ9cOJxzL/fe40WMSmXbH0ZuZXVtfSO/Wdja3tktmnv7HRnGApM2Dlkoeh6ShNGAtBVVjPQiQRD3GOl608uF370jQtIwuFGziLgcjQPqU4yUloZmEcGBpBw69m1y6tjzoVmyrfPaWbVcgymp2xmpNBzoWHaKEsjQGprvg1GIY04ChRmSsu/YkXITJBTFjMwLg1iSCOEpGpO+pgHiRLpJevgcHmtlBP1Q6AoUTNXvEwniUs64pzs5UhP521uIf3n9WPkNN6FBFCsS4OUiP2ZQhXCRAhxRQbBiM00QFlTfCvEECYSVzqqgQ/j6FP5POmXLqVjV60qpeZHFkQeH4AicAAfUQRNcgRZoAwxi8ACewLNxbzwaL8brsjVnZDMH4AeMt086SpIx</latexit>

z ⇠ 1010

<latexit sha1_base64="AJvCubkj6XM7pEnxObmc844y/0c=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KblxWsA9opyWTpm1okhmSjFKH/ocbF4q49V/c+Tem0xFU9MCFwzn3cu89fsio0o7zYWVWVtfWN7Kbua3tnd29/P5BSwWRxKSJAxbIjo8UYVSQpqaakU4oCeI+I21/ernw27dEKhqIGz0LicfRWNARxUgbqX8Pe4py6Dr92HXmg3zBsc8rZ+ViBSak6qSkVHOhazsJCiBFY5B/7w0DHHEiNGZIqa7rhNqLkdQUMzLP9SJFQoSnaEy6hgrEifLi5Oo5PDHKEI4CaUpomKjfJ2LElZpx33RypCfqt7cQ//K6kR7VvJiKMNJE4OWiUcSgDuAiAjikkmDNZoYgLKm5FeIJkghrE1TOhPD1KfyftIq2W7LL16VC/SKNIwuOwDE4BS6ogjq4Ag3QBBhI8ACewLN1Zz1aL9brsjVjpTOH4Aest098dpHi</latexit>

t ⇠ 1s

<latexit sha1_base64="x3yc7F+hhgeXG/Hjna0Sr7V93po=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfWAbymQ6aYdOJmHmRiilf+HGhSJu/Rt3/o3TNIKKHrhwOOde7r3HjwXX4Dgf1srq2vrGZm4rv72zu7dfODhs6yhRlLVoJCLV9YlmgkvWAg6CdWPFSOgL1vEnVwu/c8+U5pG8hWnMvJCMJA84JWCkO8B9zUPsYj0oFB37onpeKVVxSmpORsp1F7u2k6KIMjQHhff+MKJJyCRQQbTuuU4M3owo4FSweb6faBYTOiEj1jNUkpBpb5ZePMenRhniIFKmJOBU/T4xI6HW09A3nSGBsf7tLcS/vF4CQd2bcRknwCRdLgoSgSHCi/fxkCtGQUwNIVRxcyumY6IIBRNS3oTw9Sn+n7RLtlu2KzflYuMyiyOHjtEJOkMuqqEGukZN1EIUSfSAntCzpa1H68V6XbauWNnMEfoB6+0TzTyQYA==</latexit>

t ⇠ 10�12s

<latexit sha1_base64="usvBblFwRasTyt80M+JLtzR1mE8=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBHcGJLal7uiG5cV7APaWCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO0wgqeuDC4Zx7ufceL2JUKtv+MJaWV1bX1nMb+c2t7Z1ds7DXlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43uZj7nVsiJA35tZpGxA3QiFOfYqS0NDALCvYlDaBj3yQnTmkG5cAs2tZZ9bRSqsKU1OyMlOsOdCw7RRFkaA7M9/4wxHFAuMIMSdlz7Ei5CRKKYkZm+X4sSYTwBI1IT1OOAiLdJD19Bo+0MoR+KHRxBVP1+0SCAimngac7A6TG8rc3F//yerHy625CeRQrwvFikR8zqEI4zwEOqSBYsakmCAuqb4V4jATCSqeV1yF8fQr/J+2S5ZStylW52DjP4siBA3AIjoEDaqABLkETtAAGd+ABPIFn4954NF6M10XrkpHN7IMfMN4+AY2lku0=</latexit>

t ⇠ 10�36s

<latexit sha1_base64="FtblL/D1mR+ez/hpVZLiAuOz5DM=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgxpD07a7oxmUF+4A2lsl00g6dScLMRCmxn+LGhSJu/RJ3/o3TNoKKHrhwOOde7r3HixiVyrY/jMzK6tr6RnYzt7W9s7tn5vfbMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vEmF3O/c0uEpGFwraYRcTkaBdSnGCktDcy8gn1JOXTsm+S0VJ1BOTALtnVWLVWKVbggNTsl5boDHcteoABSNAfme38Y4piTQGGGpOw5dqTcBAlFMSOzXD+WJEJ4gkakp2mAOJFusjh9Bo+1MoR+KHQFCi7U7xMJ4lJOuac7OVJj+dubi395vVj5dTehQRQrEuDlIj9mUIVwngMcUkGwYlNNEBZU3wrxGAmElU4rp0P4+hT+T9pFyylblatyoXGexpEFh+AInAAH1EADXIImaAEM7sADeALPxr3xaLwYr8vWjJHOHIAfMN4+AZbRkvM=</latexit>

t ⇠ 10�43s

<latexit sha1_base64="jrf8ZTrh3tkWXbtDY7TunJW/U1Y=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgxpC06cNd0Y3LCvYBbSyT6aQdOnkwM1FK7Ke4caGIW7/EnX/jNI2gogcuHM65l3vvcSNGhTTNDy23srq2vpHfLGxt7+zu6cX9jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem604uF370lXNAwuJaziDg+GgfUoxhJJQ31ooQDQX1omTfJqV2ZQzHUS6ZxVqtUyzWYkrqZEbthQcswU5RAhtZQfx+MQhz7JJCYISH6lhlJJ0FcUszIvDCIBYkQnqIx6SsaIJ8IJ0lPn8NjpYygF3JVgYSp+n0iQb4QM99VnT6SE/HbW4h/ef1Yeg0noUEUSxLg5SIvZlCGcJEDHFFOsGQzRRDmVN0K8QRxhKVKq6BC+PoU/k86ZcOyjeqVXWqeZ3HkwSE4AifAAnXQBJegBdoAgzvwAJ7As3avPWov2uuyNadlMwfgB7S3T5PEkvE=</latexit>

⇠ eV

<latexit sha1_base64="rfpkqvIuDx6tfHjEKcwPoB5gGOY=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUF+4A2lMl00g6dSeLMRCihP+HGhSJu/R13/o3TNoKKHrhwOOde7r3HjzlT2nE+rJXVtfWNzdxWfntnd2+/cHDYVlEiCW2RiEey62NFOQtpSzPNaTeWFAuf044/uZr7nXsqFYvCWz2NqSfwKGQBI1gbqYv6iglE24NC0bEvqueVUhUtSM3JSLnuItd2FihChuag8N4fRiQRNNSEY6V6rhNrL8VSM8LpLN9PFI0xmeAR7RkaYkGVly7unaFTowxREElToUYL9ftEioVSU+GbToH1WP325uJfXi/RQd1LWRgnmoZkuShIONIRmj+PhkxSovnUEEwkM7ciMsYSE20iypsQvj5F/5N2yXbLduWmXGxcZnHk4BhO4AxcqEEDrqEJLSDA4QGe4Nm6sx6tF+t12bpiZTNH8APW2ye/vY/P</latexit>

T ⇠ 0.05MeV

<latexit sha1_base64="avhabAgmWewzvou/APgrWBTQlt0=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjK1L3dFN26ECn1BO5ZMmmlDM5khySil9D/cuFDErf/izr8xnY6gogcuHM65l3vv8SLOlEbow8qsrK6tb2Q3c1vbO7t7+f2DtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yeXC79xRqVgomnoaUTfAI8F8RrA20m0T9hULILJR+Zq2B/kCss8rZ+ViBSakilJSqjnQsVGCAkjRGOTf+8OQxAEVmnCsVM9BkXZnWGpGOJ3n+rGiESYTPKI9QwUOqHJnydVzeGKUIfRDaUpomKjfJ2Y4UGoaeKYzwHqsfnsL8S+vF2u/5s6YiGJNBVku8mMOdQgXEcAhk5RoPjUEE8nMrZCMscREm6ByJoSvT+H/pF20nZJdvikV6hdpHFlwBI7BKXBAFdTBFWiAFiBAggfwBJ6te+vRerFel60ZK505BD9gvX0CywCRbw==</latexit>

T ⇠ 0.5MeV

<latexit sha1_base64="MWciD1NuAOpqQ2bfyBpjTYuhox0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KbtwIFfqCdiiZNNOGJpkxyRRK6Xe4caGIWz/GnX9jOh1BRQ9cOJxzL/fe40eMKu04H1ZmbX1jcyu7ndvZ3ds/yB8etVUYS0xaOGSh7PpIEUYFaWmqGelGkiDuM9LxJ9dLvzMlUtFQNPUsIh5HI0EDipE2kteEfUU5dOzyLWkP8gXHvqxclIsVmJCqk5JSzYWu7SQogBSNQf69PwxxzInQmCGleq4TaW+OpKaYkUWuHysSITxBI9IzVCBOlDdPjl7AM6MMYRBKU0LDRP0+MUdcqRn3TSdHeqx+e0vxL68X66DmzamIYk0EXi0KYgZ1CJcJwCGVBGs2MwRhSc2tEI+RRFibnHImhK9P4f+kXbTdkl2+KxXqV2kcWXACTsE5cEEV1MENaIAWwOAePIAn8GxNrUfrxXpdtWasdOYY/ID19glZ7ZE1</latexit>

T ⇠ 1� 2MeV

<latexit sha1_base64="dj4DoexEKKheSgx3DywJ8YToGRw=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4cZipfbkrunEjVGhroR1KJs20oUlmTDKFUvodblwo4taPceffmE5HUNEDFw7n3Mu99/gRo0o7zoeVWVldW9/Ibua2tnd29/L7B20VxhKTFg5ZKDs+UoRRQVqaakY6kSSI+4zc+eOrhX83IVLRUDT1NCIeR0NBA4qRNpLXhD1FOXTPijek3c8XHPuicl4uVmBCqk5KSjUXuraToABSNPr5994gxDEnQmOGlOq6TqS9GZKaYkbmuV6sSITwGA1J11CBOFHeLDl6Dk+MMoBBKE0JDRP1+8QMcaWm3DedHOmR+u0txL+8bqyDmjejIoo1EXi5KIgZ1CFcJAAHVBKs2dQQhCU1t0I8QhJhbXLKmRC+PoX/k3bRdkt2+bZUqF+mcWTBETgGp8AFVVAH16ABWgCDe/AAnsCzNbEerRfrddmasdKZQ/AD1tsnVVmRMg==</latexit>

e+e�

<latexit sha1_base64="7YkbwI7LsNAjR+uIG2Up9Rk0Ctw=">AAAB7nicdVDLSgNBEJz1GeMr6tHLYBAEcdndxJhj0IvHCOYBySbMTjrJkNnZZWZWCEs+wosHRbz6Pd78GycPIYoWNBRV3XR3BTFnSjvOp7Wyura+sZnZym7v7O7t5w4O6ypKJIUajXgkmwFRwJmAmmaaQzOWQMKAQyMY3Uz9xgNIxSJxr8cx+CEZCNZnlGgjNaBzjqFz0c3lXduZATu2Vyi7hbIhBc8ruSX8beXRAtVu7qPdi2gSgtCUE6VarhNrPyVSM8phkm0nCmJCR2QALUMFCUH56ezcCT41Sg/3I2lKaDxTlydSEio1DgPTGRI9VL+9qfiX10p0v+ynTMSJBkHni/oJxzrC099xj0mgmo8NIVQycyumQyIJ1Sah7HII/5O6Z7tF+/KumK9cL+LIoGN0gs6Qi65QBd2iKqohikboET2jFyu2nqxX623eumItZo7QD1jvX13cjvQ=</latexit>

Neutrino decoupling
n/p freeze-out

a ⇠ 2⇥ 10�10

<latexit sha1_base64="QL9Qhy9SrRp6R+fFJH/+WkCHwN8=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4MaQ1L7cFd24rGAf0MQymU7aoZMHMxOhhGz8FTcuFHHrZ7jzb5ymEVT0wIXDOfdy7z1uxKiQpvmhFZaWV1bXiuuljc2t7R19d68rwphj0sEhC3nfRYIwGpCOpJKRfsQJ8l1Geu70cu737ggXNAxu5Cwijo/GAfUoRlJJQ/0A2YL6sAJtSX0ioGXeJqeWmQ71smmc189qlTrMSMPMSbVpQcswM5RBjvZQf7dHIY59EkjMkBADy4ykkyAuKWYkLdmxIBHCUzQmA0UDpLY5SfZACo+VMoJeyFUFEmbq94kE+ULMfFd1+khOxG9vLv7lDWLpNZ2EBlEsSYAXi7yYQRnCeRpwRDnBks0UQZhTdSvEE8QRliqzkgrh61P4P+lWDKtq1K6r5dZFHkcRHIIjcAIs0AAtcAXaoAMwSMEDeALP2r32qL1or4vWgpbP7IMf0N4+AdrelVE=</latexit>

z ⇠ 5⇥ 109

<latexit sha1_base64="TgS6Qyvtq+t9NY4hmkw+XfYxqHU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIWk9rkrunFZwT6giWUynbRDJw9mJkKNXfgrblwo4tbfcOffOE0jqOiBC4dz7uXee9yIUSFN80PLLS2vrK7l1wsbm1vbO/ruXkeEMcekjUMW8p6LBGE0IG1JJSO9iBPku4x03cn53O/eEC5oGFzJaUQcH40C6lGMpJIG+sEttAX1YQXakvpEQMu8ThqzgV40jUb1tFKqwpTUzIyU6xa0DDNFEWRoDfR3exji2CeBxAwJ0bfMSDoJ4pJiRmYFOxYkQniCRqSvaIDULidJ75/BY6UMoRdyVYGEqfp9IkG+EFPfVZ0+kmPx25uLf3n9WHp1J6FBFEsS4MUiL2ZQhnAeBhxSTrBkU0UQ5lTdCvEYcYSliqygQvj6FP5POiXDKhuVy3KxeZbFkQeH4AicAAvUQBNcgBZoAwzuwAN4As/avfaovWivi9acls3sgx/Q3j4Bh2WVLg==</latexit>

Quark-gluon phase 
transition

T ⇠ 200MeV

<latexit sha1_base64="jOZ7HjGquMRAPJI3fAnKhqqqJcE=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KbtwIFfqCdiyZNNOGJpkhyShl6H+4caGIW//FnX9jOq2gogcuHM65l3vv8SNGlXacDyuzsrq2vpHdzG1t7+zu5fcP2iqMJSYtHLJQdn2kCKOCtDTVjHQjSRD3Gen4k8u537kjUtFQNPU0Ih5HI0EDipE20m0T9hXlsOg48Jq0B/mCY59XzsrFCkxJ1VmSUs2Fru2kKIAlGoP8e38Y4pgToTFDSvVcJ9JegqSmmJFZrh8rEiE8QSPSM1QgTpSXpFfP4IlRhjAIpSmhYap+n0gQV2rKfdPJkR6r395c/MvrxTqoeQkVUayJwItFQcygDuE8AjikkmDNpoYgLKm5FeIxkghrE1TOhPD1KfyftIu2W7LLN6VC/WIZRxYcgWNwClxQBXVwBRqgBTCQ4AE8gWfr3nq0XqzXRWvGWs4cgh+w3j4BsRORXg==</latexit>

