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Symmetry and group theory
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Symmetry and group theory
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Group theory and physics
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Example of groups
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Example of groups
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Example of groups
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Example of groups
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How many finite groups?
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How many finite groups?
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Specifying a group
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Direct and semi-direct product
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Direct and semi-direct product
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Cosets, normal subgroup, factor group
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Cosets, normal subgroup, factor group
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utomorphisms (the symmetry of symmetries)
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Subgroup embeddings
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Subgroup embeddings
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Simple groups
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Simple groups
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Simple groups

Cyclic groups, Z, [edit]

Simplicity: Simple for p a prime number.

Order: p | > 2
R
Schur multiplier: Trivial.
V=2, - )
Outer automorphism group: Cyclic of order p — 1. /2= 2‘2

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.
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Simple groups

Cyclic groups, Z, [edit]
Simplicity: Simple for p a prime number.
Order: p

Schur multiplier: Trivial.

Outer automorphism group: Cyclic of order p — 1.

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.

st

Alternating groups, A,, n > 4 [edit] | .
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Simple groups

Cyclic groups, Z, [edit]

Simplicity: Simple for p a prime number.

Order: p o> 2
-
Schur multiplier: Trivial. [ h N
Outer automorphism group: Cyclic of order p — 1. /2= «f"

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.

Alternating groups, A,, n > 4 [edit] l

e T . . =+ ‘LMM e s {‘O_L
Chevalley groups, Ap(q), Bh(qQ) n>1,C,(q) n> 2, Dy(q) n > 3 |[edit] |L d

V Ll
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Simple groups

Cyclic groups, Z, [edit]
Simplicity: Simple for p a prime number.
Order: p

Schur multiplier: Trivial.

Outer automorphism group: Cyclic of order p — 1.

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.

Alternating groups, A,, n > 4 [edit] l

[ PR

F

——

Steinberg groups, 2A,(q%) n > 1, 2D,(q2) n > 3, 2E¢(q?2), 3D4(q°)

Chevalley groups, Ap(q), Bh(qQ) n>1,C,(q) n> 2, Dy(q) n > 3 |[edit]
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Simple groups

Cyclic groups, Z, [edit]

Simplicity: Simple for p a prime number.

Order: p > ISuzuki groups, 2B,(22M1)
Ny

Schur multiplier: Trivial. V- . h N

Outer automorphism group: Cyclic of order p — 1. /2=

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.

Alternating groups, A,, n > 4 [edit] l

e T . . =+ ‘Lﬂz'f T {‘O_L
Chevalley groups, Ap(q), Bh(qQ) n>1,C,(q) n> 2, Dy(q) n > 3 |[edit]

Steinberg groups, 2A,(q%) n > 1, 2D,(q2) n > 3, 2E¢(q?2), 3D4(q°)
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Simple groups

Cyclic groups, Z, [edit]

Simplicity: Simple for p a prime number.

Order: p > ISuzuki groups, 2B,(221)

-
Schur multiplier: Trivial. I . h N

Y
~

i —

Ree groups and Tits group, 2F,(221) \
(Dl m e

ww)

- = '.L/Q’ l"“’u “-"-‘41-\8‘ JF{U"——M? ! *f—OL

Outer automorphism group: Cyclic of order p — 1.

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.

Alternating groups, A,, n > 4 [edit] l N

Chevalley groups, Ap(q), Bh(qQ) n>1,C,(q) n> 2, Dy(q) n > 3 |[edit]

Steinberg groups, 2A,(q%) n > 1, 2D,(q2) n > 3, 2E¢(q?2), 3D4(q°)
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Simple groups

Cyclic groups, Z, [edit]

Simplicity: Simple for p a prime number.

Order: p > ISuzuki groups, 2B,(221)

-
Schur multiplier: Trivial. I . h N

Y
~

i —

Ree groups and Tits group, 2F,;;(Zz"‘“'") \
(Dl DAC 1<

‘ Ree groups, 262(32"+1) I‘%

—= Mouma Ikt for

Outer automorphism group: Cyclic of order p — 1.

Other names: Z/pZ, C,

Remarks: These are the only simple groups that are not perfect.

