
Cosmology
Lecture 3: Large scale structure and Cosmic Microwave Background

Constantinos Skordis — IDPASC, 19 Sep 2023



(from Sloan Digital Sky Survey)



Fluid approximation: 
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Initial condition Shell crossing Phase mixing
Further phase mixing

Use N-body simulations, Vlasov 
solvers, Schoedinger-Poisson Method

• Gadget: https://wwwmpa.mpa-garching.mpg.de/gadget4/ 

• Enzo: https://enzo-project.org/

• Arepo: https://arepo-code.org/

• RAMSES: https://www. ics.uzh.ch/~teyssier/ramses/RAMSES.html

• Particle trajectories do not cross (no collisions)

• No phase mixing

• Any small       contains large number of particles�V

<latexit sha1_base64="w4uj5/pPGXQToJmNxhMIOonexuM=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZLQ0nZXdOOygn1AG8pkMmmHTiZx5kYopT/hxoUibv0dd/6N0wdFRQ9cOJxzL/feE6SCa3CcTyu3sbm1vZPfLeztHxweFY9P2jrJFGUtmohEdQOimeCStYCDYN1UMRIHgnWC8fXc7zwwpXki72CSMj8mQ8kjTgkYqdsPmQCC24NiybHrbqXqVbFrOwtgx/Zqbt1z10oJrdAcFD/6YUKzmEmggmjdc50U/ClRwKlgs0I/0ywldEyGrGeoJDHT/nRx7wxfGCXEUaJMScAL9fvElMRaT+LAdMYERvq3Nxf/8noZRDV/ymWaAZN0uSjKBIYEz5/HIVeMgpgYQqji5lZMR0QRCiaigglh/fv/pO3Zbtmu3JZLjatVHHl0hs7RJXJRFTXQDWqiFqJIoEf0jF6se+vJerXelq05azVzin7Aev8C5cWP5Q==</latexit>

• Energy density field

• Velocity field

N

<latexit sha1_base64="4tI8MyGntlLrnc6BRXC2gBtM23I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irly3qlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6kpjNo=</latexit>

particles of mass m

<latexit sha1_base64="dnYsMWDGd6cwdxzyfB0L4TnZDb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2CWM+Q==</latexit>

⇢(t, ~x) = lim
�V!0

Nm

�V

<latexit sha1_base64="d90W/byI5hTW1zXcHy2OviVCJoY="></latexit>

~v(t, ~x)

<latexit sha1_base64="RX9FE8U4JGE4UVGtwXnYF3VMhN0=">AAAB+3icdZDLSsNAFIYnXmu9xbp0M1iEChKS2pu7ohuXFewF2lAm00k7dHJhZlJaQl7FjQtF3Poi7nwbp2kEFf1h4OM/53DO/E7IqJCm+aGtrW9sbm3ndvK7e/sHh/pRoSOCiGPSxgELeM9BgjDqk7akkpFeyAnyHEa6zvRmWe/OCBc08O/lIiS2h8Y+dSlGUllDvTCYERzPkpK8SGmenA/1omlc1S6r5RpMoW5mUGlY0DLMVEWQqTXU3wejAEce8SVmSIi+ZYbSjhGXFDOS5AeRICHCUzQmfYU+8oiw4/T2BJ4pZwTdgKvnS5i63ydi5Amx8BzV6SE5Eb9rS/OvWj+SbsOOqR9Gkvh4tciNGJQBXAYBR5QTLNlCAcKcqlshniCOsFRx5VUIXz+F/0OnbFgVo3pXKTavszhy4AScghKwQB00wS1ogTbAYA4ewBN41hLtUXvRXleta1o2cwx+SHv7BIP/lMc=</latexit>

https://enzo-project.org
https://arepo-code.org/
http://ics.uzh.ch/~teyssier/ramses/RAMSES.html


Newtonian Gravitational Collapse

Euler eq.

Continuity equation

Poisson eq.

Equation of state

r2� = 4⇡G⇢

<latexit sha1_base64="shZM1cF3qrdVSml17HxeBN/911c=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFchSSttRuh6EKXFewDmlgm00kzdDIJMxOhlC7c+CtuXCji1o9w5984fQhV9MCFwzn3cu89QcqoVLb9aSwtr6yurec28ptb2zu75t5+UyaZwKSBE5aIdoAkYZSThqKKkXYqCIoDRlrB4GLit+6IkDThN2qYEj9GfU5DipHSUtcseBwFDN260KtHFJ7BspdSeAk9ESVds+hY9hTQttxS1SlVNSm5bsWpwG+rCOaod80Pr5fgLCZcYYak7Dh2qvwREopiRsZ5L5MkRXiA+qSjKUcxkf5o+sQYHmmlB8NE6OIKTtXFiRGKpRzGge6MkYrkb28i/uV1MhVW/RHlaaYIx7NFYcagSuAkEdijgmDFhpogLKi+FeIICYSVzi2/GML/pOlaTtk6uS4Xa+fzOHKgAA7BMXDAKaiBK1AHDYDBPXgEz+DFeDCejFfjbda6ZMxnDsAPGO9fKpKWiA==</latexit>

@⇢

@t
+ ~v · ~r⇢ = �⇢~r · ~v

<latexit sha1_base64="fi3DKMqApQewv6ECUX0Lj5FO/JU="></latexit>

⇢


@~v

@t
+

⇣
~v · ~r

⌘
~v

�
= �~rP � ⇢~r�

<latexit sha1_base64="ntZK3P86M67OhGTP4sS32YhJ1hM="></latexit>

~rP = C2
s
~r⇢

<latexit sha1_base64="IfunNYMMefpID4ZN3QeMFWau77E=">AAACFHicdVDLSsNAFJ3UV62vqEs3g0UQhJLUvlwIxW5cVrAPaGqZTKft0MkkzEwKJfQj3Pgrblwo4taFO//GaRrBih64cDjnXu69xw0YlcqyPo3Uyura+kZ6M7O1vbO7Z+4fNKUfCkwa2Ge+aLtIEkY5aSiqGGkHgiDPZaTljmtzvzUhQlKf36ppQLoeGnI6oBgpLfXMM+hMCI4cjlyGZrAOL2GtJ+/ycFmHjhj5PTNr5S5K58V8CcakbCWkULGhnbNiZEGCes/8cPo+Dj3CFWZIyo5tBaobIaEoZmSWcUJJAoTHaEg6mnLkEdmN4qdm8EQrfTjwhS6uYKz+nIiQJ+XUc3Wnh9RI/vbm4l9eJ1SDSjeiPAgV4XixaBAyqHw4Twj2qSBYsakmCAuqb4V4hATCSueY0SF8fwr/J818zi7kijeFbPUqiSMNjsAxOAU2KIMquAZ10AAY3INH8AxejAfjyXg13hatKSOZOQRLMN6/AL1nnW0=</latexit>

Use a trick — Taylor expansion 

background is homogeneous and static:
@⇢̄

@t
= ~r⇢̄ = 0

<latexit sha1_base64="Tue24mKxn4NfmuamzfwQR15Zdss="></latexit>

~̄v = 0

<latexit sha1_base64="OCImMXeYAt9H/S6ALqXn37I0v84=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaT25UIounFZwT6gCWUynbRDJw9mJpUS8yluXCji1i9x5984TSOo6IELh3Pu5d573IhRIU3zQ1tZXVvf2CxsFbd3dvf29dJBV4Qxx6SDQxbyvosEYTQgHUklI/2IE+S7jPTc6dXC780IFzQMbuU8Io6PxgH1KEZSSUO9ZLuIJ/aM4GSWpvACmkO9bBrn9bNapQ4z0jBzUm1a0DLMDGWQoz3U3+1RiGOfBBIzJMTAMiPpJIhLihlJi3YsSITwFI3JQNEA+UQ4SXZ6Ck+UMoJeyFUFEmbq94kE+ULMfVd1+khOxG9vIf7lDWLpNZ2EBlEsSYCXi7yYQRnCRQ5wRDnBks0VQZhTdSvEE8QRliqtogrh61P4P+lWDKtq1G6q5dZlHkcBHIFjcAos0AAtcA3aoAMwuAMP4Ak8a/fao/aivS5bV7R85hD8gPb2CS6ik/g=</latexit>

~v = ~̄v + ✏�~v

<latexit sha1_base64="qjQhMgmbGxm7DV/yKd3X6W6E+lg="></latexit>

⇢ = ⇢̄+ ✏�⇢

<latexit sha1_base64="9CEA+2R6DLLrt93kqRZ612bT82Y="></latexit>

✏ ⌧ 1

<latexit sha1_base64="dZjZ7K8IdkK4AoDy/0aCQVk4CV0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DUvtwV3bisYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9xmkZQ0QMXDufcy733+DGjUtn2h1FYW9/Y3Cpul3Z29/bL5sFhT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+7Grp9++IkDTit2oeEy9EE04DipHS0sgsQ5fEkrKIQ5cx6IzMim1dNM7r1QbMSNPOSa3lQMeyM1RAjs7IfHfHEU5CwhVmSMqhY8fKS5FQFDOyKLmJJDHCMzQhQ005Con00uzwBTzVyhgGkdDFFczU7xMpCqWch77uDJGayt/eUvzLGyYqaHkp5XGiCMerRUHCoIrgMgU4poJgxeaaICyovhXiKRIIK51VSYfw9Sn8n/SqllOz6je1Svsyj6MIjsEJOAMOaII2uAYd0AUYJOABPIFn4954NF6M11VrwchnjsAPGG+fGZmSwQ==</latexit>

Equations become linear
✏2 ! 0

<latexit sha1_base64="9Cn+17/C/KddVor9oxplPttPtz0=">AAACAXicdVDLSgMxFM34rPU16kZwEyyCqzJT+3JXdOOygn1AO5ZMmmlDM8mQZJQy1I2/4saFIm79C3f+jWk7gooeuHA4517uvcePGFXacT6shcWl5ZXVzFp2fWNza9ve2W0qEUtMGlgwIds+UoRRThqaakbakSQo9Blp+aPzqd+6IVJRwa/0OCJeiAacBhQjbaSevd8lkaJM8OsC7Eo6GGokpbiFTs/OOfnT8kmpUIYzUnFSUqy60M07M+RAinrPfu/2BY5DwjVmSKmO60TaS5DUFDMyyXZjRSKER2hAOoZyFBLlJbMPJvDIKH0YCGmKazhTv08kKFRqHPqmM0R6qH57U/EvrxProOollEexJhzPFwUxg1rAaRywTyXBmo0NQVhScyvEQyQR1ia0rAnh61P4P2kW8m4xX7os5mpnaRwZcAAOwTFwQQXUwAWogwbA4A48gCfwbN1bj9aL9TpvXbDSmT3wA9bbJ40Nlvs=</latexit>

Set

(Mass change through closed surface)

(Gravity)

(Newton-II: Acceleration = sum forces)

dM

dt
=

Z
dV

@⇢

@t

<latexit sha1_base64="rlTajIYpPOE2raw/xMyLMzXVB0c="></latexit>

�F

�V
(r) ⇠ �G

�M

�V
(r)

X

i

�mi

|r � ri|2
⇠ ��

�V

<latexit sha1_base64="aLn/G7sBRiRVasrsCW9JoCsqKRM="></latexit>



Jeans instability
Define density contrast: � ⌘ �⇢

⇢

<latexit sha1_base64="s93XtGCyoJ9qHPNlgMt5sYOr7cU=">AAACD3icdVC7SgNBFJ2NrxhfUUubwaBYhd2Yl13QxjKCeUA2hNnJ3WTI7MOZ2UBY8gc2/oqNhSK2tnb+jZNNAip64F4O59zLzD1OyJlUpvlppFZW19Y30puZre2d3b3s/kFTBpGg0KABD0TbIRI486GhmOLQDgUQz+HQckZXM781BiFZ4N+qSQhdjwx85jJKlJZ62VO7D1wRbMNdxMbYdgWh8VITw2AaJ72XzZn5i/J5qVDGCamYC1KsWtjKmwlyaIF6L/th9wMaeeAryomUHcsMVTcmQjHKYZqxIwkhoSMygI6mPvFAduPknik+0Uofu4HQ5SucqN83YuJJOfEcPekRNZS/vZn4l9eJlFvtxswPIwU+nT/kRhyrAM/CwX0mgCo+0YRQwfRfMR0SHYnSEWZ0CMtL8f+kWchbxXzpppirXS7iSKMjdIzOkIUqqIauUR01EEX36BE9oxfjwXgyXo23+WjKWOwcoh8w3r8ALXGdcA==</latexit>