T ⇠ 100GeV

<latexit sha1_base64="I6PvVgKsQY2YtK38pkPuDDE162c=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjK1L3dFF7qs0Be0Y8mkmTY0mRmSjFJK/8ONC0Xc+i/u/BvT6QgqeuDC4Zx7ufceL+JMaYQ+rMzK6tr6RnYzt7W9s7uX3z9oqzCWhLZIyEPZ9bCinAW0pZnmtBtJioXHacebXC78zh2VioVBU08j6go8CpjPCNZGum3CvmICOgjBK9oe5AvIPq+clYsVmJAqSkmp5kDHRgkKIEVjkH/vD0MSCxpowrFSPQdF2p1hqRnhdJ7rx4pGmEzwiPYMDbCgyp0lV8/hiVGG0A+lqUDDRP0+McNCqanwTKfAeqx+ewvxL68Xa7/mzlgQxZoGZLnIjznUIVxEAIdMUqL51BBMJDO3QjLGEhNtgsqZEL4+hf+TdtF2Snb5plSoX6RxZMEROAanwAFVUAfXoAFagAAJHsATeLburUfrxXpdtmasdOYQ/ID19gmmZZFX</latexit>

t ⇠ 10�5

<latexit sha1_base64="mHoEXz39wBuPkkykZJcJNl4TeSs=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4cZipfbkrunFZwT6gnZZMmrahSWZIMkoZ+h9uXCji1n9x59+YTkdQ0QMXDufcy733+CGjSjvOh5VZWV1b38hu5ra2d3b38vsHLRVEEpMmDlggOz5ShFFBmppqRjqhJIj7jLT96dXCb98RqWggbvUsJB5HY0FHFCNtpL6GPUU5dJ1+fFaeD/IFx76onJeLFZiQqpOSUs2Fru0kKIAUjUH+vTcMcMSJ0JghpbquE2ovRlJTzMg814sUCRGeojHpGioQJ8qLk6vn8MQoQzgKpCmhYaJ+n4gRV2rGfdPJkZ6o395C/MvrRnpU82IqwkgTgZeLRhGDOoCLCOCQSoI1mxmCsKTmVognSCKsTVA5E8LXp/B/0irabsku35QK9cs0jiw4AsfgFLigCurgGjRAE2AgwQN4As/WvfVovVivy9aMlc4cgh+w3j4BdJGR3Q==</latexit>

t ⇠ 0.2s

<latexit sha1_base64="HLKjdUyScRNhYhuBFYYMNjVodss=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZLal7uiG5cV7AOaUCbTSTt0ZhJmJkIJ/Q03LhRx68+482+cphFU9MCFwzn3cu89Qcyo0o7zYRXW1jc2t4rbpZ3dvf2D8uFRT0WJxKSLIxbJQYAUYVSQrqaakUEsCeIBI/1gdr30+/dEKhqJOz2Pic/RRNCQYqSN5GnoKcqhY1ehGpUrjn3ZuKhXGzAjTScntZYLXdvJUAE5OqPyuzeOcMKJ0JghpYauE2s/RVJTzMii5CWKxAjP0IQMDRWIE+Wn2c0LeGaUMQwjaUpomKnfJ1LElZrzwHRypKfqt7cU//KGiQ5bfkpFnGgi8GpRmDCoI7gMAI6pJFizuSEIS2puhXiKJMLaxFQyIXx9Cv8nvart1uz6ba3SvsrjKIITcArOgQuaoA1uQAd0AQYxeABP4NlKrEfrxXpdtRasfOYY/ID19gmtM5DT</latexit>

t ⇠ 200� 300s

<latexit sha1_base64="IjV7YqswMDLcCRxMInlv8giaHRc=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgxpD07a7oxmUF+4A2lMl00g6dScLMRCyhv+LGhSJu/RF3/o3TNIKKHriXwzn3MneOFzEqlW1/GLm19Y3Nrfx2YWd3b//APCx2ZRgLTDo4ZKHoe0gSRgPSUVQx0o8EQdxjpOfNrpZ+744IScPgVs0j4nI0CahPMVJaGplFBYeScli2bXgOK7rLkVmyrYt6pVauw5Q07IxUmw50LDtFCWRoj8z34TjEMSeBwgxJOXDsSLkJEopiRhaFYSxJhPAMTchA0wBxIt0kvX0BT7Uyhn4odAUKpur3jQRxKefc05Mcqan87S3Fv7xBrPymm9AgihUJ8OohP2ZQhXAZBBxTQbBic00QFlTfCvEUCYSVjqugQ/j6KfyfdMuWU7VqN9VS6zKLIw+OwQk4Aw5ogBa4Bm3QARjcgwfwBJ6NhfFovBivq9Gcke0cgR8w3j4BoEqSQg==</latexit>

a ⇠ 3⇥ 10�9

<latexit sha1_base64="T66r25EV7ygrtke7spOmNmZIZiA=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4MaQ9N1d0Y3LCvYBTSyT6aQdOnkwMxFK6MZfceNCEbd+hjv/xmkaQUUPXDiccy/33uNGjAppmh9abmV1bX0jv1nY2t7Z3dP3D7oijDkmHRyykPddJAijAelIKhnpR5wg32Wk504vF37vjnBBw+BGziLi+GgcUI9iJJU01I8QtAX1YRnakvpEQMu8Tc6b86FeNI1mrVwt1WBK6mZGKg0LWoaZoggytIf6uz0KceyTQGKGhBhYZiSdBHFJMSPzgh0LEiE8RWMyUDRAapmTpA/M4alSRtALuapAwlT9PpEgX4iZ76pOH8mJ+O0txL+8QSy9hpPQIIolCfBykRczKEO4SAOOKCdYspkiCHOqboV4gjjCUmVWUCF8fQr/J92SYVWM6nWl2LrI4siDY3ACzoAF6qAFrkAbdAAGc/AAnsCzdq89ai/a67I1p2Uzh+AHtLdPzHyVSg==</latexit>

z ⇠ 3⇥ 108

<latexit sha1_base64="VBBZ7SDBRjP5Yv5IO8a6YERQu6s=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIWkb3dFNy4r2Ac0sUymk3bo5MHMRKixC3/FjQtF3Pob7vwbp2kEFT1w4XDOvdx7jxsxKqRpfmi5peWV1bX8emFjc2t7R9/d64gw5pi0cchC3nORIIwGpC2pZKQXcYJ8l5GuOzmf+90bwgUNgys5jYjjo1FAPYqRVNJAP7iFtqA+LENbUp8IaJnXSWM20IumcVorV0s1mJK6mZFKw4KWYaYoggytgf5uD0Mc+ySQmCEh+pYZSSdBXFLMyKxgx4JECE/QiPQVDZDa5STp/TN4rJQh9EKuKpAwVb9PJMgXYuq7qtNHcix+e3PxL68fS6/hJDSIYkkCvFjkxQzKEM7DgEPKCZZsqgjCnKpbIR4jjrBUkRVUCF+fwv9Jp2RYFaN6WSk2z7I48uAQHIETYIE6aIIL0AJtgMEdeABP4Fm71x61F+110ZrTspl98APa2yeCvJUr</latexit>

z ⇠ 5⇥ 1012

<latexit sha1_base64="lqrPMX12d7s/a85GcfQd5gYa3fM=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CoktS93RTcuK9gHNLFMppN26OTBzESoIRt/xY0LRdz6Ge78G6dpBBU9cOFwzr3ce48bMSqkaX5ohaXlldW14nppY3Nre0ff3euKMOaYdHDIQt53kSCMBqQjqWSkH3GCfJeRnju9mPu9W8IFDYNrOYuI46NxQD2KkVTSUD+4g7agPqxBW1KfCGiZN4lVSYd62TTO6qe1Sh1mpGHmpNq0oGWYGcogR3uov9ujEMc+CSRmSIiBZUbSSRCXFDOSluxYkAjhKRqTgaIBUsucJHsghcdKGUEv5KoCCTP1+0SCfCFmvqs6fSQn4rc3F//yBrH0mk5CgyiWJMCLRV7MoAzhPA04opxgyWaKIMypuhXiCeIIS5VZSYXw9Sn8n3QrhlU1alfVcus8j6MIDsEROAEWaIAWuARt0AEYpOABPIFn7V571F6010VrQctn9sEPaG+f8yGVYg==</latexit>

a ⇠ 2⇥ 10�13

<latexit sha1_base64="15M2pRou3K0ra2lsJtT+7aL8KKI=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAR3BiSvt0V3bisYB/QxDKZTtqhkwczE6GEuvFX3LhQxK1/4c6/cZpGUNEDFw7n3Mu997gRo0Ka5oeWW1peWV3Lrxc2Nre2d/TdvY4IY45JG4cs5D0XCcJoQNqSSkZ6ESfIdxnpupOLud+9JVzQMLiW04g4PhoF1KMYSSUN9AMEbUF9WIK2pD4R0DJvklOrPBvoRdM4q5WrpRpMSd3MSKVhQcswUxRBhtZAf7eHIY59EkjMkBB9y4ykkyAuKWZkVrBjQSKEJ2hE+ooGSG1zkvSDGTxWyhB6IVcVSJiq3ycS5Asx9V3V6SM5Fr+9ufiX14+l13ASGkSxJAFeLPJiBmUI53HAIeUESzZVBGFO1a0QjxFHWKrQCiqEr0/h/6RTMqyKUb2qFJvnWRx5cAiOwAmwQB00wSVogTbA4A48gCfwrN1rj9qL9rpozWnZzD74Ae3tEzhMlX4=</latexit>

a ⇠ 2⇥ 10�16

<latexit sha1_base64="b2hOrZIx0NhBCIh1hyn2JWj1Wz0=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCG0NS+3JXdOOygn1AE8tkOm2HziRhZiKUUDf+ihsXirj1L9z5N07TCCp64MLhnHu59x4/YlQq2/4wFhaXlldWc2v59Y3NrW1zZ7clw1hg0sQhC0XHR5IwGpCmooqRTiQI4j4jbX98MfPbt0RIGgbXahIRj6NhQAcUI6WlnrmPoCsph0XoKsqJhI59k5w4lWnPLNjWWeW0XKzAlFTtjJRqDnQsO0UBZGj0zHe3H+KYk0BhhqTsOnakvAQJRTEj07wbSxIhPEZD0tU0QHqbl6QfTOGRVvpwEApdgYKp+n0iQVzKCfd1J0dqJH97M/EvrxurQc1LaBDFigR4vmgQM6hCOIsD9qkgWLGJJggLqm+FeIQEwkqHltchfH0K/yetouWUrPJVqVA/z+LIgQNwCI6BA6qgDi5BAzQBBnfgATyBZ+PeeDRejNd564KRzeyBHzDePgE825WB</latexit>

a ⇠ 10�28

<latexit sha1_base64="nVVZjcAu8Q1NM2oZ+z8t/Sl+Sr0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCG0NS+3JXdOOygn1AG8tkOmmHziRhZiLU0C9x40IRt36KO//GaRpBRQ9cOJxzL/fe40WMSmXbH0ZuZXVtfSO/Wdja3tktmnv7HRnGApM2Dlkoeh6ShNGAtBVVjPQiQRD3GOl608uF370jQtIwuFGziLgcjQPqU4yUloZmEcGBpBw69m1yWm7Mh2bJts5rZ9VyDaakbmek0nCgY9kpSiBDa2i+D0YhjjkJFGZIyr5jR8pNkFAUMzIvDGJJIoSnaEz6mgaIE+km6eFzeKyVEfRDoStQMFW/TySISznjnu7kSE3kb28h/uX1Y+U33IQGUaxIgJeL/JhBFcJFCnBEBcGKzTRBWFB9K8QTJBBWOquCDuHrU/g/6ZQtp2JVryul5kUWRx4cgiNwAhxQB01wBVqgDTCIwQN4As/GvfFovBivy9ackc0cgB8w3j4BR/iSOg==</latexit>

T ⇠ 1015GeV

<latexit sha1_base64="/M8k1dGA9d6jsqQ/TgDziOTO0qk=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaT25a7oQpcV+oI2lsl00g6dScLMRCyhv+LGhSJu/RF3/o3TNIKKHrhwOOde7r3HixiVyrY/jJXVtfWNzdxWfntnd2/fPCh0ZBgLTNo4ZKHoeUgSRgPSVlQx0osEQdxjpOtNLxd+944IScOgpWYRcTkaB9SnGCktDc1CCw4k5dCxbxOnModXpDM0i7Z1Xj2rlKowJTU7I+W6Ax3LTlEEGZpD830wCnHMSaAwQ1L2HTtSboKEopiReX4QSxIhPEVj0tc0QJxIN0lvn8MTrYygHwpdgYKp+n0iQVzKGfd0J0dqIn97C/Evrx8rv+4mNIhiRQK8XOTHDKoQLoKAIyoIVmymCcKC6lshniCBsNJx5XUIX5/C/0mnZDllq3JTLjYusjhy4Agcg1PggBpogGvQBG2AwT14AE/g2Zgbj8aL8bpsXTGymUPwA8bbJx7/kzw=</latexit>



Particles at equilibrium
Distribution function: f(t, ~x, ~p) ! f(t, p)

<latexit sha1_base64="XZFqSumORB8F5uMzwfANHUC2i+Q=">AAACEHicdVDLSgMxFM3UV62vqks3wSK2IGWm9uWu6MZlBfuAtpRMmmlDMw+SO9Uy9BPc+CtuXCji1qU7/8b0IajogZDDOeeS3GMHgiswzQ8jtrS8sroWX09sbG5t7yR39+rKDyVlNeoLXzZtopjgHqsBB8GagWTEtQVr2MOLqd8YMam4713DOGAdl/Q97nBKQEvd5LGThpP2iNHodjK/g0kGtyXvD4BI6d/gaSDIdJMpM3tWPC3kinhGSuaC5MsWtrLmDCm0QLWbfG/3fBq6zAMqiFItywygExEJnAo2SbRDxQJCh6TPWpp6xGWqE80WmuAjrfSw40t9PMAz9ftERFylxq6tky6BgfrtTcW/vFYITrkTcS8IgXl0/pATCgw+nraDe1wyCmKsCaGS679iOiCSUNAdJnQJX5vi/0k9l7Xy2cJVPlU5X9QRRwfoEKWRhUqogi5RFdUQRXfoAT2hZ+PeeDRejNd5NGYsZvbRDxhvn1sJnNE=</latexit>

Describes collection of particles of 
given energy at time t

E(p) =
p
p2 +m2

<latexit sha1_base64="MRnBQ+uQBQLuX0rEeHlazMTJMus=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFqAjDTO3LhVAUwWUF+4B2WjJppg3NZMYkI5ShG3/FjQtF3PoZ7vwb04egogcuHM65l3vvcUNGpbKsDyOxsLi0vJJcTa2tb2xupbd36jKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwhxcTv3FHhKQBv1GjkDg+6nPqUYyUlrrpvctseATPYFveChWHnRw8hn4nN+6mM5Z5Wjwp5IpwSkrWnOTLNrRNa4oMmKPaTb+3ewGOfMIVZkjKlm2FyomRUBQzMk61I0lChIeoT1qacuQT6cTTB8bwUCs96AVCF1dwqn6fiJEv5ch3daeP1ED+9ibiX14rUl7ZiSkPI0U4ni3yIgZVACdpwB4VBCs20gRhQfWtEA+QQFjpzFI6hK9P4f+knjPtvFm4zmcq5/M4kmAfHIAssEEJVMAVqIIawGAMHsATeDbujUfjxXidtSaM+cwu+AHj7RNUspT/</latexit>

n =
g

2⇡2

Z
dp

p2

eE(p)/T ± 1

<latexit sha1_base64="iJw2NQVZ8kQFHgQdNd0xeot0+n4="></latexit>

P =
g

2⇡2

Z
dpp2

eE(p)/T ± 1

p2

3E(p)