Alternating groups, A,, n > 4 [edit] l N

Chevalley groups, Ap(q), Bh(qQ) n>1,C,(q) n> 2, Dy(q) n > 3 |[edit]

Steinberg groups, 2A,(q%) n > 1, 2D,(q2) n > 3, 2E¢(q?2), 3D4(q°)
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Simple groups

Cyclic groups, Z,
Simplicity: Simple for p
Order: p

Schur multiplier: Triviall
Outer automorphism g
Other names: Z/pZ, C,

Remarks: These are the

Alternating grou

Chevalley groups,

Steinberg groups,

Mathieu groups

Janko groups

Conway groups

Fischer groups

Higman—Sims group
McLaughlin group
Held group

Rudvalis group
Suzuki sporadic group
O'Nan group
Harada—Norton group
Lyons group
Thompson group
Baby Monster group

Monster group

My 7920
Mz 95 040

Moy 443520

Mas 10 200 960

Moy 244 823 040

- 175 560

J 604 800

J3 50 232 960

Js 86 775 571 046 077 562 880

Cos 495 766 656 000

Co 42305 421312 000

Co1 4157 776 806 543 360 000

Figo 64 561 751 654 400

Figa 4089 470 473 293 004 800

Figa’ 1255 205 709 190 661 721 292 800

HS 44 352 000

McL 898 128 000

He 4030 387 200

Ru 145 926 144 000

Suz 448 345 497 600

ON 460 815 505 920

HN 273030 912 000 000

Ly 51765 179 004 000 000

Th 90 745 943 887 872 000

B 4154 781 481 226 426 191 177 580 544 000 000
M 808 017 424 794 512 875 886 459 904 961 710 757 005 754 368 000 000 000

§ groups, 2B,(22m1)

and Tits group, 2F4(22m*1)

.

groups, 2G,(32"1) rf)

. “Mﬂa Jdoc ot P

Renato Fonseca

Symmetries in physics




Orbit and stability group
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Orbit and stability group
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Representations
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Representations
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Representations
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Representations
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Real /pseudo-real /complex representation
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Irreducible representations
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Irreducible representations
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Lpplication: quark /lepton flavor symmetries
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Lpplication: quark /lepton flavor symmetries
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Lpplication: quark /lepton flavor symmetries
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Lpplication: quark / lepton flavor symmetries
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Lpplication: quark /lepton flavor symmetries
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pplication: quark/lepton flavor symmetries
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GAP examples: Predefined group

GAP 4.10.2 of 19-3un-2019
GAP https://waw.gap-system.org

Architecture: i686-pc-cygwin-default32-kv3

Configuration: gmp 6.1.2, readline

Loading the library and packages ...

Packages: ACTlib 1.3.1, Alnuth 3.1.1, AtlasRep 2.1.0, AutoDoc 2019.05.20, AutPGrp 1.10, Browse 1.8.8, CRISP 1.4.4, Cryst 4.1.19, CrystCat 1.1.9, CTbILib 1.2.2, FactInt 1.6.2, FGA 1.4.0,
Forms 1.2.5, GAPDoc 1.6.2, genss 1.6.5, I0 4.6.0, IRREDSOL 1.4, LAGUNA 3.9.3, orb 4.8.2, Polenta 1.3.8, Polycyclic 2.14, PrimGrp 3.3.2, RadiRoot 2.8, recog 1.3.2,
ResClasses 4.7.2, smallGrp 1.3, Sophus 1.24, Spinsym 1.5.1, TomLib 1.2.8, TransGrp 2.0.4, utils 0.63

Try '?7help’ for help. See also '?copyright’, "?cite’ and 'Zauthors’

gap> Ad:=AlternatingGroup(4);

AltC [ 1 .. 4 1)

gap> Order(Ad);

2

gap> elAd:=Elements (Ad);

[ O, 2,3,4, 2,4,3), A,3,4, 1,2,3, 1,2,4, 1,3,2), 1,3,4), (1,3d@2,4, 1,4,2), (1,4,3), 1,H2,3) ]

gap> GeneratorsOfGroup(ad);

[ 1,2,3), (2,3, 1]

gap> IsSimple(ad);

gap> StructureDescription(ad);

Ve

gap> StructureDescription(AutomorphismGroup(A4));
froqn

gap> Display(CharacterTable(Ad));