�̈ +
�
k2C2

s � 4⇡G⇢̄
�
� = 0

<latexit sha1_base64="OLmyUdp1tQ+Wf7GYkV3pRqCaSBk="></latexit>

k2C2
s > 4⇡G⇢̄

<latexit sha1_base64="j+GtlohNXfPxjJ4mhfaUgH4uF0I=">AAACB3icdVDLSsNAFJ34rPVVdSnIYBFchaT25UaKXeiygn1AE8NkOmmHTh7MTIQSunPjr7hxoYhbf8Gdf+M0jaCiB+7lcM69zNzjRowKaRgf2sLi0vLKam4tv76xubVd2NntiDDmmLRxyELec5EgjAakLalkpBdxgnyXka47bs787i3hgobBtZxExPbRMKAexUgqySkcjG9KsOkI1c9gGVoRhRfQchFPLD4Kp06haOin1ZNKqQpTUjMyUq6b0NSNFEWQoeUU3q1BiGOfBBIzJETfNCJpJ4hLihmZ5q1YkAjhMRqSvqIB8omwk/SOKTxSygB6IVcVSJiq3zcS5Asx8V016SM5Er+9mfiX14+lV7cTGkSxJAGeP+TFDMoQzkKBA8oJlmyiCMKcqr9CPEIcYamiy6sQvi6F/5NOSTfLeuWqXGycZ3HkwD44BMfABDXQAJegBdoAgzvwAJ7As3avPWov2ut8dEHLdvbAD2hvn0G5l7g=</latexit>

k2C2
s < 4⇡G⇢̄

<latexit sha1_base64="pKDQEX2oOR9rgYPQVULJVrsTIeY=">AAACB3icdVDLSsNAFJ34rPVVdSnIYBFchaT2JbgodqHLCvYBTQyT6aQdOnkwMxFK6M6Nv+LGhSJu/QV3/o3TNIKKHriXwzn3MnOPGzEqpGF8aAuLS8srq7m1/PrG5tZ2YWe3I8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrruuDnzu7eECxoG13ISEdtHw4B6FCOpJKdwML4pwaYjVD+DZWhFFF5Ay0U8sfgonDqFoqGfVk8qpSpMSc3ISLluQlM3UhRBhpZTeLcGIY59EkjMkBB904iknSAuKWZkmrdiQSKEx2hI+ooGyCfCTtI7pvBIKQPohVxVIGGqft9IkC/ExHfVpI/kSPz2ZuJfXj+WXt1OaBDFkgR4/pAXMyhDOAsFDignWLKJIghzqv4K8QhxhKWKLq9C+LoU/k86Jd0s65WrcrFxnsWRA/vgEBwDE9RAA1yCFmgDDO7AA3gCz9q99qi9aK/z0QUt29kDP6C9fQI+i5e2</latexit>

Oscillations (stable)

Exponential collapse

Only wavelengths larger than the Jeans length can 
collapse to form bound objects

Dividing line: 

Jeans length:

k =

p
4⇡G⇢̄

Cs

<latexit sha1_base64="HKi7+qYhLQlGOFs/OttZu7OX8co="></latexit>

�J =
2⇡

k
= Cs

r
⇡

G⇢̄

<latexit sha1_base64="zuyeRFqJ24MXEDQYiSWdO9j+JTQ="></latexit>

Use Fourier space ~r2 ! �k2

<latexit sha1_base64="hMJL/2dJ/A0imwEzJSpJBI7kQf4=">AAACCXicdVDJSgNBEO1xjXGLevTSGAQvhpmYzVvQi8cIZoFMEmo6naRJT8/Q3RMJQ65e/BUvHhTx6h9482/sLIKKPih4vFdFVT0v5Exp2/6wlpZXVtfWExvJza3tnd3U3n5NBZEktEoCHsiGB4pyJmhVM81pI5QUfI/Tuje8nPr1EZWKBeJGj0Pa8qEvWI8R0EbqpLA7oiR2BXgcJu0sdiXrDzRIGdziUzxsZzuptJ05L5zlswU8I0V7QXIlBzsZe4Y0WqDSSb273YBEPhWacFCq6dihbsUgNSOcTpJupGgIZAh92jRUgE9VK559MsHHRuniXiBNCY1n6veJGHylxr5nOn3QA/Xbm4p/ec1I90qtmIkw0lSQ+aJexLEO8DQW3GWSEs3HhgCRzNyKyQAkEG3CS5oQvj7F/5NaNuPkMvnrXLp8sYgjgQ7RETpBDiqiMrpCFVRFBN2hB/SEnq1769F6sV7nrUvWYuYA/YD19gkbbpn5</latexit>



Collapse in an expanding Universe Use Newtonian theory
suffices for sub-horizon fluctuations 

for non-relativistic matter

Background is homogeneous and expanding:

FRW energy conservation!

~̄v = H~x

<latexit sha1_base64="OPg91TQ62PQTUJFYjtSgdVudneE=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1gEVyGpfbkQim66rGBboQllMp22QycPZibFEoIbf8WNC0Xc+hXu/BunaQQVPXDhcM693HuPGzIqpGl+aLml5ZXVtfx6YWNza3tH393riCDimLRxwAJ+4yJBGPVJW1LJyE3ICfJcRrru5HLud6eECxr413IWEsdDI58OKUZSSX39wJ4SHNsu4vE0SeA5bMJUuU36etE0zqqnlVIVpqRmZqRct6BlmCmKIEOrr7/bgwBHHvElZkiInmWG0okRlxQzkhTsSJAQ4QkakZ6iPvKIcOL0hQQeK2UAhwFX5UuYqt8nYuQJMfNc1ekhORa/vbn4l9eL5LDuxNQPI0l8vFg0jBiUAZznAQeUEyzZTBGEOVW3QjxGHGGpUiuoEL4+hf+TTsmwykblqlxsXGRx5MEhOAInwAI10ABN0AJtgMEdeABP4Fm71x61F+110ZrTspl98APa2yeEspeK</latexit>

˙̄⇢+ 3H ⇢̄ = 0

<latexit sha1_base64="FgJ8xZ5ah0I3eg+OTUytdnqM51Y=">AAACDnicdVDLSgMxFM3UV62vUZdugqUgCGWmbxdC0U2XFewDOqVk0kwbmnmQZIQyzBe48VfcuFDErWt3/o3pdMQHeuDC4Zx7k3uPHTAqpGG8a5mV1bX1jexmbmt7Z3dP3z/oCj/kmHSwz3zet5EgjHqkI6lkpB9wglybkZ49u1z4vRvCBfW9azkPyNBFE486FCOppJFesMa+jCwb8cjiUz+O4Skswxb8UuA5NEZ63iie1crVUg0mpG6kpNIwoVk0EuRBivZIf1Pv4tAlnsQMCTEwjUAOI8QlxYzEOSsUJEB4hiZkoKiHXCKGUXJODAtKGUPH56o8CRP1+0SEXCHmrq06XSSn4re3EP/yBqF0GsOIekEoiYeXHzkhg9KHi2zgmHKCJZsrgjCnaleIp4gjLFWCORXC56Xwf9ItFc1KsXpVyTcv0jiy4AgcgxNggjpoghZogw7A4Bbcg0fwpN1pD9qz9rJszWjpzCH4Ae31A8O1m0w=</latexit>

Euler eq.

Continuity equation

Poisson eq. (Gravity)

Equation of state

r2� = 4⇡G⇢

<latexit sha1_base64="shZM1cF3qrdVSml17HxeBN/911c=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFchSSttRuh6EKXFewDmlgm00kzdDIJMxOhlC7c+CtuXCji1o9w5984fQhV9MCFwzn3cu89QcqoVLb9aSwtr6yurec28ptb2zu75t5+UyaZwKSBE5aIdoAkYZSThqKKkXYqCIoDRlrB4GLit+6IkDThN2qYEj9GfU5DipHSUtcseBwFDN260KtHFJ7BspdSeAk9ESVds+hY9hTQttxS1SlVNSm5bsWpwG+rCOaod80Pr5fgLCZcYYak7Dh2qvwREopiRsZ5L5MkRXiA+qSjKUcxkf5o+sQYHmmlB8NE6OIKTtXFiRGKpRzGge6MkYrkb28i/uV1MhVW/RHlaaYIx7NFYcagSuAkEdijgmDFhpogLKi+FeIICYSVzi2/GML/pOlaTtk6uS4Xa+fzOHKgAA7BMXDAKaiBK1AHDYDBPXgEz+DFeDCejFfjbda6ZMxnDsAPGO9fKpKWiA==</latexit>

@⇢

@t
+ ~v · ~r⇢ = �⇢~r · ~v

<latexit sha1_base64="fi3DKMqApQewv6ECUX0Lj5FO/JU="></latexit>

⇢


@~v

@t
+

⇣
~v · ~r

⌘
~v

�
= �~rP � ⇢~r�

<latexit sha1_base64="ntZK3P86M67OhGTP4sS32YhJ1hM="></latexit>

~rP = C2
s
~r⇢

<latexit sha1_base64="IfunNYMMefpID4ZN3QeMFWau77E=">AAACFHicdVDLSsNAFJ3UV62vqEs3g0UQhJLUvlwIxW5cVrAPaGqZTKft0MkkzEwKJfQj3Pgrblwo4taFO//GaRrBih64cDjnXu69xw0YlcqyPo3Uyura+kZ6M7O1vbO7Z+4fNKUfCkwa2Ge+aLtIEkY5aSiqGGkHgiDPZaTljmtzvzUhQlKf36ppQLoeGnI6oBgpLfXMM+hMCI4cjlyGZrAOL2GtJ+/ycFmHjhj5PTNr5S5K58V8CcakbCWkULGhnbNiZEGCes/8cPo+Dj3CFWZIyo5tBaobIaEoZmSWcUJJAoTHaEg6mnLkEdmN4qdm8EQrfTjwhS6uYKz+nIiQJ+XUc3Wnh9RI/vbm4l9eJ1SDSjeiPAgV4XixaBAyqHw4Twj2qSBYsakmCAuqb4V4hATCSueY0SF8fwr/J818zi7kijeFbPUqiSMNjsAxOAU2KIMquAZ10AAY3INH8AxejAfjyXg13hatKSOZOQRLMN6/AL1nnW0=</latexit>

~v = ~̄v + ✏�~v

<latexit sha1_base64="qjQhMgmbGxm7DV/yKd3X6W6E+lg="></latexit>

⇢ = ⇢̄+ ✏�⇢

<latexit sha1_base64="9CEA+2R6DLLrt93kqRZ612bT82Y="></latexit>

✏ ⌧ 1

<latexit sha1_base64="dZjZ7K8IdkK4AoDy/0aCQVk4CV0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DUvtwV3bisYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9xmkZQ0QMXDufcy733+DGjUtn2h1FYW9/Y3Cpul3Z29/bL5sFhT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+7Grp9++IkDTit2oeEy9EE04DipHS0sgsQ5fEkrKIQ5cx6IzMim1dNM7r1QbMSNPOSa3lQMeyM1RAjs7IfHfHEU5CwhVmSMqhY8fKS5FQFDOyKLmJJDHCMzQhQ005Con00uzwBTzVyhgGkdDFFczU7xMpCqWch77uDJGayt/eUvzLGyYqaHkp5XGiCMerRUHCoIrgMgU4poJgxeaaICyovhXiKRIIK51VSYfw9Sn8n/SqllOz6je1Svsyj6MIjsEJOAMOaII2uAYd0AUYJOABPIFn4954NF6M11VrwchnjsAPGG+fGZmSwQ==</latexit>

Equations become linear
✏2 ! 0

<latexit sha1_base64="9Cn+17/C/KddVor9oxplPttPtz0=">AAACAXicdVDLSgMxFM34rPU16kZwEyyCqzJT+3JXdOOygn1AO5ZMmmlDM8mQZJQy1I2/4saFIm79C3f+jWk7gooeuHA4517uvcePGFXacT6shcWl5ZXVzFp2fWNza9ve2W0qEUtMGlgwIds+UoRRThqaakbakSQo9Blp+aPzqd+6IVJRwa/0OCJeiAacBhQjbaSevd8lkaJM8OsC7Eo6GGokpbiFTs/OOfnT8kmpUIYzUnFSUqy60M07M+RAinrPfu/2BY5DwjVmSKmO60TaS5DUFDMyyXZjRSKER2hAOoZyFBLlJbMPJvDIKH0YCGmKazhTv08kKFRqHPqmM0R6qH57U/EvrxProOollEexJhzPFwUxg1rAaRywTyXBmo0NQVhScyvEQyQR1ia0rAnh61P4P2kW8m4xX7os5mpnaRwZcAAOwTFwQQXUwAWogwbA4A48gCfwbN1bj9aL9TpvXbDSmT3wA9bbJ40Nlvs=</latexit>

Set
Taylor-expand

(Same eps as before)



Collapse in an expanding Universe

�̈ + 2H �̇ +

✓
k
2
C

2
s

a2
� 4⇡G⇢̄

◆
� = 0

<latexit sha1_base64="SFRJeTEjUMB0WBRwd1ndO4/hm7U="></latexit>

•Expansion introduces a damping term:


•Scales are stretched by


•Background density is evolving


•Jeans length is time dependent


•A given perturbation may switch between growth and stasis

�J =
Cs

a

r
⇡

G⇢̄

<latexit sha1_base64="6AVh+OZHgQM3iPjtt1EGYQY7oTg="></latexit>

⇢̄ / a�3

<latexit sha1_base64="1MPEIV2vF0RYkIF+XzE500WYpOQ=">AAACAnicdVDLSgMxFM3UV62vUVfiJlgEN5aZvt0V3bisYB/QqSWTpm1oJhmSjFCG4sZfceNCEbd+hTv/xnRaQUUPBA7n3MvNOX7IqNKO82GllpZXVtfS65mNza3tHXt3r6lEJDFpYMGEbPtIEUY5aWiqGWmHkqDAZ6Tljy9mfuuWSEUFv9aTkHQDNOR0QDHSRurZB56PZOzJkZhCL5Qi1AKim/i0MO3ZWSd3Vi6U8mWYkIqzIMWqC92ckyALFqj37HevL3AUEK4xQ0p1XCfU3RhJTTEj04wXKRIiPEZD0jGUo4CobpxEmMJjo/ThQEjzuIaJ+n0jRoFSk8A3kwHSI/Xbm4l/eZ1ID6rdmPIw0oTj+aFBxKDJOesD9qkkWLOJIQhLav4K8QhJhLVpLWNK+EoK/yfNfM4t5kpXxWztfFFHGhyCI3ACXFABNXAJ6qABMLgDD+AJPFv31qP1Yr3OR1PWYmcf/ID19gmPMpeP</latexit>

a(t)

