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Outline of the talk

 ● The relevance of precision tests of the Standard Model of electroweak and strong interactions

 ● The processes and the observables relevant for the determination of the electroweak parameters

 ● The theoretical and computational challenges to extract in a significant way information from the data

 ● Exploit the dependence on the energy of our observables in order to extract information
     sensitive to new physics effects

 ● Revisit the analysis strategies adopted at LEP in view of the much higher FCC precision level
    relying on  full template fit approach

 ● Prepare the technology to compute N3LO-EW corrections to fermion pair production
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 ● There are big unanswered questions like dark matter, dark energy, matter-antimatter asymmetry;
    if the answer can be formulated according to a “particle paradigm”, then we can search for such particles;
    direct searches so far unsuccessful, we can formulate precision indirect tests and look for any BSM physics signs

 ● A model (e.g. the SM) can be tested by checking how well it describes physical observables (i.e. xsecs and asymmetries)
    To this goal, we need the best predictions for the differential distributions, in order to make more significant the comparison

 ● Since every model has its own specific predictions (e.g. masses and couplings), we can test it at this level →
       we must devise a procedure to extract such parameters (pseudo-observables) from the data and 
       then compare with the corresponding theoretical predictions

 ● The possibility to parameterise our ignorance about BSM physics in the SMEFT language implies that we clarify
      how we test this model and how we determine fundamental parameters in this model

 ● The search for BSM signals benefits of a very precise understanding of the energy dependence of the observables
    One single deviation from the SM is not conclusive evidence of New Physics. (e.g. the CDF result for  ) ;
         a systematic pattern of deviations from the SM, at different energies,  would be a more significant signal

mW

Introductory remarks 
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Motivations

from the Fermi theory to the current best predictions of MW and sin²θ


and further
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The properties of physics at the EW scale 
with sensitivity to the full SM and possibly to BSM via virtual corrections  (  )
are related to a very well measured low-energy constant

Δr

Gµ
√

2
=

g2

8m2

W

(1 + ∆r)

The independence of the QED corrections of the underlying model (Fermi theory vs SM) allows 
   -  to define  and to measure its value with high precision

                                               = 1.1663787(6)  10⁻⁵   GeV⁻²

   -  to establish a relation between  and the SM parameters

Gμ

Gμ

Gμ

QED corrections to         necessary for precise determination of 
                                           computable in the Fermi theory (Kinoshita, Sirlin, 1959)

Γμ Gμ

Fermi theory of β decay             

muon decay µ� ! ⌫µe
�⌫̄e

1

⌧µ
! �µ ! Gµ
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From the Fermi theory of weak interactions to the discovery of W and Z
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The SM predicts the existence of a new neutral current, different than the electromagnetic one
(Glashow 1961, Weinberg 1967, Salam 1968)

The observation of weak neutral current immediately allowed the estimate of the
value of the weak mixing angle in the correct range
GARGAMELLE, Phys.Lett. 46B (1973) 138-140

From the basic relation among the EW parameters it was immediately possible to estimate
the order of magnitude of the mass of the weak bosons, in the 80 GeV range
(Antonelli, Maiani, 1981)

The discovery at the CERN SPPS of the W and Z bosons and the first determination of their masses
allowed the planning of a new phase of precision studies accomplished with the construction of 
two e⁺e⁻ colliders (SLC and LEP) running at the Z resonance

The precise determination of MZ and of the couplings of the Z boson to fermions
and in particular the value of the effective weak mixing angle
allowed to establish a framework for a test of the SM at the level of its quantum corrections

There is evidence of EW corrections beyond QED with 26 σ significance!
Full 1-loop and leading 2-loop radiative corrections are needed to describe the data
      (indirect evidence of bosonic quantum effects)

From the Fermi theory of weak interactions to the discovery of W and Z
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The renormalisation of the SM and a framework for precision tests

• The Standard Model is a renormalizable gauge theory based on  

• The gauge sector of the SM lagrangian is assigned specifying  in terms of 4 measurable inputs

• More observables can be computed and expressed in terms of the input parameters, including the available 

radiative corrections, at any order in perturbation theory 

• The validity of the SM can be tested comparing these predictions with the corresponding experimental results

SU(3) × SU(2)L × U(1)Y

(g, g′￼, v, λ)

• The input choice   minimises the parametric uncertainty of the predictions(g, g′￼, v, λ) ↔ (α, Gμ, mZ, mH)

• with these inputs,   and the weak mixing angle are predictions of the SM, 
    to be tested against the experimental data

mW

↵(0) = 1/137.035999139(31)

Gµ = 1.1663787(6)⇥ 10�5 GeV�2

mZ = 91.1876(21) GeV/c2

mH = 125.09(24) GeV/c2
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The W boson mass: theoretical prediction

LSM = LSM (α, Gµ, mZ ;mH ;mf ;CKM)
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The W boson mass: theoretical prediction

9

on-shell scheme: dominant contributions to ∆r

∆r = ∆α− c2w
s2w

∆ρ+∆rrem

∆α = Πγ
ferm(M

2
Z)−Πγ

ferm(0) → α(MZ) =
α

1−∆α

∆ρ = ΣZ(0)
M2

Z

− ΣW (0)
M2

W

= 3GFm2
t

8π2
√
2

[one-loop] ∼ m2
t

v2
∼ αt

beyond one-loop order: ∼ α2, ααt, α2
t , α

2αt, αα2
t , α

3
t , . . .

reducible higher order terms from ∆α and ∆ρ via

1 +∆r →
1

(

1−∆α
)(

1 + c2w
s2w

∆ρ
)

+ · · ·

ρ = 1 +∆ρ →
1

1−∆ρ

Consoli, WH, Jegerlehner 1989

effects of higher-order terms on ∆r
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The W boson mass: theoretical prediction

Sirlin, 1980, 1984; Marciano, Sirlin, 1980, 1981;
van der Bij, Veltman, 1984; Barbieri, Ciafaloni, Strumia 1993;
Djouadi, Verzegnassi 1987; Consoli, Hollik, Jegerlehner, 1989; 
Chetyrkin, Kühn, Steinhauser, 1995;
Barbieri, Beccaria, Ciafaloni, Curci, Viceré,1992,1993; Fleischer, Tarasov, Jegerlehner, 1993;
Degrassi, Gambino, AV, 1996; Degrassi, Gambino, Sirlin, 1997;
Freitas, Hollik, Walter, Weiglein, 2000, 2003;
Awramik, Czakon, 2002; Awramik, Czakon, Onishchenko, Veretin, 2003; Onishchenko, Veretin, 2003
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combination of the W and Z mass counterterms in eq. (3.22) once the 1/ε poles in δ(1)m2
W

and δ(1)m2
Z are expressed in terms of MS quantities.

The two-loop counterterm δ(2)m2
Z includes also the contribution from the mixed γ Z

self-energy or

δ(2)m2
Z = Re



A(1)
ZZ(m

2
Z) +A(2)

ZZ(m
2
Z) +

(
A(1)

γZ (m
2
Z)

m2
Z

)2


 (3.25)

so that YMS up to the two-loop level reads

YMS = Y (1)

MS
+ Y (2)

MS
, (3.26)

Y (1)
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[
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WW (m2
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m2
W

− ĉ2
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2
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m2
W

]
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, (3.27)
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

A
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WW (m2

W )

m2
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2
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m2
Z
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


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. (3.28)

The one-loop contribution to YMS is reported in eq. (A.4) of the appendix. As before

we give the higher order terms via a simple formula:

Y h.o.
MS

(mZ) = 10−4 (y0 + y1ds+ y2dt+ y3dH + y4das) (3.29)

where dt = [(Mt/173.34GeV)2 − 1] and

y0 = −18.616753 y1 = 15.972019, y2 = −16.216781, y3 = 0.0152367, y4 = −13.633472 .

(3.30)

Eq. (3.29) includes, besides the Y (2)

MS
contribution from eq. (3.28), the complete O(α̂αs)

corrections, the leading three-loop O(α̂α2
sM

2
t /m

2
W ) contribution [7, 8] and the subleading

O(α̂3M6
t /m

6
W ) and O(α̂2αsM4

t /m
4
W ) [17, 18], and the four-loop O(α̂α3

sM
2
t /m

2
W ) contribu-

tion [19, 20]. It approximates the exact result to better than 0.075% for ŝ2 on the interval

(0.23− 0.232) when the other parameters in eq. (3.29) are varied simultaneously within a

3σ interval around their central values.

4 Results

In this section we report our results for α̂, sin2θ̂W and mW . All results are presented as

simple parameterizations in terms of the relevant quantities whose stated validity refers

to a simultaneous variation of the various parameters within a 3σ interval around their

central values given in table 1. As a general strategy for the evaluation of the two-loop

contributions, where ĉ2 can be identified with c2, we have replaced in all the two-loop terms

mW with mZ ĉ. This choice gives rise to the weakest µ-dependence in mW .

The two-loop computation of the MS electromagnetic coupling from eq. (3.3) and of

sin2θ̂W from eq. (1.4) can be summarized by the following parameterizations

α̂(µ) = a0 + 10−3
(
a1dH + a2dT + a3das + a4da

(5)
)

(4.1)

sin2θ̂W (µ) = s0 + s1dH + s2dt+ s3dHdt+ s4das + s5da
(5) (4.2)

– 11 –

J
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µ = mZ µ = Mt

a0 (128.13385)−1 (127.73289)−1

a1 -0.00005246 -0.00005267

a2 -0.01688835 0.02087428

a3 0.00014109 0.00168550

a4 0.22909789 0.23057967

µ = mZ µ = Mt

s0 0.2314483 0.2346176

s1 0.0005001 0.0005016

s2 -0.0026004 -0.0001361

s3 0.0000279 0.0000514

s4 0.0005015 0.0004686

s5 0.0097431 0.0098710

Table 2. Coefficients for the parameterization of α̂(µ) (left table, eq. (4.1) in the text) and
sin2θ̂W (µ) (right table, eq. (4.2) in the text).

where da(5) = [∆α(5)
had(m

2
Z)/0.02750−1] and the ai and si coefficients are reported in table 2

for two different values of the scale µ. Eq. (4.1) approximates the exact result to better

than 1.1× 10−7 (1.2× 10−7) for µ = mZ (µ = Mt), while eq. (4.2) approximates the exact

result to better than 5.1× 10−6 (6.2× 10−6) for µ = mZ (µ = Mt).

From our results on α̂ and ŝ2 it is easy to obtain the values of the g and g′ coupling

constants at the weak scale, usually identified with Mt. They can be taken as starting points

in the study of the evolution of the gauge couplings via Renormalization Group Equations

(RGE) in Grand Unified Models and in the analysis of the stability of the Higgs potential

in the SM. Ref. [57] reports the values of the gauge coupling constants at the µ = Mt

scale, g(Mt) = 0.64822 and g′(Mt) = 0.35760, obtained using a complete calculation of

the two-loop threshold corrections in the SM. Here we find g(Mt) = 0.647550 ± 0.000050

and g′(Mt) = 0.358521 ± 0.000091. The difference between the two results, which should

be a three-loop effect, is more sizable than expected. However, the results of ref. [57]

were obtained using as input parameters Gµ and the experimental values of mZ and mW ,

while our result is obtained with a different set of input parameters, i.e. Gµ, α and mZ .

In our calculation mW is a derived quantity calculable from eq. (1.5). Moreover, as shown

below, our prediction for mW is not in perfect agreement with the present experimental

determination and therefore the gauge couplings extracted using the two different sets

of inputs parameters show some discrepancy. Indeed, using our prediction for mW in the

results of ref. [57] instead of the experimental result, we find that the difference between the

g (g′) computed in the two methods is one order of magnitude smaller than the two-loops

correction and two orders smaller than the one-loop correction to g (g′).

The two-loop determination of the W mass in the MS framework from eq. (1.5) can

be parameterized as follows

mW = w0 + w1dH + w2dH
2 + w3dh+ w4dt+ w5dHdt+ w6das + w7da

(5) (4.3)

with dh = [(mH/125.15 GeV)2−1]. The wi coefficients are reported in table 3 for µ = mZ .

Two different cases are considered. In the left column the coefficients refer to the standard

case of a simultaneous variation of all parameters within a 3σ interval around their central

values. The right column applies to the case where all parameters but the Higgs mass

are varied within a 3σ interval while the latter is varied between 50 and 450GeV. In the
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The hadronic contribution can be obtained from the experimental data on the cross section

in e+e− → hadrons by using a dispersion relation. Two recent evaluations of ∆α(5)
had(m

2
Z)

report very consistent results: ∆α(5)
had(m

2
Z) = (275.7 ± 1.0) × 10−4 [52], ∆α(5)

had(m
2
Z) =

(275.0 ± 3.3) × 10−4 [53]. We use the latter as reference value in our calculation. The

Π(p)
γγ term in eq. (3.6) includes the top contribution to the vacuum polarization plus the

two-loop diagrams in which a light quark couples internally to the W and Z bosons. This

contribution, as well as ReΠ(5)
γγ (m2

Z), can be safely analyzed perturbatively.

The one-loop contribution to∆α̂p(mZ) ≡ ∆α̂(mZ)−∆α(5)
had(m

2
Z) is reported in eq. (A.3)

of the appendix. The higher order contributions to ∆α̂p(mZ) are presented here as a sim-

ple formula that parametrizes the full result in terms of the top and the Higgs masses, the

strong coupling, and ŝ2:

∆α̂p, h.o.(mZ) = 10−4 (b0 + b1ds+ b2dT + b3dH + b4das) (3.7)

where

ds =

(
ŝ2

0.231
− 1

)
, dT = ln

(
Mt

173.34GeV

)
,

dH = ln
( mH

125.15GeV

)
, das =

(
αs(mZ)

0.1184
− 1

)
(3.8)

with

b0 = 1.751181 b1 = −0.523813, b2 = −0.662710, b3 = −0.000962, b4 = 0.252884 .