<latexit sha1_base64="0nOajDPLgQ3JUsMzEm1gt49KMoo="></latexit>

⇢ =
g

2⇡2

Z
dpp2

eE(p)/T ± 1
E(p)

<latexit sha1_base64="cJUpJQrFwSceuft7Tt4fvLkKEiY="></latexit>

Degrees of freedom

Number density

Energy density

Pressure

+

<latexit sha1_base64="TsoUlSTs1IQ7fxtxpHmBoj0MUiA=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGGZiNm9BLx4TMAskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GCura+sbm7mt/PbO7t5+4eCwI8NYUGjTkIei5xIJnAXQVkxx6EUCiO9y6LrT64XfvQchWRjcqlkEjk/GAfMYJUpLrfNhoWiZl9WLSqmKU1KzMlKu29g2rRRFlKE5LLwPRiGNfQgU5UTKvm1FykmIUIxymOcHsYSI0CkZQ1/TgPggnSQ9dI5PtTLCXih0BQqn6veJhPhSznxXd/pETeRvbyH+5fVj5dWdhAVRrCCgy0VezLEK8eJrPGICqOIzTQgVTN+K6YQIQpXOJq9D+PoU/086JdMum5VWudi4yuLIoWN0gs6QjWqogW5QE7URRYAe0BN6Nu6MR+PFeF22rhjZzBH6AePtE/rhjRQ=</latexit>

�

<latexit sha1_base64="d9GWcDAg8SkpJ+s0rT1IxvfqvD4=">AAAB6HicdVDJSgNBEO1xjXGLevTSGAQvDjMxm7egF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YmYygog8KHu9VUVXPjTiTyrI+jJXVtfWNzdxWfntnd2+/cHDYkWEsKLRpyEPRc4kEzgJoK6Y49CIBxHc5dN3p9cLv3oOQLAxu1SwCxyfjgHmMEqWl1vmwULTMy+pFpVTFKalZGSnXbWybVooiytAcFt4Ho5DGPgSKciJl37Yi5SREKEY5zPODWEJE6JSMoa9pQHyQTpIeOsenWhlhLxS6AoVT9ftEQnwpZ76rO32iJvK3txD/8vqx8upOwoIoVhDQ5SIv5liFePE1HjEBVPGZJoQKpm/FdEIEoUpnk9chfH2K/yedkmmXzUqrXGxcZXHk0DE6QWfIRjXUQDeoidqIIkAP6Ak9G3fGo/FivC5bV4xs5gj9gPH2Cf3pjRY=</latexit>

Fermions
Bosons

Physical momentum

T =
T0

a

<latexit sha1_base64="oFfLa4tLkg9T1WHqkc7yzSx758M=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaT25UIounFZoS9oQ5hMJ+3QyYOZiVJiPsWNC0Xc+iXu/BunaQQVPXDhcM693HuPGzEqpGl+aCura+sbm4Wt4vbO7t6+XjroiTDmmHRxyEI+cJEgjAakK6lkZBBxgnyXkb47u1r4/VvCBQ2DjpxHxPbRJKAexUgqydFLHXgBRx5HOOk4Zpqg1NHLpnFeP6tV6jAjDTMn1aYFLcPMUAY52o7+PhqHOPZJIDFDQgwtM5J2grikmJG0OIoFiRCeoQkZKhognwg7yU5P4YlSxtALuapAwkz9PpEgX4i576pOH8mp+O0txL+8YSy9pp3QIIolCfBykRczKEO4yAGOKSdYsrkiCHOqboV4ilQOUqVVVCF8fQr/J72KYVWN2k213LrM4yiAI3AMToEFGqAFrkEbdAEGd+ABPIFn7V571F6012XripbPHIIf0N4+Ab97k7c=</latexit>

Remember

n = n(T )

<latexit sha1_base64="dRDoRSH6AXHyorXsY4WGNtJNoSY=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoMQL2E35uVBCHrxGCGJgWQJs5NJMmR2dp2ZFULIT3jxoIhXf8ebf+Nks4KKFjQUVd10d3khZ0rb9oeVWlldW99Ib2a2tnd297L7B20VRJLQFgl4IDseVpQzQVuaaU47oaTY9zi99SZXC//2nkrFAtHU05C6Ph4JNmQEayN1BLpAIt887WdzduG8clYuVlBMqnZCSjUHOQU7Rg4SNPrZ994gIJFPhSYcK9V17FC7Myw1I5zOM71I0RCTCR7RrqEC+1S5s/jeOToxygANA2lKaBSr3ydm2Fdq6num08d6rH57C/EvrxvpYc2dMRFGmgqyXDSMONIBWjyPBkxSovnUEEwkM7ciMsYSE20iypgQvj5F/5N2seCUCuWbUq5+mcSRhiM4hjw4UIU6XEMDWkCAwwM8wbN1Zz1aL9brsjVlJTOH8APW2yfIsI8t</latexit>

⇢ = ⇢(T )

<latexit sha1_base64="F/IlAPizgswasV5I06zBfYff1YY=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxC3YSk9uVCKLpxWaEvaEOZTCft0MmDmYlQQ7/EjQtF3Pop7vwbJ2kEFT1wuYdz7mXuHCdkVEjT/NBya+sbm1v57cLO7t5+UT847Ikg4ph0ccACPnCQIIz6pCupZGQQcoI8h5G+M79O/P4d4YIGfkcuQmJ7aOpTl2IklTTWi4URnwXwEiat3Dkb6yXTuKif1yp1mJKGmZFq04KWYaYogQztsf4+mgQ48ogvMUNCDC0zlHaMuKSYkWVhFAkSIjxHUzJU1EceEXacHr6Ep0qZQDfgqnwJU/X7Row8IRaeoyY9JGfit5eIf3nDSLpNO6Z+GEni49VDbsSgDGCSApxQTrBkC0UQ5lTdCvEMcYSlyqqgQvj6Kfyf9CqGVTVqt9VS6yqLIw+OwQkoAws0QAvcgDboAgwi8ACewLN2rz1qL9rrajSnZTtH4Ae0t08ZP5Ic</latexit>

P = P (T )

<latexit sha1_base64="0OBZrAvpih7471MHx0jPlF+G+Ro=">AAAB73icdVDLSsNAFJ3UV62vqks3g0Wom5DUvlwIRTcuI7S10IYymU7aoZNJnJkIJfQn3LhQxK2/486/cZpGUNEDFw7n3Mu993gRo1JZ1oeRW1ldW9/Ibxa2tnd294r7B10ZxgKTDg5ZKHoekoRRTjqKKkZ6kSAo8Bi59aZXC//2nghJQ95Ws4i4ARpz6lOMlJZ6DryATrl9OiyWLPO8flar1GFKGlZGqk0b2qaVogQyOMPi+2AU4jggXGGGpOzbVqTcBAlFMSPzwiCWJEJ4isakrylHAZFukt47hydaGUE/FLq4gqn6fSJBgZSzwNOdAVIT+dtbiH95/Vj5TTehPIoV4Xi5yI8ZVCFcPA9HVBCs2EwThAXVt0I8QQJhpSMq6BC+PoX/k27FtKtm7aZaal1mceTBETgGZWCDBmiBa+CADsCAgQfwBJ6NO+PReDFel605I5s5BD9gvH0CbJSO8Q==</latexit>



1st law of thermodynamics

TdS = dE + PdV

<latexit sha1_base64="YdYvthv5irmMzi2/h7Qp6rltFTI=">AAAB+nicdVDJSgNBEO2JW4xbokcvhUEQhDATs3kQgiJ4jJgNkiH09HSSJj0L3T1KiPkULx4U8eqXePNv7CQjqOiDgsd7VVTVc0LOpDLNDyOxtLyyupZcT21sbm3vpDO7TRlEgtAGCXgg2g6WlDOfNhRTnLZDQbHncNpyRhczv3VLhWSBX1fjkNoeHviszwhWWuqlM3Vwb+AMXLiEY6iB2+yls2butHRSzJdgTspmTAoVC6ycOUcWxaj10u9dNyCRR31FOJayY5mhsidYKEY4naa6kaQhJiM8oB1NfexRaU/mp0/hUCsu9AOhy1cwV79PTLAn5dhzdKeH1VD+9mbiX14nUv2KPWF+GCnqk8WifsRBBTDLAVwmKFF8rAkmgulbgQyxwETptFI6hK9P4X/SzOesQq54XchWz+M4kmgfHaAjZKEyqqIrVEMNRNAdekBP6Nm4Nx6NF+N10Zow4pk99APG2ye6t5HA</latexit>

E = ⇢V

<latexit sha1_base64="dDktOXria1QSLkdN38N3aDXdB6s=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0zty4VQFMFlBfvAdiiZNNOGZpIhyQhl6F+4caGIW//GnX9jOh1BRQ9cOJxzL/fe40eMKu04H9bS8srq2npuI7+5tb2zW9jbbysRS0xaWDAhuz5ShFFOWppqRrqRJCj0Gen4k8u537knUlHBb/U0Il6IRpwGFCNtpLsreA77cixge1AoOvZZ9bRSqsKU1JyMlOsudG0nRRFkaA4K7/2hwHFIuMYMKdVznUh7CZKaYkZm+X6sSITwBI1Iz1COQqK8JL14Bo+NMoSBkKa4hqn6fSJBoVLT0DedIdJj9dubi395vVgHdS+hPIo14XixKIgZ1ALO34dDKgnWbGoIwpKaWyEeI4mwNiHlTQhfn8L/Sbtku2W7clMuNi6yOHLgEByBE+CCGmiAa9AELYABBw/gCTxbynq0XqzXReuSlc0cgB+w3j4BaPGQIA==</latexit>

Pressure

Volume

Entropy

Energy = energy density x volume

V = a3

<latexit sha1_base64="1ZcXAFFfI/m6ROFq/BblAn1GtuU=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0x2D0LQi8cIZoFkDD2dnqRJz0J3jxCGfIQXD4p49Xu8+Td2JiOo6IOCx3tVVNVzI86ksqwPY2V1bX1jM7eV397Z3dsvHBx2ZBgLQtsk5KHouVhSzgLaVkxx2osExb7LadedXi387j0VkoXBrZpF1PHxOGAeI1hpqdtBFwjflYeFomWe18rVUg2lpG5lpNKwkW1aKYqQoTUsvA9GIYl9GijCsZR924qUk2ChGOF0nh/EkkaYTPGY9jUNsE+lk6TnztGpVkbIC4WuQKFU/T6RYF/Kme/qTh+rifztLcS/vH6svIaTsCCKFQ3IcpEXc6RCtPgdjZigRPGZJpgIpm9FZIIFJkonlNchfH2K/iedkmlXzOpNpdi8zOLIwTGcwBnYUIcmXEML2kBgCg/wBM9GZDwaL8brsnXFyGaO4AeMt09LE47q</latexit>

Entropy density s =
⇢+ P

T

<latexit sha1_base64="50NNAjY/Z5aUA/xMU2T6HveUzbY=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARBKEktS8XQtGNywp9QRPKZDpph04ezEyEErPwV9y4UMStv+HOv3GaRlDRAxcO59zLvfc4IaNCGsaHlltaXlldy68XNja3tnf03b2uCCKOSQcHLOB9BwnCqE86kkpG+iEnyHMY6TnTq7nfuyVc0MBvy1lIbA+NfepSjKSShvqBgBfQcjnCscUnATyFrSRuJ0O9aJTOa2fVcg2mpG5kpNIwoVkyUhRBhtZQf7dGAY484kvMkBAD0wilHSMuKWYkKViRICHCUzQmA0V95BFhx+n9CTxWygi6AVflS5iq3ydi5Akx8xzV6SE5Eb+9ufiXN4ik27Bj6oeRJD5eLHIjBmUA52HAEeUESzZTBGFO1a0QT5AKQ6rICiqEr0/h/6RbLpmVUvWmUmxeZnHkwSE4AifABHXQBNegBToAgzvwAJ7As3avPWov2uuiNadlM/vgB7S3T/ewlXg=</latexit>

S = S(T, V )

<latexit sha1_base64="v7YwsRbiPaRlYNVNkKzgmnbaNZg=">AAAB73icdVDLSsNAFJ3UV62vqks3g0WoICGpfbkQim5cVvqENpTJdNIOnUzizEQopT/hxoUibv0dd/6N0zSCih64cDjnXu69xw0ZlcqyPozUyura+kZ6M7O1vbO7l90/aMsgEpi0cMAC0XWRJIxy0lJUMdINBUG+y0jHnVwv/M49EZIGvKmmIXF8NOLUoxgpLXUbl41886x9OsjmLPOifF4qlGFMKlZCilUb2qYVIwcS1AfZ9/4wwJFPuMIMSdmzrVA5MyQUxYzMM/1IkhDhCRqRnqYc+UQ6s/jeOTzRyhB6gdDFFYzV7xMz5Es59V3d6SM1lr+9hfiX14uUV3VmlIeRIhwvF3kRgyqAi+fhkAqCFZtqgrCg+laIx0ggrHREGR3C16fwf9IumHbRLN0Wc7WrJI40OALHIA9sUAE1cAPqoAUwYOABPIFn4854NF6M12VrykhmDsEPGG+f2xuPOQ==</latexit>

⇢ = ⇢(T )

<latexit sha1_base64="F/IlAPizgswasV5I06zBfYff1YY=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxC3YSk9uVCKLpxWaEvaEOZTCft0MmDmYlQQ7/EjQtF3Pop7vwbJ2kEFT1wuYdz7mXuHCdkVEjT/NBya+sbm1v57cLO7t5+UT847Ikg4ph0ccACPnCQIIz6pCupZGQQcoI8h5G+M79O/P4d4YIGfkcuQmJ7aOpTl2IklTTWi4URnwXwEiat3Dkb6yXTuKif1yp1mJKGmZFq04KWYaYogQztsf4+mgQ48ogvMUNCDC0zlHaMuKSYkWVhFAkSIjxHUzJU1EceEXacHr6Ep0qZQDfgqnwJU/X7Row8IRaeoyY9JGfit5eIf3nDSLpNO6Z+GEni49VDbsSgDGCSApxQTrBkC0UQ5lTdCvEMcYSlyqqgQvj6Kfyf9CqGVTVqt9VS6yqLIw+OwQkoAws0QAvcgDboAgwi8ACewLN2rz1qL9rrajSnZTtH4Ae0t08ZP5Ic</latexit>

P = P (T )

<latexit sha1_base64="0OBZrAvpih7471MHx0jPlF+G+Ro=">AAAB73icdVDLSsNAFJ3UV62vqks3g0Wom5DUvlwIRTcuI7S10IYymU7aoZNJnJkIJfQn3LhQxK2/486/cZpGUNEDFw7n3Mu993gRo1JZ1oeRW1ldW9/Ibxa2tnd294r7B10ZxgKTDg5ZKHoekoRRTjqKKkZ6kSAo8Bi59aZXC//2nghJQ95Ws4i4ARpz6lOMlJZ6DryATrl9OiyWLPO8flar1GFKGlZGqk0b2qaVogQyOMPi+2AU4jggXGGGpOzbVqTcBAlFMSPzwiCWJEJ4isakrylHAZFukt47hydaGUE/FLq4gqn6fSJBgZSzwNOdAVIT+dtbiH95/Vj5TTehPIoV4Xi5yI8ZVCFcPA9HVBCs2EwThAXVt0I8QQJhpSMq6BC+PoX/k27FtKtm7aZaal1mceTBETgGZWCDBmiBa+CADsCAgQfwBJ6NO+PReDFel605I5s5BD9gvH0CbJSO8Q==</latexit>