<latexit sha1_base64="sddxIRyNpvcNNzv7ZM6GJ78eixY=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1AO5RMmmlDk8yQZIRS+gtuXCji1h9y59+YmY6gogcuHM65l3vv8SNGlXacDyu3tr6xuZXfLuzs7u0fFA+PuiqMJSYdHLJQ9n2kCKOCdDTVjPQjSRD3Gen5s+vE790TqWgo7vQ8Ih5HE0EDipFOJFTW56NiybEv6xe1Sh2mpOFkpNp0oWs7KUogQ3tUfB+OQxxzIjRmSKmB60TaWyCpKWZkWRjGikQIz9CEDAwViBPlLdJbl/DMKGMYhNKU0DBVv08sEFdqzn3TyZGeqt9eIv7lDWIdNL0FFVGsicCrRUHMoA5h8jgcU0mwZnNDEJbU3ArxFEmEtYmnYEL4+hT+T7oV263atdtqqXWVxZEHJ+AUlIELGqAFbkAbdAAGU/AAnsCzxa1H68V6XbXmrGzmGPyA9fYJ6ASOLQ==</latexit>

2H �̇

<latexit sha1_base64="yOhJhcfk7mLtrEKdSIXhwgOavUs=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNczUvtwV3XRZwT6gHUomTdvQzIPkTqEM/RM3LhRx65+4829MpyOo6IHA4Zx7uDfHiwRXYNsfRm5jc2t7J79b2Ns/ODwyj086KowlZW0ailD2PKKY4AFrAwfBepFkxPcE63qz25XfnTOpeBjcwyJirk8mAR9zSkBLQ9Ms4SYejEJIBiMmgCyHZtG2rqtXlVIVp6RmZ6Rcd7Bj2SmKKENraL7rOI19FgAVRKm+Y0fgJkQCp4ItC4NYsYjQGZmwvqYB8Zlyk/TyJb7QygiPQ6lfADhVvycS4iu18D096ROYqt/eSvzL68cwrrsJD6IYWEDXi8axwBDiVQ14xCWjIBaaECq5vhXTKZGEgi6roEv4+in+n3RKllO2KnflYuMmqyOPztA5ukQOqqEGaqIWaiOK5ugBPaFnIzEejRfjdT2aM7LMKfoB4+0TMKqTaw==</latexit>

Differences arise

�J

<latexit sha1_base64="88akoIi6yMFwfYuKUjPLFgF1B2I=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapipfbkruhFXFewD26FkMpk2NJMZkoxQSv/CjQtF3Po37vwb04egogcCh3POJfceP+FMacf5sDIrq2vrG9nN3Nb2zu5efv+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDnz2/dUKhaLWz1OqBfhgWAhI1gb6a7HTTTA/WvUzxcc+7xyVi5W0JxUnSUp1Vzk2s4cBVii0c+/94KYpBEVmnCsVNd1Eu1NsNSMcDrN9VJFE0xGeEC7hgocUeVN5htP0YlRAhTG0jyh0Vz9PjHBkVLjyDfJCOuh+u3NxL+8bqrDmjdhIkk1FWTxUZhypGM0Ox8FTFKi+dgQTCQzuyIyxBITbUrKmRK+LkX/k1bRdkt2+aZUqF8s68jCERzDKbhQhTpcQQOaQEDAAzzBs6WsR+vFel1EM9Zy5hB+wHr7BG74kMk=</latexit>



Matter fluctuations: Growth or decay

1. Matter domination:

2. Radiation domination:

Within Jeans length: oscillations (Bessel functions with decreasing amplitude)

Outside Jeans length:                    ignore

Mészáros effect: During radiation era matter fluctuations grow only logarithmically at best 

Power-law growth�̈ +
4

3t
�̇ � 2

3t2
� = 0

<latexit sha1_base64="uWSQ7OCKzbrwzzLqL5Ht3W1ddRE="></latexit>

�̈ +
1

t
�̇ = 0

<latexit sha1_base64="qHFLydJUFzIaM6aC/QatN56acWI=">AAACFXicdVDLSgMxFM3UV62vqks3wSIISpmpfbkQim5cVrBW6JSSyWTa0MyD5I5QhvkJN/6KGxeKuBXc+TemD6GKHrhwOOfe5N7jRIIrMM1PI7OwuLS8kl3Nra1vbG7lt3duVBhLylo0FKG8dYhiggesBRwEu40kI74jWNsZXoz99h2TiofBNYwi1vVJP+AepwS01Msf264bQmK7TABJ8RG2PUloYqUJpNiet86w2csXzOJp9aRSquIJqZkzUq5b2CqaExTQDM1e/kM/QWOfBUAFUapjmRF0EyKBU8HSnB0rFhE6JH3W0TQgPlPdZHJVig+04mIvlLoCwBN1fiIhvlIj39GdPoGB+u2Nxb+8TgxevZvwIIqBBXT6kRcLDCEeR4RdLhkFMdKEUMn1rpgOiI4FdJA5HcL3pfh/clMqWuVi5apcaJzP4siiPbSPDpGFaqiBLlETtRBF9+gRPaMX48F4Ml6Nt2lrxpjN7KIfMN6/AFl8nvM=</latexit>

a ⇠
p
t

<latexit sha1_base64="gQUeNv5lcb3NOF6sFamESHcB6Rs=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq2Gm9uWu6MZlBWsL7VAyaaYNzTxM7gh16Je4caGIWz/FnX9j2o6gogfu5XDOveTmeLHgCmz7w8itrK6tb+Q3C1vbO7tFc2//RkWJpKxNIxHJrkcUEzxkbeAgWDeWjASeYB1vcjH3O3dMKh6F1zCNmRuQUch9TgloaWAWCe4rHuh2KyGF2cAs2dZZ7bRaruEFqdsZqTQc7Fj2AiWUoTUw3/vDiCYBC4EKolTPsWNwUyKBU8FmhX6iWEzohIxYT9OQBEy56eLwGT7WyhD7kdQVAl6o3zdSEig1DTw9GRAYq9/eXPzL6yXgN9yUh3ECLKTLh/xEYIjwPAU85JJREFNNCJVc34rpmEhCQWdV0CF8/RT/T27KllOxqleVUvM8iyOPDtEROkEOqqMmukQt1EYUJegBPaFn4954NF6M1+Vozsh2DtAPGG+fN8OTfg==</latexit>

a ⇠ t2/3

<latexit sha1_base64="m4jOc2M+fO1rI+PsW0606sOGUAE=">AAAB9XicdVDLSgMxFM34rPVVdekmWARX40zf7opuXFawD2inJZOmbWiSGZKMUob+hxsXirj1X9z5N6bTEVT0wIXDOfdy7z1+yKjSjvNhrayurW9sZray2zu7e/u5g8OWCiKJSRMHLJAdHynCqCBNTTUjnVASxH1G2v70auG374hUNBC3ehYSj6OxoCOKkTZSH8Geohzqflw4L84HubxjX1SK5UIFJqTqpKRUc6FrOwnyIEVjkHvvDQMccSI0ZkipruuE2ouR1BQzMs/2IkVChKdoTLqGCsSJ8uLk6jk8NcoQjgJpSmiYqN8nYsSVmnHfdHKkJ+q3txD/8rqRHtW8mIow0kTg5aJRxKAO4CICOKSSYM1mhiAsqbkV4gmSCGsTVNaE8PUp/J+0CrZbsss3pXz9Mo0jA47BCTgDLqiCOrgGDdAEGEjwAJ7As3VvPVov1uuydcVKZ47AD1hvn8F1kg8=</latexit>

k ⌧ kJ

<latexit sha1_base64="CoPrGJIMT8sp3BWk829pXH+VC4Y=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6KbsRVBfuQdiiZNNOGSTJDkhFK6Ve4caGIWz/HnX9jOh1BRQ9cOJxzL/fe48eMKu04H1ZuZXVtfSO/Wdja3tndK+4fdFSUSEzaOGKR7PlIEUYFaWuqGenFkiDuM9L1w8uF370nUtFI3OppTDyOxoIGFCNtpLsQDhiD4fB6WCw59nntrFquwZTUnYxUGi50bSdFCWRoDYvvg1GEE06Exgwp1XedWHszJDXFjMwLg0SRGOEQjUnfUIE4Ud4sPXgOT4wygkEkTQkNU/X7xAxxpabcN50c6Yn67S3Ev7x+ooOGN6MiTjQReLkoSBjUEVx8D0dUEqzZ1BCEJTW3QjxBEmFtMiqYEL4+hf+TTtl2K3b1plJqXmRx5MEROAanwAV10ARXoAXaAAMOHsATeLak9Wi9WK/L1pyVzRyCH7DePgFldJAs</latexit>

k2C2
s

<latexit sha1_base64="F3pXXkktp1T6D3BD9Vw2iMc9QOA=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZLYl7tiNy4r2Ie0aZlMJ+3QySTMTIQS+hVuXCji1s9x5984TSOo6IELh3Pu5d57vIhRqSzrw8itrW9sbuW3Czu7e/sHxcOjjgxjgUkbhywUPQ9JwignbUUVI71IEBR4jHS9WXPpd++JkDTkt2oeETdAE059ipHS0t1s6MDmSA6dUbFkmZfVi4pThSmpWRkp121om1aKEsjQGhXfB+MQxwHhCjMkZd+2IuUmSCiKGVkUBrEkEcIzNCF9TTkKiHST9OAFPNPKGPqh0MUVTNXvEwkKpJwHnu4MkJrK395S/Mvrx8qvuwnlUawIx6tFfsygCuHyezimgmDF5pogLKi+FeIpEggrnVFBh/D1KfyfdBzTLpuVm3KpcZXFkQcn4BScAxvUQANcgxZoAwwC8ACewLMhjEfjxXhdteaMbOYY/IDx9gkXio/5</latexit>

8⇡G⇢̄ ⇠ 1

t2

<latexit sha1_base64="oId5tKg5ZT7iqaypyWC/sXVuGH8="></latexit>

� = �0 + �1 ln t

<latexit sha1_base64="7q4/Bd3aoyKIxYWG+4cDEXLlvS0=">AAACC3icdZDLSgMxFIYz9VbrrerSTWgRBKHM1N5cCEU3LivYC3SGkknTNjSTGZIzQindu/FV3LhQxK0v4M63Mb2Biv4Q+PjPOZyc348E12Dbn1ZiZXVtfSO5mdra3tndS+8fNHQYK8rqNBShavlEM8ElqwMHwVqRYiTwBWv6w6tpvXnHlOahvIVRxLyA9CXvcUrAWJ10xu0yAQRf4Dl0bHy6RAe7QmLopLN27rx0VsyX8AzK9gIKFQc7OXumLFqo1kl/uN2QxgGTQAXRuu3YEXhjooBTwSYpN9YsInRI+qxtUJKAaW88u2WCj43Txb1QmScBz9zvE2MSaD0KfNMZEBjo37Wp+VetHUOv4o25jGJgks4X9WKBIcTTYHCXK0ZBjAwQqrj5K6YDoggFE1/KhLC8FP8PjXzOKeSKN4Vs9XIRRxIdoQw6QQ4qoyq6RjVURxTdo0f0jF6sB+vJerXe5q0JazFziH7Iev8ClfOZhw==</latexit>

� = �0t
2/3 +

�1
t

<latexit sha1_base64="ecnbma3cMFWaPYbyc1hAz6irUl8="></latexit>

8⇡G⇢̄ = 3H2⌦m ! 0

<latexit sha1_base64="Vm2rZ7I3GbWLpscfdXgZ5wGZEC0="></latexit>



Can baryons form structure?
It all depends on two things:

•the Baryon Jeans mass

•the age of the Universe

Simplified assumptions:

Before recombination: and                   

After recombination and baryons can collapse into structuresC2
s ! 0

<latexit sha1_base64="Kjc421t29c7MPhFpWk0d+CDCRH4=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaT25a7YjcsK9gFtDJPppB06eTAzUUKov+LGhSJu/RB3/o3TNIKKHrhwOOde7r3HjRgV0jQ/tJXVtfWNzcJWcXtnd29fPzjsiTDmmHRxyEI+cJEgjAakK6lkZBBxgnyXkb47ay/8/i3hgobBtUwiYvtoElCPYiSV5OiltiNuKnDE6WQqEefhHTQdvWwa5/WzWqUOM9Iwc1JtWtAyzAxlkKPj6O+jcYhjnwQSMyTE0DIjaaeIS4oZmRdHsSARwjM0IUNFA+QTYafZ8XN4opQx9EKuKpAwU79PpMgXIvFd1ekjORW/vYX4lzeMpde0UxpEsSQBXi7yYgZlCBdJwDHlBEuWKIIwp+pWiKeIIyxVXkUVwten8H/SqxhW1ahdVcutizyOAjgCx+AUWKABWuASdEAXYJCAB/AEnrV77VF70V6XrStaPlMCP6C9fQI565SI</latexit>

�J ⌧ �H

<latexit sha1_base64="ct+S1reyHsm21nbMdY+kqKuzB5o=">AAACAHicdVBLSwMxGMzWV62vVQ8evASL4GnZrX15K3opnirYWuguSzabtqHZB0lWKEsv/hUvHhTx6s/w5r8x3W5BRQcCk5n5SL7xYkaFNM1PrbCyura+UdwsbW3v7O7p+wc9ESUcky6OWMT7HhKE0ZB0JZWM9GNOUOAxcudNrub+3T3hgkbhrZzGxAnQKKRDipFUkqsf2UyFfeReQ5sxuLy1Xb1sGhf181qlDjPSMHNSbVrQMswMZZCj4+ofth/hJCChxAwJMbDMWDop4pJiRmYlOxEkRniCRmSgaIgCIpw0W2AGT5Xiw2HE1QklzNTvEykKhJgGnkoGSI7Fb28u/uUNEjlsOikN40SSEC8eGiYMygjO24A+5QRLNlUEYU7VXyEeI46wVJ2VVAnLTeH/pFcxrKpRu6mWW5d5HUVwDE7AGbBAA7RAG3RAF2AwA4/gGbxoD9qT9qq9LaIFLZ85BD+gvX8BOl+WNA==</latexit>