2a 3a 3b
la 3b 3a
2a la la

1 1 1
1 A /A
1 /A A
e
E(3)A2
(-1-sqrt(-3))/2 = -1-b3
gap> matsAd:= IrreducibleRepresentations(Ad);
[ Pcgs([ (2,4,3), (1,32,4, 1,H0G,4) 1D = [ [[11]1]1] 1, L L1111, Ppegs(l (2,4,3), (1,32,4, 1,063, 1D > [ [ [EB ]
Pcgs(l[ (2,4,3), (1,3)(2,4), (1,2G3,4) 1D —> [ [ [ ECOHA (111, L1111, pegs(Cl (2,4,3), (0,30(2,4), (1,22(3,4) 1> - [ L [ O
tr-1,0,0131,00,1,01, 00,0, 1711, [[1, o, 1,01, 00,0, -17711]1
gap> List( elad, x -> xAmatsAad4[1l]);
crrt31, €11, 0021131, 11, ccr131,ccr1331,ccry1,ccry1,ccryy,CCLYYII,CCLIN,LCLI NN
gap> List( elad, x -> xMmatsAad[2]);
01311, CLec»»A21 1, [LE31T, 0111, CTE3 1], [TEGDA2T], [TeE3DAMT], [ITEGY]T], 0111, [TEG]T], [TEGA2]1]1, 01711711
gap> List( elad, x -> xAmatsad[3]);
L1171, LCeE) 11, LLEGA?2TT, [T111, [LEDA2T], [LEGETI, [TEG 11, [TEeGA211, 0111, LTEeGEA211, [TEGT1, [[111]1
gap> List( elad, x -> xAmatsad[4]);
trri,0,01,°060,1,071, 0,0, 177,
trfo, o, -11, 01,00, -1, 0171,
-1, 0, 0 ] )

1,
0

]

[ O, o, -1, 01,
[LO -11, [ -
L LO

, [0,0,-17]7




GAP examples: From a presentation

gap> FG:=FreeGroup("R","s");

<free group on the generators [ R, S ]=
gap> R:=FG.1l; S:=FG.2;

R

S

gap> D7 :=FG/[RA7 ,SA2,(R*S)A2];

<fp group on the generators [ R, 5 ]=

gap> Elements(D7);

[ <identity ...>, S, R, RA-1*¥S, RA2, RA-2%sS, RA3, RA-3%S, RA-3, RA3*S, RA-2, RA2*S, RA-1, R*S ]
gap> StructureDescription(D/);

'||Dl4'||

gap> StructureDescriptionAutomorphismGroup(D7));

"C/ o Ce”

gap> Display(CharacterTable(D7));

i . . .

1 1 1
2a 7a 7b 7c
la 7b 7c 7a
2a 7c 7a 7b
Z2a /b 7c 7a
Za la la la

1
-1

LS [ = S N ]

1
1
C
A
B

E(7)+E(7)AB
E(7)AZ4+E(7)AS
EC(7)AS+E(7DIA




GAP examples: From matrices

- a:=E(5);;
- ml:=[[a,0,0]1,[0,1,0]1,[0,0,1/al1];;
»> m2:=[[1,0,0],[0,0,1],[0,1,0]11;;
y> m3:=[[0,0,1],[1,0,07,[0,1,011;;
> groupl:=Group(ml,m2,m3);
<matrix gro with 3 generators:
gap> group2:=Group(ml,m3);
Group([L [ [ E(5), 0,01, 0,1, 01, [C0,0,E(5)411,C[0,0,171,[1,0,073,700,1,0110D
o> Order (groupl);

> Order (group?);

> StructureDescription(groupl);
5) - s3®

> StructureDescription(groupl);
"(C5 x ¢5) : c3"

What are these groups?



GAP examples: From matrices

> a:=E(5);;
> ml:=[[a,0,0]1,[0,1,01,[0,0,1/al];;
m2:=[[1,0,0],[0,0,1],[0,1,0]];;
m3:=[[0,0,11,[1,0,01,[0,1,011;;
> groupl:=Group(ml,m2,m3);
<matrix group with 3 generators>
gap> group2:=Group(ml,m3);
Group([ [ [ E(5), 0,01, [0,1,01, [0,0,E(5)™11]1,[[0,0,127,[1,0,073,[0,1,0110D

o> Order (groupl);

> Order (group?);

> StructureDescription{groupl);
! x C5) : s3
gap> StructureDescription(group2);
"(C5 x ¢5) : c3"

What are these groups?

The group A(3n?) is a non-Abelian finite subgroup of SU(3) of order 3n?. It is isomorphic
to the semidirect product of the cyclic group 23 with (2, x Z,)[12], (0701188 Luhn, Nasri, Ramond]

A(3n?) ~ (2, x Z,) % Z,.