(3.9)

Eq. (3.7) includes the O(α) contribution2 to Π(b)
γγ (0) + Π(l)

γγ(0) + Π(p)
γγ (0) plus the O(αs)

corrections to Π(p)
γγ (0) and the O(αs, α2

s) corrections to ReΠ(5)
γγ (m2

Z) [54]. It approximates

the exact result to better than 0.045% for ŝ2 in the interval (0.23− 0.232) when the other

parameters in eq. (3.7) are varied simultaneously within a 3σ interval around their central

values, given in table 1.

3.2 ∆r̂W

The radiative parameter ∆r̂W enters the relation between the Fermi constant and the

W mass. We recall that the Fermi constant is defined in terms of the muon lifetime τµ as

computed in an effective 4-fermion V −A Fermi theory supplemented by QED interactions:

1

τµ
=

G2
µm

5
µ

192π3
F

(
m2

e

m2
µ

)
(1 +∆q)

(
1 +

3m2
µ

5m2
W

)
, (3.10)

where F (ρ) = 1 − 8ρ + 8ρ3 − ρ4 − 12ρ2 ln ρ = 0.9981295 (for ρ = m2
e/m

2
µ) is the phase

space factor and ∆q = ∆q(1) +∆q(2) = (−4.234 + 0.036) × 10−3 are the QED corrections

computed at one [55] and two loops [56]. The calculation of ∆r̂W requires the subtraction

of the QED corrections, matching the result in the SM with that in the Fermi theory

2We alert the reader that our Πγγ is defined with the e20 coupling extracted, see eqs. (3.1), (3.2); therefore

the O(α) contribution is actually due to two-loop diagrams.
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had(m
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)
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)
(3.8)
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(3.9)
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The best available prediction includes 
 the full 2-loop EW result, leading higher-order EW and QCD corrections,
 resummation of reducible terms
Missing 3-loop and 4-loop terms needed to reduce the uncertainties.

10

on-shell scheme       GeV   (Freitas, Hollik, Walter, Weiglein)

MSbar scheme.        GeV   (Degrassi, Gambino, Giardino)

parametric uncertainties  GeV due to the   values

mos
W = 80.353 ± 0.004

mMS
W = 80.351 ± 0.003

δmpar
W = ± 0.005 (α, Gμ, mZ, mH, mt)
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The weak mixing angle(s): theoretical prediction(s) at  q2 = m2
Z

sin2 ✓lep
eff

= (m2
Z
) sin2 ✓OS = ̂(m2

Z
) sin2 ✓̂

• the effective leptonic weak mixing angle enters in the definition of the effective Z-f-fbar vertex
    at the Z resonance 

                            

( q2 = m2
Z )

ℳeff
Zl+l− = ūl γα [𝒢f

v(m2
Z) − 𝒢f

a(m2
Z) γ5] vl εα

Z 4 |Qf |sin2 θ f
eff = 1 −

𝒢f
v

𝒢f
a

    and can be computed in the SM (or in other models) in different renormalisation schemes
    using  as input parameters of the calculation(α0, Gμ, mZ)

• on-shell definition:
    Sirlin, 1980   

• MSbar definition:
    Marciano, Sirlin, 1980; Degrassi, Sirlin, 1991   

• the prediction of the weak mixing angle can be computed in different renormalisation schemes 
    differing for the systematic inclusion of large higher-order corrections

sin2 ✓OS = 1� m2
W

m2
Z

definition valid to all orders

weak dependence on top-quark
corrections

Gμ

2
=

g2
0

8m2
W,0

⟶ ̂s2 ̂c2 =
πα

2Gμm2
Z (1 − Δ ̂r)

̂s2 ≡ sin2 ̂θ(μR = mZ)

11

it is crucial to verify at which energy scale the predictions are defined 
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Comparison of different weak mixing angle determinations
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 The sensible comparison of different determinations of  offers a test of the SM
        • the values extracted at e+e- and hadron colliders are based on observables with different systematics
           but also use different definitions to fit the data
        • for a meaningful test,  it is important to compare the same weak mixing angle
             (different definitions appear when discussing the quantum corrections)

sin2 θW

12

LEP/SLD longstanding discrepancies might be clarified
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The effective leptonic weak mixing angle: theoretical prediction
• parameterization of the full two-loop EW calculation + different sets of 3- and 4-loop corrections 
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formula

sin2 θfeff = s0 + d1LH + d2L
2
H + d3L

4
H + d4∆α + d5∆t + d6∆

2
t + d7∆tLH (3.6)

+ d8∆αs
+ d9∆αs

∆t + d10∆Z

with

LH = log
MH

125.7GeV
, ∆t =

( mt

173.2GeV

)2
− 1,

∆αs
=

αs(MZ)

0.1184
− 1, ∆α =

∆α

0.059
− 1, ∆Z =

MZ

91.1876GeV
− 1

provides a good description of the full result in the parameter region (2.8). Values for the

coefficients are obtained by fitting (3.6) to a grid of 8750 data points.

Table 3 shows the result of a fit to a calculation that includes all known corrections:

• Complete one- and two-loop electroweak corrections,

(see refs. [21, 23, 27, 28, 30–32, 36] for the original references);

• Corrections of order O(ααs) to vector-boson self-energies [64–68], which we have

re-evaluated for this work;

• Non-factorizable O(ααs) Zbb̄ vertex contributions [69–74], which do not cancel in the

ratio vb/ab;

• Higher-loop corrections in the limit of a large top Yukawa coupling yt, of orders

O(αtα2
s ) [75, 76], O(α2

tαs), O(α3
t ) [77, 78], and O(αtα3

s ) [79–81] where αt ≡ y2t /(4π).

As indicated by the last column in the table, the largest deviation of the fit formulae

from the full result is O(few × 10−6), while for most of the parameter region in (2.8) the

agreement is better than 10−6. The careful reader may realize that the parameterization

for sin2 θbeff in table 3 deviates slightly from eqs. (20,22) in [36]. The difference is due to

the larger grid of data points used here. A fit formula is, obviously, not able to reproduce

the data points in a grid perfectly. The fitting aims to find the best average agreement

between the data points (which are generated with our full numerical calculation) and

the fit formula. A larger grid therefore can lead to some shifts of the coefficients. As a

consequence, the formula in [36] will probably be more accurate for input values within

the ranges in table 1 there. On the other hand, while the formula here may be a little less

accurate within these ranges, it covers a much larger range of input values.

It should also be noted that the fit formula for sin2 θ"eff in ref. [28] does not include the

O(αtα3
s ) corrections from refs. [79–81], but they are included in the formula presented here.

In table 4 it is shown that the technical accuracy of our fit formulae is adequate for

the expected experimental precision of several future e+e− colliders, although it will get

modified by anticipated future three-loop electroweak corrections.
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It should also be noted that the fit formula for sin2 θ"eff in ref. [28] does not include the
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Observable s0 d1 d2 d3 d4 d5

sin2 θ!eff × 104 2314.64 4.616 0.539 −0.0737 206 −25.71

sin2 θbeff × 104 2327.04 4.638 0.558 −0.0700 207 −9.554

Observable d6 d7 d8 d9 d10 max. dev.

sin2 θ!eff × 104 4.00 0.288 3.88 −6.49 −6560 < 0.056

sin2 θbeff × 104 3.83 0.179 2.41 −8.24 −6630 < 0.025

Table 3. Coefficients for the parameterization formula (3.6) for the leptonic and bottom-quark
effective weak mixing angles. Within the ranges given in eq. (2.8), the formula deviates from the
full result up to the maximal amount given in the last column.

Observable max. dev. EXP now FCC-ee CEPC GigaZ

ΓZ [MeV] 0.04 2.3 0.1 0.5 0.8

sin2 θ!eff × 104 0.056 1.6 0.06 0.23 0.1

sin2 θbeff × 104 0.025 160 9 9 15

Table 4. Goodness of fit for some chosen EWPOs, compared with the envisaged precision mea-
surements for ΓZ and sin2 θ!eff (statistical errors), and sin2 θbeff (systematic errors) at the collider
projects FCC-ee Tera-Z [84], CEPC [85] and ILC/GigaZ [86]. The values of maximal deviations
are taken from tables 1 and 3. The entry “EXP now” gives the present experimental precision, as
known since LEP 1 [44].

4 Vector and axial-vector Z-boson form factors F
f
V

and F
f
A

The pseudo-observables discussed in the previous sections aim to be closely related to

actual observables, such as cross-sections, branching ratios, or asymmetries. On the other

hand, for some purposes it is also useful to have numerical results for the underlying vertex

corrections themselves [34], for example: (i) Inclusion of selected corrections from Beyond

Standard Model (BSM) physics, (ii) Estimations of magnitudes of selected single terms,

(iii) Partial cross-checks with other calculations. For such purposes, the form factors F f
V

and F f
A introduced in eq. (2.2) are needed explicitly.

Tables 5 and 6 show the numerical contributions of different orders of perturbation

theory to F f
V and F f

A. Here the form factors are always understood to include the appro-

priate (on-shell) counterterms to render them UV-finite. In table 5 these are computed

using the following input values:

MZ = 91.1876GeV, ΓZ = 2.4952GeV, ⇒ MZ = 91.1535GeV (4.1a)

MW = 80.385GeV, ΓW = 2.085GeV, ⇒ MW = 80.358GeV (4.1b)

MH = 125.1GeV, mt = 173.2GeV,

mMS
b = 4.2GeV, ∆α = 0.059, αs = 0.1184 (4.1c)

For table 6, on the other hand, the Fermi constant Gµ is used as an input instead of (4.1b),

– 9 –

I.Dubovyk, A.Freitas, J.Gluza, T.Riemann, J.Usovitsch, arXiv:1906.08815
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The running of  at different mass scales  Erler,Ramsey-Musolf, hep-ph/0409169 sin2 ̂θ(μR)
The running of the MSbar parameter depends 
     on the particles active in the theory at a given scale   and the sign of the associated beta function coefficientμ2

14

38 Kumar, Mantry, Marciano & Souder

(along with threshold matching), e↵ectively moving large logs from (Q2
, µ)MS

into sin2
✓W (µ2)MS so that resummation can be performed using the RG evolu-

tion equation of sin2
✓W . On the other hand, choosing µ

2 = m
2
Z

introduces large

logarithms of Q
2
/m

2
Z

in MS(Q
2
, µ = mZ) spoiling the convergence of pertur-

bation theory. In Ref. (53), a solution to the RG equation of sin2
✓W (µ)MS, for

evolution between scales µ0 and µ without crossing any particle mass thresholds,

was given to be

sin2
✓W (µ)MS =

↵(µ)MS

↵(µ0)MS

sin2
✓W (µ0)MS + �1

h
1 �

↵(µ)

↵(µ0)

i

+
↵(µ)

⇡

h
�2

3
ln

µ
2

µ2
0

+
3�3

4
ln

↵(µ)MS

↵(µ0)MS

+ �̃(µ0) � �̃(µ)
i
. (38)

In the above equation, �1,2,3 are numerical coe�cients that take on di↵erent values

depending on the range (µ0, µ). This solution resums leading logs O(↵n lnn µ

µ0
),

next-to-leading logs O(↵n+1 lnn µ

µ0
) and O(↵↵

n
s lnn µ

µ0
), next-to-next-to-leading

logs O(↵↵
n+1
s lnn µ

µ0
), and next-to-next-to-next-leading logs O(↵↵

n+1
s lnn µ

µ0
). Non-

perturbative e↵ects arise from the contribution of light quark loops in self-energy

� � Z
0 mixing diagrams when µ ⇠ ⇤QCD. These non-perturbative e↵ects are

incorporated in Eqn. 38 through the non-perturbative e↵ects in the evolution of

↵(µ)MS and in the �̃(µ0), �̃(µ) terms. These non-perturbative e↵ects contribute

an uncertainty in the extraction of sin2
✓W (0)MS below the 10�4 level.

The value of sin2
✓(0)MS, in terms of sin2(mZ)MS, can be obtained by using

Eqn. 38 combined with threshold matchings to evolve between the scales µ = mZ

and µ = 0. It was shown in Ref. (53) that the solution to the MS RG evolution,

expanded to one-loop order is

(0)MS = (0) +
2↵(mZ)

9⇡ŝ2
= (0)PT = 1.03232 ± 0.00029, (39)

where non-perturbative e↵ects have been included. The uncertainty has been

The large lever arm (3 orders of magnitude) and 
the high precision of some low-energy experiments (e.g. P2)
might possibly emphasise the presence of non-SM contributions.

Alternatively , 
significant compatibility with the SM prediction 
would be a striking success of the SM at the quantum level
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Probing extended Higgs sectors with the mass of the W boson, Georg Weiglein, Orsay 2023 W mass workshop, Orsay, 02 / 2023

Prediction for MW and sin2θeff in the SM and MSSM 
vs. experimental accuracies (before new CDF result) 

22

[S. Heinemeyer, W. Hollik, G. W., L. Zeune ’18]

MW and sin2θeff have high sensitivity for model discrimination⇒
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Relevance of a simultaneous study of  and of the weak mixing anglemW

sensitivity to different sets of oblique corrections, i.e. to different combinations of gauge boson self-energies

independent determinations of these two parameters crucial for testing different New Physics alternatives

15



16

Vκ
0.8 0.9 1 1.1 1.2

f
κ

0.6

0.8

1

1.2

1.4
EW+Higgs
EW
Higgs

HEP fit

Figure 8. Two-dimensional 68% (dark) and 95% (light) probability contours for V and f (from
darker to lighter), obtained from the fit to the Higgs-boson signal strengths and the EWPO.

Result 95% Prob. Correlation Matrix

W 1.00± 0.05 [0.89, 1.10] 1.00

Z 1.07± 0.11 [0.85, 1.27] �0.17 1.00

f 1.01± 0.11 [0.80, 1.22] 0.41 �0.14 1.00

Table 13. SM-like solution in the fit of W , Z , and f to the Higgs-boson signal strengths.

with custodial symmetry. We notice that theoretical predictions are symmetric under

the exchanges {W , f} $ {�W , �f} and/or Z $ �Z , where Z can flip the

sign independent of W , since the interference between the W and Z contributions to the

vector-boson fusion cross section is negligible. Hence we have considered only the parameter

space where both W and Z are positive. In this case, we ignore EWPO in the fit, since

setting W 6= Z generates power divergences in the oblique corrections, indicating that the

detailed information on the UV theory is necessary for calculating the oblique corrections.