As

t ! t⇤

<latexit sha1_base64="1/bdN8sDAV8EixW27oasm+xcgQc=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCeFh2Y17egl48RjCJkIQwO5lNhszOLjO9hhDzKV48KOLVL/Hm3zh5CCpa0FBUddPd5ceCa3DdDyu1srq2vpHezGxt7+zu2dn9ho4SRVmdRiJStz7RTHDJ6sBBsNtYMRL6gjX94eXMb94xpXkkb2Acs05I+pIHnBIwUtfOAm4r3h8AUSoaYeiedu2c65yXzor5Ep6TsrskhYqHPcedI4eWqHXt93YvoknIJFBBtG55bgydCVHAqWDTTDvRLCZ0SPqsZagkIdOdyfz0KT42Sg8HkTIlAc/V7xMTEmo9Dn3TGRIY6N/eTPzLayUQVDoTLuMEmKSLRUEiMER4lgPuccUoiLEhhCpubsV0QBShYNLKmBC+PsX/k0be8QpO8bqQq14s40ijQ3SETpCHyqiKrlAN1RFFI/SAntCzdW89Wi/W66I1ZS1nDtAPWG+fT+KUEA==</latexit>

t ! 0

<latexit sha1_base64="KzVYSuFk9pYfMoS4SL5cIaEg1xc=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInpbdmJe3oBePEYwJJEuYncwmQ2YfzPQqccmXePGgiFc/xZt/4yRZQUULGoqqbrq7vFhwBbb9YeRWVtfWN/Kbha3tnd2iubd/o6JEUtamkYhk1yOKCR6yNnAQrBtLRgJPsI43uZj7nVsmFY/Ca5jGzA3IKOQ+pwS0NDCLgPuSj8ZApIzusD0wS7Z1Vjutlmt4Qep2RioNBzuWvUAJZWgNzPf+MKJJwEKggijVc+wY3JRI4FSwWaGfKBYTOiEj1tM0JAFTbro4fIaPtTLEfiR1hYAX6veJlARKTQNPdwYExuq3Nxf/8noJ+A035WGcAAvpcpGfCAwRnqeAh1wyCmKqCaGS61sxHRNJKOisCjqEr0/x/+SmbDkVq3pVKTXPszjy6BAdoRPkoDpqokvUQm1EUYIe0BN6Nu6NR+PFeF225oxs5gD9gPH2CcLXky8=</latexit>

�J � �H

<latexit sha1_base64="sBgFNIUAb1nCm/dtVQEieIrUUhM=">AAACAHicdVDLSgMxFL1TX7W+qi5cuAkWwVWZqX25K7oprirYWmhLyaSZaWgmMyQZoZRu/BU3LhRx62e4829M2ymo6IHAyTnnktzjRpwpbdufVmpldW19I72Z2dre2d3L7h+0VBhLQpsk5KFsu1hRzgRtaqY5bUeS4sDl9M4dXc38u3sqFQvFrR5HtBdgXzCPEayN1M8edbkJD3D/GnV9Hy1v9X42Z+cvyuelQhnNScVOSLHqICdvz5GDBI1+9qM7CEkcUKEJx0p1HDvSvQmWmhFOp5lurGiEyQj7tGOowAFVvcl8gSk6NcoAeaE0R2g0V79PTHCg1DhwTTLAeqh+ezPxL68Ta6/amzARxZoKsnjIiznSIZq1gQZMUqL52BBMJDN/RWSIJSbadJYxJSw3Rf+TViHvFPOlm2KudpnUkYZjOIEzcKACNahDA5pAYAqP8Awv1oP1ZL1ab4toykpmDuEHrPcvKs6WKg==</latexit>

�J

�H

! ⇡
p
2

3
> 1

<latexit sha1_base64="rn+rCzRo2nFkKkDv9BTU/Ql1soQ="></latexit>

�J

�H

/ 1

(H0t)1/4

<latexit sha1_base64="m6ILY8mQqM+2FLbZ0uJZFxnrFCc="></latexit>

c2s =
1

3

<latexit sha1_base64="x+E00mt4kO+INC/fZW4/Afof9dI=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiR9uxCKblxWsK3QxjCZTtqhkwczEyGE+CtuXCji1g9x5984TSOo6IELh3Pu5d57nJBRIQ3jQyusrK6tbxQ3S1vbO7t7+v7BQAQRx6SPAxbwGwcJwqhP+pJKRm5CTpDnMDJ05hcLf3hHuKCBfy3jkFgemvrUpRhJJdl6GdvitgbP4NjlCCdmmtRTW68Y1dNWvVlrwYy0jZw0OiY0q0aGCsjRs/X38STAkUd8iRkSYmQaobQSxCXFjKSlcSRIiPAcTclIUR95RFhJdnwKj5UygW7AVfkSZur3iQR5QsSeozo9JGfit7cQ//JGkXQ7VkL9MJLEx8tFbsSgDOAiCTihnGDJYkUQ5lTdCvEMqRSkyqukQvj6FP5PBrWq2ag2rxqV7nkeRxEcgiNwAkzQBl1wCXqgDzCIwQN4As/avfaovWivy9aCls+UwQ9ob5/zLJRc</latexit>

Horizon diameter �H = 4t

<latexit sha1_base64="Br0BjMjUknR9J/d6vD6OXE6/GqQ=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZKaPlwIRTddVrAPaGOZTCbt0MkkzEyUUvofblwo4tZ/ceffOE0jqOiBgcM553LvHC9mVCrL+jByK6tr6xv5zcLW9s7uXnH/oCOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3K18Lt3REga8Rs1jYkbohGnAcVIael2wHTUR8MmvICOGhZLlnlePauUqzAlNSsjTt2GtmmlKIEMrWHxfeBHOAkJV5ghKfu2FSt3hoSimJF5YZBIEiM8QSPS15SjkEh3ll49hyda8WEQCf24gqn6fWKGQimnoaeTIVJj+dtbiH95/UQFdXdGeZwowvFyUZAwqCK4qAD6VBCs2FQThAXVt0I8RgJhpYsq6BK+fgr/J52yaTtm5dopNS6zOvLgCByDU2CDGmiAJmiBNsBAgAfwBJ6Ne+PReDFel9Gckc0cgh8w3j4Bmr+R9A==</latexit>

a ⇡ ⌦1/4
0�

p
2H0t

<latexit sha1_base64="u/bW4CI3G79e+H6RNSaT0S9Azb8="></latexit>

Therefore before recombination baryons cannot collapse to form structures �J > �H

<latexit sha1_base64="rYi9CeMkFa0mpbLSG35kZP0znvI=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyGpfbmRopviqoJ9QBvCZDJth04ezEyEEgr+ihsXirj1O9z5N07TFFT0wMDhnHO5d44bMSqkaX5quZXVtfWN/GZha3tnd0/fP+iIMOaYtHHIQt5zkSCMBqQtqWSkF3GCfJeRrju5nvvde8IFDYM7OY2I7aNRQIcUI6kkRz8aMBX2kHMDL+GSNx29aBoX1fNKqQpTUjMzUq5b0DLMFEWQoeXoHwMvxLFPAokZEqJvmZG0E8QlxYzMCoNYkAjhCRqRvqIB8omwk/T8GTxVigeHIVcvkDBVv08kyBdi6rsq6SM5Fr+9ufiX14/lsG4nNIhiSQK8WDSMGZQhnHcBPcoJlmyqCMKcqlshHiOOsFSNFVQJy5/C/0mnZFhlo3JbLjausjry4BicgDNggRpogCZogTbAIAGP4Bm8aA/ak/aqvS2iOS2bOQQ/oL1/AWlFlSo=</latexit>

• only species are baryons+photons

• recombination occurs at equality

�J =

r
⇡

3G⇢b
=

2⇡

3H0

r
2

⌦0b
⌦3/8

0� (2H0t)
3/4

<latexit sha1_base64="r1V+6PBNCGcsUcX+B0NCeO5AjUQ="></latexit>

 Baryon Jeans length:



�b
�c

�b

Decoupling

super-horizon

Structure formation

• Power-law growth during matter domination as


• Very small logarithmic growth during radiation domination

Sub-horizon fluctuations of uncoupled non-relativistic species

With
out 

pres
en

ce
 of C

DM
Whe

n C
DM is 

the
re

t2/3

<latexit sha1_base64="JeaeGZTaMtAaPWxx8jPouaKtsZI=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARP40x2b0EvHiOYBZIx9HR6kiY9C909QhjyEV48KOLV7/Hm39iZjKCiDwoe71VRVc+NOJPKsj6MldW19Y3N3FZ+e2d3b79wcNiRYSwIbZOQh6LnYkk5C2hbMcVpLxIU+y6nXXd6tfC791RIFga3ahZRx8fjgHmMYKWlrrpLSufl+bBQtMyLWrlaqqGU1K2MVBo2sk0rRREytIaF98EoJLFPA0U4lrJvW5FyEiwUI5zO84NY0giTKR7TvqYB9ql0kvTcOTrVygh5odAVKJSq3ycS7Es5813d6WM1kb+9hfiX14+V13ASFkSxogFZLvJijlSIFr+jEROUKD7TBBPB9K2ITLDAROmE8jqEr0/R/6RTMu2KWb2pFJuXWRw5OIYTOAMb6tCEa2hBGwhM4QGe4NmIjEfjxXhdtq4Y2cwR/IDx9gk1j4+D</latexit>

Can baryons form structure by themselves?
YES, but... with a delay. 

The universe is not old enough to produce the structure we see. A 
baryon-only universe would have looked very different.

One way out: Cold Dark Matter*
CDM does not couple to photons and gets a head start.

Once baryons decouple they follow the potential wells already created by CDM

(* yet another, possibly, extending General Relativity)
(* another possibility is warm dark matter)

~r2� = 4⇡Ga2⇢̄m (⌦b�b + ⌦c�c)

<latexit sha1_base64="YJmZ/xklL7LXffn3n5XltV6CM4I="></latexit>

(Normalised to 1)



Probes of Large Scale Structure

• Galaxy-Galaxy 

• Galaxy-Velocity 

• Velocity-Velocity

Correlation function

But galaxies may not trace the underlying matter field exactly (light does not follow mass)

Gives the correlation of fluctuations separated by 

Matter power spectrum

Correlation function is the Fourier transform of the Power spectrum

How do we estimate.          ?          

Can use the distribution of galaxies and their velocities 

Set of Power spectra

Bias s.t.

h�~k�~k0i = (2⇡)3P (k)�(3)
⇣
~k � ~k0

⌘

<latexit sha1_base64="KYhyPok7OPNXXBAoJgLA68BrRd0="></latexit>

⇠(~r) =

Z
d3ke�i~k·~rP (k)

<latexit sha1_base64="huBUO92SSSDF64crCW8w6atHAGc="></latexit>

⇠(~r) =

Z
d3r0h�(~r)�(~r0 + ~r)i

<latexit sha1_base64="mYY2Z7i/8BVK8HNy49YqUqOVz/U="></latexit>

~r

<latexit sha1_base64="7rk5KV2N8BaOC/WEigma0MndxAs=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxmUF+4A2lMl02g6dTMLMpFBCP8KNC0Xc+j3u/BunaQQVPXDhcM693HuPH3GmtON8WGvrG5tb27md/O7e/sFh4ei4rcJYEtoiIQ9l18eKciZoSzPNaTeSFAc+px1/erP0OzMqFQvFvZ5H1AvwWLARI1gbqdOfUZLIxaBQdOyr6mWlVEUpqTkZKddd5NpOiiJkaA4K7/1hSOKACk04VqrnOpH2Eiw1I5wu8v1Y0QiTKR7TnqECB1R5SXruAp0bZYhGoTQlNErV7xMJDpSaB77pDLCeqN/eUvzL68V6VPcSJqJYU0FWi0YxRzpEy9/RkElKNJ8bgolk5lZEJlhiok1CeRPC16fof9Iu2W7ZrtyVi43rLI4cnMIZXIALNWjALTShBQSm8ABP8GxF1qP1Yr2uWtesbOYEfsB6+wQyMJAp</latexit>

P (k)

<latexit sha1_base64="zZ27+vVJUJHfDPFF73lMwcaDThg=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1AO5RMmrahSWZIMkIZ+gtuXCji1h9y59+YmY6gogcuHM65l3vv8UNGlXacDyu3tr6xuZXfLuzs7u0fFA+PuiqIJCYdHLBA9n2kCKOCdDTVjPRDSRD3Gen58+vE790TqWgg7vQiJB5HU0EnFCOdSO3y/HxULDn2Zf2iVqnDlDScjFSbLnRtJ0UJZGiPiu/DcYAjToTGDCk1cJ1QezGSmmJGloVhpEiI8BxNycBQgThRXpzeuoRnRhnDSSBNCQ1T9ftEjLhSC+6bTo70TP32EvEvbxDpSdOLqQgjTQReLZpEDOoAJo/DMZUEa7YwBGFJza0Qz5BEWJt4CiaEr0/h/6Rbsd2qXbutllpXWRx5cAJOQRm4oAFa4Aa0QQdgMAMP4Ak8W9x6tF6s11VrzspmjsEPWG+fwGCOEw==</latexit>

Pgg(k)