The group A(6n?) is a non-Abelian finite subgroup of SU(3) of order 6n®. It is isomorphic to the
semidirect product of the &3, the smallest non-Abelian finite group, with (Z,, x Z,,) [15], [0809.0639 Escobar, Luhn]

A6n?) ~ (2, x 2,) xS; .




GAP examples: tetrahedron symmetries

What are the symmetries of a tetrahedron?
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GAP examples: tetrahedron symmetries

What are the symmetries of a tetrahedron?

gap> SmallGroupsInformation(12);
There are 5 groups of order 12.

The groups whose order factorises in at most 3 primes
have been classified by 0. Hoelder. This classification 1is
used in the SmallGroups Tlibrary.

This size belongs to layer 1 of the SmallGroups library.
Idsmal lGroup is available for this size.

gap> StrHctureDEECPiption(Sma]1Greup[12,l));
g§2>;5iiuctureDe5cription(Sma]WGroupKIE,2));
ggég StructureDescription(SmallGroup(12,3));
gzi>“5tructureDe5cr1ption(Sma]WGroupKIE,4));
ggég StructureDescription(SmallGroup(12,5));
"Cb x C2"




GAP examples: tetrahedron symmetries

What are the symmetries of a tetrahedron?

gap> SmallGroupsInformation(12);
There are 5 groups of order 12.

The groups whose order factorises in at most 3 primes
have been classified by 0. Hoelder. This classification 1is
used in the SmallGroups Tlibrary.

This size belongs to layer 1 of the SmallGroups library.
Idsmal lGroup is available for this size.

gap> StructureDescription(SmallGroup(12,1));
"c3 4"
gap> StructureDescription(SmallGroup(12,2));
11':12 mn
ap> StructureDescription(smallGroup(l2,3)); .
. .&.E" P ¢ p( )) The answer is A4 (S4 if we allow reflections as well)
gap> StructureDescription(SmallGroup(12,4));
mn D12 mn
gap> StructureDescription(SmallGroup(12,5));
"Cb x C2"
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Continuous groups
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The symmetries of space time
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The symmetries of space time
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Lorentz group
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The Poincaré group
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The Poincaré group
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The Poincaré group
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The Poincaré group
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The Poincaré group
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The gauge group

SUBB)e SU(2), U(l)y SO(3,1)*t
7 T T
u® 3 1 5 20
d° 3 1 =2 =, 0
L 1 2 —% %,oi
e 1 1 1 (5.0)
H 1 2 5 (0,0)
Fe 8 1 0 (1,0)
Fw 1 3 0 (1,0)
Fp 1 1 0 (1,0)

The Standard Model has a SU(3) x SU(2) x U(1) gauge group.

Can it be the remnant of a larger group?
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Grand unification?

SM

O ] ] ] ] ] ] ]
102 10* 109 10%® 1019 10'2 101* 1016 1018
FE (GeV)

Running of the gauge couplings suggests that at high scales they have a similar value
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Grand unification?

SU(5) and SO(10) are strong candidates for the bigger group. The Standard Model fermions
would need to be part of larger multiplets.
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Simple algebra

An

Renato Fonseca

Landscape of p

Dynkin diagram

Cartan matrix

2 1 0
o [ [ -1
O——O— -~ -0
1
0 =1 2
2 1 0
iy a3 1 [e3% -1
O—O0— ' =0=—@ i
-1 2 -2
0 1 2
2 -1 0
(a5 (&%) by iy -1
o—eo—  —@=— .
1 2 1
[i] -2 2
¥y 2 -1 0
O
1
a 2 Qey—2 Qpy—1 L _; _(L]
O—"O—"° © 0 -1 0 2

These are the complex simple Lie algebras
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0

2 -1

n -1

0
-1
2
-1
0
-1

0

-1
2.=1

0 0
0 0
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0
0
1
2
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0
0

0
0
0
2

0 -1

0

0

0
0
-1
2
0

~J

DO



Examples: some small irreps

GAP & Awr Coda @mcu-hmw Yo
Fm Mc}t /rlf\?bu(,-, wie ooy Mot Ao 19(_.\‘-03,1/,.'. LZ.a_ﬁRT&

Cmu{.NiL
Examples with GroupMath

n261= SU2 // MatrixForm

In20]= su2Reps = RepsUpToDimN[SU2, 10
SU3 // MatrixForm 20} P psUp [SU2, 10]