@S

@V
=

⇢+ P

T

<latexit sha1_base64="ClROAzgX1z2rVfUbzC+FUsY+Whg="></latexit>

@S

@T
=

V

T

@⇢

@T

<latexit sha1_base64="7WKJ/CetytVaGR75F22hjtDGtTo="></latexit>

Consistency: 
@

@V

@S

@T
=

@

@T

@S

@V

<latexit sha1_base64="vkIJ0QXxCNIA3CJL++2unnZrIiM="></latexit>

dP =
⇢+ P

T
dT

<latexit sha1_base64="52BsvmWcdf62ZS1iUrYRdJQQvIk=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBZBEEpS+3IhFN24rNAXNKVMJpN26CQTZiZCCQU3/oobF4q49Sfc+TdO2wgqeuDC4Zx7ufceN2JUKsv6MDJLyyura9n13Mbm1vaOubvXljwWmLQwZ1x0XSQJoyFpKaoY6UaCoMBlpOOOr2Z+55YISXnYVJOI9AM0DKlPMVJaGpgHXgNeQMcXCCeOGHF4ChvTpDmFXnNg5q3CeeWsXKzAOalaKSnVbGgXrDnyIEVjYL47HsdxQEKFGZKyZ1uR6idIKIoZmeacWJII4TEakp6mIQqI7CfzH6bwWCse9LnQFSo4V79PJCiQchK4ujNAaiR/ezPxL68XK7/WT2gYxYqEeLHIjxlUHM4CgR4VBCs20QRhQfWtEI+QzkPp2HI6hK9P4f+kXSzYpUL5ppSvX6ZxZMEhOAInwAZVUAfXoAFaAIM78ACewLNxbzwaL8brojVjpDP74AeMt09URZa5</latexit>

dS = d


(⇢+ P )V

T

�
= 0

<latexit sha1_base64="Jo/GB8b9/wmofoB2Y+bl+5/CAIU="></latexit>

Entropy is conserved for 
equilibrium processes



Relativistic species m ⌧ T

<latexit sha1_base64="ohGw5dykbqkZ237ecwMkECO0Hbs=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFclaT25a7oxmWFvqANZTKdtENnkjAzEUroR7hxoYhbv8edf+M0jaCiBy4czrmXe+/xIs6Utu0Pa219Y3NrO7eT393bPzgsHB13VRhLQjsk5KHse1hRzgLa0Uxz2o8kxcLjtOfNbpZ+755KxcKgrecRdQWeBMxnBGsj9QQaco7ao0LRLl3VLqvlGkpJ3c5IpeEgp2SnKEKG1qjwPhyHJBY00IRjpQaOHWk3wVIzwukiP4wVjTCZ4QkdGBpgQZWbpOcu0LlRxsgPpalAo1T9PpFgodRceKZTYD1Vv72l+Jc3iLXfcBMWRLGmAVkt8mOOdIiWv6Mxk5RoPjcEE8nMrYhMscREm4TyJoSvT9H/pFsuOZVS9a5SbF5nceTgFM7gAhyoQxNuoQUdIDCDB3iCZyuyHq0X63XVumZlMyfwA9bbJ/aVj1o=</latexit>

E(p) ⇡ p

<latexit sha1_base64="HSn35rAUdRAMNtQsn2tg2Vnkefc=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0Wom5DUvtwVRXBZwT6gjWUynbRDJ8kwM1FL6H+4caGIW//FnX/jNI2gogcuHM65l3vvcTmjUlnWh5FZWl5ZXcuu5zY2t7Z38rt7bRlGApMWDlkoui6ShNGAtBRVjHS5IMh3Gem4k/O537klQtIwuFZTThwfjQLqUYyUlm4uivwY9hHnIryHfJAvWOZp9aRSqsKE1KyUlOs2tE0rQQGkaA7y7/1hiCOfBAozJGXPtrhyYiQUxYzMcv1IEo7wBI1IT9MA+UQ6cXL1DB5pZQi9UOgKFEzU7xMx8qWc+q7u9JEay9/eXPzL60XKqzsxDXikSIAXi7yIQRXCeQRwSAXBik01QVhQfSvEYyQQVjqonA7h61P4P2mXTLtsVq7KhcZZGkcWHIBDUAQ2qIEGuARN0AIYCPAAnsCzcWc8Gi/G66I1Y6Qz++AHjLdPyoOSFw==</latexit>

n =
gT 3

2⇡2

Z 1

0

x2

ex ± 1

<latexit sha1_base64="gCqRGoFgspp85+kIOB10kQ0BgEw="></latexit>

nB =
g⇣(3)

⇡2
T 3

<latexit sha1_base64="XWR26JHwjb75nruuYdOEN1Irclk="></latexit>

nF =
3

4
nB

<latexit sha1_base64="uYgTfSCTnilcvD+71tdNu2cR/CU=">AAACAHicdVDLSsNAFJ3UV62vqgsXbgaL4KokfbsQSgVxWcE+oA1hMp20QyeTMDMRSsjGX3HjQhG3foY7/8ZpWkFFD1w4nHMv997jhoxKZZofRmZldW19I7uZ29re2d3L7x90ZRAJTDo4YIHou0gSRjnpKKoY6YeCIN9lpOdOL+d+744ISQN+q2YhsX005tSjGCktOfkj7sRXCbyAQ08gHJeTuJJA7rScfMEsntfK1VINpqRuLkmlYUGraKYogCXaTv59OApw5BOuMENSDiwzVHaMhKKYkSQ3jCQJEZ6iMRloypFPpB2nDyTwVCsj6AVCF1cwVb9PxMiXcua7utNHaiJ/e3PxL28QKa9hx5SHkSIcLxZ5EYMqgPM04IgKghWbaYKwoPpWiCdIJ6F0Zjkdwten8H/SLRWtSrF6Uyk0W8s4suAYnIAzYIE6aIJr0AYdgEECHsATeDbujUfjxXhdtGaM5cwh+AHj7RPi2ZX8</latexit>

Number density
Bosons

Fermions

Energy density
⇢B =

⇡2g

30
T 4

<latexit sha1_base64="U+HflJDWshNGYcpLjb7WmjWILPU=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhbBVUja9OFCKHXjskIfQtOWyXTSDp08mJkIJWTpxl9x40IRt36CO//G6UNQ0QMXDufcy733uBGjQprmh5ZZWV1b38hu5ra2d3b39P2DtghjjkkLhyzkNy4ShNGAtCSVjNxEnCDfZaTjTi5nfueWcEHDoCmnEen5aBRQj2IklTTQjx0+Dgd1eAEdjyOcOBHtF+AoTYpmCpt9e6DnTeO8XCwVynBOKuaS2FULWoY5Rx4s0Rjo784wxLFPAokZEqJrmZHsJYhLihlJc04sSITwBI1IV9EA+UT0kvkjKTxVyhB6IVcVSDhXv08kyBdi6ruq00dyLH57M/EvrxtLr9pLaBDFkgR4sciLGZQhnKUCh5QTLNlUEYQ5VbdCPEYqEKmyy6kQvj6F/5N2wbBso3Rt52v1ZRxZcAROwBmwQAXUwBVogBbA4A48gCfwrN1rj9qL9rpozWjLmUPwA9rbJ+RjmKY=</latexit>

⇢F =
7

8
⇢B

<latexit sha1_base64="Dms3ceHYD/6iiHzEmmIRNJY1JH4=">AAACBXicdVDLSsNAFJ3UV62vqEtdDBbBVUhqXy6EUkFcVrAPaEqZTCft0MmDmYlQQjZu/BU3LhRx6z+482+cphFU9MCFwzn3cu89TsiokKb5oeWWlldW1/LrhY3Nre0dfXevI4KIY9LGAQt4z0GCMOqTtqSSkV7ICfIcRrrO9GLud28JFzTwb+QsJAMPjX3qUoykkob6oc0nwfASnkNouxzhuJbE9QSmanOoF03jrHpaKVVhSmpmRsp1C1qGmaIIMrSG+rs9CnDkEV9ihoToW2YoBzHikmJGkoIdCRIiPEVj0lfURx4Rgzj9IoHHShlBN+CqfAlT9ftEjDwhZp6jOj0kJ+K3Nxf/8vqRdOuDmPphJImPF4vciEEZwHkkcEQ5wZLNFEGYU3UrxBOkwpAquIIK4etT+D/plAyrbFSuy8VGM4sjDw7AETgBFqiBBrgCLdAGGNyBB/AEnrV77VF70V4XrTktm9kHP6C9fQI2tZfM</latexit>

P =
1

3
⇢

<latexit sha1_base64="j5OSF7xJRukAfCyU3McCWnRW3dE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFZK+XQhFNy4r2Ac0oUymk3bo5MHMRKgh+CtuXCji1v9w5984TSOo6IELh3Pu5d573IhRIU3zQ1taXlldWy9sFDe3tnd29b39rghjjkkHhyzkfRcJwmhAOpJKRvoRJ8h3Gem508u537slXNAwuJGziDg+GgfUoxhJJQ31wzY8h7bHEU6sNKmk0OaTcKiXTOOsXqmV6zAjDTMn1aYFLcPMUAI52kP93R6FOPZJIDFDQgwsM5JOgrikmJG0aMeCRAhP0ZgMFA2QT4STZNen8EQpI+iFXFUgYaZ+n0iQL8TMd1Wnj+RE/Pbm4l/eIJZe00loEMWSBHixyIsZlCGcRwFHlBMs2UwRhDlVt0I8QSoKqQIrqhC+PoX/k27ZsKpG7bpaal3kcRTAETgGp8ACDdACV6ANOgCDO/AAnsCzdq89ai/a66J1SctnDsAPaG+flayUtg==</latexit>

Pressure

Bosons

Fermions

⇢ =
gT 4

2⇡2

Z 1

0

x3dx

ex ± 1

<latexit sha1_base64="tfl35aIy0YlNZmQJyz6+S6emf/s="></latexit>

Entropy density s =
4

3

⇢

T
/ n

<latexit sha1_base64="8IDp/WCowdoWzgdN7uNrXmhnUf0=">AAACEnicdVBLSwMxGMzWV62vqkcvwSLopez27UEoevFYoS/oLiWbZtvQ7GZJskJZ9jd48a948aCIV0/e/Dem7QoqOhCYzHwfyYwbMiqVaX4YmZXVtfWN7GZua3tndy+/f9CVPBKYdDBnXPRdJAmjAekoqhjph4Ig32Wk506v5n7vlghJedBWs5A4PhoH1KMYKS0N82cSwgtoewLhuJLE5STltpjwJG7rayh4qDjUswWzeF4rV0s1uCB1MyWVhgWtorlAAaRoDfPv9ojjyCeBwgxJObDMUDkxEopiRpKcHUkSIjxFYzLQNEA+kU68iJTAE62MoMeFPoGCC/X7Rox8KWe+qyd9pCbytzcX//IGkfIaTkyDMFIkwMuHvIhBHXHeDxxRQbBiM00QFlT/FeIJ0pUo3WJOl/CVFP5PuqWiVSlWbyqF5mVaRxYcgWNwCixQB01wDVqgAzC4Aw/gCTwb98aj8WK8LkczRrpzCH7AePsE7meduA==</latexit>



Relativistic degrees of freedom
Several relativistic species add together to the radiation energy density — Relevant only during the radiation era

— Neutrinos are then approximately massless

⇢r =
⇡2g⇤
30

T 4
�

<latexit sha1_base64="KyMc0j0PlzpcNJZOUGzvfNAihK0="></latexit>

Effective massless degrees of freedom

g⇤ =
X

bosons,I

gI

✓
TI

T�

◆4

+
7

8

X

fermions,I

gI

✓
TI

T�

◆4

<latexit sha1_base64="1xOOAdtzEccOYyF4tbLd0SR7b8A="></latexit>

T & 300GeV

<latexit sha1_base64="0ym3Phxp1AX5Okig0RDLR1nF2nY=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiR9uyu60GWFvqANZTKdtENnkjAzUUrsp7hxoYhbv8Sdf+O0jaCiBy4czrmXe+/xIkalsu0PI7O2vrG5ld3O7ezu7R+Y+cOODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3p5cLv3hIhaRi01CwiLkfjgPoUI6WloZlvwcFYaZ/Dkm3DK9IZmgXbOq+WKsUqXJKanZJy3YGOZS9RACmaQ/N9MApxzEmgMENS9h07Um6ChKKYkXluEEsSITxFY9LXNECcSDdZnj6Hp1oZQT8UugIFl+r3iQRxKWfc050cqYn87S3Ev7x+rPy6m9AgihUJ8GqRHzOoQrjIAY6oIFixmSYIC6pvhXiCBMJKp5XTIXx9Cv8nnaLllK3KTbnQuEjjyIJjcALOgANqoAGuQRO0AQZ34AE8gWfj3ng0XozXVWvGSGeOwA8Yb5+bTpL1</latexit>

g⇤ ⇡ 106.75

<latexit sha1_base64="h8ZDEqHS6jrpA2suG6DHs9cp0hc=">AAAB+3icdVDLSsNAFJ3UV62vWJduBosgLkJS+3JXdOOygn1AG8JkOm2HTjJhZiItob/ixoUibv0Rd/6N0zSCih64cDjnXu69x48Ylcq2P4zc2vrG5lZ+u7Czu7d/YB4WO5LHApM25oyLno8kYTQkbUUVI71IEBT4jHT96fXS794TISkP79Q8Im6AxiEdUYyUljyzOPbO4QBFkeAz6Ng1q171zJJtXdYuquUaTEndzkil4UDHslOUQIaWZ74PhhzHAQkVZkjKvmNHyk2QUBQzsigMYkkihKdoTPqahigg0k3S2xfwVCtDOOJCV6hgqn6fSFAg5TzwdWeA1ET+9pbiX14/VqOGm9AwihUJ8WrRKGZQcbgMAg6pIFixuSYIC6pvhXiCBMJKx1XQIXx9Cv8nnbLlVKzqbaXUvMriyINjcALOgAPqoAluQAu0AQYz8ACewLOxMB6NF+N11Zozspkj8APG2yfwTZMb</latexit>

All standard model particles are relativistic:

1MeV  T  100MeV

<latexit sha1_base64="g6nFZ03ai4HTSNEzZMRZY62EUGc=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoNBsAq7MS+7oI2NECEvSJYwO7lJhsw+mJkVQkjjr9hYKGLrZ9j5N85uVlDRA/dyOOdeZu5xQ86ksqwPI7Oyura+kd3MbW3v7O6Z+wdtGUSCQosGPBBdl0jgzIeWYopDNxRAPJdDx51exX7nDoRkgd9UsxAcj4x9NmKUKC0NzCMb30Ab9zngZtJty4qVgZm3CheV83KxghNStVJSqtnYLlgJ8ihFY2C+94cBjTzwFeVEyp5thcqZE6EY5bDI9SMJIaFTMoaepj7xQDrz5IAFPtXKEI8CoctXOFG/b8yJJ+XMc/WkR9RE/vZi8S+vF6lRzZkzP4wU+HT50CjiWAU4TgMPmQCq+EwTQgXTf8V0QgShSmeW0yF8XYr/J+1iwS4VyrelfP0yjSOLjtEJOkM2qqI6ukYN1EIULdADekLPxr3xaLwYr8vRjJHuHKIfMN4+AR5KlDY=</latexit>

me± ⇠ 0.5MeV

<latexit sha1_base64="yQnMG/qxBptqKOr4OJByXEGBOQA=">AAACAXicdVDLSgNBEJyNrxhfq14EL4NB8LTsxry8Bb14ESKYREhimJ10kiEzu8vMrBCWePFXvHhQxKt/4c2/cfIQVLSgoajqprvLjzhT2nU/rNTC4tLySno1s7a+sbllb+/UVRhLCjUa8lBe+0QBZwHUNNMcriMJRPgcGv7wbOI3bkEqFgZXehRBW5B+wHqMEm2kjr0nOgncJK1IjMe4pZjArlPAF1Dv2FnXOSkeF3JFPCUld07yZQ97jjtFFs1R7djvrW5IYwGBppwo1fTcSLcTIjWjHMaZVqwgInRI+tA0NCACVDuZfjDGh0bp4l4oTQUaT9XvEwkRSo2EbzoF0QP125uIf3nNWPfK7YQFUawhoLNFvZhjHeJJHLjLJFDNR4YQKpm5FdMBkYRqE1rGhPD1Kf6f1HOOl3cKl/ls5XQeRxrtowN0hDxUQhV0jqqohii6Qw/oCT1b99aj9WK9zlpT1nxmF/2A9fYJlbiWWA==</latexit>

Relativistic species are: �, 3⇥ ⌫, e±

<latexit sha1_base64="xqi1+0TVosMQprkI3jQvk6Fq6pI=">AAACBnicdVDLSgMxFM3UV62vqksRgkVwUcpM3+6KblxWsK3QGUsmTdvQJDMkGaEMXbnxV9y4UMSt3+DOvzFtR1DRAxcO59zLvff4IaNK2/aHlVpaXlldS69nNja3tneyu3ttFUQSkxYOWCCvfaQIo4K0NNWMXIeSIO4z0vHH5zO/c0ukooG40pOQeBwNBR1QjLSRetlDd4g4R3lYgq6mnCjoiigPyU3shnzay+bswmm1VClW4ZzU7ISU6w50CvYcOZCg2cu+u/0AR5wIjRlSquvYofZiJDXFjEwzbqRIiPAYDUnXUIHMRi+evzGFx0bpw0EgTQkN5+r3iRhxpSbcN50c6ZH67c3Ev7xupAd1L6YijDQReLFoEDGoAzjLBPapJFiziSEIS2puhXiEJMLaJJcxIXx9Cv8n7WLBKRcql+Vc4yyJIw0OwBE4AQ6ogQa4AE3QAhjcgQfwBJ6te+vRerFeF60pK5nZBz9gvX0CGWCYTQ==</latexit>

(                                )

g⇤ = 2 +
7

8
⇥ 3⇥ 2⇥

✓
4

11

◆4/3

⇡ 3.36

<latexit sha1_base64="DndcdX/TyXWu9VFcfREkBOAYOUk="></latexit>

g⇤ = 2 +
7

8
⇥ 3⇥ 2 +

7

8
⇥ 2⇥ 2 = 10.75

<latexit sha1_base64="O5K6RbAohX02VsqC5QdoJ/tgrRk="></latexit>

Relativistic species are: �, 3⇥ ⌫

<latexit sha1_base64="BOKo81M41nYcUt/fSyugdtVrGZw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEFzLM9O2u6MZlBfuATimZNNOGJpkhyQhlKPgrblwo4tbvcOffmD4EFT1w4XDOvdx7TxAzqrTrfliZldW19Y3sZm5re2d3z94/aKkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK9mfvuOSEUjcasnMelxNBQ0pBhpI/XtI3+IOEfnsAh9TTlR0BcJ7Nt517moFMuFCpyTqrskpZoHPcedIw+WaPTtd38Q4YQToTFDSnU9N9a9FElNMSPTnJ8oEiM8RkPSNVQgs6mXzs+fwlOjDGAYSVNCw7n6fSJFXKkJD0wnR3qkfnsz8S+vm+iw1kupiBNNBF4sChMGdQRnWcABlQRrNjEEYUnNrRCPkERYm8RyJoSvT+H/pFVwvJJTvinl65fLOLLgGJyAM+CBKqiDa9AATYBBCh7AE3i27q1H68V6XbRmrOXMIfgB6+0T8U6U3Q==</latexit>

(Neutrinos become non-relativistic inside the matter era)

T ⌧ 1MeV

<latexit sha1_base64="hIkr7jaPgqo6HX7kLM6zOuf+yxo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KbtwIFfqC6VAyaaYNzSRDkhHK0M9w40IRt36NO//GtB1BRQ9cOJxzL/feE8SMKu04H1ZubX1jcyu/XdjZ3ds/KB4edZVIJCYdLJiQ/QApwignHU01I/1YEhQFjPSC6fXC790TqajgbT2LiR+hMachxUgbyWvDAWPQhbekOyyWHPuydlEt1+CS1J2MVBoudG1niRLI0BoW3wcjgZOIcI0ZUspznVj7KZKaYkbmhUGiSIzwFI2JZyhHEVF+ujx5Ds+MMoKhkKa4hkv1+0SKIqVmUWA6I6Qn6re3EP/yvESHDT+lPE404Xi1KEwY1AIu/ocjKgnWbGYIwpKaWyGeIImwNikVTAhfn8L/SbdsuxW7elcpNa+yOPLgBJyCc+CCOmiCG9ACHYCBAA/gCTxb2nq0XqzXVWvOymaOwQ9Yb5/43JBu</latexit>

Neff,⌫ ⇡ 3.0395

<latexit sha1_base64="qQTcr5GbrbsMevtdf2zRLLEpI/c=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBhYSk7+6KblxJBfuAtpTJdNIOnUzCzEQsoeDGX3HjQhG3/oQ7/8ZpWkFFD1w4nHMv997jhoxKZdsfRmppeWV1Lb2e2djc2t4xd/eaMogEJg0csEC0XSQJo5w0FFWMtENBkO8y0nLH5zO/dUOEpAG/VpOQ9Hw05NSjGCkt9c2Dy35MPO+0y6Mp7KIwFMEtzFt2vlrsm1nbqpbyxVwJJqRsL0ih4kDHshNkwQL1vvneHQQ48glXmCEpO44dql6MhKKYkWmmG0kSIjxGQ9LRlCOfyF6c/DCFx1oZQC8QuriCifp9Ika+lBPf1Z0+UiP525uJf3mdSHmVXkx5GCnC8XyRFzGoAjgLBA6oIFixiSYIC6pvhXiEBMJKx5bRIXx9Cv8nzZzlFKziVSFbO1vEkQaH4AicAAeUQQ1cgDpoAAzuwAN4As/GvfFovBiv89aUsZjZBz9gvH0CZ2GWvQ==</latexit>

                                 Due to non-instantaneous 
neutrino decoupling + QED effects at finite T, 
see Magnano et al., Phys.Lett. B534, 8 (2002)
g⇤ ⇠ 3.38

<latexit sha1_base64="Tm7hOIW0SBHChGQr5px3DDOrscU=">AAAB9HicdVDLSgMxFM3UV62vqks3wSKIi2Gmb3dFNy4r2Ae0Q8mkaRuaZMYkUyhDv8ONC0Xc+jHu/BvT6QgqeuDC4Zx7ufceP2RUacf5sDJr6xubW9nt3M7u3v5B/vCorYJIYtLCAQtk10eKMCpIS1PNSDeUBHGfkY4/vV76nRmRigbiTs9D4nE0FnREMdJG8saDC9hXlMOSXaoP8gXHvqyWKsUqTEjNSUm57kLXdhIUQIrmIP/eHwY44kRozJBSPdcJtRcjqSlmZJHrR4qECE/RmPQMFYgT5cXJ0Qt4ZpQhHAXSlNAwUb9PxIgrNee+6eRIT9Rvbyn+5fUiPap7MRVhpInAq0WjiEEdwGUCcEglwZrNDUFYUnMrxBMkEdYmp5wJ4etT+D9pF223bFduy4XGVRpHFpyAU3AOXFADDXADmqAFMLgHD+AJPFsz69F6sV5XrRkrnTkGP2C9fQINVpEC</latexit>



Neutrino decoupling

Neutrinos at equilibrium with other species
⌫̄⌫ $ e+e�

<latexit sha1_base64="dPL6S6mFpZ0nKnAT7FUsoOmLokQ=">AAACDnicdVBNSwMxEM36WetX1aOXYBEEsexqW/VW9OJRwarQrSWbzrbBbHZJZpWy9Bd48a948aCIV8/e/DemtYKKPpjweG+GybwgkcKg6747Y+MTk1PTuZn87Nz8wmJhafnMxKnmUOexjPVFwAxIoaCOAiVcJBpYFEg4D64OB/75NWgjYnWKvQSaEesoEQrO0EqtwrofMJ35Ku1T+1BfQohadLrItI5vKFxu2tpqFYpuab+6U9mu0iHZdUekvOdRr+QOUSQjHLcKb3475mkECrlkxjQ8N8FmxjQKLqGf91MDCeNXrAMNSxWLwDSz4Tl9um6VNg1jbUshHarfJzIWGdOLAtsZMeya395A/MtrpBjuNTOhkhRB8c9FYSopxnSQDW0LDRxlzxLGtbB/pbzLNONoE8zbEL4upf+Ts+2SVy5VTsrF2sEojhxZJWtkg3hkl9TIETkmdcLJLbknj+TJuXMenGfn5bN1zBnNrJAfcF4/ADODnDc=</latexit>

⌫e $ ⌫e

<latexit sha1_base64="AbeUoJZZ3olvnXijzdySvDSKBjA=">AAACBXicdVDLSgNBEJz1GeMr6lEPg0HwFHY1vm5BLx4jmETILmF20psMzs4uM71KCLl48Ve8eFDEq//gzb9x8hBUtKChqOqmuytMpTDouh/O1PTM7Nx8biG/uLS8slpYW6+bJNMcajyRib4KmQEpFNRQoISrVAOLQwmN8Pps6DduQBuRqEvspRDErKNEJDhDK7UKW9RXGQXqS4hQi04XmdbJ7VhtFYpu6eRw/2DvkI7IkTsh5WOPeiV3hCKZoNoqvPvthGcxKOSSGdP03BSDPtMouIRB3s8MpIxfsw40LVUsBhP0R18M6I5V2jRKtC2FdKR+n+iz2JheHNrOmGHX/PaG4l9eM8PoOOgLlWYIio8XRZmkmNBhJLQtNHCUPUsY18LeSnmXacbRBpe3IXx9Sv8n9b2SVy4dXJSLldNJHDmySbbJLvHIEamQc1IlNcLJHXkgT+TZuXcenRfnddw65UxmNsgPOG+fHeiYYA==</latexit>

Interaction rate � = nh�vi ⇠ T 3(GFT
2) ⇠ G2

FT
5

<latexit sha1_base64="ZI/+6xrQZbj97zha+ED0ER0W9TA="></latexit>

Neutrino decoupling when � < H

<latexit sha1_base64="1yduoEePTRr5P+H9Vo09Bok1eWo=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GmZqX4KLogu7rGAf2A4lk2ba0CQzJBmhlP6FGxeKuPVv3Pk3ptMRVPTAhcM593LvPX7EqNKO82FlVlbX1jeym7mt7Z3dvfz+QVuFscSkhUMWyq6PFGFUkJammpFuJAniPiMdf3K18Dv3RCoails9jYjH0UjQgGKkjXTXv0acI3gBG4N8wbHPK2flYgUmpOqkpFRzoWs7CQogRXOQf+8PQxxzIjRmSKme60TamyGpKWZknuvHikQIT9CI9AwViBPlzZKL5/DEKEMYhNKU0DBRv0/MEFdqyn3TyZEeq9/eQvzL68U6qHkzKqJYE4GXi4KYQR3CxftwSCXBmk0NQVhScyvEYyQR1iaknAnh61P4P2kXbbdkl29KhfplGkcWHIFjcApcUAV10ABN0AIYCPAAnsCzpaxH68V6XbZmrHTmEPyA9fYJpi2QRg==</latexit>

(This means that the expansion is faster 
than the interaction rate and prevents 

reactions above from occurring efficiently)

�

H
⇠ G

2
FT

5

p
8⇡Gg⇤T 4/3

⇠ G
2
Fp

8⇡Gg⇤/3
T

3 ⇠
✓

T

1MeV

◆3

<latexit sha1_base64="3TWh8mJ0P0F+Aa4rZEdCIqJXtjg="></latexit>

T < 1MeV

<latexit sha1_base64="Op8/+PAdqbDblXcgfRhM7VuTjcg=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmZqX4KLohs3QoW+pB1KJs20oUlmSDJCKf0KNy4UcevnuPNvTKcjqOiBC4dz7uXee/yIUaUd58PKrKyurW9kN3Nb2zu7e/n9g7YKY4lJC4cslF0fKcKoIC1NNSPdSBLEfUY6/uRq4XfuiVQ0FE09jYjH0UjQgGKkjXTXhBfQhTekPcgXHPu8clYuVmBCqk5KSjUXuraToABSNAb59/4wxDEnQmOGlOq5TqS9GZKaYkbmuX6sSITwBI1Iz1CBOFHeLDl4Dk+MMoRBKE0JDRP1+8QMcaWm3DedHOmx+u0txL+8XqyDmjejIoo1EXi5KIgZ1CFcfA+HVBKs2dQQhCU1t0I8RhJhbTLKmRC+PoX/k3bRdkt2+bZUqF+mcWTBETgGp8AFVVAH16ABWgADDh7AE3i2pPVovVivy9aMlc4cgh+w3j4BLyePYg==</latexit>

Neutrino decoupling when 

Neutrinos maintain the same temperature as the other species but otherwise mind their own business 



annihilation — Neutrino temperaturee+e�

<latexit sha1_base64="GLuCgCGCJHxln7HWvTE0rZIx57Q=">AAAB8HicdVDJSgNBEO1xjXGLevTSGARBHGZiNm9BLx4jmEWSSejpVJImPQvdPUIY8hVePCji1c/x5t/YmYygog8KHu9VUVXPDTmTyrI+jKXlldW19cxGdnNre2c3t7fflEEkKDRowAPRdokEznxoKKY4tEMBxHM5tNzJ1dxv3YOQLPBv1TQExyMjnw0ZJUpLd9A7xdA7w7ify1vmRfm8VCjjhFSslBSrNrZNK0Eepaj3c+/dQUAjD3xFOZGyY1uhcmIiFKMcZtluJCEkdEJG0NHUJx5IJ04OnuFjrQzwMBC6fIUT9ftETDwpp56rOz2ixvK3Nxf/8jqRGladmPlhpMCni0XDiGMV4Pn3eMAEUMWnmhAqmL4V0zERhCqdUVaH8PUp/p80C6ZdNEs3xXztMo0jgw7RETpBNqqgGrpGddRAFHnoAT2hZ0MYj8aL8bpoXTLSmQP0A8bbJ1HUj3c=</latexit>