We also consider the case in which we only lift fermion universality and introduce

di↵erent rescaling factors for charged leptons (`), up-type quarks (u), and down-type

quarks (d), while keeping a unique parameter V for both HV V couplings. In this case,

from the Higgs-boson signal strengths we obtain the constraints on the scale factors pre-

sented in table 14 and in the top plots of figure 10. By adding the EWPO to the fit, the

constraints become stronger, as shown in table 15 and in the bottom plots of figure 10.

In this case, the Higgs-boson signal strengths are approximately symmetric under the ex-

changes ` $ �`, d $ �d and/or {V , u} $ {�V , �u}. These approximate

symmetries follow from the small e↵ect of the interference between tau and/or bottom-

quark loops with top-quark/W loops in the Higgs-boson decay into two photons, as well

as the relatively small interference between bottom- and top-quark loops in gluon-fusion,

for |V,u,d,`| ⇠ 1. Moreover, we find that negative values of u are disfavoured in the fit.

Hence, in figure 10 we consider only the parameter space where all ’s are positive. Again,
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Electroweak precision constraints at present and future colliders Jorge de Blas
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Figure 2: (Left) 68%, 95%, and 99% probability contours for the dg
b

V
, dg

b

A
couplings. (Center) 68%

and 95% probability contours for dg
b

R
, dg

b

L
, together with the constraints from R

0
b
, A

0
FB

and Ab. (Right)
Expected sensitivities to dg

b

R
, dg

b

L
at future colliders. Different shades of the same colour correspond to

results including or neglecting the future theoretical uncertainties.

Result Correlation Matrix

dg
b

R
0.016±0.006 1.00

dg
b

L
0.002±0.001 0.90 1.00

Table 4: Results of the fit for the shifts in the left-
handed and right-handed Zbb̄ couplings.

Result Correlation Matrix

dg
b

V
0.018±0.007 1.00

dg
b

A
�0.013±0.005 �0.98 1.00

Table 5: Results of the fit for the shifts in the vector
and axial-vector Zbb̄ couplings.
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Figure 3: (Left) 1D probability distribution for kV derived from EWPD. (Center) Comparison of the 68%
and 95% probability contours for rescaled Higgs couplings to fermions (k f ) and vector bosons (kV ), from
EWPO and Higgs signal strengths (see [1] for details). (Right) Expected sensitivities to kV at future collid-
ers. Different shades of the same colour correspond to results including or neglecting the future theoretical
uncertainties.

We also find a preference for kV > 1, with 90% of probability. This imposes significant constraints
on composite Higgs models, which generate values of kV < 1, unless extra contributions to the
oblique parameters are present. It is noteworthy that, as can be seen in the central panel of Fig. 3,
the EWPO constraints still dominate the LHC run 1 bounds from Higgs signal strengths [1].

Finally, we consider the general parametrization of NP effects using the SM effective field
theory up to dimension 6. Assuming that the fields and symmetries of nature at energies below
a given cutoff L are those of the SM, the most general Lorentz and SM gauge invariant theory
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A precise measurement of  and  constrains  several dim-6 operators 
contributing to Higgs and gauge interaction vertices.    
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Λ: Cut-off of the EFT
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1 Expected precision for EWPO at FCC-ee

Observable Expected uncertainty (Relative uncertainty)
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Table 1: Expected sensitivities to Z-lineshape parameters and normalized partial decay widths.
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The dimension-6 SMEFT

• The dimension 6 SMEFT: 

• LO new physics effects “start” at dimension 6  

• With current precision, and assuming Λ~TeV, sensitivity to d>6 is small

Power counting: EFT expansion in canonical dimension of operators
Particles and symmetries of the low-energy theory: SM
Assumes new physics is heavy + decoupling

de Blas et al, arXiv:1608.01509
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Global fits: New Physics scrutinised with S,T,U parameters

Luca Silvestrini 17
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OBLIQUE NP: U=0

standard conservative
de Blas et al, arXiv:2112.07274

L.Silvestrini at MWDays2023

Assuming that New Physics dominant contribution is in Gauge Boson propagators

          

          

          

then the EWPO are modified as

           

           

           other observables  

S = − 16πΠNP′￼

30 (0) = 16π (ΠNP′￼

33 (0) − ΠNP′￼

3Q (0))
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(ΠNP
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33 (0))
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δΓZ ∝ − 10 (3 − 8 sin2 θW) S + (63 − 126 sin2 θW − 40 sin4 θW) T

δmW, δΓW ∝ S − 2 cos2 θW T −
cos2 θW − sin2 θW

2 sin2 θW
U

∝ S − 4 cos2 θW sin2 θW T
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 - the high-mass Drell-Yan process at the HL-LHC


              higher order SM radiative corrections and New Physics


              sensitivity to the weak mixing angle
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1) Relevance of Neutral Current  Drell-Yan measurements: searches for New Physics signals
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• Modelling of the SM background crucial for 
new physics searches 

• Measurement  of the dilepton invariant mass 
spectrum expected at  at !(1%) mℓℓ ∼ 1 TeV
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At the end of High-Luminosity LHC we will be able 
to test the TeV region with data at per mille level
i.e.
to test the SM at the level of its quantum corrections
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Figure 2. Differential pp → e+e− cross section as a function of the dilepton invariant mass,
at
√
S = 13TeV. The shaded regions indicate the theoretical uncertainties from PDF and scale

variations.

mass of the charged lepton and the neutrino, or of the two charged leptons. The running

of the coefficients from the initial scale µ0 = 1TeV to µR is taken into account by solving

eq. (2.37). The error bands in figures 1 and 2 include the 7−point scale variations, by

independently varying µF and µR between m!!′/2 and 2m!!′ excluding the extremes, and

PDF variations, computed with the 30 members of the PDF4LHC15 nlo 30 PDF set.

For both W and Z production, the uncertainties of the NLO SM cross section are

about 2–3% at low mW
T or me+e− , and increase to about 10% at mW

T ,me+e− ∼ 1–2TeV,

where they are dominated by PDF uncertainties. We find that the cross sections induced

by the dimension-six operators that couple to the light quarks are affected by similar errors.

In particular, the PDF uncertainties for both the SM and the dimension-six cross sections

dominate at large mW
T or me+e− , where they are about 10–15%. The scale variations for

operators with a similar chiral structure as the SM, such as CL,Qu or CQe, as well as the

dipole operators and the semileptonic tensor operators are all very similar, being at most

around 5%. The scalar operators CLedQ and C(1)
LeQu, on the other hand, have larger scale

uncertainties, close to 10% at high invariant mass.

The cross section induced by the four-fermion and dipole operators, as a function of

mW
T or ml+l− , falls more slowly than in the SM, and thus the effects are more visible for

large invariant mass. This is evident from the middle panels of figures 1 and 2, which show

the ratio of the differential cross sections in the presence of dimension-six operators and in

– 15 –
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2 The operator basis

Before discussing dimension-six operators, we recall a few SM ingredients needed to es-

tablish our conventions. The SM Lagrangian is completely determined by the invariance

under the Lorentz group, the gauge group SU(3)c × SU(2)L × U(1)Y , and by the matter

content. We consider here the SM in its minimal version, with three families of leptons and

quarks, and one scalar doublet. The left-handed quarks and leptons transform as doublets

under SU(2)L

qL =

(
uL
dL

)
, !L =

(
νL
eL

)
, (2.1)

while the right-handed quarks, uR and dR, and charged leptons, eR, are singlets under

SU(2)L. We do not include sterile right-handed neutrinos, but their effects on e.g. W

production can be straightforwardly included [26]. The scalar field ϕ is a doublet under

SU(2)L. In the unitary gauge we have

ϕ =
v√
2
U(x)

(
0

1 + h
v

)
, (2.2)

where v = 246GeV is the scalar vacuum expectation value (vev), h is the physical Higgs

field and U(x) is a unitary matrix that encodes the Goldstone bosons. By ϕ̃ we denote

ϕ̃ = iτ2ϕ∗.

The gauge interactions are determined by the covariant derivative

Dµ = ∂µ + i
g

2
τ ·Wµ + ig′Y Bµ + igsG

a
µt

a (2.3)

where Bµ, W I
µ and Ga

µ are the U(1)Y , SU(2)L and SU(3)c gauge fields, respectively, and g′,

g, and gs are their gauge couplings. Furthermore, τ/2 and ta are the SU(2)L and SU(3)c
generators, in the representation of the field on which the derivative acts. In the SM,

the gauge couplings g and g′ are related to the electric charge and the Weinberg angle by

gsw = g′cw = e, where e > 0 is the charge of the positron and sw = sin θW , cw = cos θW .

We will shortly discuss how these relations are affected in the presence of dimension-six

operators. The hypercharge assignments under the group are 1/6, 2/3, −1/3, −1/2, −1,
and 1/2 for qL, uR , dR , !L , eR , and ϕ, respectively. The SM Lagrangian then consists

of the Lorentz- and gauge-invariant terms with dimension d ≤ 4 that can be constructed

from the above fields.

The processes we aim to study, Drell-Yan, WH, ZH, and VBF, are affected by many

dimension-six operators. Following the notation of ref. [13], we classify the relevant opera-

tors according to their content of gauge (denoted by X), fermion (ψ), and scalar fields (ϕ).

The operators that contribute at tree level fall in the following five classes

L = LX2ϕ2 + Lψ2Xϕ + Lψ2ϕ2D + Lψ2ϕ3 + Lψ4 . (2.4)

Here LX2ϕ2 contains operators with two scalars and two gauge bosons. At the order we

are working and for the processes we are considering, the only relevant operators are the

– 3 –

S.Alioli, W.Dekens, M.Girard, E.Mereghetti, arXiv:1804.07407

A deviation from the SM prediction can point 
towards New Physics

Is the SM prediction under control at the O(0.5%) level
in the TeV region of the  distribution ?mℓℓ
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Phenomenology of mixed QCD-EW corrections for NC-DY

SETUP   (LHC @ )

• NNPDF31_nnlo_as_0118_luxqed

• ,    ,     

• massive muons (no photon lepton recombination)

•  scheme, complex mass scheme

• dynamic scale  

s = 13 TeV

pT,μ > 53 GeV |yμ | < 2.4 mμ+μ− > 150 GeV

Gμ

μF = μR = mμ+μ−

[LB, Bonciani, Devoto, Grazzini, Kallweit, Rana, 
Tramontano,Vicini in preparation ]

‣ Negative corrections of several percents in the  
tails with respect to NNLO QCD+EW 

‣ The factorised approximation catches the bulk of QCD-EW corrections pointing towards a factorisation of NLO QCD 
corrections and EW Sudakov logarithms 

‣ Small residual non-factorisable effects at (sub) percent level 

backward fowward

PRELIMINARY

CMS 2103.02708

as observed in [Buccioni et al (2022)]

Preliminary

Complete NNLO QCD-EW corrections
to Neutral-Current Drell-Yan

Not negligible
mixed QCD-EW corrections

Very large cancellation of
NLO  QCD and EW effects

1) Precision prediction of the dilepton invariant mass distribution in NC DY
R.Bonciani, L.Buonocore, S.Devoto, M.Grazzini, S.Kallweit, N.Rana, F.Tramontano,AV, in preparation

R.Bonciani, L.Buonocore, S.Devoto, M.Grazzini, S.Kallweit, N.Rana, 
F.Tramontano,AV, arXiv:2106.11953
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, ,AV, arXiv:2201.01754
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‣ Negative corrections of several percents in the  
tails with respect to NNLO QCD+EW 

‣ The factorised approximation catches the bulk of QCD-EW corrections pointing towards a factorisation of NLO QCD 
corrections and EW Sudakov logarithms 

‣ Small residual non-factorisable effects at (sub) percent level 

backward fowward

PRELIMINARY

CMS 2103.02708

as observed in [Buccioni et al (2022)]

Preliminary

Complete NNLO QCD-EW corrections
to Neutral-Current Drell-Yan

Not negligible
mixed QCD-EW corrections

Very large cancellation of
NLO  QCD and EW effects

1) Precision prediction of the dilepton invariant mass distribution in NC DY

It is crucial to control the SM prediction at sub-percent level before we any SMEFT analysis
Missing higher orders can easily mimic and fake BSM signals (i.e. non-vanishing Wilson coefficients)

The SMEFT operators of the previous slide contribute also to the  prediction 
→ close interplay and constraints between precision parameters and high-energy searches

mW

R.Bonciani, L.Buonocore, S.Devoto, M.Grazzini, S.Kallweit, N.Rana, F.Tramontano,AV, in preparation
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1) Need for a full NNLO-EW calculation to reduce the uncertainties to percent level
The NNLO-EW corrections could modify in a non-trivial way the large-mass/momentum tails of the distributions
Large logarithmic corrections (EW Sudakov logs) appear in the virtual corrections 
At two-loop level, we have up to the fourth power of , 
     the different corrections are comparable in size and with alternate signs
           → how can we estimate the constant term ?
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Figure 1: Separate logarithmic contributions to R(e+e− → qq̄) in % to the Born approximation:
(a) the one-loop LL (ln2(s/M2), long-dashed line), NLL (ln1(s/M2), dot-dashed line) and N2LL
(ln0(s/M2), solid line) terms; (b) the two-loop LL (ln4(s/M2), short-dashed line), NLL (ln3(s/M2),
long-dashed line), NNLL (ln2(s/M2), dot-dashed line) and N3LL (ln1(s/M2), solid line) terms.

section) we obtain in the same notations

RLR(e+e− → QQ̄) = 1− 4.48L(s) + 17.51 l(s)− 13.16 a

− 1.16L2(s) + 15.66L(s) l(s)− 43.50 l2(s) + 44.05 l(s) a ,

RLR(e+e− → qq̄) = 1− 1.12L(s) + 12.05 l(s)− 16.44 a

− 0.81L2(s) + 18.02L(s) l(s)− 130.74 l2(s) + 278.71 l(s) a ,

RLR(e+e− → µ+µ−) = 1− 13.24L(s) + 116.58 l(s)− 148.42 a

− 0.79L2(s) + 23.68L(s) l(s)− 155.46 l2(s)− 116.67 l(s) a .