<latexit sha1_base64="iA0YqWAKBHZBJCogXU8getioK20=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6GWZqX+6KblxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+Tem0xFU9MCFwzn3cu89fsSo0o7zYa2srq1vbOa28ts7u3v7hYPDjgpjiUkbhyyUPR8pwqggbU01I71IEsR9Rrr+9Grhd++JVDQUt3oWEY+jsaABxUgb6a41TMbjeWl6NiwUHfuidl4t12BK6k5GKg0XuraToggytIaF98EoxDEnQmOGlOq7TqS9BElNMSPz/CBWJEJ4isakb6hAnCgvSQ+ew1OjjGAQSlNCw1T9PpEgrtSM+6aTIz1Rv72F+JfXj3XQ8BIqolgTgZeLgphBHcLF93BEJcGazQxBWFJzK8QTJBHWJqO8CeHrU/g/6ZRtt2JXbyrF5mUWRw4cgxNQAi6ogya4Bi3QBhhw8ACewLMlrUfrxXpdtq5Y2cwR+AHr7RPFd5Bq</latexit>

Pgv(k)

<latexit sha1_base64="T2KFJnafs/qcyPeSI6BewJyWmUE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1IO5RMmrahSWZIMoUy9CvcuFDErZ/jzr8xnY6gogcuHM65l3vv8UNGlXacDyuztr6xuZXdzu3s7u0f5A+P2iqIJCYtHLBAdn2kCKOCtDTVjHRDSRD3Gen40+ul35kRqWgg7vQ8JB5HY0FHFCNtpPvmIB7PFsXp+SBfcOzL6kWlVIUJqTkpKddd6NpOggJI0Rzk3/vDAEecCI0ZUqrnOqH2YiQ1xYwscv1IkRDhKRqTnqECcaK8ODl4Ac+MMoSjQJoSGibq94kYcaXm3DedHOmJ+u0txb+8XqRHdS+mIow0EXi1aBQxqAO4/B4OqSRYs7khCEtqboV4giTC2mSUMyF8fQr/J+2S7Zbtym250LhK48iCE3AKisAFNdAAN6AJWgADDh7AE3i2pPVovVivq9aMlc4cgx+w3j4B3G+QeQ==</latexit>

Pvv(k)

<latexit sha1_base64="ef6VjWjc0oBIgRvL9ItZTY8zey0=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1IO5RMmrahSWZIMoUy9CvcuFDErZ/jzr8xnY6gogcuHM65l3vv8UNGlXacDyuztr6xuZXdzu3s7u0f5A+P2iqIJCYtHLBAdn2kCKOCtDTVjHRDSRD3Gen40+ul35kRqWgg7vQ8JB5HY0FHFCNtpPvmIJ7NFsXp+SBfcOzL6kWlVIUJqTkpKddd6NpOggJI0Rzk3/vDAEecCI0ZUqrnOqH2YiQ1xYwscv1IkRDhKRqTnqECcaK8ODl4Ac+MMoSjQJoSGibq94kYcaXm3DedHOmJ+u0txb+8XqRHdS+mIow0EXi1aBQxqAO4/B4OqSRYs7khCEtqboV4giTC2mSUMyF8fQr/J+2S7Zbtym250LhK48iCE3AKisAFNdAAN6AJWgADDh7AE3i2pPVovVivq9aMlc4cgx+w3j4B83aQiA==</latexit>

b

<latexit sha1_base64="uYMlNzGTTS9apGjOZGHiDp7prjo=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz13dr30e/dUSBYGt2oeUcfHk4B5jGClpbY7KpYs87J2US3XUErqVkYqDRvZppWiBBlao+L7cByS2KeBIhxLObCtSDkJFooRTheFYSxphMkMT+hA0wD7VDpJeugCnWlljLxQ6AoUStXvEwn2pZz7ru70sZrK395S/MsbxMprOAkLoljRgKwWeTFHKkTLr9GYCUoUn2uCiWD6VkSmWGCidDYFHcLXp+h/0i2bdsWstiul5lUWRx5O4BTOwYY6NOEGWtABAhQe4AmejTvj0XgxXletOSObOYYfMN4+AU5MjUs=</latexit>

Pgg(k) = b2P (k)

<latexit sha1_base64="KDPhm/fMXi9p578oy3TAtA50gQw=">AAAB/XicdZDLSsNAFIYnXmu9xcvOzWAR6iYktTcXQtGNywj2Am0Mk+m0HTq5MDMRaii+ihsXirj1Pdz5Nk7TCCr6w8DHf87hnPm9iFEhTfNDW1hcWl5Zza3l1zc2t7b1nd2WCGOOSROHLOQdDwnCaECakkpGOhEnyPcYaXvji1m9fUu4oGFwLScRcXw0DOiAYiSV5er7tpsMh9Pi+BieQe+mBG2Frl4wjdPqSaVUhSnUzAzKdQtahpmqADLZrv7e64c49kkgMUNCdC0zkk6CuKSYkWm+FwsSITxGQ9JVGCCfCCdJr5/CI+X04SDk6gUSpu73iQT5Qkx8T3X6SI7E79rM/KvWjeWg7iQ0iGJJAjxfNIgZlCGcRQH7lBMs2UQBwpyqWyEeIY6wVIHlVQhfP4X/Q6tkWGWjclUuNM6zOHLgAByCIrBADTTAJbBBE2BwBx7AE3jW7rVH7UV7nbcuaNnMHvgh7e0T936TpA==</latexit>

�g = b�

<latexit sha1_base64="4TLWbTK+8x8ep7591lCGgiNxHcY=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaT25UIounFZwT6gDWUymbZDJ5MwMxFCqL/ixoUibv0Qd/6N0zSCih64cOace5l7jxcxKpVtfxgrq2vrG5uFreL2zu7evnlw2JVhLDDp4JCFou8hSRjlpKOoYqQfCYICj5GeN7ta+L07IiQN+a1KIuIGaMLpmGKktDQyS0OfMIVGE3gBPZg/zLJtndfPapU6zEjDzkm16UDHsjOUQY72yHwf+iGOA8IVZkjKgWNHyk2RUBQzMi8OY0kihGdoQgaachQQ6abZ8nN4ohUfjkOhiyuYqd8nUhRImQSe7gyQmsrf3kL8yxvEatx0U8qjWBGOlx+NYwZVCBdJQJ8KghVLNEFYUL0rxFMkEFY6r6IO4etS+D/pViynatVuquXWZR5HARyBY3AKHNAALXAN2qADMEjAA3gCz8a98Wi8GK/L1hUjnymBHzDePgH7N5Rf</latexit>



CDM⇤

�+ Baryons

The matter power spectrum



Neutrinos and Large Scale Structure

m⌫ = 1.6eV

m⌫ = 0.66eV

m⌫ = 0.1eV
m⌫ = 0

Massive neutrinos undergo collision-less damping

Structure formation is suppressed

Current limits:

�FS ⇡ 20Mpc⇥ 30eV

m⌫

<latexit sha1_base64="NANXjGv3N9h1FWxmmfTqJZd0h9I="></latexit>

kFS ⇡ 0.28
m⌫

1eV
Mpc�1

<latexit sha1_base64="8kDdi1JPj4lrI6IPRwFHN6gLOp4="></latexit>

Collision-less particles stream out of over-dense 
regions and into under-dense regions (free-streaming)

⇤

<latexit sha1_base64="cgctV3O7A8A78AVy8lC7bYqYat4=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6R1UfVq1cuHWqV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8OPY9l</latexit>

CDM +m⌫

<latexit sha1_base64="TuspQAHuWv7DNIvcyHUNTm1OQGU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevEYwTwgWcLsZDYZMo9lZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPx3cxvP1FtmJKPdpLQUOChZDEj2DqpfYFEvyfTfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvNzp+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNb8KMySS1VJLFojjlyCo0+x0NmKbE8okjmGjmbkVkhDUm1iVUciEEyy+vktZlNahVrx5qlfptHkcRTuAUziGAa6jDPTSgCQTG8Ayv8OYl3ov37n0sWgtePnMMf+B9/gCglI8e</latexit>

X
m⌫ < 0.24eV

<latexit sha1_base64="zVJ9MhWuJRlYlUuci5daXzDIghQ=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyyCq2GmTh+Ci6IblxXsA9pSMmmmDU0yQ5IRain+ihsXirj1P9z5N6bTCip64MLhnHu5954gZlRp1/2wMkvLK6tr2fXcxubW9o69u9dQUSIxqeOIRbIVIEUYFaSuqWakFUuCeMBIMxhdzvzmLZGKRuJGj2PS5WggaEgx0kbq2QcdlXDIex2RwHPoOgUfkkbPzrvOWem0WCjBlJTdBfErHvQcN0UeLFDr2e+dfoQTToTGDCnV9txYdydIaooZmeY6iSIxwiM0IG1DBeJEdSfp9VN4bJQ+DCNpSmiYqt8nJogrNeaB6eRID9Vvbyb+5bUTHVa6EyriRBOB54vChEEdwVkUsE8lwZqNDUFYUnMrxEMkEdYmsJwJ4etT+D9pFBzPd4rXfr56sYgjCw7BETgBHiiDKrgCNVAHGNyBB/AEnq1769F6sV7nrRlrMbMPfsB6+wQ7GZPP</latexit>

(Planck 2018)

CMB + BAO (Planck 2018)
X

m⌫ < 0.12eV

<latexit sha1_base64="UgAcbsbLIi4anWlqWRkoozK9fQw=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyyCq2Gm9iW4KLpxWcE+oB2GTJppQ5PMkGSEWoq/4saFIm79D3f+jelDUNEDFw7n3Mu994QJo0q77oeVWVpeWV3Lruc2Nre2d+zdvaaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4fBy6rduiVQ0Fjd6lBCfo76gEcVIGymwD7oq5ZAHXZHCc+g6XgGSZmDnXeesfFoqlOGMVNwFKVY96DnuDHmwQD2w37u9GKecCI0ZUqrjuYn2x0hqihmZ5LqpIgnCQ9QnHUMF4kT549n1E3hslB6MYmlKaDhTv0+MEVdqxEPTyZEeqN/eVPzL66Q6qvpjKpJUE4Hni6KUQR3DaRSwRyXBmo0MQVhScyvEAyQR1iawnAnh61P4P2kWHK/olK6L+drFIo4sOARH4AR4oAJq4ArUQQNgcAcewBN4tu6tR+vFep23ZqzFzD74AevtEzaDk8w=</latexit>



CMB anisotropies



Isotropic part,

same everywhere

Monopole
T̄CMB = 2.7255K

<latexit sha1_base64="gqVcdk1ZfyslzMoIW9FalC9NM8I=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DEpq0LobQbQYQKfUFbymQ6aYdOHsxMhBLixl9x40IRt/6FO//G6UNQ0QMXDufcy733uBGjQprmh7a0vLK6tp7ZyG5ube/s6nv7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyx9Wp37olXNAwqMtJRHo+GgbUoxhJJfX1w66LeFJP+0n1upLCC2gbRdtx4FVfz5nGeeHMsQtwRormguRLFrQMc4YcWKDW19+7gxDHPgkkZkiIjmVGspcgLilmJM12Y0EihMdoSDqKBsgnopfMPkjhiVIG0Au5qkDCmfp9IkG+EBPfVZ0+kiPx25uKf3mdWHqlXkKDKJYkwPNFXsygDOE0DjignGDJJoogzKm6FeIR4ghLFVpWhfD1KfyfNG3DyhvOTT5XriziyIAjcAxOgQWKoAwuQQ00AAZ34AE8gWftXnvUXrTXeeuStpg5AD+gvX0Cs8mVIQ==</latexit>

Dipole

• 1000 times smaller than the monopole 

• Dopper effect due to our motion wrt to rest frame of CMB

• Corresponding to a velocity of 

• In the direction of galactic longitude 

CMB anisotropies (boring parts)

v = (627± 22) km/s

<latexit sha1_base64="vgx03Amd7cvELvcSHAgM55xuemY=">AAACCXicdVDLSgNBEJz1GeMr6tHLYBDiJe6uMYkHIejFYwTzgGwIs5PZZMjM7jLTK4SQqxd/xYsHRbz6B978GycPQUULGoqqbrq7/FhwDbb9YS0sLi2vrKbW0usbm1vbmZ3duo4SRVmNRiJSTZ9oJnjIasBBsGasGJG+YA1/cDnxG7dMaR6FNzCMWVuSXsgDTgkYqZPBt/gce4IFkCu6JezFEruup3ivD0cDiY91J5O182fFk1O3iKekZM9JoexgJ29PkUVzVDuZd68b0USyEKggWrccO4b2iCjgVLBx2ks0iwkdkB5rGRoSyXR7NP1kjA+N0sVBpEyFgKfq94kRkVoPpW86JYG+/u1NxL+8VgJBuT3iYZwAC+lsUZAIDBGexIK7XDEKYmgIoYqbWzHtE0UomPDSJoSvT/H/pO7mnUL+9LqQrVzM40ihfXSAcshBJVRBV6iKaoiiO/SAntCzdW89Wi/W66x1wZrP7KEfsN4+ATQimCs=</latexit>

l = (276± 3)�

<latexit sha1_base64="7grSBS9wBsX2g3snsmBWWP/MZ5k=">AAACCXicdVDLSgNBEJyNrxhfUY9eBoMQL2E3bw9C0IvHCCYRsmuYncwmQ2YfzPQKIeTqxV/x4kERr/6BN//GSbKCihY0FFXddHe5keAKTPPDSC0tr6yupdczG5tb2zvZ3b22CmNJWYuGIpTXLlFM8IC1gINg15FkxHcF67ij85nfuWVS8TC4gnHEHJ8MAu5xSkBLvSwW+BTbgnmQL9aq2I58XLIlHwzh+MamXNJeNmcWTqqlSrGK56RmJqRct7BVMOfIoQTNXvbd7oc09lkAVBClupYZgTMhEjgVbJqxY8UiQkdkwLqaBsRnypnMP5niI630sRdKXQHgufp9YkJ8pca+qzt9AkP125uJf3ndGLy6M+FBFAML6GKRFwsMIZ7FgvtcMgpirAmhkutbMR0SSSjo8DI6hK9P8f+kXSxY5ULlspxrnCVxpNEBOkR5ZKEaaqAL1EQtRNEdekBP6Nm4Nx6NF+N10Zoykpl99APG2ycAuZix</latexit>

b = (30± 3)�

<latexit sha1_base64="5SCSySoJbeQavweTik6g8bJEOj4=">AAACCHicdVDJSgNBEO2JW4zbqEcPNgYhXsJMdg9C0IvHCGaBTAw9nZ6kSc9Cd40QQo5e/BUvHhTx6id482/sLIKKPih4vFdFVT03ElyBZX0YiaXlldW15HpqY3Nre8fc3WuoMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q4vpn7zlknFw+AaRhHr+KQfcI9TAlrqmocuPsOOYB5k8hZ2Ih/nHcn7Azi5cSiXtGumrexpKV/MlfCMlK0FKVRsbGetGdJogVrXfHd6IY19FgAVRKm2bUXQGRMJnAo2STmxYhGhQ9JnbU0D4jPVGc8emeBjrfSwF0pdAeCZ+n1iTHylRr6rO30CA/Xbm4p/ee0YvEpnzIMoBhbQ+SIvFhhCPE0F97hkFMRIE0Il17diOiCSUNDZpXQIX5/i/0kjl7UL2eJVIV09X8SRRAfoCGWQjcqoii5RDdURRXfoAT2hZ+PeeDRejNd5a8JYzOyjHzDePgFoM5hh</latexit>



CMB anisotropies (monopole + dipole subtracted)
Temperature slightly different on different patches on the sky. 