Below e+e� ! �

<latexit sha1_base64="HFTpTlewUhP2Z8QTVDLykvOat4w=">AAACA3icdVDLSgNBEJz1bXytetPLYBAEMezGJMZb0IvHCEaFJIbeSScZMrO7zMwqIQS8+CtePCji1Z/w5t84iRFUtKChqOqmuyuIBdfG896dicmp6ZnZufnUwuLS8oq7unauo0QxrLBIROoyAI2Ch1gx3Ai8jBWCDAReBN3joX9xjUrzKDwzvRjrEtohb3EGxkoNdwOvdile7dGa4u2OAaWiG1prg5TQcNNe5rCwn88W6IgceGOSK/rUz3gjpMkY5Yb7VmtGLJEYGiZA66rvxabeB2U4EzhI1RKNMbAutLFqaQgSdb0/+mFAt63SpK1I2QoNHanfJ/ogte7JwHZKMB392xuKf3nVxLSK9T4P48RgyD4XtRJBTUSHgdAmV8iM6FkCTHF7K2UdUMCMjS1lQ/j6lP5PzrMZP5fJn+bSpaNxHHNkk2yRHeKTA1IiJ6RMKoSRW3JPHsmTc+c8OM/Oy2frhDOeWSc/4Lx+AESrl1Y=</latexit>

Heat the photonsT ⇠ 0.5MeV

<latexit sha1_base64="ipmzQnjFc3Z+nX1cKJdDH5ryHv0=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KbtwIFfqCdiyZNNOGJpkhySil9D/cuFDErf/izr8xnY6gogcuHM65l3vv8SNGlXacDyuzsrq2vpHdzG1t7+zu5fcP2iqMJSYtHLJQdn2kCKOCtDTVjHQjSRD3Gen4k8uF37kjUtFQNPU0Ih5HI0EDipE20m0T9hXl0LHL8Jq0B/mCY59XzsrFCkxI1UlJqeZC13YSFECKxiD/3h+GOOZEaMyQUj3XibQ3Q1JTzMg8148ViRCeoBHpGSoQJ8qbJVfP4YlRhjAIpSmhYaJ+n5ghrtSU+6aTIz1Wv72F+JfXi3VQ82ZURLEmAi8XBTGDOoSLCOCQSoI1mxqCsKTmVojHSCKsTVA5E8LXp/B/0i7absku35QK9Ys0jiw4AsfgFLigCurgCjRAC2AgwQN4As/WvfVovVivy9aMlc4cgh+w3j4BspWRXw==</latexit>

Use entropy conservation

T⌫ =

✓
4

11

◆1/3

T�

<latexit sha1_base64="xyzdFCXz/mo0wBnzk+ywUVQNTp4="></latexit>

T⌫,today ⇠ 1.94537K

<latexit sha1_base64="YbzyZfkgyuT8AKCpZxEUPJq/BEw=">AAACC3icdVDLSgMxFM3UV62vqks3oUVwIWWmnb52RTeCmwp9QaeUTJq2oUlmSDJCGbp346+4caGIW3/AnX9j+hBU9EDgcM653Nzjh4wqbdsfVmJtfWNzK7md2tnd2z9IHx61VBBJTJo4YIHs+EgRRgVpaqoZ6YSSIO4z0vYnl3O/fUukooFo6GlIehyNBB1SjLSR+ulMox97IjqPPcmhDgZoOptBT1EOnVzVLRbK8Lqfztq5aqlQzJfggpTtFXErjonZC2TBCvV++t0bBDjiRGjMkFJdxw51L0ZSU8zILOVFioQIT9CIdA0ViBPVixe3zOCpUQZwGEjzhIYL9ftEjLhSU+6bJEd6rH57c/EvrxvpYaUXUxFGmgi8XDSMmDkazouBAyoJ1mxqCMKSmr9CPEYSYW3qS5kSvi6F/5NWPue4ueKNm61drOpIghOQAWfAAWVQA1egDpoAgzvwAJ7As3VvPVov1usymrBWM8fgB6y3T96Smak=</latexit>

Sbefore = Safter

<latexit sha1_base64="GHacmGzbsBk4MMlS3rBJGMPk6U4=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXJWZ2pcLoejGZUVbC+1QMumdNjTzIMkIZezCX3HjQhG3/oY7/8a0HUFFDwROzrmXnBw34kwqy/owMguLS8sr2dXc2vrG5pa5vdOSYSwoNGnIQ9F2iQTOAmgqpji0IwHEdzncuKPzqX9zC0KyMLhW4wgcnwwC5jFKlJZ65t5VL3HBCwVM8CnWF+IpEJOembcKJ5XjcrGCZ6RqpaRUs7FdsGbIoxSNnvne7Yc09iFQlBMpO7YVKSchQjHKYZLrxhIiQkdkAB1NA+KDdJJZ/gk+1Eof6xD6BArP1O8bCfGlHPuunvSJGsrf3lT8y+vEyqs5CQuiWEFA5w95MccqxNMycJ8JoIqPNSFUMJ0V0yERhOoOZE6X8PVT/D9pFQt2qVC+LOXrZ2kdWbSPDtARslEV1dEFaqAmougOPaAn9GzcG4/Gi/E6H80Y6c4u+gHj7RM0C5ZC</latexit>

sba
3
b = saa

3
a

<latexit sha1_base64="gzSR+xcfjHCoji/X+0Leg0eVBAs=">AAACBnicdVDLSgMxFM3UV62vUZciBEvBVZnp24VQdOOygm2FtpY7adqGZh4kGaEMXbnxV9y4UMSt3+DOvzGdjqCiB0LOPSeX3HucgDOpLOvDSC0tr6yupdczG5tb2zvm7l5L+qEgtEl87otrByTlzKNNxRSn14Gg4Dqctp3J+dxv31Ihme9dqWlAey6MPDZkBJSW+uah7EfODMNNMb5Psa4hqWHWN7NW/qRSLBcqOCZVKyGlmo3tvBUjixI0+uZ7d+CT0KWeIhyk7NhWoHoRCMUIp7NMN5Q0ADKBEe1o6oFLZS+K15jhnFYGeOgLfTyFY/V7RwSulFNXj5lzQY3lb28u/uV1QjWs9SLmBaGiHll8NAw5Vj6eZ4IHTFCi+FQTIILpWTEZgwCidHIZHcLXpvh/0irk7VK+fFnK1s+SONLoAB2hY2SjKqqjC9RATUTQHXpAT+jZuDcejRfjdfE0ZSQ9++gHjLdPmVeYmw==</latexit>

Before After

s !

<latexit sha1_base64="R1M/lN7o5EqLzyUmOiqy1+TZ54A=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KblxWsLbQDiWTZtrQTDImmUoZ+h1uXCji1o9x59+YTkdQ0QMXDufcy733+BGjSjvOh5VbWV1b38hvFra2d3b3ivsHt0rEEpM2FkzIro8UYZSTtqaakW4kCQp9Rjr+5HLhd6ZEKir4jZ5FxAvRiNOAYqSN5CnYl3Q01khKcT8olhz7vHZWLddgSupORioNF7q2k6IEMrQGxff+UOA4JFxjhpTquU6kvQRJTTEj80I/ViRCeIJGpGcoRyFRXpIePYcnRhnCQEhTXMNU/T6RoFCpWeibzhDpsfrtLcS/vF6sg4aXUB7FmnC8XBTEDGoBFwnAIZUEazYzBGFJza0Qj5FEWJucCiaEr0/h/+S2bLsVu3pdKTUvsjjy4Agcg1PggjpogivQAm2AwR14AE/g2Zpaj9aL9bpszVnZzCH4AevtE3u3kpk=</latexit>

s !

<latexit sha1_base64="R1M/lN7o5EqLzyUmOiqy1+TZ54A=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KblxWsLbQDiWTZtrQTDImmUoZ+h1uXCji1o9x59+YTkdQ0QMXDufcy733+BGjSjvOh5VbWV1b38hvFra2d3b3ivsHt0rEEpM2FkzIro8UYZSTtqaakW4kCQp9Rjr+5HLhd6ZEKir4jZ5FxAvRiNOAYqSN5CnYl3Q01khKcT8olhz7vHZWLddgSupORioNF7q2k6IEMrQGxff+UOA4JFxjhpTquU6kvQRJTTEj80I/ViRCeIJGpGcoRyFRXpIePYcnRhnCQEhTXMNU/T6RoFCpWeibzhDpsfrtLcS/vF6sg4aXUB7FmnC8XBTEDGoBFwnAIZUEazYzBGFJza0Qj5FEWJucCiaEr0/h/+S2bLsVu3pdKTUvsjjy4Agcg1PggjpogivQAm2AwR14AE/g2Zpaj9aL9bpszVnZzCH4AevtE3u3kpk=</latexit>

�

<latexit sha1_base64="h7TgRx+80GDus4g97a+1YALe4rE=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgadmNeXkLevEYwSRCsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ5sVVLSgoajqprsrjBnVxvM+nNzK6tr6Rn6zsLW9s7tX3D/oaJkoTNpYMqluQ6QJo4K0DTWM3MaKIB4y0g0nlwu/e0+UplLcmGlMAo5GgkYUI2OlTn+EOEeDYslzz2tn1XINpqTuZaTS8KHveilKIENrUHzvDyVOOBEGM6R1z/diE8yQMhQzMi/0E01ihCdoRHqWCsSJDmbptXN4YpUhjKSyJQxM1e8TM8S1nvLQdnJkxvq3txD/8nqJiRrBjIo4MUTg5aIoYdBIuHgdDqki2LCpJQgram+FeIwUwsYGVLAhfH0K/yedsutX3Op1pdS8yOLIgyNwDE6BD+qgCa5AC7QBBnfgATyBZ0c6j86L87pszTnZzCH4AeftExBWj3o=</latexit>

⌫

<latexit sha1_base64="PIZLKFu7wGlx3Wek91H5cGET4GA=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmVF+4A2lMl02g6dTMLMRCihn+DGhSJu/SJ3/o3TNIKKHrhwOOde7r3HjzhT2nE+rJXVtfWNzdxWfntnd2+/cHDYVmEsCW2RkIey62NFORO0pZnmtBtJigOf044/vVr4nXsqFQvFnZ5F1AvwWLARI1gb6bYv4kGh6NgX1fNKqYpSUnMyUq67yLWdFEXI0BwU3vvDkMQBFZpwrFTPdSLtJVhqRjid5/uxohEmUzymPUMFDqjykvTUOTo1yhCNQmlKaJSq3ycSHCg1C3zTGWA9Ub+9hfiX14v1qO4lTESxpoIsF41ijnSIFn+jIZOUaD4zBBPJzK2ITLDERJt08iaEr0/R/6Rdst2yXbkpFxuXWRw5OIYTOAMXatCAa2hCCwiM4QGe4Nni1qP1Yr0uW1esbOYIfsB6+wToP448</latexit>

⌫̄

<latexit sha1_base64="ORO5SeRlFAf8VDLUbFWkaq73mws=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfUgTymQ6aYfOTMLMRCihX+HGhSJu/Rx3/o3TNIKKHrhwOOde7r0niBlV2nE+rJXVtfWNzcJWcXtnd2+/dHDYVVEiMengiEWyHyBFGBWko6lmpB9LgnjASC+YXi383j2RikbiVs9i4nM0FjSkGGkj3XkBkqknkvmwVHbsi/p5rVKHGWk4Oak2XejaToYyyNEelt69UYQTToTGDCk1cJ1Y+ymSmmJG5kUvUSRGeIrGZGCoQJwoP80OnsNTo4xgGElTQsNM/T6RIq7UjAemkyM9Ub+9hfiXN0h02PRTKuJEE4GXi8KEQR3BxfdwRCXBms0MQVhScyvEEyQR1iajognh61P4P+lWbLdq126q5dZlHkcBHIMTcAZc0AAtcA3aoAMw4OABPIFnS1qP1ov1umxdsfKZI/AD1tsnqvWRAQ==</latexit>

e+

<latexit sha1_base64="h2+qB46+vlRwq65jX9ecGOk5Wac=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoMgCMtuzMtb0IvHiCYGkjXMTmaTIbMPZmaFsOQTvHhQxKtf5M2/cbJZQUULGoqqbrq73IgzqSzrw8gtLa+sruXXCxubW9s7xd29jgxjQWibhDwUXRdLyllA24opTruRoNh3Ob11Jxdz//aeCsnC4EZNI+r4eBQwjxGstHRN704GxZJlntVOq+UaSkndykilYSPbtFKUIENrUHzvD0MS+zRQhGMpe7YVKSfBQjHC6azQjyWNMJngEe1pGmCfSidJT52hI60MkRcKXYFCqfp9IsG+lFPf1Z0+VmP525uLf3m9WHkNJ2FBFCsakMUiL+ZIhWj+NxoyQYniU00wEUzfisgYC0yUTqegQ/j6FP1POmXTrpjVq0qpeZ7FkYcDOIRjsKEOTbiEFrSBwAge4AmeDW48Gi/G66I1Z2Qz+/ADxtsnbX2N6w==</latexit>

e�

<latexit sha1_base64="vK8q7FW+ZYEa9F7zefA2vvQY2hM=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgxWU35uUt6MVjRBMDyRpmJ7PJkNkHM7NCWPIJXjwo4tUv8ubfONmsoKIFDUVVN91dbsSZVJb1YeSWlldW1/LrhY3Nre2d4u5eR4axILRNQh6Krosl5SygbcUUp91IUOy7nN66k4u5f3tPhWRhcKOmEXV8PAqYxwhWWrqmdyeDYskyz2qn1XINpaRuZaTSsJFtWilKkKE1KL73hyGJfRoowrGUPduKlJNgoRjhdFbox5JGmEzwiPY0DbBPpZOkp87QkVaGyAuFrkChVP0+kWBfyqnv6k4fq7H87c3Fv7xerLyGk7AgihUNyGKRF3OkQjT/Gw2ZoETxqSaYCKZvRWSMBSZKp1PQIXx9iv4nnbJpV8zqVaXUPM/iyMMBHMIx2FCHJlxCC9pAYAQP8ATPBjcejRfjddGaM7KZffgB4+0TcIWN7Q==</latexit>

�

<latexit sha1_base64="h7TgRx+80GDus4g97a+1YALe4rE=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgadmNeXkLevEYwSRCsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ5sVVLSgoajqprsrjBnVxvM+nNzK6tr6Rn6zsLW9s7tX3D/oaJkoTNpYMqluQ6QJo4K0DTWM3MaKIB4y0g0nlwu/e0+UplLcmGlMAo5GgkYUI2OlTn+EOEeDYslzz2tn1XINpqTuZaTS8KHveilKIENrUHzvDyVOOBEGM6R1z/diE8yQMhQzMi/0E01ihCdoRHqWCsSJDmbptXN4YpUhjKSyJQxM1e8TM8S1nvLQdnJkxvq3txD/8nqJiRrBjIo4MUTg5aIoYdBIuHgdDqki2LCpJQgram+FeIwUwsYGVLAhfH0K/yedsutX3Op1pdS8yOLIgyNwDE6BD+qgCa5AC7QBBnfgATyBZ0c6j86L87pszTnZzCH4AeftExBWj3o=</latexit>

⌫

<latexit sha1_base64="PIZLKFu7wGlx3Wek91H5cGET4GA=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmVF+4A2lMl02g6dTMLMRCihn+DGhSJu/SJ3/o3TNIKKHrhwOOde7r3HjzhT2nE+rJXVtfWNzdxWfntnd2+/cHDYVmEsCW2RkIey62NFORO0pZnmtBtJigOf044/vVr4nXsqFQvFnZ5F1AvwWLARI1gb6bYv4kGh6NgX1fNKqYpSUnMyUq67yLWdFEXI0BwU3vvDkMQBFZpwrFTPdSLtJVhqRjid5/uxohEmUzymPUMFDqjykvTUOTo1yhCNQmlKaJSq3ycSHCg1C3zTGWA9Ub+9hfiX14v1qO4lTESxpoIsF41ijnSIFn+jIZOUaD4zBBPJzK2ITLDERJt08iaEr0/R/6Rdst2yXbkpFxuXWRw5OIYTOAMXatCAa2hCCwiM4QGe4Nni1qP1Yr0uW1esbOYIfsB6+wToP448</latexit>