(66)

Finally, for the left-right asymmetry ÃLR (the difference of the cross sections for the left-
and right-handed initial state particles divided by the total cross section) which differs from
ALR for the quark-antiquark final state we have

R̃LR(e+e− → QQ̄) = 1− 2.75L(s) + 10.60 l(s)− 9.05 a

− 0.91L2(s) + 11.16L(s) l(s)− 33.49 l2(s) + 28.28 l(s) a ,

R̃LR(e+e− → qq̄) = 1− 1.07L(s) + 11.75 l(s)− 16.21 a

− 0.77L2(s) + 17.06L(s) l(s)− 125.18 l2(s) + 267.60 l(s) a .

(67)

The numerical structure of the corrections in the case of e+e− annihilation is shown in
Figs. 1-3. In Fig. 1 the values of different logarithmic contributions to R(e+e− → qq̄) are

22

1-loop 2-loop

           B.Jantzen, J.H.Kühn, A.A.Penin, V.A.Smirnov, hep-ph/0509157

corrections to  
due to EW Sudakov logs

e+e− → qq̄
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           B.Jantzen, J.H.Kühn, A.A.Penin, V.A.Smirnov, hep-ph/0509157

corrections to  
due to EW Sudakov logs

e+e− → qq̄

The NNLO-EW corrections require an extra step compared to the mixed QCD-EW case
    - for the number of additional Master Integrals (→ automation)
    - for the complexity of the amplitudes ( size problems? large cancellations? )
    - for the conceptual problems ( ?, complex-mass scheme at two-loop? ) 
many preliminary steps achieved/ongoing

γ5
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2) The dilepton invariant mass distribution in NC-DY at high mass and the weak mixing angle

the momentum transfer Q2 given by m2
``. The momentum fractions x1 and

x2 are related to m`` and y`` as x1,2 =
m``p

s e
±y`` . The symmetric S and anti-

symmetric A coupling combinations [44] are embedded into

Sq = e2`e
2
q + P�Z · e`v`eqvq + PZZ · (v

2
` + a2`)(v

2
q + a2q)

Aq = P�Z · 2e`a`eqaq + PZZ · 8v`a`vqaq,
(4)

expressed in terms of the electric charges ei (in units of the positron charge)
and the vector (axial-vector) couplings vi (ai). The propagator factors are
given by

P�Z(m``) =
2m2
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sin4 ✓W cos4 ✓W [(m2
`` �m2

Z)
2 + �2

Zm
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Z]
,

(5)

where �Z represents the Z width. At the Z peak, the EW mixing angle
has been extracted by measuring the forward-backward asymmetry, which is
defined as

AFB =
�(cos ✓CS > 0)� �(cos ✓CS < 0)

�(cos ✓CS > 0) + �(cos ✓CS < 0)
. (6)

At high energy, however, the absolute di↵erential cross section is a more
suitable observable for the extraction of sin2 ✓MS

W (µ). This can be seen by
evaluating the logarithmic derivative w.r.t. sin2 ✓W , i.e. the relative vari-
ation under the change of sin2 ✓W , of the cross section and of AFB in the
limit where m`` is much greater than mZ [28]. At the representative scale of
1 TeV, keeping the e↵ect of finite mZ, the logarithmic derivative multiplied
by sin2 ✓W is found to be ⇠ 0.9 for the cross-sections and ⇠ 0.3 for AFB.

In our study, NCDY production in proton-proton collisions at the LHC at
p
s = 13.6 TeV is considered. We assume integrated luminosities of 300 fb�1

and 3000 fb�1, expected at the end of the LHC Run 3 and High-Luminosity
LHC (HL-LHC) phases [45], respectively. We evaluate the triple di↵erential
NCDY cross section in six bins in m`` with boundaries 116, 150, 200, 300, 500,
1500, 5000 GeV, six bins in |y``| with boundaries 0.0, 0.4, 0.8, 1.2, 1.6, 2.0,
2.5, and two bins in cos ✓CS for the forward and backward directions, with
72 bins in total. By considering the fully di↵erential information we com-
bine the sensitivity of the absolute cross-sections and the forward-backward
asymmetry. Fiducial selections, usually employed in ATLAS and CMS mea-
surements (see for example [14]), are applied to the leptons. The leading
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The 3D differential xsec exhibits a dependence on the specific  value, 
modulated by the different combinations of  and Z propagators.

At the Z resonance, specific sensitivity to , via the ratio of vector/axial-vector couplings,
assessed from the study of  and  asymmetries

Also at large invariant masses the xsec features a sensitivity to , stemming from both 
normalisation and angular-dependent factors!

→ at NLO-EW we can study , the MSbar renormalised mixing angle
     and exploit the large mass range to test the running of this quantity

sin2 θW
γ

sin2 θW
AFB ALR

sin2 θW

sin2 ̂θ(μR)

machines to constrain NP models through the analysis of running couplings
with DY processes [25–28] 1. The existing analyses rely on leading order (LO)
EW matrix elements, where the couplings are promoted to running couplings
through leading logarithmic contributions to the beta functions. For the first
time, the possibility to probe directly the running of sin2 ✓MS

W (µ) is explored
by means of a full EW next-to-leading order (NLO) calculation with a hybrid
renormalization scheme, where the Lagrangian parameters e and sin2 ✓W are
renormalized in the MS scheme and the Z-boson mass is renormalized in the
on-shell scheme. In the large leptonic invariant mass region the presence
of the Sudakov logarithms [32–37] in the NLO matrix element is known to
give large contributions to the cross section and could, in principle, have an
impact on the sensitivity determination. The calculation has been devel-
oped and implemented in the framework of an upgraded version [38] of the
Z ew-BMNNPV process [39] of the POWHEG-BOX-V2 [40–42] Monte
Carlo (MC) event generator, which is used for the present sensitivity study.

2. Theoretical predictions

We investigate the triple di↵erential NCDY cross sections as a function of
the invariant mass, m``, rapidity, y``, of the dilepton system, and of the cosine
of the angle between the incoming and outgoing fermions in the Collins-Soper
reference frame, ✓CS [43]. At LO the triple di↵erential NCDY cross section
can be expressed as
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,

(3)

where ↵ is the electromagnetic coupling, m`` = ŝ = x1x2s is the partonic
center-of-mass energy and s is the hadronic one. The fq(q)(x,Q2) describe
the momentum fraction x of the parton q(q) in the colliding protons, with

1
The constraining power of DY processes for general parameterizations of NP through

the E↵ective Field Theory approach has been explored, for instance, in Refs. [29–31] and

references therein.
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Carlo (MC) event generator, which is used for the present sensitivity study.

2. Theoretical predictions

We investigate the triple di↵erential NCDY cross sections as a function of
the invariant mass, m``, rapidity, y``, of the dilepton system, and of the cosine
of the angle between the incoming and outgoing fermions in the Collins-Soper
reference frame, ✓CS [43]. At LO the triple di↵erential NCDY cross section
can be expressed as

d3�

dm``dy``d cos ✓CS
=

⇡↵2

3m``s

✓
(1 + cos2 ✓CS)

X

q

Sq[fq(x1, Q
2)fq(x2, Q

2)

+ fq(x2, Q
2)fq(x1, Q

2)] + cos ✓CS

X

q

Aqsign(y``)

· [fq(x1, Q
2)fq(x2, Q

2)� fq(x2, Q
2)fq(x1, Q

2)]

◆
,

(3)

where ↵ is the electromagnetic coupling, m`` = ŝ = x1x2s is the partonic
center-of-mass energy and s is the hadronic one. The fq(q)(x,Q2) describe
the momentum fraction x of the parton q(q) in the colliding protons, with

1
The constraining power of DY processes for general parameterizations of NP through

the E↵ective Field Theory approach has been explored, for instance, in Refs. [29–31] and

references therein.

3

The triple-differential cross section at LO
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2) The MSbar weak mixing angle  at large scalessin2 ̂θ(μR)

The RGE evolution depends on the number of active flavours contributing to the -function
Above  there is an change of sign which features a positive slope.

Can we test this prediction of the SM, i.e. 1) the running and 2) the value of the slope ?
Is there enough sensitivity?

β
μ = mW

Clara L. Del Pio - DIS 2023 5

The running sin2 θMS
w (μ)

3−10 2−10 1−10 1 10 210 310
Q [GeV]

0.225

0.23

0.235

0.24

0.245

(Q
)

Wθ2
si

n

Energy dependence on the electroweak mixing angle

(APV)WQ

pQ

eQ

eDIS
NuTeV
LEP/SLD

3−10 2−10 1−10 1 10 210 310
Q [GeV]

0.97
0.98
0.99

1
1.01
1.02
1.03

M
ea

s.
/P

re
d.

Er
le

r, 
J.

, S
ch

ot
t, 

M
., 

Pr
og

r. 
in

 P
ar

t. 
an

d 
N

uc
l. 

Ph
ys

. 1
06

 (2
01

9)
 6

8-
11

9

Several measurements at low 

but no experimental results  
of the running at high energies!

Q2

?
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2)   determination at hadron colliders at large invariant massessin2 ̂θ(μR)

The study has to be performed at least at NLO-EW.

The amplitude has at NLO-EW different groups of corrections: QED, weak.
Only a specific subset of such corrections contributes to the redefinition of the renormalised parameter,
while the rest (e.g. boxes and part of the vertices) is a genuine process dependent correction.

In order to claim that we are sensitive to the precise  value, 
 must be among the input parameters of the renormalised lagrangian.

A new version of the POWHEG NC DY QCD+EW has been prepared,
which admits as input parameters (  ) , renormalised at NLO-EW .
 
Thanks to this choice,  can be left as a free fit parameter, and extracted from the data.
The explicit presence of the other corrections, insensitive to , allows to correctly estimate
the dependence on this parameter, at each mass scale.

We need to estimate the change of the xsec, for a given  variation. In the sensitivity study
we identify the minimal variation which can be appreciated in the fit to the data, for given experimental errors.

sin2 ̂θ(μR)
sin2 ̂θ(μR)

α̂(μR), sin ̂θ(μR), mZ

sin2 ̂θ(μR)
sin2 ̂θ(μR)

sin2 ̂θ(μR)

S.Amoroso, M.Chiesa, C.L Del Pio, E.Lipka, F.Piccinini, F.Vazzoler, AV, arXiv:2302.10782      
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2)   determination at hadron colliders at large invariant massessin2 ̂θ(μR)

Clara L. Del Pio - DIS 2023 12

Results

Inner bars: no PDFs, QCD, EW ho 

Clara L. Del Pio - DIS 2023 11

Uncertainties
• Statistical from predicted Nevents in each bin


• Lepton syst. extrapol. to Run 3 (reduced of 
2) and HL-LHC (4); uncorrelated in the fit


• Luminosity: 1.5% for Run 3 and 1% for HL-
LHC


• QCD scale: n3loxs for cross-sections (2%) 
and 7-point variations of  and  
(negligible) w.r.t.  at N3LO 

PDF uncertainties (not on plot)


• EW: scale variations of  = 2  or /2 
change cross section of % at LO and 0.1% 
at NLO - same variations of  at 
LO and NLO

μR μF
mℓℓ̄

μ mℓℓ̄ mℓℓ̄

sin2 θMS
w (μ)

ATLAS Collab., JHEP 08 (2016) 009 

Alwall, J., et al., JHEP 07 (2014) 079

Bertone, V., et al., JHEP 08 (2014) 166 

Baglio, J., et al., JHEP 12 (2022) 066

The running of the MSbar angle can be established at LHC  in Run III and at HL-LHC with percent precision.
The remaining uncertainties do not affect the conclusion of the sensitivity study, performed at NLO.

For the actual measurement instead the best theoretical predictions will be needed, to avoid interpretation mismatches:
full NNLO (QCD, EW and mixed QCDxEW) and leading higher orders, as discussed before.