1 part in 100 000

Temperature anisotropy 

in direction n̂

<latexit sha1_base64="eT1DBbN9nmbszNoc3zNMoK51XCM=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZLal7uiG5cV7APaUCbTaTt0MgkzN0IJ/Qg3LhRx6/e482+cphFU9MCFwzn3cu89fiS4Bsf5sHJr6xubW/ntws7u3v5B8fCoo8NYUdamoQhVzyeaCS5ZGzgI1osUI4EvWNefXS/97j1TmofyDuYR8wIykXzMKQEjdQdTAolcDIslx76sXVTLNZySupORSsPFru2kKKEMrWHxfTAKaRwwCVQQrfuuE4GXEAWcCrYoDGLNIkJnZML6hkoSMO0l6bkLfGaUER6HypQEnKrfJxISaD0PfNMZEJjq395S/MvrxzBueAmXUQxM0tWicSwwhHj5Ox5xxSiIuSGEKm5uxXRKFKFgEiqYEL4+xf+TTtl2K3b1tlJqXmVx5NEJOkXnyEV11EQ3qIXaiKIZekBP6NmKrEfrxXpdteasbOYY/YD19gkqdZAk</latexit>

⇥(n̂) =
T (n̂)� T̄CMB

T̄CMB
. 10�5

<latexit sha1_base64="hA75/6UKO5tBR6cvWiAH8nukk3M="></latexit>

Planck Satellite



CMB angular power spectrum

n̂

<latexit sha1_base64="eT1DBbN9nmbszNoc3zNMoK51XCM=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZLal7uiG5cV7APaUCbTaTt0MgkzN0IJ/Qg3LhRx6/e482+cphFU9MCFwzn3cu89fiS4Bsf5sHJr6xubW/ntws7u3v5B8fCoo8NYUdamoQhVzyeaCS5ZGzgI1osUI4EvWNefXS/97j1TmofyDuYR8wIykXzMKQEjdQdTAolcDIslx76sXVTLNZySupORSsPFru2kKKEMrWHxfTAKaRwwCVQQrfuuE4GXEAWcCrYoDGLNIkJnZML6hkoSMO0l6bkLfGaUER6HypQEnKrfJxISaD0PfNMZEJjq395S/MvrxzBueAmXUQxM0tWicSwwhHj5Ox5xxSiIuSGEKm5uxXRKFKFgEiqYEL4+xf+TTtl2K3b1tlJqXmVx5NEJOkXnyEV11EQ3qIXaiKIZekBP6NmKrEfrxXpdteasbOYY/YD19gkqdZAk</latexit>

n̂0

<latexit sha1_base64="1tKnwoGk+8iAOY1I/cRQLQB3kbM=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPoKezGvLwFvXiMYB6QLGF2MkmGzM6uM71CWPITXjwo4tXf8ebfONmsoKIFDUVVN91dXii4Btv+sDIrq2vrG9nN3Nb2zu5efv+grYNIUdaigQhU1yOaCS5ZCzgI1g0VI74nWMebXi38zj1TmgfyFmYhc30ylnzEKQEjdfsTArGcnw7yBbt4UT2vlKo4ITU7JeW6g52inaCAUjQH+ff+MKCRzyRQQbTuOXYIbkwUcCrYPNePNAsJnZIx6xkqic+0Gyf3zvGJUYZ4FChTEnCifp+Iia/1zPdMp09gon97C/EvrxfBqO7GXIYRMEmXi0aRwBDgxfN4yBWjIGaGEKq4uRXTCVGEgokoZ0L4+hT/T9qlolMuVm7KhcZlGkcWHaFjdIYcVEMNdI2aqIUoEugBPaFn6856tF6s12VrxkpnDtEPWG+fjYCQVQ==</latexit>

✓

<latexit sha1_base64="jDH+ibvcc96+Jug7RMoqzxLDRlo=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hqv7wVvXisYFuhDWWz3bRrN9mwOxFK6X/w4kERr/4fb/4bt2kEFX0w8Hhvhpl5fiy4Bsf5sHIrq2vrG/nNwtb2zu5ecf+go2WiKGtTKaS69YlmgkesDRwEu40VI6EvWNefXC787j1TmsvoBqYx80IyinjAKQEjdfowZkAGxZJjn9fOquUaTkndyUil4WLXdlKUUIbWoPjeH0qahCwCKojWPdeJwZsRBZwKNi/0E81iQidkxHqGRiRk2pul187xiVGGOJDKVAQ4Vb9PzEio9TT0TWdIYKx/ewvxL6+XQNDwZjyKE2ARXS4KEoFB4sXreMgVoyCmhhCquLkV0zFRhIIJqGBC+PoU/086Zdut2NXrSql5kcWRR0foGJ0iF9VRE12hFmojiu7QA3pCz5a0Hq0X63XZmrOymUP0A9bbJy1ij40=</latexit>

P0 = 1

<latexit sha1_base64="n94p9eZfu3baKBJSIsqbVsPyKo4=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25UIounFZwT6gDWUynbRDJ5MwMxFK6Ue4caGIW7/HnX/jNI2gogcuHM65l3vv8WPOlHacD2tldW19YzO3ld/e2d3bLxwctlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT64XfueeSsUicaenMfVCPBIsYARrI3WaAwddIndQKDr2RfW8UqqilNScjJTrLnJtJ0URMjQHhff+MCJJSIUmHCvVc51YezMsNSOczvP9RNEYkwke0Z6hAodUebP03Dk6NcoQBZE0JTRK1e8TMxwqNQ190xliPVa/vYX4l9dLdFD3ZkzEiaaCLBcFCUc6Qovf0ZBJSjSfGoKJZOZWRMZYYqJNQnkTwten6H/SLtlu2a7clouNqyyOHBzDCZyBCzVowA00oQUEJvAAT/Bsxdaj9WK9LltXrGzmCH7AevsE9oGOsg==</latexit>

P1 = µ

<latexit sha1_base64="uUiNFLPhMYOjlMIsbIxAnjP6+UQ=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmZqXy6EohuXFexD2qFk0kwbmmSGJCOUoV/hxoUibv0cd/6N6XQEFT1w4XDOvdx7jx8xqrTjfFi5ldW19Y38ZmFre2d3r7h/0FFhLDFp45CFsucjRRgVpK2pZqQXSYK4z0jXn14t/O49kYqG4lbPIuJxNBY0oBhpI921hi68gAMeD4slxz6vnVXLNZiSupORSsOFru2kKIEMrWHxfTAKccyJ0JghpfquE2kvQVJTzMi8MIgViRCeojHpGyoQJ8pL0oPn8MQoIxiE0pTQMFW/TySIKzXjvunkSE/Ub28h/uX1Yx00vISKKNZE4OWiIGZQh3DxPRxRSbBmM0MQltTcCvEESYS1yahgQvj6FP5POmXbrdjVm0qpeZnFkQdH4BicAhfUQRNcgxZoAww4eABP4NmS1qP1Yr0uW3NWNnMIfsB6+wTdnI/U</latexit>

P2 =
3µ2 � 1

2

<latexit sha1_base64="1RZnDwCP5PH4xwkMJXorhN5ngoI=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4MaSpE8XQtGNywr2AU0tk+mkHTp5MDMRSsjGX3HjQhG3foY7/8ZpGkFFD1w4nHMv997jhIwKaRgfWm5peWV1Lb9e2Njc2t7Rd/c6Iog4Jm0csID3HCQIoz5pSyoZ6YWcIM9hpOtML+d+945wQQP/Rs5CMvDQ2KcuxUgqaagftIYWPLddjnBctr3o1jo1k9hKhnrRKJ3VylWrBlNSNzJSaZjQLBkpiiBDa6i/26MARx7xJWZIiL5phHIQIy4pZiQp2JEgIcJTNCZ9RX3kETGI0wcSeKyUEXQDrsqXMFW/T8TIE2LmOarTQ3Iifntz8S+vH0m3MYipH0aS+HixyI0YlAGcpwFHlBMs2UwRhDlVt0I8QSoMqTIrqBC+PoX/k45VMiul6nWl2LzI4siDQ3AEToAJ6qAJrkALtAEGCXgAT+BZu9cetRftddGa07KZffAD2tsnY9yVrQ==</latexit>

µ = [�1, 1]

<latexit sha1_base64="XXSgql1dy8Lf0KNK0v9IHBlLsd0=">AAAB83icdVDLSsNAFJ34rPVVdelmsAguNCS1LxdC0Y3LCvYBSSiT6aQdOnkwD6GE/oYbF4q49Wfc+TdO0wgqeuDC4Zx7ufceP2FUSMv6MJaWV1bX1gsbxc2t7Z3d0t5+V8SKY9LBMYt530eCMBqRjqSSkX7CCQp9Rnr+5Hru9+4JFzSO7uQ0IV6IRhENKEZSS64bKngJnTP71PYGpbJlXtTPa5U6zEjDykm1aUPbtDKUQY72oPTuDmOsQhJJzJAQjm0l0ksRlxQzMiu6SpAE4QkaEUfTCIVEeGl28wwea2UIg5jriiTM1O8TKQqFmIa+7gyRHIvf3lz8y3OUDJpeSqNESRLhxaJAMShjOA8ADiknWLKpJghzqm+FeIw4wlLHVNQhfH0K/yfdimlXzdpttdy6yuMogENwBE6ADRqgBW5AG3QABgl4AE/g2VDGo/FivC5al4x85gD8gPH2CTVlkIU=</latexit>

[�1, 1]

<latexit sha1_base64="LpcR88e+Bnzm5LEjEg/pTbrMvdc=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQXOszUvtwV3bisYB8wHUomzbSxmWRIMkIp/Qc3LhRx6/+4829MpyOo6IELh3Pu5d57gphRpR3nw1paXlldW89t5De3tnd2C3v7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfDX3O/dEKir4rZ7ExI/QkNOQYqSN1PbO3FPX7xeKjn1RPa+UqjAlNScj5boLXdtJUQQZmv3Ce28gcBIRrjFDSnmuE2t/iqSmmJFZvpcoEiM8RkPiGcpRRJQ/Ta+dwWOjDGAopCmuYap+n5iiSKlJFJjOCOmR+u3Nxb88L9Fh3Z9SHieacLxYFCYMagHnr8MBlQRrNjEEYUnNrRCPkERYm4DyJoSvT+H/pF2y3bJduSkXG5dZHDlwCI7ACXBBDTTANWiCFsDgDjyAJ/BsCevRerFeF61LVjZzAH7AevsEqE2Ojg==</latexit>

C0

<latexit sha1_base64="+eOvlbg/4QJTOjc5Krf8EHQw3Uo=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm/BXDxGNAskQ+jp9CRNeha6e4Qw5BO8eFDEq1/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz131lr6vXsqJAuDOzWPqOPjScA8RrDS0m1rZI2KJcu8rF1UyzWUkrqVkUrDRrZppShBhvao+D4chyT2aaAIx1IObCtSToKFYoTTRWEYSxphMsMTOtA0wD6VTpKeukBnWhkjLxS6AoVS9ftEgn0p576rO32spvK3txT/8gax8hpOwoIoVjQgq0VezJEK0fJvNGaCEsXnmmAimL4VkSkWmCidTkGH8PUp+p90y6ZdMas3lVLzKosjDydwCudgQx2acA1t6ACBCTzAEzwb3Hg0XozXVWvOyGaO4QeMt09Cyo3P</latexit>

C1

<latexit sha1_base64="rQl76DLVKKzGjkHVpujQiSIbygE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm/BXDxGNAskQ+jp9CRNeha6e4Qw5BO8eFDEq1/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz131lr6vXsqJAuDOzWPqOPjScA8RrDS0m1rZI+KJcu8rF1UyzWUkrqVkUrDRrZppShBhvao+D4chyT2aaAIx1IObCtSToKFYoTTRWEYSxphMsMTOtA0wD6VTpKeukBnWhkjLxS6AoVS9ftEgn0p576rO32spvK3txT/8gax8hpOwoIoVjQgq0VezJEK0fJvNGaCEsXnmmAimL4VkSkWmCidTkGH8PUp+p90y6ZdMas3lVLzKosjDydwCudgQx2acA1t6ACBCTzAEzwb3Hg0XozXVWvOyGaO4QeMt09ETo3Q</latexit>