⌫̄

<latexit sha1_base64="ORO5SeRlFAf8VDLUbFWkaq73mws=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfUgTymQ6aYfOTMLMRCihX+HGhSJu/Rx3/o3TNIKKHrhwOOde7r0niBlV2nE+rJXVtfWNzcJWcXtnd2+/dHDYVVEiMengiEWyHyBFGBWko6lmpB9LgnjASC+YXi383j2RikbiVs9i4nM0FjSkGGkj3XkBkqknkvmwVHbsi/p5rVKHGWk4Oak2XejaToYyyNEelt69UYQTToTGDCk1cJ1Y+ymSmmJG5kUvUSRGeIrGZGCoQJwoP80OnsNTo4xgGElTQsNM/T6RIq7UjAemkyM9Ub+9hfiXN0h02PRTKuJEE4GXi8KEQR3BxfdwRCXBms0MQVhScyvEEyQR1iajognh61P4P+lWbLdq126q5dZlHkcBHIMTcAZc0AAtcA3aoAMw4OABPIFnS1qP1ov1umxdsfKZI/AD1tsnqvWRAQ==</latexit>

2

<latexit sha1_base64="dgoxCOCkk5YvgCGJsYJw6CagzPY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz13dr30e/dUSBYGt2oeUcfHk4B5jGClpXZ5VCxZ5mXtolquoZTUrYxUGjayTStFCTK0RsX34TgksU8DRTiWcmBbkXISLBQjnC4Kw1jSCJMZntCBpgH2qXSS9NAFOtPKGHmh0BUolKrfJxLsSzn3Xd3pYzWVv72l+Jc3iJXXcBIWRLGiAVkt8mKOVIiWX6MxE5QoPtcEE8H0rYhMscBE6WwKOoSvT9H/pFs27YpZbVdKzassjjycwCmcgw11aMINtKADBCg8wBM8G3fGo/FivK5ac0Y2cww/YLx9AgWMjRs=</latexit>

3

<latexit sha1_base64="DKQlknk/vxfq1JXaALgCJKFz70g=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0x2b0EvHhMwCyRD6On0JG16Frp7hDDkC7x4UMSrn+TNv7EzGUFFHxQ83quiqp4bcSaVZX0Ya+sbm1vbuZ387t7+wWHh6Lgrw1gQ2iEhD0XfxZJyFtCOYorTfiQo9l1Oe+7seun37qmQLAxu1Tyijo8nAfMYwUpL7fKoULTMy1q5WqqhlNStjFQaNrJNK0URMrRGhffhOCSxTwNFOJZyYFuRchIsFCOcLvLDWNIIkxme0IGmAfapdJL00AU618oYeaHQFSiUqt8nEuxLOfdd3eljNZW/vaX4lzeIlddwEhZEsaIBWS3yYo5UiJZfozETlCg+1wQTwfStiEyxwETpbPI6hK9P0f+kWzLtilltV4rNqyyOHJzCGVyADXVowg20oAMEKDzAEzwbd8aj8WK8rlrXjGzmBH7AePsEBxCNHA==</latexit>

3

<latexit sha1_base64="DKQlknk/vxfq1JXaALgCJKFz70g=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0x2b0EvHhMwCyRD6On0JG16Frp7hDDkC7x4UMSrn+TNv7EzGUFFHxQ83quiqp4bcSaVZX0Ya+sbm1vbuZ387t7+wWHh6Lgrw1gQ2iEhD0XfxZJyFtCOYorTfiQo9l1Oe+7seun37qmQLAxu1Tyijo8nAfMYwUpL7fKoULTMy1q5WqqhlNStjFQaNrJNK0URMrRGhffhOCSxTwNFOJZyYFuRchIsFCOcLvLDWNIIkxme0IGmAfapdJL00AU618oYeaHQFSiUqt8nEuxLOfdd3eljNZW/vaX4lzeIlddwEhZEsaIBWS3yYo5UiJZfozETlCg+1wQTwfStiEyxwETpbPI6hK9P0f+kWzLtilltV4rNqyyOHJzCGVyADXVowg20oAMEKDzAEzwbd8aj8WK8rlrXjGzmBH7AePsEBxCNHA==</latexit>

2

<latexit sha1_base64="dgoxCOCkk5YvgCGJsYJw6CagzPY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz13dr30e/dUSBYGt2oeUcfHk4B5jGClpXZ5VCxZ5mXtolquoZTUrYxUGjayTStFCTK0RsX34TgksU8DRTiWcmBbkXISLBQjnC4Kw1jSCJMZntCBpgH2qXSS9NAFOtPKGHmh0BUolKrfJxLsSzn3Xd3pYzWVv72l+Jc3iJXXcBIWRLGiAVkt8mKOVIiWX6MxE5QoPtcEE8H0rYhMscBE6WwKOoSvT9H/pFs27YpZbVdKzassjjycwCmcgw11aMINtKADBCg8wBM8G3fGo/FivK5ac0Y2cww/YLx9AgWMjRs=</latexit>

2

<latexit sha1_base64="dgoxCOCkk5YvgCGJsYJw6CagzPY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz13dr30e/dUSBYGt2oeUcfHk4B5jGClpXZ5VCxZ5mXtolquoZTUrYxUGjayTStFCTK0RsX34TgksU8DRTiWcmBbkXISLBQjnC4Kw1jSCJMZntCBpgH2qXSS9NAFOtPKGHmh0BUolKrfJxLsSzn3Xd3pYzWVv72l+Jc3iJXXcBIWRLGiAVkt8mKOVIiWX6MxE5QoPtcEE8H0rYhMscBE6WwKOoSvT9H/pFs27YpZbVdKzassjjycwCmcgw11aMINtKADBCg8wBM8G3fGo/FivK5ac0Y2cww/YLx9AgWMjRs=</latexit>

2

<latexit sha1_base64="dgoxCOCkk5YvgCGJsYJw6CagzPY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz13dr30e/dUSBYGt2oeUcfHk4B5jGClpXZ5VCxZ5mXtolquoZTUrYxUGjayTStFCTK0RsX34TgksU8DRTiWcmBbkXISLBQjnC4Kw1jSCJMZntCBpgH2qXSS9NAFOtPKGHmh0BUolKrfJxLsSzn3Xd3pYzWVv72l+Jc3iJXXcBIWRLGiAVkt8mKOVIiWX6MxE5QoPtcEE8H0rYhMscBE6WwKOoSvT9H/pFs27YpZbVdKzassjjycwCmcgw11aMINtKADBCg8wBM8G3fGo/FivK5ac0Y2cww/YLx9AgWMjRs=</latexit>

3

<latexit sha1_base64="DKQlknk/vxfq1JXaALgCJKFz70g=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0x2b0EvHhMwCyRD6On0JG16Frp7hDDkC7x4UMSrn+TNv7EzGUFFHxQ83quiqp4bcSaVZX0Ya+sbm1vbuZ387t7+wWHh6Lgrw1gQ2iEhD0XfxZJyFtCOYorTfiQo9l1Oe+7seun37qmQLAxu1Tyijo8nAfMYwUpL7fKoULTMy1q5WqqhlNStjFQaNrJNK0URMrRGhffhOCSxTwNFOJZyYFuRchIsFCOcLvLDWNIIkxme0IGmAfapdJL00AU618oYeaHQFSiUqt8nEuxLOfdd3eljNZW/vaX4lzeIlddwEhZEsaIBWS3yYo5UiJZfozETlCg+1wQTwfStiEyxwETpbPI6hK9P0f+kWzLtilltV4rNqyyOHJzCGVyADXVowg20oAMEKDzAEzwbd8aj8WK8rlrXjGzmBH7AePsEBxCNHA==</latexit>

3

<latexit sha1_base64="DKQlknk/vxfq1JXaALgCJKFz70g=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0x2b0EvHhMwCyRD6On0JG16Frp7hDDkC7x4UMSrn+TNv7EzGUFFHxQ83quiqp4bcSaVZX0Ya+sbm1vbuZ387t7+wWHh6Lgrw1gQ2iEhD0XfxZJyFtCOYorTfiQo9l1Oe+7seun37qmQLAxu1Tyijo8nAfMYwUpL7fKoULTMy1q5WqqhlNStjFQaNrJNK0URMrRGhffhOCSxTwNFOJZyYFuRchIsFCOcLvLDWNIIkxme0IGmAfapdJL00AU618oYeaHQFSiUqt8nEuxLOfdd3eljNZW/vaX4lzeIlddwEhZEsaIBWS3yYo5UiJZfozETlCg+1wQTwfStiEyxwETpbPI6hK9P0f+kWzLtilltV4rNqyyOHJzCGVyADXVowg20oAMEKDzAEzwbd8aj8WK8rlrXjGzmBH7AePsEBxCNHA==</latexit>



Relativistic degrees of freedom From Julien Baur, PhD Thesis, see https://inspirehep.net/literature/1765226 

https://inspirehep.net/literature/1765226


Non-relativistic species

Number density

Energy density

Pressure

m � T

<latexit sha1_base64="nlzQfrmxBCSCxE2mb+FICYM4h8M=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047JCX9CGMplO0qEzkzAzEUroR7hxoYhbv8edf+M0jaCiBy4czrmXe+/xY0aVdpwPa219Y3Nru7BT3N3bPzgsHR33VJRITLo4YpEc+EgRRgXpaqoZGcSSIO4z0vdnN0u/f0+kopHo6HlMPI5CQQOKkTZSn8NRGMLOuFR27Kv6Za1ShxlpODmpNl3o2k6GMsjRHpfeR5MIJ5wIjRlSaug6sfZSJDXFjCyKo0SRGOEZCsnQUIE4UV6anbuA50aZwCCSpoSGmfp9IkVcqTn3TSdHeqp+e0vxL2+Y6KDppVTEiSYCrxYFCYM6gsvf4YRKgjWbG4KwpOZWiKdIIqxNQkUTwten8H/Sq9hu1a7dVcut6zyOAjgFZ+ACuKABWuAWtEEXYDADD+AJPFux9Wi9WK+r1jUrnzkBP2C9fQLnVI9Q</latexit>

E(p) ⇡ m

<latexit sha1_base64="U4pguOL2Krbl2bwjdMp/xojZNQU=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0Wom5DUvtwVRXBZwT6gjWUynbRDJ8kwM1FL6H+4caGIW//FnX/jNI2gogcuHM65l3vvcTmjUlnWh5FZWl5ZXcuu5zY2t7Z38rt7bRlGApMWDlkoui6ShNGAtBRVjHS5IMh3Gem4k/O537klQtIwuFZTThwfjQLqUYyUlm4uivwY9hHnIryH/iBfsMzT6kmlVIUJqVkpKddtaJtWggJI0Rzk3/vDEEc+CRRmSMqebXHlxEgoihmZ5fqRJBzhCRqRnqYB8ol04uTqGTzSyhB6odAVKJio3ydi5Es59V3d6SM1lr+9ufiX14uUV3diGvBIkQAvFnkRgyqE8wjgkAqCFZtqgrCg+laIx0ggrHRQOR3C16fwf9IumXbZrFyVC42zNI4sOACHoAhsUAMNcAmaoAUwEOABPIFn4854NF6M10Vrxkhn9sEPGG+fxfeSFA==</latexit>

n = g

✓
mT

2⇡

◆3/2

e�m/T

<latexit sha1_base64="HA2A+0tKZLAGFL45pf0mukr0tEU="></latexit>

⇢ = nm

<latexit sha1_base64="u+H77DFrJWjdrRJPtXiBZLK/CV4=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GmZqXy6EohuXFewD26Fk0kwbmmSGJCOUoX/hxoUibv0bd/6N6XQEFT1w4XDOvdx7jx8xqrTjfFi5ldW19Y38ZmFre2d3r7h/0FFhLDFp45CFsucjRRgVpK2pZqQXSYK4z0jXn14t/O49kYqG4lbPIuJxNBY0oBhpI90N5CSEF1BAPiyWHPu8dlYt12BK6k5GKg0XuraTogQytIbF98EoxDEnQmOGlOq7TqS9BElNMSPzwiBWJEJ4isakb6hAnCgvSS+ewxOjjGAQSlNCw1T9PpEgrtSM+6aTIz1Rv72F+JfXj3XQ8BIqolgTgZeLgphBHcLF+3BEJcGazQxBWFJzK8QTJBHWJqSCCeHrU/g/6ZRtt2JXbyql5mUWRx4cgWNwClxQB01wDVqgDTAQ4AE8gWdLWY/Wi/W6bM1Z2cwh+AHr7RPNfZBg</latexit>

P = nT ⌧ ⇢

<latexit sha1_base64="dUSJ9GfLJffh3cf4ypAYrvfvBOA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQlL7ciEU3bis0Bc0oUymk3boZBJmJoUS+iduXCji1j9x5984TSOo6IELh3Pu5d57/JhRqWz7w1hb39jc2i7sFHf39g8OzaPjrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT86e3S782IkDTibTWPiReiMacBxUhpaWiaLXgNOWxDlzHoikk0NEu2dVW7rJZrMCN1OyeVhgMdy85QAjlaQ/PdHUU4CQlXmCEpB44dKy9FQlHMyKLoJpLECE/RmAw05Sgk0kuzyxfwXCsjGERCF1cwU79PpCiUch76ujNEaiJ/e0vxL2+QqKDhpZTHiSIcrxYFCYMqgssY4IgKghWba4KwoPpWiCdIIKx0WEUdwten8H/SLVtOxareV0rNmzyOAjgFZ+ACOKAOmuAOtEAHYDADD+AJPBup8Wi8GK+r1jUjnzkBP2C8fQK6bJJ4</latexit>

(P ⇡ 0)

<latexit sha1_base64="2iaTp/bssPy9j9A2SJmZvmyNJLk=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygm2FdiiZNNOGZpIxyRTL0O9w40IRt36MO//GdFpBRQ9cOJxzL/fe40eMKu04H1ZmZXVtfSO7mdva3tndy+8ftJWIJSYtLJiQtz5ShFFOWppqRm4jSVDoM9Lxx5dzvzMhUlHBb/Q0Il6IhpwGFCNtJK/YhD0URVLcQ+e0ny849nn1rFKqwpTUnCUp113o2k6KAlii2c+/9wYCxyHhGjOkVNd1Iu0lSGqKGZnlerEiEcJjNCRdQzkKifKS9OgZPDHKAAZCmuIapur3iQSFSk1D33SGSI/Ub28u/uV1Yx3UvYTyKNaE48WiIGZQCzhPAA6oJFizqSEIS2puhXiEJMLa5JQzIXx9Cv8n7ZLtlu3KdbnQuFjGkQVH4BgUgQtqoAGuQBO0AAZ34AE8gWdrYj1aL9brojVjLWcOwQ9Yb5+oT5Fo</latexit>

e.g. massive neutrinos

For ⌦⌫ < 1

<latexit sha1_base64="3qIk4F7DAl1PXaiOLR6dVluV+v8=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZLal+Ci6MadFewDmlgm00k7dDIJMxOlhP6HGxeKuPVf3Pk3TtMIKnrgwuGce7n3Hi9iVCrL+jByS8srq2v59cLG5tb2TnF3ryPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3Ix97t3REga8hs1jYgboBGnPsVIaenWuQrICA0cHsMzaA+KJcs8rZ1UyzWYkrqVkUrDhrZppSiBDK1B8d0ZhjgOCFeYISn7thUpN0FCUczIrODEkkQIT9CI9DXlKCDSTdKrZ/BIK0Poh0IXVzBVv08kKJByGni6M0BqLH97c/Evrx8rv+EmlEexIhwvFvkxgyqE8wjgkAqCFZtqgrCg+laIx0ggrHRQBR3C16fwf9Ipm3bFrF5XSs3zLI48OACH4BjYoA6a4BK0QBtgIMADeALPxr3xaLwYr4vWnJHN7IMfMN4+AaYHkfs=</latexit>