S.Amoroso, M.Chiesa, C.L Del Pio, E.Lipka, F.Piccinini, F.Vazzoler, AV, arXiv:2302.10782      
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 - the MSbar weak mixing angle from low-energy experiments


         P2 at MESA

         Møller at Jefferson lab

         Qweak at Jefferson lab
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3) The weak mixing angle at low energy scales
Goal:         testing the parity-violating structure of the weak interactions at different energy scales

Problems:   a) define an observable quantity, analogous to   at  , 

                      now e.g. at  for the t-channel processes like e-p or e-e- scattering

                 b) given the large size of the NLO corrections at , the fixed-order result is not sufficient
                     we have to resum to all orders large classes of radiative corrections in the definition of a running parameter

Solution 1:  introduction of   at  to describe Møller scattering       Ferroglia, Ossola, Sirlin, hep-ph/0307200

                 it absorbs the effect of the EW corrections to the Møller amplitude 
                     in a new effective parameter ,  via a gauge-invariant form factor ,

                     in a tree-level-like structure

                 this parameter is a physical observable which can be i) predicted and ii) measured → comparison with 

Solution 2:  the definition of   in the MSbar scheme is strictly bound to the presence of a renormalisation scale  

                   satisfies the RGE (→ it needs a boundary condition computed at one given scale )
                                   this quantity can be predicted in the SM using  as basic input parameters

                   the scale  allows to probe the size of resummed radiative correction to the couplings at different scales

sin2 θlep
eff q2 = m2

Z

q2 = 0
q2 = 0

sin2 θe−e−

eff q2 = 0

sin2 θe−e−

eff κ(q2 = 0)

sin2 θlep
eff

sin2 ̂θ(μR) μR

sin2 ̂θ(μR) q2

(α(0), Gμ, mZ)
μR
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3) The running of  and the prediction of  Erler,Ramsey-Musolf, hep-ph/0409169 sin2 ̂θ(μR) sin2 ̂θ(0)
given , we want to study a process with    → the radiative corrections contain large  factors

in the MSbar scheme, the RGE allows to compute the coupling at an arbitrary scale , once the value at a given  is known

             setting  resums the large  in 
                                                              the behaviour at the physical thresholds is fixed via matching conditions

sin2 ̂θ(m2
Z) Q2 ≪ m2

Z log(Q2/m2
Z)

μ2 Q2

sin2 ̂θ(Q2) = ̂κ(Q2, μ2) sin2 ̂θ(μ2) μ2 = Q2 log(Q2/μ2) sin2 θ(μ2)

Q [GeV]
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sin2 θW (Q )
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38 Kumar, Mantry, Marciano & Souder

(along with threshold matching), e↵ectively moving large logs from (Q2
, µ)MS

into sin2
✓W (µ2)MS so that resummation can be performed using the RG evolu-

tion equation of sin2
✓W . On the other hand, choosing µ

2 = m
2
Z

introduces large

logarithms of Q
2
/m

2
Z

in MS(Q
2
, µ = mZ) spoiling the convergence of pertur-

bation theory. In Ref. (53), a solution to the RG equation of sin2
✓W (µ)MS, for

evolution between scales µ0 and µ without crossing any particle mass thresholds,

was given to be

sin2
✓W (µ)MS =

↵(µ)MS

↵(µ0)MS

sin2
✓W (µ0)MS + �1

h
1 �

↵(µ)

↵(µ0)

i

+
↵(µ)

⇡

h
�2

3
ln

µ
2

µ2
0

+
3�3

4
ln

↵(µ)MS

↵(µ0)MS

+ �̃(µ0) � �̃(µ)
i
. (38)

In the above equation, �1,2,3 are numerical coe�cients that take on di↵erent values

depending on the range (µ0, µ). This solution resums leading logs O(↵n lnn µ

µ0
),

next-to-leading logs O(↵n+1 lnn µ

µ0
) and O(↵↵

n
s lnn µ

µ0
), next-to-next-to-leading

logs O(↵↵
n+1
s lnn µ

µ0
), and next-to-next-to-next-leading logs O(↵↵

n+1
s lnn µ

µ0
). Non-

perturbative e↵ects arise from the contribution of light quark loops in self-energy

� � Z
0 mixing diagrams when µ ⇠ ⇤QCD. These non-perturbative e↵ects are

incorporated in Eqn. 38 through the non-perturbative e↵ects in the evolution of

↵(µ)MS and in the �̃(µ0), �̃(µ) terms. These non-perturbative e↵ects contribute

an uncertainty in the extraction of sin2
✓W (0)MS below the 10�4 level.

The value of sin2
✓(0)MS, in terms of sin2(mZ)MS, can be obtained by using

Eqn. 38 combined with threshold matchings to evolve between the scales µ = mZ

and µ = 0. It was shown in Ref. (53) that the solution to the MS RG evolution,

expanded to one-loop order is

(0)MS = (0) +
2↵(mZ)

9⇡ŝ2
= (0)PT = 1.03232 ± 0.00029, (39)

where non-perturbative e↵ects have been included. The uncertainty has been

we predict  
resumming large perturbative corrections in  

in ep scattering non-perturbative contributions enter via 
and are treated along with the e.m. coupling

gauge invariance is respected in the MSbar  factor

 

sin2 ̂θ(0) = ̂κ(0) sin2 ̂θ(m2
Z)

̂κ(0)

ΣγZ (μ ∼ ΛQCD)

̂κ

̂κ(0) = 1.03232 ± 0.00029
sin2 ̂θ(m2

Z) = 0.23124(6) → sin2 ̂θ(0) = 0.23871(9)
30

Kumar, Mantry, Marciano, Soudry, arXiv:1302.6263 
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3) Parity violation: what can be learned from precision e- p measurements?

The asymmetry    is obtained polarising the electron beam

                          

 ●  is proportional to the weak charge of the proton, accidentally suppressed in the SM:       

 ● the tree-level suppression of    i) enhances the sensitivity to   :   

                                                               → a measurement at the 1.4% level of   allows a determination of 

                                                                    with an error   (cfr. LEP error )

                                                           ii)  enhances the impact of the radiative corrections (e.g. -39% in Møller scattering) 

 ●  radiative corrections contribute to the precise value of the asymmetry    ( →  determination)
                                     may include BSM contributions (tree-level suppression of  →enhanced sensitivity to BSM effects)             

 ●  the value of the effective weak mixing angle at  is about 3% larger than at 
      this SM prediction has to be tested and it might reveal BSM effects     

APV =
σ+ − σ−

σ+ + σ−
=

−GFQ2

4 2παem
(QW − F(Ei, Q2) )

APV(P2) ∼ − 40 ⋅ 10−9

APV QW(p) = 1 − 4 sin2 θW ∼ 0.09

QW(p) sin2 θW ΔQW /QW ∼ 0.09 Δsin2 θW /sin2 θW

APV(P2) sin2 θW

Δsin2 θW ∼ 33 ⋅ 10−5 Δsin2 θW ∼ 16 ⋅ 10−5

APV sin2 θW
QW(p)

q2 = 0 q2 = m2
Z

Q [GeV]
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3) BSM searches

32

Any significant tension of  with the data might be interpreted as a BSM signal

Different kinds of new interaction might yield the same observable effect:

       new parity-violating contact interaction operators
       new dark bosons
       new additional gauge bosons (Z’)

ASM
PV

The P2 potential to discover new physics is enhanced by :
       a) accidental suppression of the proton weak charge at tree level  → BSM effects have stronger impact on 

                                  

       b) absence of suppression of the interferences  of BSM with SM tree level amplitudes   (at variance with the Z pole)
                   at the Z pole the SM amplitude is purely imaginary and the interference with real BSM amplitudes vanishes

The P2 high precision makes its discovery potential comparable to the one of high-energy experiments

APV

APV =
−GFQ2

4 2παem
(QW − F(Ei, Q2) + ΔSM rad.corr.(Q2) + ΔBSM(Q2) )
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3) BSM searches
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Figure 8
A plot of the 95%-CL mass reach !+/g (and !+ with g2 = 4π ; right axis) as a function of the uncertainty
#Qp

W in measurements of the proton’s weak charge (θh = 26.6◦) assuming a central value Qp
W on the

Standard Model (SM). The blue square denotes the existing constraint provided by the Qweak experiment’s
result (8) with an uncertainty of ±0.0045 and a central value of 0.0719, which is +0.0008 from the SM value.
The dashed lines denote the boundaries de!ned by ±1σ deviations of the assumed Qp

W from the SM central
value. Note that the uncertainty #Qp

W proposed for the P2 experiment (65) is approximately 0.0011, which
has the potential to deliver about twice the mass reach achieved in the Qweak experiment.

from 46 to 80 TeV. This would constitute a signi!cant improvement over the present limit of
26.6 TeV set by the Qweak experiment.

Improving the "avor-independent mass reach is a much more dif!cult task because the present
limit (Section 5.2) is already based on two precise experiments: the cesium APV result and the
Qweak result. Figure 7b depicts the likely discovery space for future Qp

W experiments, Figure 7c
shows the same for future APV experiments on cesium, and Figure 7d shows both. Each panel
shows the existing 95%-CL !/g constraint as a function of the "avor-mixing angle θh, and then
adds additional experiments with either the same uncertainty as or one-half/one-quarter the un-
certainty of the existing experiments. The assumption is made that each new experiment’s central
value falls on the SM, and follows the same analysis procedure detailed in Section 5.2, except with
the appropriate additional terms added to Equation 33. The resulting minimum !/g represents
the mass limit below which PV SL four-point contact interaction BSM physics is excluded in-
dependently of what quark "avors the New Physics couples to. With a new Qp

W measurement
from P2 assuming a central value on the SM and assuming the ±0.0011 uncertainty proposed for
that experiment, combined with the existing Qweak and APV cesium results, the θh-independent
mass reach !/gwould improve from 3.6 TeV to 4.2 TeV.The improvement in the θh-independent
mass reach that could be achieved with new Qp

W experiments, or with new APV experiments, is
relatively modest compared with the improvement that could be achieved with both together.

7. SUMMARY
A solid foundation of expertise and knowledge acquired starting with the earliest PV experi-
ments at LANL and SLAC, then later at TRIUMF, PSI, MIT-Bates, Mainz, and JLab, has made
it possible to measure the PV ep asymmetry with the parts-per-billion-scale precision neces-
sary to determine the proton’s weak charge Qp

W for the !rst time. These earlier experiments
not only incrementally taught the PV community how to do these challenging measurements
but also provided the hadronic structure information needed to extract the weak charge from

214 Carlini et al.
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Since the proton charge is 1 = F p
1 (0)

I=1+F p
1 (0)

I=0, one must have I ′3 = 1/2, so that there are no
corrections to F p

1 (0)
I through O(ε2). Thus, one has to this order for the neutral current Dirac

form factor,
QW (p) ≡ F p

1 (0)
NC = −2 (2C1u + C1d) , (24)

which is the same result obtained in the absence of any isospin impurities. Similar arguments
prevent the appearance of any higher order terms in ε.

4 Four-Fermi operators and model independent analysis

Before considering the consequences for particular models of new physics, it is instructive to
consider the model independent implications of a 4% QW (p) measurement. The low energy
effective electron-quark Lagrangian of the form A(e)× V (q) is given by,

L = LPV
SM + LPV

NEW, (25)

where,

LPV
SM = −

GF√
2
ēγµγ5e

∑

q

C1q q̄γµq, (26)

LPV
NEW =

g2

4Λ2
ēγµγ5e

∑

f

hq
V q̄γµq, (27)

and where g, Λ, and the hq
V are, respectively, the coupling constant, the mass scale, and effective

coefficients associated with the new physics. The latter are in general of order unity; the explicit
factor of 4 arises from the projection operators on left and right (or vector and axial-vector) chiral
fermions. In the same normalization, the SM coefficients take the values, C1u/2 = −0.09429 ±
0.00011 and C1d/2 = +0.17070±0.00007, for up and down quarks, respectively, where we included
the QCD corrections obtained in Eqs. (11) and (12), and where the uncertainties are from the
SM inputs. We find,

Qp
W (SM) = −2(2C1u + C1d) = 0.0716± 0.0006. (28)

A 4% measurement of QW (p) would thus test new physics scales up to,

Λ

g
≈

1
√√

2GF |∆Qp
W |

≈ 4.6 TeV. (29)

The sensitivity to non-perturbative theories (such as technicolor, models of composite fermions, or
other strong coupling dynamics) with g ∼ 2π could even reach Λ ≈ 29 TeV. As another example,
for extra Z ′ bosons from simple models based on Grand Unified Theories (GUT) one expects
g ∼ 0.45, so that one can study such bosons (with unit charges) up to masses MZ′ ≈ 2.1 TeV.
Z ′ bosons are predicted in very many extensions of the SM ranging from the more classical GUT
and technicolor models to SUSY and string theories. We discuss the sensitivity of QW (p) to Z ′

bosons, as well as other scenarios, in the subsequent Sections.

10

Λ
g

∼
1

2GF |ΔQp
W |

New contact interactions

Limits on the scale of New Physics can be set in the strong coupling ( ) assumption or for the Wilson coefficientg2 = 4π

Qweak

The exclusion range is computed 
  about a SM central value hypothesis for  (solid line) with ±1σ

 The expected   will push the exclusion limit 
 up to the 80 TeV level 
 in the strong coupling scenario and in the most favoured configuration

Qp
W

ΔQp
W(P2) ∼ 0.0011

The limits will be stronger than at LEP2 thanks to the higher precision of the weak charge determination

Carlini, van Oers, Pitt, Smith,  Ann.Rev.Nucl.Part.Sci. 69 (2019) 191-217
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3) BSM searches

New dark parity-violating bosons

A new dark bosons, mixing with the SM Z boson, may modify the strength of the parity-violating couplings

The effects can be completely absent at the Z resonance, where the SM amplitude is purely imaginary.