C2

<latexit sha1_base64="5zRvUEXXpd3r6a65ppGGEYSklKQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZiNm/BXDxGNAskQ+jp9CRNeha6e4Qw5BO8eFDEq1/kzb+xMxlBRR8UPN6roqqeG3EmlWV9GLm19Y3Nrfx2YWd3b/+geHjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz131lr6vXsqJAuDOzWPqOPjScA8RrDS0m1rVB4VS5Z5WbuolmsoJXUrI5WGjWzTSlGCDO1R8X04Dkns00ARjqUc2FaknAQLxQini8IwljTCZIYndKBpgH0qnSQ9dYHOtDJGXih0BQql6veJBPtSzn1Xd/pYTeVvbyn+5Q1i5TWchAVRrGhAVou8mCMVouXfaMwEJYrPNcFEMH0rIlMsMFE6nYIO4etT9D/plk27YlZvKqXmVRZHHk7gFM7Bhjo04Rra0AECE3iAJ3g2uPFovBivq9ackc0cww8Yb59F0o3R</latexit>

C`

<latexit sha1_base64="64P6/30//z5sCgACcREROZXF1sc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmZqX+6K3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+4829MpyOo6IELh3Pu5d57/IhRpR3nw8qtrW9sbuW3Czu7e/sHxcOjrhKxxKSDBROy7yNFGOWko6lmpB9JgkKfkZ4/ay393j2Rigp+q+cR8UI04TSgGGkjdVujIWFsVCw59mXtolquwZTUnYxUGi50bSdFCWRoj4rvw7HAcUi4xgwpNXCdSHsJkppiRhaFYaxIhPAMTcjAUI5CorwkvXYBz4wyhoGQpriGqfp9IkGhUvPQN50h0lP121uKf3mDWAcNL6E8ijXheLUoiBnUAi5fh2MqCdZsbgjCkppbIZ4iibA2ARVMCF+fwv9Jt2y7Fbt6Uyk1r7I48uAEnIJz4II6aIJr0AYdgMEdeABP4NkS1qP1Yr2uWnNWNnMMfsB6+wTY+o9W</latexit>

: Angular power spectrum

h⇥ (n̂)⇥ (n̂0)i =
X

`

(2`+ 1)C`P` (cos ✓)

<latexit sha1_base64="4/Hrfa3z7eY1LS3LoyMVBett1As="></latexit>

Monopole

Dipole

Quadrupole

…

: Legendre polynomialsP`(µ)

<latexit sha1_base64="e8b0bbpAX7vxx8rlddSBMmUwkY8=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0Wom5DUvtwV3bisYB+QhDKZTtqhM0mYmQgl9DPcuFDErV/jzr9xmkZQ0QMXDufcy733+DGjUlnWh1FYW9/Y3Cpul3Z29/YPyodHfRklApMejlgkhj6ShNGQ9BRVjAxjQRD3GRn4s+ulP7gnQtIovFPzmHgcTUIaUIyUlpzuyCWMVV2enI/KFcu8bF40ak2YkZaVk3rbhrZpZaiAHN1R+d0dRzjhJFSYISkd24qVlyKhKGZkUXITSWKEZ2hCHE1DxIn00uzkBTzTyhgGkdAVKpip3ydSxKWcc193cqSm8re3FP/ynEQFbS+lYZwoEuLVoiBhUEVw+T8cU0GwYnNNEBZU3wrxFAmElU6ppEP4+hT+T/o1066bjdt6pXOVx1EEJ+AUVIENWqADbkAX9AAGEXgAT+DZUMaj8WK8rloLRj5zDH7AePsEEQyRJA==</latexit>

…

Can be expanded in terms of 

Functions defined in
P`(µ)

<latexit sha1_base64="e8b0bbpAX7vxx8rlddSBMmUwkY8=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0Wom5DUvtwV3bisYB+QhDKZTtqhM0mYmQgl9DPcuFDErV/jzr9xmkZQ0QMXDufcy733+DGjUlnWh1FYW9/Y3Cpul3Z29/YPyodHfRklApMejlgkhj6ShNGQ9BRVjAxjQRD3GRn4s+ulP7gnQtIovFPzmHgcTUIaUIyUlpzuyCWMVV2enI/KFcu8bF40ak2YkZaVk3rbhrZpZaiAHN1R+d0dRzjhJFSYISkd24qVlyKhKGZkUXITSWKEZ2hCHE1DxIn00uzkBTzTyhgGkdAVKpip3ydSxKWcc193cqSm8re3FP/ynEQFbS+lYZwoEuLVoiBhUEVw+T8cU0GwYnNNEBZU3wrxFAmElU6ppEP4+hT+T/o1066bjdt6pXOVx1EEJ+AUVIENWqADbkAX9AAGEXgAT+DZUMaj8WK8rloLRj5zDH7AePsEEQyRJA==</latexit>

`(
`
+
1)
C

`
<latexit sha1_base64="lTWI+oH0DbDpMX2/M1jACWt4mcU=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUBHKTBV0WezGZQV7gXYYMumZNjRzIckIdSi+ihsXirj1Pdz5NmbaWWjrgYSP/z+HnPxezJlUlvVtFFZW19Y3ipulre2d3T1z/6Ato0RQaNGIR6LrEQmchdBSTHHoxgJI4HHoeONG5nceQEgWhfdqEoMTkGHIfEaJ0pJrHvWBc1zJ7nP7DDfcjFyzbFWtWeFlsHMoo7yarvnVH0Q0CSBUlBMpe7YVKyclQjHKYVrqJxJiQsdkCD2NIQlAOuls+yk+1coA+5HQJ1R4pv6eSEkg5STwdGdA1Eguepn4n9dLlH/tpCyMEwUhnT/kJxyrCGdR4AETQBWfaCBUML0rpiMiCFU6sJIOwV788jK0a1X7olq7uyzXb/I4iugYnaAKstEVqqNb1EQtRNEjekav6M14Ml6Md+Nj3low8plD9KeMzx9FkZPR</latexit>

C <latexit sha1_base64="re76Zkt0iSC9uIARbCEdpPGTKdg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuypXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJczjMs=</latexit>

(Planck collaboration)



Fluctuations in the Universe
CMB anisotropies: need to go beyond the homogeneous and isotropic Universe

e.g. metric 

Two gravitational potentials:

Split all variables into background (FLRW) + small fluctuation 

Simplified assumption:  ALMOST homogeneous and isotropic

Fourier expansion of every fluctuation variable

ds2 = �(1 + 2 )dt2 + a2(1� 2�)�ijdx
idxj

<latexit sha1_base64="CjRRlzz5bLSqsyFdvfkGDR8RwgM="></latexit>

 (t, ~x)

<latexit sha1_base64="bhKy9Q6YQB7VQLfjZ7qT8m6qQMA=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoICGpfbkrunFZwT6gCWUynbRDJw9mJsUa+iVuXCji1k9x5984TSOo6IELh3Pu5d573IhRIU3zQ1tZXVvf2Mxt5bd3dvcK+v5BR4Qxx6SNQxbynosEYTQgbUklI72IE+S7jHTdydXC704JFzQMbuUsIo6PRgH1KEZSSQO9YLcELckze0pwcjc/HehF07ionVfLNZiSupmRSsOClmGmKIIMrYH+bg9DHPskkJghIfqWGUknQVxSzMg8b8eCRAhP0Ij0FQ2QT4STpIfP4YlShtALuapAwlT9PpEgX4iZ76pOH8mx+O0txL+8fiy9hpPQIIolCfBykRczKEO4SAEOKSdYspkiCHOqboV4jDjCUmWVVyF8fQr/J52yYVWM6k2l2LzM4siBI3AMSsACddAE16AF2gCDGDyAJ/Cs3WuP2ov2umxd0bKZQ/AD2tsnt3eTKQ==</latexit>

�(t, ~x)

<latexit sha1_base64="pyp/WC9RjV9dekQejAqRRwqonnQ=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoICGpfbkrunFZwT6gCWUynbRDJw9mJsUa+iVuXCji1k9x5984TSOo6IELh3Pu5d573IhRIU3zQ1tZXVvf2Mxt5bd3dvcK+v5BR4Qxx6SNQxbynosEYTQgbUklI72IE+S7jHTdydXC704JFzQMbuUsIo6PRgH1KEZSSQO9YLfGtCTP7CnByd38dKAXTeOidl4t12BK6mZGKg0LWoaZoggytAb6uz0MceyTQGKGhOhbZiSdBHFJMSPzvB0LEiE8QSPSVzRAPhFOkh4+hydKGUIv5KoCCVP1+0SCfCFmvqs6fSTH4re3EP/y+rH0Gk5CgyiWJMDLRV7MoAzhIgU4pJxgyWaKIMypuhXiMeIIS5VVXoXw9Sn8n3TKhlUxqjeVYvMyiyMHjsAxKAEL1EETXIMWaAMMYvAAnsCzdq89ai/a67J1RctmDsEPaG+fpkeTHg==</latexit>

Do the same for baryons, CDM and neutrinos (density fluctuation, velocity, …)

f(t, ~x, ~p) =
1

ep/T (t,~x,~p) � 1

<latexit sha1_base64="gbVs3DGBJuYg6ZXw43mwYUxAMVU="></latexit>

Photons:

Space-dependent temperature

�(t, ~x, ~p) =
T (t, ~x, ~p)� T̄�(t)

T̄�(t)
=

X

`

(2`+ 1)�`(t, k)P`(x̂ · p̂)

<latexit sha1_base64="gl5r8avCbTzdk91ibNsHGlOc0HU="></latexit>

C` =
2

⇡

Z
dkk2P0(k)�`(t0, k)|2

<latexit sha1_base64="p6i2yrtnX77W41bIrpQK54WJMZE="></latexit>

Initial power spectum (inflation)



Einstein-Fluid-Boltzmann system
The evolution of the metric potentials, baryon and dark matter fluid variables, and photon and neutrino 

temperature fluctuations

Electrons

CDM
Potentials

Photons

Protons

Neutrinos

Compton 

scattering

Coulomb 

scattering

Boltzmann

Boltzmann

Einstein

Boltzmann

Fluid

 (energy conservation)

•Always tightly coupled

•Fluid(energy conservation)

(from S.Dodelson)

DONE NUMERICALLY with codes: 

CAMB: (in Fortran & Python) https://camb.readthedocs.io/
Class: (in c) https://lesgourg.github.io

https://lesgourg.github.io


Tight-coupling and Free-streaming
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Recombination

Tight-coupling:

Free-streaming
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Compton scattering

Secondary

anisotropies

Primary

anisotropies



Visibility function

Proportional to the probability that an observed 
photon today has last scattered at redshift z 

Visibility function

Electron ionization fraction
number of free electrons

tight-couplingfree-streaming

Last Scattering Surface

Helium 
recombination

Hydrogen 
recombination

g(z)

<latexit sha1_base64="PeLUcJPKk2hFHFhXpA/3m4V+k6k=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GWZqX+6KblxWsA9oh5JJ0zY0yQxJRqhDf8GNC0Xc+kPu/Bsz0xFU9MCFwzn3cu89fsio0o7zYa2srq1vbOa28ts7u3v7hYPDjgoiiUkbByyQPR8pwqggbU01I71QEsR9Rrr+7Crxu3dEKhqIWz0PicfRRNAxxUgn0qR0fzYsFB37onZeLddgSupORioNF7q2k6IIMrSGhffBKMARJ0JjhpTqu06ovRhJTTEji/wgUiREeIYmpG+oQJwoL05vXcBTo4zgOJCmhIap+n0iRlypOfdNJ0d6qn57ifiX14/0uOHFVISRJgIvF40jBnUAk8fhiEqCNZsbgrCk5laIp0girE08eRPC16fwf9Ip227Frt5Uis3LLI4cOAYnoARcUAdNcA1aoA0wmIIH8ASeLW49Wi/W67J1xcpmjsAPWG+f+kyOOQ==</latexit>

Xe(z)

<latexit sha1_base64="L9eXDMqYsuWEH31X6IYCmo/PosQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTBT+3JXdOOygn1AO5RMmmljM8mQZIRa+g9uXCji1v9x59+YTkdQ0QMXDufcy733+BGjSjvOh5VZWV1b38hu5ra2d3b38vsHbSViiUkLCyZk10eKMMpJS1PNSDeSBIU+Ix1/crnwO3dEKir4jZ5GxAvRiNOAYqSN1O4OSPH+dJAvOPZ59axSqsKE1JyUlOsudG0nQQGkaA7y7/2hwHFIuMYMKdVznUh7MyQ1xYzMc/1YkQjhCRqRnqEchUR5s+TaOTwxyhAGQpriGibq94kZCpWahr7pDJEeq9/eQvzL68U6qHszyqNYE46Xi4KYQS3g4nU4pJJgzaaGICypuRXiMZIIaxNQzoTw9Sn8n7RLtlu2K9flQuMijSMLjsAxKAIX1EADXIEmaAEMbsEDeALPlrAerRfrddmasdKZQ/AD1tsnWcKPAg==</latexit>



Acoustic oscillations

pressure

gravity

Tight-coupling very efficient — destroys all �`(t, k)