S010 // MatrixForm ou0= {{@}, {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}}
Out[26]//MatrixForm=
(2) In21}= su3Reps = RepsUpToDimN[SU3, 10]
Out[27)//MatrixForm= ouwpe1)= {{0, 0}, {1, 0}, {0, 1}, {0, 2}, {2, 0}, {1, 1}, {3, 0}, {6, 3}}
2 -1
(—1 2)

In22]= sol@Reps = RepsUpToDimN[S010, 200]

Qut[28)//MatrixForm= B
2 1 0 © o ou22- {{6, 0,0, 0,0}, {1,0,0, 0,0}, {(©,0,0,0, 1},

-1 2 -1 @ (%] {e: e: e: 1: 9}, {e: 1: e: e: e}: {2: e: 9, e: e}: {9, e: 1: e: e}:

e -1 2 -1 -1 {e: e: e: 2: e}) {eJ e: e) e: 2]’) {11 e: e) 1: e}) {lJ e: e) e: 1}}
6 o -1 2 o
e o -1 o 2

These are the Cartan

Some of their
matrices we saw earlier

representations
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Examples: some small irreps

n[331= Grid][
{#, DimR[SU2, #], RepName[SU2, #], TypeOfRepresentation[SU2, #],
Casimir[SU2, #], DynkinIndex[SU2, #]} & /@ su2Reps]

{8} 1 1 R © ©
3 1
{1y 2 2 PR 7~
{2y 3 3 R 2 2
{3y 4 4 PR 2 5 (0,0} 1 1 R @ ©
4 1
{4y 5 5 R 6 10 (1,0} 3 3 Cc 7 °
OUFEE 5y 6 6 PR =2 2 (,1} 3 3 ¢ 7 °
{6} 7 7 R 12 28 {0,2}66c§§
& Out[32}= -
{7, 8 8 PR = 42 200 6 8 P
e ig@ 16595 {1,1} 8 8 R 3 3 {1, 0, 0,
9} 10 10 PR 2 1&
o £ (3,0} 1810 C 6 = (0, 0, 0,
SU {0,3} 10 186 C 6 % {0,0,0,
- {0,1, 0,
SU(3) ouaa 122 @5 @
{93 e: 1,
{6, 0,0,
{e) e, e,
Some properties of the irreps {1,9,80,
{1) e: 0,

Renato Fonseca Symmetries in physics

® Bk ®& N 0 OO0 B & & 6
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b

-

-

-

-

-

b

A

-

e}
e}
1}
e}
e}
0}
e}
0}
2}
0}

1}

10
16

16

45
54

120
126
126
144
144

120
126

126

144

144
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Examples: weights

n53- Weights[E6, {1, @, @, 0, 0, 0}] // Grid

{1,90,0,0, 0,0}

{-1,1,9,0,0,0;

{e,-1,1, 0,0, 0;

n71= Weights[SU3, {1, ©}] // Grid {6,0,-1,1, 0,1}
1,0 1 {6,0,0,1,0, -1;

S {_1’ 1) 1 {6,0,0,-1,1, 1}
’ {0, 0, 1: _1, 1, _l}

1

1

1

1

1

1

1

nss - Weights [SU2, {4}] // Grid te, -1} 1 (0,0,0,0, -1,1} 1
1,0, -1, -1} 1

gi i nze1= Weights[SU3, {1, 1}] // Grid {{00 01 ‘1.0, 1’, 0}} 1
ouss= {0} 1 1,1} 1 (0,1, -1,1, -1,0} 1
(-2} 1 (2, -1} 1 (0,1,0, -1,0,0} 1
(-4} 1 (-1, 2} 1 (1, -1, 0,0, 1,0} 1
ouf3e= {@, 0} 2 ous3= {1, -1, 0,1, -1, 0} 1

(1, -2} 1 {1, -1, 1, -1, 0, 0} 1

(-2,1} 1 (1,0, -1, 0,0, 1} 1

(-1, -1} 1 (1,0,0,0,0, -1} 1

(-1,0,0,0,1,0} 1

{-1,0,0,1, -1, 0} 1

{-1,0,1, -1, 0,0} 1

{-1,1, -1, 0,0, 1} 1

{-1,1,0,0,0, -1} 1

{0, -1,0,0,0,1} 1

Weights of some irreps {{0 e;, 01,, 11,91,00’, 01}} 1

(0,0,0, -1,1,0} 1

(0,0,0,0, -1,0} 1
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