The presence of the extra boson modifies the running of , 
       with a modulation due to the assumed boson mass and couplings

The sensitivity to this kind of interaction is quite unique to the low-energy electron-scattering experiments

sin2 ̂θ(μR)

plot by W. Marciano
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Comments on the  studies at different energy scalessin2 θW

In these 3 examples we search for deviations from the SM → it is necessary to have the full NNLO-EW result

The possibility to interpret the results in terms of a running parameter/non-vanishing Wilson coefficient relies 
    on a detailed knowledge of the energy dependence of the rest of the xsec
     - the actual running parameter is the weak MSbar coupling  
     - higher-order Sudakov logs have to be kept under control
→ we do not want to mismatch the SM process dependent corrections as contributions to 

Hadron colliders predictions suffer in general from PDF uncertainties,
but,
we can consider the limiting case of a “perfect calibration” at the Z resonance, 
which reabsorbs a fraction of the proton PDFs uncertainty, assuming no physics in the proton,
→ the slope of the invariant mass distribution is the relevant observable for such searches

The running of  depends on one single boundary condition 
      (matching conditions do not affect this feature, they just add extra theoretical uncertainties)
→ the possibility to include several constraints at different scales is extremely powerful 
    in terms of a simultaneous exclusion of different BSM models

 

α̂(μR)/sin2 ̂θ(μR)

sin2 ̂θ(μR)

sin2 ̂θ(μR)
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 - the Z resonance at hadron and e+e- colliders


              determination of the effective leptonic weak mixing angle
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 ● The comparison/combination of these different results is valuable if we consider exactly the same quantity:

        a popular example is  , but in view of the current discussion it could be 

 ● for each collider/observable we have to “access” the hard scattering process (proportional to  or to  )

    by deconvoluting standard QED/QCD effects, dealing with the proton (lepton) PDFs, and considering higher-order corrections 

    → different strategies and input schemes are adopted in the literature;   their consistency has to be checked

sin2 θlep
eff sin2 ̂θ(m2

Z)

sin2 θlep
eff sin2 ̂θ(m2

Z)

Alexis Vallier EW measurements in ATLAS @ LHCP2020 8

sin$%le+ at 8 TeV

● ATLAS measurement competitive with 
LEP, SLD and Tevatron results

● ATLAS bene5ts from improved 
sensitivity using forward electrons 
(2.5<|J|<4.9)

– Lower dilution at high |yZ| 

● Total uncertainty 36x10-5: 

– 21 (stat) ± 24 (PDF) ± 16 (syst)

– PDF uncertainties mitigated by 
pro0ling (exploit correlations in mll and 
yll bins)

ATL-CONF-2018-037Weak mixing angle using AFB at 8 TeV (II)

One of the most precise
measurements

PDF are constrained in-situ

sin2✓lept
e↵ =

0.23101± 0.00036(stat)±
0.00018(syst)±
0.00016(theory)±
0.00030(pdf )

CMS-PAS-SMP-16-007,
Eur. Phys. J. C 78 (2018)
701

Can reach better precision
then LEP+SPD after LHC
and CMS upgrade
CMS-PAS-FTR-17-001

lept
effθ2sin

0.23 0.231 0.232 0.2330
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LEP + SLD

0,b
FBLEP + SLD: A

lSLD: A

-1 9.4 fbµµCDF ee+

-1D0 ee 9.7 fb

-1 4.8 fbµµATLAS ee+

-1 3 fbµµLHCb 

CMS -1 18.8 fbµµ
Preliminary

CMS -1ee 19.6 fb
Preliminary

CMS µµee+
Preliminary

 0.00016±0.23153 

 0.00029±0.23221 

 0.00026±0.23098 

 0.00046±0.23221 

 0.00047±0.23147 

 0.00120±0.23080 

 0.00106±0.23142 

 0.00060±0.23125 

 0.00086±0.23056 

 0.00052±0.23101 

I. Gorbunov Ilya.Gorbunov@cern.ch EWK at CMS 11/12

Complementarity of different  determinationssin2 θW

cfr. the MW combination working group
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Angular coefficients in Z boson production 
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Weak mixing angle determination at hadron colliders (I)

AFB(Ml+l�) =
F (Ml+l�)�B(Ml+l�)
F (Ml+l�) + B(Ml+l�)

cos �⇥ = f
2

M(l+l�)
�

M2(l+l�) + p2
t (l+l�)

[p+(l�)p�(l+)� p�(l�)p+(l+)]

p± =
1⇥
2
(E ± pz) f =

|pz(l+l�)|
pz(l+l�)

F (Ml+l�) =
� 1

0

d⇥

d cos ��
d cos �� B(Ml+l�) =

� 0

�1

d⇥

d cos �⇥
d cos �⇥

invariant mass Forward-Backward asymmetry
in neutral-current DY

scattering angle defined in the Collins-Soper frame → “Forward” (“Backward”)

we would like to appreciate parity violation like at LEP, 
observing an asymmetry with respect to the direction of the incoming particle
  → it is not possible because we have both   and  annihilation processes
  → at the LHC the symmetry of the collider (p-p) removes one possible preferred direction
but…

qq̄ q̄q

38

Meff
Zl+l� = ūl�↵

⇥
Gf
v (m

2
Z)� Gf

a (m
2
Z)�5

⇤
vl"

↵
Z
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…but
at a given lepton-pair rapidity ,   and  have different weight because of the PDFs  ⇒ do not cancel each other

the parton luminosity unbalance is due to the different x dependence of the valence and sea quarks

AFB is more pronounced at large , e.g. at LHCb

Y qq̄ q̄q

Y

   close to  :  small AFB but good sensitivity to the weak mixing angle, large PDF uncertainties
away from  :  large AFB,  no sensitivity to the weak mixing angle,   possible effects from new Z’, constraining power on PDFs unc

mZ
mZ

� sin2 ⇥W = 0.0001

�AFB = AFB(sin2 ⇥W + � sin2 ⇥W )�AFB(sin2 ⇥W � � sin2 ⇥W )

-0.4
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B

Mll (GeV)

ATLAS/CMS and LHCb, AFB, Born, LHC 7 TeV

NNPDF2.1
CT10

MSTW

ATLAS/CMS

LHCb

away from :  “model independent” parameterisation of AFB is not possible, we compute it in the SMmZ

39

Weak mixing angle determination at hadron colliders (II)
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Determination of   in the LHC frameworksin2 θlep
eff

A few differences compared to the LEP measurement and analysis framework

     ·the initial state is a mixture, weighted by PDFs, of different quark flavours

               → PDF uncertainty + problems to disentangle individual Z decay widths

     ·the precision on the Z peak cross section is lower than the one at LEP for e+e-→hadrons

                →  was at LEP an important constraint of the pseudo-observable fit

     ·the experimental analysis involves an invariant mass window (instead of only q²=MZ²)

                → non-factorisable contributions spoil the factorisation (initial)x(final) form factors

σhad

40

→ it is not possible to pursue the LEP approach in terms of pseudo-observables at LHC

                                               

→ a template fit approach in the full SM is needed to analyse the AFB data and offers a well defined procedure

      -  to extract 

      -  to assign the associated theoretical uncertainties

→   we need to be able to prepare templates of   for different values of 

Aexp
FB (m2

Z) − 𝒜nonfact =
3
4

𝒜e𝒜f

sin2 θlep
eff

AFB(m2
ℓℓ) sin2 θlep

eff
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Estimate of : template fit approachsin2 θlep
eff

41
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NNPDF31 as 0118 nlo

LO simulation qq̄-only

MC error for 4 · 1010 events

∆
A

F
B

Ml+l− (GeV)

δ sin2 θW = +4 · 10−5

δ sin2 θW = +16 · 10−5

δ sin2 θW = +32 · 10−5

Alessandro Vicini - University of Milano                                                                                                                                                                                                   CERN, April 23rd 2020

χ2
i =

Nbins

∑
j=1

(t(i)
j − dj)2

(σtempl
j )2 + (σdata

j )2
i = 1,…, Ntempl

t^(i) are templates of the AFB distribution
       computed at LO, with NNPDF3.1 QCD-only,
       for different values of   labelled by i

d     are (pseudo)data

Plotting χ²ᵢ as a function of i yields a parabola, 
whose minimum selects the preferred  value

sin2 θlep
eff

sin2 θlep
eff

The fit is barely sensitive to  𝜹  = 4 10⁻⁵

A MC statistics 4 times larger would be needed
to have clear sensitivity over the whole fitting range [80,100]

sin2 θlep
eff



Commonly used electroweak input schemes

(g, g0, v) ! (↵0, Gµ,mZ) LEP scheme:  minimal parametric uncertainty in the predictions
                    Z and γ diagrams have their “natural” coupling
                     and   are predictions,  can not be fittedmW sin2 θW

 + 9 yukawa couplings + 4 CKM param’s   
 

Different possibilities to express  in terms of measured quantities.

(g, g′￼, v; λ) λ → mH = v λ/2

(g, g′￼, v)

! (Gµ,mW ,mZ) Gmu scheme:   is a free parameter which can be fitted
                      (introduced at LEP2)

                      independent of light-quark masses
                      it reabsorbs large logarithmic corrections

                      α and   are predictions,  can not be fitted

mW

sin2 θW

! (↵0,mW ,mZ) α₀ scheme:     dependent on the light-quark masses
                      receives large logarithmic corrections

In these schemes the weak mixing angle is not an input, is predicted → is fixed → can not be measured
→ we need a scheme with   among the input param’s  sin2 θlep

eff
42

Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                                                   Corfù, April 26th 2023



An electroweak scheme with  as inputs(Gμ, mZ, sin2 θℓ
eff)

2

Input scheme definitions

A set of three commonly adopted SM lagrangian in-
put parameters in the gauge sector is e,MW ,MZ , which
have to be expressed in terms of three measured quanti-
ties, whose choice defines a renormalization scheme. The
relation between e,MW ,MZ and the reference measured
quantites has to be evaluated at the same perturbative
order of the scattering amplitude calculation at hand and
allows to fix the renormalization conditions. The usual
set of reference measured quantities are: ↵,MW ,MZ ,
which defines the on-shell scheme; ↵(MZ),MW ,MZ ,
which is a variant of the on-shell scheme which reabsorbs
the large logarithmic contributions due to the running of
the electromagnetic coupling from the scale 0 to MZ [16];
Gµ,MW ,MZ , which defines the Gµ scheme and is partic-
ularly suited to describe Drell-Yan processes at hadron
colliders because it allows to include a large part of the
radiative corrections in the LO predictions, guaranteeing
a good convergence of the perturbative series. For a de-
tailed description of these schemes cfr. ref. [17]. The
presence of MW among the input parameters is a nice
feature in view of a direct MW measurement at hadron
colliders via a template fit method, as described above.
On the other hand, these schemes are not suited for
high precision predictions, because of the “large” para-
metric uncertainties stemming from the present experi-
mental precision on the knowledge of MW . In fact, for
NC DY precise predictions, a LEP style scheme with
↵, Gµ,MZ would be preferred. However, in view of a
direct SM determination of the quantity sin2 ✓`eff , also

this scheme has its own shortcomings, because sin2 ✓`eff
is a calculated quantity and can not be treated as a
fit parameter. With the aim of a direct sin2 ✓`eff SM
determination, we discuss an alternative scheme, which
includes the weak mixing angle as an input parameter,
sin2 ✓, together with e and MZ . The experimental refer-
ence data are the Z boson mass value measured at LEP,
the fine structure constant ↵ and sin2 ✓`eff as defined
at LEP at the Z resonance. An additional possibility
discussed in the following is to replace ↵ with Gµ. We
will refer to these two choices as the (↵,MZ , sin

2 ✓`eff )

and the (Gµ,MZ , sin
2 ✓`eff ) input schemes. At tree level

sin2 ✓ = sin2 ✓`eff . The quantity sin2 ✓`eff is defined in
terms of the vector and axial-vector couplings of the Z
boson to leptons glV,A, measured at the Z boson peak, or

alternatively the chiral electroweak couplings glL,R and
reads (at tree level) [18]:

sin2 ✓leff =
I l3
2Ql

✓
1�

glV
glA

◆
=

I l3
Ql

✓
�glR

glL � glR

◆
, (1)

where

glL =
I l3 � sin2 ✓leff Ql

sin ✓leff cos ✓
l
eff

, glR = �
sin ✓leff
cos ✓leff

Ql . (2)

I l3 = ±
1
2 is the third component of the weak isospin and

Ql is the electric charge of the lepton in units of the
positron charge.

Renormalization

We implement the one loop renormalization of the
three input parameters by splitting the bare ones into
renormalized parameters and counterterms

M2
Z,0 = M2

Z + �M2
Z (3)

sin2 ✓0 = sin2 ✓`eff + � sin2 ✓`eff (4)

e0 = e(1 + �Ze) (5)

where the bare parameters are denoted with subscript
0. The counterterms �M2

Z and �Ze are defined as in the
usual on-shell scheme. Complete expressions are given
in Eqs. (3.19) and (3.32) of Ref. [19]. The counterterm
� sin2 ✓`eff is defined by imposing that the tree-level re-

lation Eq. (1) holds to all orders. Considering the Zll̄
vertex, the couplings gfL,R, neglecting the masses of the

lepton l, are replaced by the form factors GL,R(q2) [9]
once radiative corrections are accounted for. The e↵ec-
tive weak mixing angle has been defined at LEP/SLD by
taking the form factors at q2 = M2

Z : QUESTION: in

the LEP definition the real parts were taken in

numerator and denominator separately (e.g. Eq.

12 of Bardin-Passarino-Gruenewald)

sin2 ✓`eff ⌘
I l3
Ql

Re

✓
�G

l
R(M

2
Z)

Gl
L(M

2
Z)� Gl

R(M
2
Z)

◆
. (6)

The form factors Gi can be computed in the SM in any
input scheme that does not contain sin2 ✓`eff as input
parameter, yielding in turn, via Eq.(6), a prediction for
sin2 ✓`eff , as discussed at length in Refs. [20, 21].
In this paper instead we consider the weak mixing an-

gle as an input parameter. In order to fix its renormal-
ization condition, we write the relation between the bare
coupling and its expression in terms of form factors at
a given perturbative order, with bare masses and cou-
plings.

sin2 ✓0 =
If3
Qf

Re

 
�G

f
R(M

2
Z)

G
f
L(M

2
Z)� G

f
R(M

2
Z)

!�����
0

. (7)

We replace all the bare couplings with the renormalized
ones and the associated counterterms, Eqs. (3-5):

sin2 ✓`eff +� sin2 ✓`eff =
I l3
Ql

Re

✓
�glR � �glR

glL � glR + �glL � �glR

◆
.

(8)
where �glL,R represent the e↵ect of radiative corrections,
expressed in terms of renormalized quantities and related
counterterms. We do not consider NLO QED corrections

The weak mixing angle is related to the left- and right-handed (vector and axial-vector)  couplings of the Z boson to fermions

3

because they factorize on form factors and therefore do
not a↵ect the sin2 ✓leff definition. The e↵ective weak
mixing angle is defined to all orders by the request that
the measured value coincides with the tree-level expres-
sion; in other words, the radiative corrections that could
be reabsorbed into a redefinition of an e↵ective mixing
angle are exactly cancelled, order by order, by the coun-
terterm, which reads, at O(↵)

� sin2 ✓`eff = �
1

2

g`Lg
`
R

(g`L � g`R)
2
Re

✓
�g`L
g`L

�
�g`R
g`R

◆
. (9)

From the O(↵) corrections to the vertex Z ! `+`� we
obtain

� sin2 ✓`eff
sin2 ✓`eff

=
cos ✓`eff
sin ✓`eff

Re⌃AZ
T (M2

Z)

M2
Z

(10)

+

✓
1�

Q`

I`3
sin2 ✓`eff

◆⇥
�Z`

L + �V L
� �Z`

R � �V R
⇤
.

where ⌃AZ
T (M2

Z) contains the fermionic and bosonic con-
tributions to the �Z self-energy corrections, while the
second line of Eq. (10) stems from the vertex correc-
tions and counterterm contributions. We remark that
the �Z self-energy does not contain enhanced terms pro-
portional to m2

t . The bosonic contributions in Eq. (10)
form a gauge invariant set because they are a linear com-
bination of the corrections to the left- and right-handed
components of the Z decay amplitude into a lepton pair.
The expression of ⌃AZ

T (M2
Z) and �Zl

L/R are given in

Eqs. (B.2) and (3.20) of Ref. [19], respectively. In �Zl
L/R

we suppressed the lepton family indices. The vertex cor-
rections �V L/R are given by

�V L =
�
g`L

�2 ↵

4⇡
Va

�
0,M2

Z , 0,MZ , 0, 0
�

+
1

2s2W

g⌫L
g`L

↵

4⇡
Va

�
0,M2

Z , 0,MW , 0, 0
�

�
cW
sW

1

2s2W

1

g`L

↵

4⇡
Vb

�
0,M2

Z , 0, 0,MW ,MW

�

�V R =
�
g`R

�2 ↵

4⇡
Va

�
0,M2

Z , 0,MZ , 0, 0
�

(11)

and the vertex functions Va and Vb are given in Eqs. (C.1)
and (C.2) of Ref. [19], respectively.