Gershtein, Zel’dovich (1966)

Marx & Szalay (1972)

Cowsik & McClelland (1972)

⌦⌫ =
m⌫

94h2eV

<latexit sha1_base64="EPco+zLdXNQWVK+8M1gZ213NKYA="></latexit>

m⌫ . 45eV

<latexit sha1_base64="gYCiBqVXtEBe2a8E7iyp0YBe20M=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoPgaZiJ2bwFvXiMYBIhCaGnU5M06e4ZunuEGIK/4sWDIl79D2/+jZ1FUNEHBY/3qqiqF8ScaeN5H05qaXlldS29ntnY3Nreye7uNXSUKAp1GvFI3QREA2cS6oYZDjexAiICDs1geDH1m7egNIvktRnF0BGkL1nIKDFW6mYPRLctE9zmoLVmAheKGBrdbM5zz0qnxXwJz0jZW5BCxce+682QQwvUutn3di+iiQBpKCdat3wvNp0xUYZRDpNMO9EQEzokfWhZKokA3RnPrp/gY6v0cBgpW9Lgmfp9YkyE1iMR2E5BzED/9qbiX14rMWGlM2YyTgxIOl8UJhybCE+jwD2mgBo+soRQxeytmA6IItTYwDI2hK9P8f+kkXf9glu8KuSq54s40ugQHaET5KMyqqJLVEN1RNEdekBP6Nm5dx6dF+d13ppyFjP76Aect0+z9pTD</latexit>



Summary
Friedman equation

Energy conservation

H
2 =

ȧ
2

a2
=

8⇡G

3

X

I

⇢I �


a2

<latexit sha1_base64="+aG+AuZmhZsaavvfGFiwwL5ec1I="></latexit>

⇢̄

<latexit sha1_base64="vVcDCJGMt4XqhU6JCrVgJy3tAls=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuQlL7cld047KCfWATymQ6aYdOZsLMRCihf+HGhSJu/Rt3/o3TNIKKHrhwOOde7r0niBlV2nE+rJXVtfWNzcJWcXtnd2+/dHDYVSKRmHSwYEL2A6QIo5x0NNWM9GNJUBQw0gumVwu/d0+kooLf6llM/AiNOQ0pRtpId16AZOrJiZgPS2XHvqif1yp1mJGGk5Nq04Wu7WQogxztYendGwmcRIRrzJBSA9eJtZ8iqSlmZF70EkVihKdoTAaGchQR5afZxXN4apQRDIU0xTXM1O8TKYqUmkWB6YyQnqjf3kL8yxskOmz6KeVxognHy0VhwqAWcPE+HFFJsGYzQxCW1NwK8QRJhLUJqWhC+PoU/k+6Fdut2rWbarl1mcdRAMfgBJwBFzRAC1yDNugADDh4AE/g2VLWo/VivS5bV6x85gj8gPX2CW48kXE=</latexit>

˙̄⇢I + 3H
�
⇢̄I + P̄I

�
= 0

<latexit sha1_base64="YRViwWsnwn3J+Vf6Nbm/UCQNoyE="></latexit>

Relative density: ⌦I ⌘ ⇢̄I

⇢̄crit
=

8⇡G⇢̄I

3H2

<latexit sha1_base64="y3iuqkiODkXcBWed4C7vYrQBO8I="></latexit>

⌦⇤ ⇠ 0.68

<latexit sha1_base64="0D9fAiyeM+HhW5s3aZpJWVQWNuk=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARXA0ztS93RTcuBCvYWuiUkslk2tAkMyQZoZS68VfcuFDErX/hzr8xfQgqeiBwOOcebu4JEkaVdt0PK7OwuLS8kl3Nra1vbG7Z2ztNFacSkwaOWSxbAVKEUUEammpGWokkiAeM3ASDs4l/c0ukorG41sOEdDjqCRpRjLSRuvaef8lJD3X9C5MJEfQV5dB1ytWunXedk/JxqVCGU1Jx56RY9aDnuFPkwRz1rv3uhzFOOREaM6RU23MT3RkhqSlmZJzzU0UShAeoR9qGCsSJ6oymF4zhoVFCGMXSPKHhVP2eGCGu1JAHZpIj3Ve/vYn4l9dOdVTtjKhIUk0Eni2KUgZ1DCd1wJBKgjUbGoKwpOavEPeRRFib0nKmhK9L4f+kWXC8olO6KuZrp/M6smAfHIAj4IEKqIFzUAcNgMEdeABP4Nm6tx6tF+t1Npqx5pld8APW2yf0b5Xy</latexit>

⌦b ⇠ 0.05

<latexit sha1_base64="W5NRSibpty5bDXAK26nh7nbAhAE=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaT25a7oxp0V7AOaECbTSTt0JgkzE7GU/oobF4q49Ufc+TdO0wgqeuDC4Zx7ufeeIGFUKtv+MFZW19Y3Ngtbxe2d3b1986DUlXEqMOngmMWiHyBJGI1IR1HFSD8RBPGAkV4wuVz4vTsiJI2jWzVNiMfRKKIhxUhpyTdL7jUnI+QH0JWUQ9uya75Ztq3z+lmtUocZadg5qTYd6Fh2hjLI0fbNd3cY45STSGGGpBw4dqK8GRKKYkbmRTeVJEF4gkZkoGmEOJHeLLt9Dk+0MoRhLHRFCmbq94kZ4lJOeaA7OVJj+dtbiH95g1SFTW9GoyRVJMLLRWHKoIrhIgg4pIJgxaaaICyovhXiMRIIKx1XUYfw9Sn8n3QrllO1ajfVcusij6MAjsAxOAUOaIAWuAJt0AEY3IMH8ASejbnxaLwYr8vWFSOfOQQ/YLx9Anhkk3I=</latexit>

⌦c ⇠ 0.27

<latexit sha1_base64="A8M3B2MTzStjPMpZgXuxAB28W+A=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaT25a7oxp0V7AOaECbTaTt0JgkzE7GE/oobF4q49Ufc+TdO0wgqeuDC4Zx7ufeeIGZUKtv+MFZW19Y3Ngtbxe2d3b1986DUlVEiMOngiEWiHyBJGA1JR1HFSD8WBPGAkV4wvVz4vTsiJI3CWzWLicfROKQjipHSkm+W3GtOxsjH0JWUQ9uqNHyzbFvn9bNapQ4z0rBzUm060LHsDGWQo+2b7+4wwgknocIMSTlw7Fh5KRKKYkbmRTeRJEZ4isZkoGmIOJFemt0+hydaGcJRJHSFCmbq94kUcSlnPNCdHKmJ/O0txL+8QaJGTS+lYZwoEuLlolHCoIrgIgg4pIJgxWaaICyovhXiCRIIKx1XUYfw9Sn8n3QrllO1ajfVcusij6MAjsAxOAUOaIAWuAJt0AEY3IMH8ASejbnxaLwYr8vWFSOfOQQ/YLx9AoAEk3c=</latexit>

Today:

t(aref ) =
1

H0

Z aref

0

da

a

q
⌦0r
a4 + ⌦0m

a3 + ⌦0⇤

<latexit sha1_base64="z5LNbiKKxygOjcEEWAgXGQAEaz4="></latexit>

Expansion age

Relativistic species:

Thermodynamics: entropy conserved

n ⇠ T 3

<latexit sha1_base64="K/ZRSjn5UjmKU9bvm/Bs8hhqZ/o=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4Gmb6dld047JCX9iOJZNm2tAkMyQZoQz9CzcuFHHr37jzb0zbEVT0wIXDOfdy7z1+xKjSjvNhZdbWNza3stu5nd29/YP84VFHhbHEpI1DFsqejxRhVJC2ppqRXiQJ4j4jXX96tfC790QqGoqWnkXE42gsaEAx0ka6FXCgKIetu9IwX3Dsi2qpUqzCJak5KSnXXejazhIFkKI5zL8PRiGOOREaM6RU33Ui7SVIaooZmecGsSIRwlM0Jn1DBeJEecny4jk8M8oIBqE0JTRcqt8nEsSVmnHfdHKkJ+q3txD/8vqxDupeQkUUayLwalEQM6hDuHgfjqgkWLOZIQhLam6FeIIkwtqElDMhfH0K/yedou2W7cpNudC4TOPIghNwCs6BC2qgAa5BE7QBBgI8gCfwbCnr0XqxXletGSudOQY/YL19AvZ2kHs=</latexit>

⇢ ⇠ T 4

<latexit sha1_base64="hO8RdfjeviVJZO7FpVejjQ23W7I=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFZKaPtwV3bis0Bc0sUym03boJBNnJoUS+h1uXCji1o9x5984TSOo6IELh3Pu5d57/IhRqSzrw8itrW9sbuW3Czu7e/sHxcOjjuSxwKSNOeOi5yNJGA1JW1HFSC8SBAU+I11/er30uzMiJOVhS80j4gVoHNIRxUhpyXPFhENX0gC27pxBsWSZl9WLSrkKU1KzMuLUbWibVooSyNAcFN/dIcdxQEKFGZKyb1uR8hIkFMWMLApuLEmE8BSNSV/TEAVEekl69AKeaWUIR1zoChVM1e8TCQqknAe+7gyQmsjf3lL8y+vHalT3EhpGsSIhXi0axQwqDpcJwCEVBCs21wRhQfWtEE+QQFjpnAo6hK9P4f+kUzZtx6zcOqXGVRZHHpyAU3AObFADDXADmqANMLgHD+AJPBsz49F4MV5XrTkjmzkGP2C8fQJLupHR</latexit>

s ⇠ T 3

<latexit sha1_base64="+rLsd2yFeiULEPlAX+mW+HINfyk=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4Gmb6dld047JCX9iOJZNm2tAkMyQZoQz9CzcuFHHr37jzb0zbEVT0wIXDOfdy7z1+xKjSjvNhZdbWNza3stu5nd29/YP84VFHhbHEpI1DFsqejxRhVJC2ppqRXiQJ4j4jXX96tfC790QqGoqWnkXE42gsaEAx0ka6VXCgKIetu9IwX3Dsi2qpUqzCJak5KSnXXejazhIFkKI5zL8PRiGOOREaM6RU33Ui7SVIaooZmecGsSIRwlM0Jn1DBeJEecny4jk8M8oIBqE0JTRcqt8nEsSVmnHfdHKkJ+q3txD/8vqxDupeQkUUayLwalEQM6hDuHgfjqgkWLOZIQhLam6FeIIkwtqElDMhfH0K/yedou2W7cpNudC4TOPIghNwCs6BC2qgAa5BE7QBBgI8gCfwbCnr0XqxXletGSudOQY/YL19Av43kIA=</latexit>

P =
1

3
⇢

<latexit sha1_base64="j5OSF7xJRukAfCyU3McCWnRW3dE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFZK+XQhFNy4r2Ac0oUymk3bo5MHMRKgh+CtuXCji1v9w5984TSOo6IELh3Pu5d573IhRIU3zQ1taXlldWy9sFDe3tnd29b39rghjjkkHhyzkfRcJwmhAOpJKRvoRJ8h3Gem508u537slXNAwuJGziDg+GgfUoxhJJQ31wzY8h7bHEU6sNKmk0OaTcKiXTOOsXqmV6zAjDTMn1aYFLcPMUAI52kP93R6FOPZJIDFDQgwsM5JOgrikmJG0aMeCRAhP0ZgMFA2QT4STZNen8EQpI+iFXFUgYaZ+n0iQL8TMd1Wnj+RE/Pbm4l/eIJZe00loEMWSBHixyIsZlCGcRwFHlBMs2UwRhDlVt0I8QSoKqQIrqhC+PoX/k27ZsKpG7bpaal3kcRTAETgGp8ACDdACV6ANOgCDO/AAnsCzdq89ai/a66J1SctnDsAPaG+flayUtg==</latexit>

m ⌧ T

<latexit sha1_base64="ohGw5dykbqkZ237ecwMkECO0Hbs=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFclaT25a7oxmWFvqANZTKdtENnkjAzEUroR7hxoYhbv8edf+M0jaCiBy4czrmXe+/xIs6Utu0Pa219Y3NrO7eT393bPzgsHB13VRhLQjsk5KHse1hRzgLa0Uxz2o8kxcLjtOfNbpZ+755KxcKgrecRdQWeBMxnBGsj9QQaco7ao0LRLl3VLqvlGkpJ3c5IpeEgp2SnKEKG1qjwPhyHJBY00IRjpQaOHWk3wVIzwukiP4wVjTCZ4QkdGBpgQZWbpOcu0LlRxsgPpalAo1T9PpFgodRceKZTYD1Vv72l+Jc3iLXfcBMWRLGmAVkt8mOOdIiWv6Mxk5RoPjcEE8nMrYhMscREm4TyJoSvT9H/pFsuOZVS9a5SbF5nceTgFM7gAhyoQxNuoQUdIDCDB3iCZyuyHq0X63XVumZlMyfwA9bbJ/aVj1o=</latexit>

Fermions ⇥3

4

<latexit sha1_base64="xWQY26ejdTATxkqyl18PlbcWiKI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRt+nBXdOOygrWFJpTJdNIOnTyYmYgl5FfcuFDErT/izr9xmkZQ0QMXDufcy733eDGjQprmh1ZaW9/Y3CpvV3Z29/YP9MPqrYgSjkkfRyziQw8JwmhI+pJKRoYxJyjwGBl488ulP7gjXNAovJGLmLgBmobUpxhJJY31qiNpQAR0fI5w2shSOxvrNdM4bzWa9RbMSdssiN2xoGWYOWqgQG+svzuTCCcBCSVmSIiRZcbSTRGXFDOSVZxEkBjhOZqSkaIhUgvdNL89g6dKmUA/4qpCCXP1+0SKAiEWgac6AyRn4re3FP/yRon0O25KwziRJMSrRX7CoIzgMgg4oZxgyRaKIMypuhXiGVIpSBVXRYXw9Sn8n9zWDcs2mtd2rXtRxFEGx+AEnAELtEEXXIEe6AMM7sEDeALPWqY9ai/a66q1pBUzR+AHtLdPYOqUsQ==</latexit>

⇥7

8

<latexit sha1_base64="Cn4KBqKCaOuw/NjZea1OSvHHWk4=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgqiS1L3dFNy4r2Ac0oUymk3boZBJmJmIJ+RU3LhRx64+482+cphFU9MCFwzn3cu89XsSoVJb1YRTW1jc2t4rbpZ3dvf0D87Dcl2EsMOnhkIVi6CFJGOWkp6hiZBgJggKPkYE3v1r6gzsiJA35rVpExA3QlFOfYqS0NDbLjqIBkdDxBcJJK03a6disWNWL5nmj1oQZaVk5qbdtaFetDBWQozs2351JiOOAcIUZknJkW5FyEyQUxYykJSeWJEJ4jqZkpClHeqGbZLen8FQrE+iHQhdXMFO/TyQokHIReLozQGomf3tL8S9vFCu/7SaUR7EiHK8W+TGDKoTLIOCECoIVW2iCsKD6VohnSKegdFwlHcLXp/B/0q9V7Xq1cVOvdC7zOIrgGJyAM2CDFuiAa9AFPYDBPXgAT+DZSI1H48V4XbUWjHzmCPyA8fYJbR6UuQ==</latexit>

relative to bosons