<latexit sha1_base64="ARKMor95oAQjfVhOi69mXQdSemA=">AAAB+XicdVDLSgNBEJz1bXytevQyGIQIEnZjNHoT9eAxgnlAsiyzk44OmX0w0xsIi3/ixYMiXv0Tb/6Nk00EFS1oKKq66e4KEik0Os6HNTM7N7+wuLRcWFldW9+wN7eaOk4VhwaPZazaAdMgRQQNFCihnShgYSChFQwuxn5rCEqLOLrBUQJeyG4j0RecoZF82+5egkTmd0HKEh4M9n276JRPjw+PKsc0JzVnSqonLnXLTo4imaLu2+/dXszTECLkkmndcZ0EvYwpFFzCfaGbakgYH7Bb6BgasRC0l+WX39M9o/RoP1amIqS5+n0iY6HWozAwnSHDO/3bG4t/eZ0U+ydeJqIkRYj4ZFE/lRRjOo6B9oQCjnJkCONKmFspv2OKcTRhFUwIX5/S/0mzUnar5aPravHsfBrHEtkhu6REXFIjZ+SK1EmDcDIkD+SJPFuZ9Wi9WK+T1hlrOrNNfsB6+wQGQ5NK</latexit>

` � 2

<latexit sha1_base64="Jq7mVaVs3h1c6IZWp3Syqp3FfQc=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAiuSlL7cld047KCfWBTymR60w6dTMLMRCihf+HGhSJu/Rt3/o3TNIKKHrhwOOde7r3HizhT2rY/rJXVtfWNzdxWfntnd2+/cHDYUWEsKbRpyEPZ84gCzgS0NdMcepEEEngcut70auF370EqFopbPYtgEJCxYD6jRBvpzgXOsTsGXB4WinbponZeLddwSup2RioNBzslO0URZWgNC+/uKKRxAEJTTpTqO3akBwmRmlEO87wbK4gInZIx9A0VJAA1SNKL5/jUKCPsh9KU0DhVv08kJFBqFnimMyB6on57C/Evrx9rvzFImIhiDYIuF/kxxzrEi/fxiEmgms8MIVQycyumEyIJ1SakvAnh61P8P+mUS06lVL2pFJuXWRw5dIxO0BlyUB010TVqoTaiSKAH9ISeLWU9Wi/W67J1xcpmjtAPWG+f77aQdg==</latexit>

Full system of equations reduces to

�̈0 +
Ṙ

1 +R
�̇0 +

k2

3(1 +R)
�0 = �k2

3
 � 1

1 +R

d

dt

h
(1 +R)�̇

i

<latexit sha1_base64="pngCk2ROOHSuJ+x7821qagnJ8c0="></latexit>

R =
3⇢̄b
4⇢̄�

<latexit sha1_base64="ft61Q6vDEY6C83+Box0We0V0BK8="></latexit>

Baryon-photon ratio
Gravity Gravity

C2
�b =

1

3(1 +R)

<latexit sha1_base64="klc4kUkOQ6/wYjX6suHl2g0uDMo="></latexit>

Sound horizon: rs =

Z t

0
C�bdt

<latexit sha1_base64="AhDelQY7mCkWgYtNLNd1xj1tCPM=">AAACCHicdVA9SwNBEN2LXzF+RS0tXAyCVbiLMYmFEExjGcEkQhKPvc0mLu7uHbtzQjhS2vhXbCwUsfUn2Plv3HwIKvpg4PHeDDPzgkhwA6774aTm5hcWl9LLmZXVtfWN7OZW04SxpqxBQxHqy4AYJrhiDeAg2GWkGZGBYK3gpjb2W7dMGx6qCxhGrCvJQPE+pwSs5Gd3tW8wPsEdrsB3rwDX/KQzIFISHIxwD/xszs0flw6PCiU8IWV3RooVD3t5d4IcmqHuZ987vZDGkimgghjT9twIugnRwKlgo0wnNiwi9IYMWNtSRSQz3WTyyAjvW6WH+6G2pQBP1O8TCZHGDKW9bF8SuDa/vbH4l9eOoV/pJlxFMTBFp4v6scAQ4nEquMc1oyCGlhCqub0V02uiCQWbXcaG8PUp/p80C3mvmD86L+aqp7M40mgH7aED5KEyqqIzVEcNRNEdekBP6Nm5dx6dF+d12ppyZjPb6Aect08GtZjC</latexit>

Assume slowly varying potentials and sound horizon

�̈0 + k2C2
s�0 ⇡ �k2

3
 

<latexit sha1_base64="lMj9zgIVZXcv4qUMXP8/SYi7ZEY="></latexit>

(�0 + ) (t⇤) = A cos(kr⇤s t⇤)�R (t⇤)

<latexit sha1_base64="uaEQsMq1rmdIRHn9qYPEm9jPnAM="></latexit>

Oscillations displaced by gravity due to baryons
Frequency set by sound horizon (baryons)



1st

2nd

3rd

(from W. Hu)

At Last Scattering surface



Projection
Free-streaming: photons follow null geodesicsAfter recombination

nth Peak location

�`(t0, k) ⇡ (�0 + ) (t⇤)j` [k(t0 � t⇤)]

<latexit sha1_base64="s703Waad1b9WScrJoNNZz16h0dE="></latexit>

`n =
n⇡ (t0 � t⇤)

rs

<latexit sha1_base64="jnMu4ba9CeDWr0ftdvGGEW9qcY0="></latexit>

Last Scattering surface

Acoustic angular scale 

✓⇤

<latexit sha1_base64="2A6olvd0L1eJQrLoQxSr4zF0MKw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSKIh5JIRY9FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9816p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5UfGqlcv7arl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AxWOPzQ==</latexit>

Strong dependence on: curvature,    , baryons⇤

<latexit sha1_base64="iwdonubZYeOSkX8wciJGVsiL4RU=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxoWLCvYBbSiTyaQdOnkwMxFK6Ee4caGIW7/HnX/jNI2gogcGDuecy9x73JgzqSzrw1hZXVvf2CxsFbd3dvf2SweHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp1cLv3dPhWRReKdmMXUCPA6ZzwhWWuoNb3TUw6NS2TIv6ue1Sh1lpGHlpNq0kW1aGcqQoz0qvQ+9iCQBDRXhWMqBbcXKSbFQjHA6Lw4TSWNMpnhMB5qGOKDSSbN15+hUKx7yI6FfqFCmfp9IcSDlLHB1MsBqIn97C/Evb5Aov+mkLIwTRUOy/MhPOFIRWtyOPCYoUXymCSaC6V0RmWCBidINFXUJX5ei/0m3YtpVs3ZbLbcu8zoKcAwncAY2NKAF19CGDhCYwgM8wbMRG4/Gi/G6jK4Y+cwR/IDx9gmVAY/C</latexit>



Integrated Sachs-Wolfe effect

Gravitational redshift of photons due to a potential well

during Matter domination          No ISW

Radiation-to-matter transition: early ISW effect     

Era: late ISW effect      

overall blueshift

potential 
decays

⇤

<latexit sha1_base64="iwdonubZYeOSkX8wciJGVsiL4RU=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaT25a7oxoWLCvYBbSiTyaQdOnkwMxFK6Ee4caGIW7/HnX/jNI2gogcGDuecy9x73JgzqSzrw1hZXVvf2CxsFbd3dvf2SweHXRklgtAOiXgk+i6WlLOQdhRTnPZjQXHgctpzp1cLv3dPhWRReKdmMXUCPA6ZzwhWWuoNb3TUw6NS2TIv6ue1Sh1lpGHlpNq0kW1aGcqQoz0qvQ+9iCQBDRXhWMqBbcXKSbFQjHA6Lw4TSWNMpnhMB5qGOKDSSbN15+hUKx7yI6FfqFCmfp9IcSDlLHB1MsBqIn97C/Evb5Aov+mkLIwTRUOy/MhPOFIRWtyOPCYoUXymCSaC6V0RmWCBidINFXUJX5ei/0m3YtpVs3ZbLbcu8zoKcAwncAY2NKAF19CGDhCYwgM8wbMRG4/Gi/G6jK4Y+cwR/IDx9gmVAY/C</latexit>

potentials constant

small scales

large scales

�̇ 6= 0

<latexit sha1_base64="FYgVtMPJQxkJHHiRm58vt/K1OQc=">AAAB+XicdVDLSgMxFM34rPU16tJNsAiuykzty13RjcsK9gGdUjLpbRuayQxJplCG/okbF4q49U/c+Tem0xFU9MCFwzn3JvceP+JMacf5sNbWNza3tnM7+d29/YND++i4rcJYUmjRkIey6xMFnAloaaY5dCMJJPA5dPzpzdLvzEAqFop7PY+gH5CxYCNGiTbSwLa9YagTrzlhC+wJwM7ALjjFq+plpVTFKak5GSnXXewWnRQFlKE5sN/NEzQOQGjKiVI914l0PyFSM8phkfdiBRGhUzKGnqGCBKD6Sbr5Ap8bZYhHoTQlNE7V7xMJCZSaB77pDIieqN/eUvzL68V6VO8nTESxBkFXH41ijnWIlzHgIZNANZ8bQqhkZldMJ0QSqk1YeRPC16X4f9IuFd1ysXJXLjSuszhy6BSdoQvkohpqoFvURC1E0Qw9oCf0bCXWo/Viva5a16xs5gT9gPX2CTS4k2c=</latexit>

(Extra radiation or less 
matter) 



From Wayne Hu’s webpage
http://background.uchicago.edu/~whu

ANIMATION:



From Wayne Hu’s webpage
http://background.uchicago.edu/~whu

ANIMATION:



From Wayne Hu’s webpage
http://background.uchicago.edu/~whu

ANIMATION:



`(
`
+
1)
C

`
<latexit sha1_base64="lTWI+oH0DbDpMX2/M1jACWt4mcU=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUBHKTBV0WezGZQV7gXYYMumZNjRzIckIdSi+ihsXirj1Pdz5NmbaWWjrgYSP/z+HnPxezJlUlvVtFFZW19Y3ipulre2d3T1z/6Ato0RQaNGIR6LrEQmchdBSTHHoxgJI4HHoeONG5nceQEgWhfdqEoMTkGHIfEaJ0pJrHvWBc1zJ7nP7DDfcjFyzbFWtWeFlsHMoo7yarvnVH0Q0CSBUlBMpe7YVKyclQjHKYVrqJxJiQsdkCD2NIQlAOuls+yk+1coA+5HQJ1R4pv6eSEkg5STwdGdA1Eguepn4n9dLlH/tpCyMEwUhnT/kJxyrCGdR4AETQBWfaCBUML0rpiMiCFU6sJIOwV788jK0a1X7olq7uyzXb/I4iugYnaAKstEVqqNb1EQtRNEjekav6M14Ml6Md+Nj3low8plD9KeMzx9FkZPR</latexit>

C <latexit sha1_base64="re76Zkt0iSC9uIARbCEdpPGTKdg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuypXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJczjMs=</latexit>

(Planck data)

Late ISW

Acoustic scale

baryometer (reduced with larger            ) 

(Reduces Early ISW, acoustic driving)CDM

Damping tail

(Sensitive to      )⌦⇤

<latexit sha1_base64="XsKl1iQ4owQ2y8Y4DJ/dXX6GXU8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiGxeCFewDOmPJpJk2NMkMSUYpQ//DjQtF3Pov7vwb03YW2nogcDjnHu7NCRPOtHHdb6ewtLyyulZcL21sbm3vlHf3mjpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fw6uJ33qkSrNY3ptRQgOB+5JFjGBjpQf/VtA+7vo3NtHD3XLFrbpToEXi5aQCOerd8pffi0kqqDSEY607npuYIMPKMMLpuOSnmiaYDHGfdiyVWFAdZNOrx+jIKj0Uxco+adBU/Z3IsNB6JEI7KbAZ6HlvIv7ndVITXQQZk0lqqCSzRVHKkYnRpALUY4oSw0eWYKKYvRWRAVaYGFtUyZbgzX95kTRPqt5p9ezutFK7zOsowgEcwjF4cA41uIY6NICAgmd4hTfnyXlx3p2P2WjByTP78AfO5w8sE5JP</latexit>

SW plateau

⌦bh
2

<latexit sha1_base64="40KQvdBO8nHmwdtnkNyJ1w3hmU4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXizgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8c3M7zxRpVksH8wkoYHAQ8kiRrCxku/fCTrE/RCNHmv9csWtunOgVeLlpAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un6MwqAxTFypY0aK7+nsiw0HoiQtspsBnpZW8m/uf1UhNdBRmTSWqoJItFUcqRidEsADRgihLDJ5Zgopi9FZERVpgYG1PJhuAtv7xK2rWqV69e3Ncrjes8jiKcwCmcgweX0IBbaEILCCTwDK/w5qTOi/PufCxaC04+cwx/4Hz+AB8qkRg=</latexit>

Heights reduced with larger ⌦ch
2

<latexit sha1_base64="SX3OLiHIxf/6VGOUtEuStkshjaY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXizgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8c3M7zxRpVksH8wkoYHAQ8kiRrCxku/fCTrEfYJGj7V+ueJW3TnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmugozJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7VrVq1cv7uuVxnUeRxFO4BTOwYNLaMAtNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/ACCykRk=</latexit>
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Increased by



Reionization

Large scales: generation of anisotropies

Small scales: suppression of anisotropies

 (remember diffusion damping)

generation

suppression by

e�2⌧{

optical depth to reionization

It’s tight-coupling again!
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Neutrinos and CMB For CMB primary anisotropies neutrinos are still relativistic

More neutrinos shift matter-radiation equality later

N⌫ = 2

N⌫ = 3
N⌫ = 4
N⌫ = 5

Red

Black

Blue

Green

•Shifts peaks to smaller scales

•Increases power around 1st peak

Number of Neutrinos Neutrino mass

m⌫ = 1.6eV

m⌫ = 3.15eV

m⌫ = 9.43eV

m⌫ = 0
Red

Black

Blue

Green

Largely insensitive to small masses
Large masses: neutrinos contribute like CDM



Planck Collaboration (2018)



The End