The renormalization condition that the mea-

sured e↵ective leptonic weak mixing angle

matches the tree-level expression to all orders in

perturbation theory applies, following the LEP

definition, to the ratio of the real part of the

vector and axial-vector form factors. Since the

Green’s functions associated to the Zff̄ vertex

satisfy the Ward identities [22] for an arbitrary

complex value of the weak mixing angle, then dif-

ferent prescriptions can be devised to assign the

imaginary part of the counterterm and, in turn,

of the weak mixing angle at q2 = M2
Z .

The Gµ scheme

The muon decay amplitude allows to establsh a rela-
tion between ↵, Gµ,MZ and sin2 ✓`eff which reads

sin2 ✓`eff cos ✓2effM
2
Z =

⇡↵
p
2Gµ

(1 +�r̃) . (12)

with the following expression for �r̃

�r̃ = �↵(s)��⇢+�r̃rem (13)

�r̃rem =
Re⌃AA(s)

s
�

✓
Re⌃ZZ

T (M2
Z)

M2
Z

�
⌃ZZ

T (0)

M2
Z

◆

�
sin2 ✓`eff � cos2 ✓`eff

cos2 ✓`eff

1

2

cW
sW

�ZAZ

We note the appearance of the combination �↵(s)��⇢,
which di↵ers from the corresponding one for �r in the

(↵,MWMZ) on-shell scheme �↵(s)� c2W
s2W

�⇢. The �r̃rem
correction does not contain any term enhanced by a
mt

2 factor, nor large logarithmically enhanced contribu-
tions. Using Eq. 12 to derive an e↵ective electromagnetic
coupling, it is possible to convert results computed in
the (↵,MZ , sin

2 ✓`eff ) scheme in the corresponding ones

in the (Gµ,MZ , sin
2 ✓`eff ) schemes. The �⇢(1) ⌘ �⇢

term present at O(↵) in this relation accounts for 1-
loop quantum corrections growing like mt

2; the latter
can be resummed to all orders, together with the ir-
reducible 2-loop contributions �⇢(2), computed in the
heavy top limit in Ref. [23]; the replacement Gµ !

Gµ/
�
1��⇢(1) ��⇢(2)

�
thus includes in the predictions

a class of universal higher-order corrections.

THE DRELL-YAN PROCESS

We study at NLO-EW the neutral current (NC)
DY process, in the setup described in [24], with the
POWHEG code [25], focusing on the invariant mass forward-
backward asymmetry AFB(M2

Z). Given the gauge in-
variant separation of photonic and weak corrections, we
focus on the latter to discuss the main features of the
(Gµ,MZ , sin

2 ✓`eff ) schemes, in view of a direct deter-

mination of sin2 ✓`eff . We first consider the impact of
the radiative corrections, for fixed values of all the input
parameters and then we evaluate the parametric uncer-
tainty due to a variation of the top mass mt. Both e↵ects
contribute to limit the precision of the predictions of the
DY distributions. We eventually consider the sensitiv-
ity of the latter to a variation of the sin2 ✓`eff value, for
a fixed choice of all the other inputs. We compare the
results of the (Gµ,MZ , sin

2 ✓`eff ) and of the traditional
(Gµ,MW ,MZ) schemes.
The absolute change �AFB of AFB(M2

Z) computed
with NLO weak virtual corrections with respect to the

The request that the tree-level relation holds to all orders fixes the counterterm for   on-shell definitionsin2 θlep
eff

The renormalised angle is identified with the LEP leptonic effective weak mixing angle
     The Z mass is defined in the complex mass scheme.
     Δr is evaluated with  as input and differs from the usual  expression 
             See also  D.C.Kennedy, B.W.Lynn,Nucl.Phys.B322, 1; F.M.Renard, C.Verzegnassi, Phys.Rev.D52,1369; 
                           A.Ferroglia, G.Ossola, A.Sirlin,Phys.Lett.B507,147; A.Ferroglia, G.Ossola, M.Passera, A.Sirlin,Phys.Rev.D65 (2002) 113002 

sin2 θlep
eff (α, mW, mZ)

43

M.Chiesa, F.Piccinini, AV, arXiv:1906.11569      
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An electroweak scheme with  as inputs(Gμ, mZ, sin2 θℓ
eff)

2

Input scheme definitions

A set of three commonly adopted SM lagrangian in-
put parameters in the gauge sector is e,MW ,MZ , which
have to be expressed in terms of three measured quanti-
ties, whose choice defines a renormalization scheme. The
relation between e,MW ,MZ and the reference measured
quantites has to be evaluated at the same perturbative
order of the scattering amplitude calculation at hand and
allows to fix the renormalization conditions. The usual
set of reference measured quantities are: ↵,MW ,MZ ,
which defines the on-shell scheme; ↵(MZ),MW ,MZ ,
which is a variant of the on-shell scheme which reabsorbs
the large logarithmic contributions due to the running of
the electromagnetic coupling from the scale 0 to MZ [16];
Gµ,MW ,MZ , which defines the Gµ scheme and is partic-
ularly suited to describe Drell-Yan processes at hadron
colliders because it allows to include a large part of the
radiative corrections in the LO predictions, guaranteeing
a good convergence of the perturbative series. For a de-
tailed description of these schemes cfr. ref. [17]. The
presence of MW among the input parameters is a nice
feature in view of a direct MW measurement at hadron
colliders via a template fit method, as described above.
On the other hand, these schemes are not suited for
high precision predictions, because of the “large” para-
metric uncertainties stemming from the present experi-
mental precision on the knowledge of MW . In fact, for
NC DY precise predictions, a LEP style scheme with
↵, Gµ,MZ would be preferred. However, in view of a
direct SM determination of the quantity sin2 ✓`eff , also

this scheme has its own shortcomings, because sin2 ✓`eff
is a calculated quantity and can not be treated as a
fit parameter. With the aim of a direct sin2 ✓`eff SM
determination, we discuss an alternative scheme, which
includes the weak mixing angle as an input parameter,
sin2 ✓, together with e and MZ . The experimental refer-
ence data are the Z boson mass value measured at LEP,
the fine structure constant ↵ and sin2 ✓`eff as defined
at LEP at the Z resonance. An additional possibility
discussed in the following is to replace ↵ with Gµ. We
will refer to these two choices as the (↵,MZ , sin

2 ✓`eff )

and the (Gµ,MZ , sin
2 ✓`eff ) input schemes. At tree level

sin2 ✓ = sin2 ✓`eff . The quantity sin2 ✓`eff is defined in
terms of the vector and axial-vector couplings of the Z
boson to leptons glV,A, measured at the Z boson peak, or

alternatively the chiral electroweak couplings glL,R and
reads (at tree level) [18]:

sin2 ✓leff =
I l3
2Ql

✓
1�

glV
glA

◆
=

I l3
Ql

✓
�glR

glL � glR

◆
, (1)

where

glL =
I l3 � sin2 ✓leff Ql

sin ✓leff cos ✓
l
eff

, glR = �
sin ✓leff
cos ✓leff

Ql . (2)

I l3 = ±
1
2 is the third component of the weak isospin and

Ql is the electric charge of the lepton in units of the
positron charge.

Renormalization

We implement the one loop renormalization of the
three input parameters by splitting the bare ones into
renormalized parameters and counterterms

M2
Z,0 = M2

Z + �M2
Z (3)

sin2 ✓0 = sin2 ✓`eff + � sin2 ✓`eff (4)

e0 = e(1 + �Ze) (5)

where the bare parameters are denoted with subscript
0. The counterterms �M2

Z and �Ze are defined as in the
usual on-shell scheme. Complete expressions are given
in Eqs. (3.19) and (3.32) of Ref. [19]. The counterterm
� sin2 ✓`eff is defined by imposing that the tree-level re-

lation Eq. (1) holds to all orders. Considering the Zll̄
vertex, the couplings gfL,R, neglecting the masses of the

lepton l, are replaced by the form factors GL,R(q2) [9]
once radiative corrections are accounted for. The e↵ec-
tive weak mixing angle has been defined at LEP/SLD by
taking the form factors at q2 = M2

Z : QUESTION: in

the LEP definition the real parts were taken in

numerator and denominator separately (e.g. Eq.

12 of Bardin-Passarino-Gruenewald)

sin2 ✓`eff ⌘
I l3
Ql

Re

✓
�G

l
R(M

2
Z)

Gl
L(M

2
Z)� Gl

R(M
2
Z)

◆
. (6)

The form factors Gi can be computed in the SM in any
input scheme that does not contain sin2 ✓`eff as input
parameter, yielding in turn, via Eq.(6), a prediction for
sin2 ✓`eff , as discussed at length in Refs. [20, 21].
In this paper instead we consider the weak mixing an-

gle as an input parameter. In order to fix its renormal-
ization condition, we write the relation between the bare
coupling and its expression in terms of form factors at
a given perturbative order, with bare masses and cou-
plings.

sin2 ✓0 =
If3
Qf

Re

 
�G

f
R(M

2
Z)

G
f
L(M

2
Z)� G

f
R(M

2
Z)

!�����
0

. (7)

We replace all the bare couplings with the renormalized
ones and the associated counterterms, Eqs. (3-5):

sin2 ✓`eff +� sin2 ✓`eff =
I l3
Ql

Re

✓
�glR � �glR

glL � glR + �glL � �glR

◆
.

(8)
where �glL,R represent the e↵ect of radiative corrections,
expressed in terms of renormalized quantities and related
counterterms. We do not consider NLO QED corrections

The weak mixing angle is related to the left- and right-handed (vector and axial-vector)  couplings of the Z boson to fermions

3

because they factorize on form factors and therefore do
not a↵ect the sin2 ✓leff definition. The e↵ective weak
mixing angle is defined to all orders by the request that
the measured value coincides with the tree-level expres-
sion; in other words, the radiative corrections that could
be reabsorbed into a redefinition of an e↵ective mixing
angle are exactly cancelled, order by order, by the coun-
terterm, which reads, at O(↵)

� sin2 ✓`eff = �
1

2

g`Lg
`
R

(g`L � g`R)
2
Re

✓
�g`L
g`L

�
�g`R
g`R

◆
. (9)

From the O(↵) corrections to the vertex Z ! `+`� we
obtain

� sin2 ✓`eff
sin2 ✓`eff

=
cos ✓`eff
sin ✓`eff

Re⌃AZ
T (M2

Z)

M2
Z

(10)

+

✓
1�

Q`

I`3
sin2 ✓`eff

◆⇥
�Z`

L + �V L
� �Z`

R � �V R
⇤
.

where ⌃AZ
T (M2

Z) contains the fermionic and bosonic con-
tributions to the �Z self-energy corrections, while the
second line of Eq. (10) stems from the vertex correc-
tions and counterterm contributions. We remark that
the �Z self-energy does not contain enhanced terms pro-
portional to m2

t . The bosonic contributions in Eq. (10)
form a gauge invariant set because they are a linear com-
bination of the corrections to the left- and right-handed
components of the Z decay amplitude into a lepton pair.
The expression of ⌃AZ

T (M2
Z) and �Zl

L/R are given in

Eqs. (B.2) and (3.20) of Ref. [19], respectively. In �Zl
L/R

we suppressed the lepton family indices. The vertex cor-
rections �V L/R are given by

�V L =
�
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�
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�

+
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and the vertex functions Va and Vb are given in Eqs. (C.1)
and (C.2) of Ref. [19], respectively.

The renormalization condition that the mea-

sured e↵ective leptonic weak mixing angle

matches the tree-level expression to all orders in

perturbation theory applies, following the LEP

definition, to the ratio of the real part of the

vector and axial-vector form factors. Since the

Green’s functions associated to the Zff̄ vertex

satisfy the Ward identities [22] for an arbitrary

complex value of the weak mixing angle, then dif-

ferent prescriptions can be devised to assign the

imaginary part of the counterterm and, in turn,

of the weak mixing angle at q2 = M2
Z .

The Gµ scheme

The muon decay amplitude allows to establsh a rela-
tion between ↵, Gµ,MZ and sin2 ✓`eff which reads

sin2 ✓`eff cos ✓2effM
2
Z =

⇡↵
p
2Gµ

(1 +�r̃) . (12)

with the following expression for �r̃

�r̃ = �↵(s)��⇢+�r̃rem (13)
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We note the appearance of the combination �↵(s)��⇢,
which di↵ers from the corresponding one for �r in the

(↵,MWMZ) on-shell scheme �↵(s)� c2W
s2W

�⇢. The �r̃rem
correction does not contain any term enhanced by a
mt

2 factor, nor large logarithmically enhanced contribu-
tions. Using Eq. 12 to derive an e↵ective electromagnetic
coupling, it is possible to convert results computed in
the (↵,MZ , sin

2 ✓`eff ) scheme in the corresponding ones

in the (Gµ,MZ , sin
2 ✓`eff ) schemes. The �⇢(1) ⌘ �⇢

term present at O(↵) in this relation accounts for 1-
loop quantum corrections growing like mt

2; the latter
can be resummed to all orders, together with the ir-
reducible 2-loop contributions �⇢(2), computed in the
heavy top limit in Ref. [23]; the replacement Gµ !

Gµ/
�
1��⇢(1) ��⇢(2)

�
thus includes in the predictions

a class of universal higher-order corrections.

THE DRELL-YAN PROCESS

We study at NLO-EW the neutral current (NC)
DY process, in the setup described in [24], with the
POWHEG code [25], focusing on the invariant mass forward-
backward asymmetry AFB(M2

Z). Given the gauge in-
variant separation of photonic and weak corrections, we
focus on the latter to discuss the main features of the
(Gµ,MZ , sin

2 ✓`eff ) schemes, in view of a direct deter-

mination of sin2 ✓`eff . We first consider the impact of
the radiative corrections, for fixed values of all the input
parameters and then we evaluate the parametric uncer-
tainty due to a variation of the top mass mt. Both e↵ects
contribute to limit the precision of the predictions of the
DY distributions. We eventually consider the sensitiv-
ity of the latter to a variation of the sin2 ✓`eff value, for
a fixed choice of all the other inputs. We compare the
results of the (Gµ,MZ , sin

2 ✓`eff ) and of the traditional
(Gµ,MW ,MZ) schemes.
The absolute change �AFB of AFB(M2

Z) computed
with NLO weak virtual corrections with respect to the

The request that the tree-level relation holds to all orders fixes the counterterm for   on-shell definitionsin2 θlep
eff

The renormalised angle is identified with the LEP leptonic effective weak mixing angle
     The Z mass is defined in the complex mass scheme.
     Δr is evaluated with  as input and differs from the usual  expression 
             See also  D.C.Kennedy, B.W.Lynn,Nucl.Phys.B322, 1; F.M.Renard, C.Verzegnassi, Phys.Rev.D52,1369; 
                           A.Ferroglia, G.Ossola, A.Sirlin,Phys.Lett.B507,147; A.Ferroglia, G.Ossola, M.Passera, A.Sirlin,Phys.Rev.D65 (2002) 113002 

sin2 θlep
eff (α, mW, mZ)
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M.Chiesa, F.Piccinini, AV, arXiv:1906.11569      

This scheme allows to express any observable as     

     so that templates as a function of   can be easily generated

      →  direct relation between the data and the parameter of interest

      →  simple estimate of all the systematic effects, theoretical and experimental

The result of the fit in this scheme can be directly combined with LEP results

𝒪 = 𝒪(Gμ, mZ, sin2 θlep
eff )

sin2 θlep
eff
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Table 3 Measurement of selected precision measurements at FCC-ee, compared with present precision.
Statistical errors are indicated in boed phase. The systematic uncertainties are initial estimates, aim is to
improve down to statistical errors. This set of measurements, together with those of the Higgs properties,
achieves indirect sensitivity to new physics up to a scale ! of 70 TeV in a description with dim 6 operators,
and possibly much higher in specific new physics (non-decoupling) models

Observable Present value ± error FCC-ee stat. FCC-ee syst. Comment and leading exp. error

mZ (keV) 91186700 ± 2200 4 100 From Z line shape scan

Beam energy calibration

"Z (keV) 2495200 ± 2300 4 25 From Z line shape scan

Beam energy calibration

sin2θeff
W (×106) 231480 ± 160 2 2.4 from Aµµ

FB at Z peak

Beam energy calibration

1/αQED(m2
Z)(×103) 128952 ± 14 3 Small From Aµµ

FB off peak

QED&EW errors dominate

RZ
% (×103) 20767 ± 25 0.06 0.2–1 Ratio of hadrons to leptons

Acceptance for leptons

αs(m2
Z) (×104) 1196 ± 30 0.1 0.4–1.6 From RZ

% above

σ 0
had (×103) (nb) 41541 ± 37 0.1 4 Peak hadronic cross section

Luminosity measurement

Nν (×103) 2996 ± 7 0.005 1 Z peak cross sections

Luminosity measurement

Rb (×106) 216290 ± 660 0.3 < 60 Ratio of bb̄ to hadrons

Stat. extrapol. from SLD

Ab
FB, 0 (×104) 992 ± 16 0.02 1–3 b-quark asymmetry at Z pole

From jet charge

Apol,τ
FB (×104) 1498 ± 49 0.15 <2 τ polarization asymmetry

τ decay physics

τ lifetime (fs) 290.3 ± 0.5 0.001 0.04 Radial alignment

τ mass (MeV) 1776.86 ±0.12 0.004 0.04 Momentum scale

τ leptonic
(µνµντ ) B.R. (%)

17.38 ±0.04 0.0001 0.003 e/µ/hadron separation

mW (MeV) 80350 ± 15 0.25 0.3 From WW threshold scan

Beam energy calibration

"W (MeV) 2085 ± 42 1.2 0.3 From WW threshold scan

Beam energy calibration

αs(m2
W)(×104) 1170 ± 420 3 Small from RW

%

Nν (×103) 2920 ± 50 0.8 Small Ratio of invis. to leptonic
in radiative Z returns

mtop (MeV/c2) 172740 ± 500 17 Small From tt̄ threshold scan
QCD errors dominate

"top (MeV/c2) 1410 ± 190 45 Small From tt̄ threshold scan

QCD errors dominate
λtop/λ

SM
top 1.2 ± 0.3 0.10 Small From tt̄ threshold scan

QCD errors dominate
ttZ couplings ± 30% 0.5–1.5% Small From

√
s = 365 GeV run
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FCC precision target
see A.Blondel, P.Janot arXiv:2106.13885      
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The LEP/SLD legacy:  determination; two distinct approaches (  fit)sin2 θlep
eff mt, mH

 ·SM prediction of xsecs and asymmetries computed as a function of 

 ·  and  fit to the data to maximise the agreement

 ·  has then been computed in the SM using Zfitter/TOPAZ0 with best  and  values

    and compared with the pseudo observable determination (next slide)

(α, Gμ, mZ; mt, mH)

mt mH

sin2 θlep
eff mt mH

45

A. Freitas, J. Gluza, S. Jadach

Fig. C.1: Construction of EWPOs in data analysis of the LEP

Ref. [193], O(↵1
) QED analytical calculations, and the effective Born amplitudes of the EWPO scheme. As

already noticed and strongly emphasized in Ref. [114], the sticking point was that these scenarios could be
invalidated by the initial–final-state interference (IFI) contributions, for various reasons. For instance, the con-
volution of the ISR structure function involves integration over the effective mass

p
s0 after ISR and before

final-state radiation (FSR). If IFI is switched on, this variable loses its physical meaning. The solution was to
introduce an acollinearity cut, which approximately limited s0, accompanied with a cut-off of the angle of one
of the final fermions, leaving the angle of the other one uncontrolled.

In the (B)!(C) transition in Fig. C.1, an effective Born term is used in the fitter programs instead
of complete EW corrections. The differential distribution of the effective Born term is obtained from spin
amplitudes of the e

�
e
+ ! f f̄ process, with the carefully defined (real) effective coupling constants of � and

Z bosons to electrons and other fermions f = e, µ, ⌧, u, d, s, c, b. In fact, the differential distribution of the
effective Born term in Eq. (1.34) of Ref. [16] is in one-to-one correspondence with the spin amplitudes of
Eq. (C.45), or the Born version of Eqs. (C.70)–(C.71) and (C.72)–(C.75), with adjustable parameters being
MZ, �Z, ↵em(MZ) and Z couplings for each fermion type, af and vf .

This one-to-one correspondence of the parameters of the effective Born term at the amplitude level, that
is, four couplings per fermion, and the mass and width of the Z boson – which will be referred to as EW
‘pseudo-parameters’ (EWPPs)10 – means, in practice, that from their values one easily obtains partial widths
proportional to a2f + v2f , hadronic peak cross-sections, and all possible charge and spin asymmetries, being
simple functions of vf/af (Eqs. (1.37), (1.45), and (1.51)-(1.54) in Ref. [16]), either during the data fitting
procedure or when obtaining final or fitted EWPOs for each experiment.

The list of EWPOs in Ref. [16] representing LEP/SLC data consists of MZ, �Z, �(0)
had, R(0)

f , A(0),f
FB ,

f = e, µ, ⌧, c, b (see Tables 2.5, 2.13, and 5.10 therein). The EWPOs created at stage (C) separately for each
LEP and SLD collaboration were then combined into common EWPOs, with the experimental error reduced
by roughly a factor of two.11 The number of the combined EWPOs was still much greater than the number of

10The prefix ‘pseudo-’ emphasizes the fact that these parameters are different from the Standard Model Lagrangian
parameters.

11In principle, EWPPs can be re-derived from EWPOs after combining over experiments.
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 ·parameterisation of xsecs and asymmetries at the Z resonance in terms of pseudoobservables (≠ SM observables)

 ·fit of the Z-resonance model to the data   → experimental values of the pseudoobservables

 ·tree-level relation between the experimental Z decay widths (subtracted of QED/QCD effects).  and the ratio  

       → algebraic solution for  → effective angle

gV /gA

sin2 θlep
eff

mZ, ΓZ, σ0
had, R0

e , R0
μ, R0

τ , A0,e
FB , A0,μ

FB , A0,τ
FB

The LEP/SLD legacy:  determination; two distinct approaches (pseudoobservables)sin2 θlep
eff

A. Freitas, J. Gluza, S. Jadach

Fig. C.1: Construction of EWPOs in data analysis of the LEP
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) QED analytical calculations, and the effective Born amplitudes of the EWPO scheme. As
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invalidated by the initial–final-state interference (IFI) contributions, for various reasons. For instance, the con-
volution of the ISR structure function involves integration over the effective mass

p
s0 after ISR and before

final-state radiation (FSR). If IFI is switched on, this variable loses its physical meaning. The solution was to
introduce an acollinearity cut, which approximately limited s0, accompanied with a cut-off of the angle of one
of the final fermions, leaving the angle of the other one uncontrolled.

In the (B)!(C) transition in Fig. C.1, an effective Born term is used in the fitter programs instead
of complete EW corrections. The differential distribution of the effective Born term is obtained from spin
amplitudes of the e

�
e
+ ! f f̄ process, with the carefully defined (real) effective coupling constants of � and

Z bosons to electrons and other fermions f = e, µ, ⌧, u, d, s, c, b. In fact, the differential distribution of the
effective Born term in Eq. (1.34) of Ref. [16] is in one-to-one correspondence with the spin amplitudes of
Eq. (C.45), or the Born version of Eqs. (C.70)–(C.71) and (C.72)–(C.75), with adjustable parameters being
MZ, �Z, ↵em(MZ) and Z couplings for each fermion type, af and vf .

This one-to-one correspondence of the parameters of the effective Born term at the amplitude level, that
is, four couplings per fermion, and the mass and width of the Z boson – which will be referred to as EW
‘pseudo-parameters’ (EWPPs)10 – means, in practice, that from their values one easily obtains partial widths
proportional to a2f + v2f , hadronic peak cross-sections, and all possible charge and spin asymmetries, being
simple functions of vf/af (Eqs. (1.37), (1.45), and (1.51)-(1.54) in Ref. [16]), either during the data fitting
procedure or when obtaining final or fitted EWPOs for each experiment.

The list of EWPOs in Ref. [16] representing LEP/SLC data consists of MZ, �Z, �(0)
had, R(0)

f , A(0),f
FB ,

f = e, µ, ⌧, c, b (see Tables 2.5, 2.13, and 5.10 therein). The EWPOs created at stage (C) separately for each
LEP and SLD collaboration were then combined into common EWPOs, with the experimental error reduced
by roughly a factor of two.11 The number of the combined EWPOs was still much greater than the number of

10The prefix ‘pseudo-’ emphasizes the fact that these parameters are different from the Standard Model Lagrangian
parameters.

11In principle, EWPPs can be re-derived from EWPOs after combining over experiments.
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The LEP/SLD legacy:  determinationsin2 θlep
eff

The  determination from pseudo-observables at LEP depended on:

         ·high precision in the measurement of the xsec e+e- → hadrons

         ·separation of individual flavours

         ·deconvolution of large universal QED/QCD corrections (Zfitter/TOPAZ0)

         ·subtraction of SM non-factorisable contributions (Zfitter/TOPAZ0)

                    checked to be small, weakly dependent on   and precise compared to the LEP/SLD precision target

            → factorised expression (initial)x(final) form factors                 

sin2 θlep
eff

sin2 θlep
eff

Aexp
FB (m2

Z) − 𝒜nonfact =
3
4

𝒜e𝒜f
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The LEP/SLD legacy:  determinationsin2 θlep
eff

 · The LEP precision justified the above assumptions

 · The model of the Z resonance in terms of factorised pseudo observable (≠SM) contains  as extra free parameter

 · The analysis was to a large extent model independent,  for the New Physics effects appearing in the oblique corrections
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sin2 θlep
eff

At future e+e- colliders we (still) have to demonstrate that all the above hypotheses hold

we possibly need 3-loop calculation to control the subtraction terms arXiv:1901.02648, 1906.05379

                                               and to define the pseudoobservables

All the pseudoobservables at the Z resonance known at full 2-loop EW I.Dubovyk, A.Freitas, J.Gluza, T.Riemann, J.Usovitsch, arXiv:1906.08815
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         ·deconvolution of large universal QED/QCD corrections (Zfitter/TOPAZ0)

         ·subtraction of SM non-factorisable contributions (Zfitter/TOPAZ0)

                    checked to be small, weakly dependent on   and precise compared to the LEP/SLD precision target

            → factorised expression (initial)x(final) form factors                 

sin2 θlep
eff

sin2 θlep
eff

Aexp
FB (m2

Z) − 𝒜nonfact =
3
4

𝒜e𝒜f
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A proposal

Thanks to the impressive progress in computing  and relying on a scheme where  appears among the inputs

we can analyse FCC-ee data around the  Z resonance using a template fit approach, as in  M.Chiesa, F.Piccinini, AV, arXiv:1906.11569      

Pro’s  

 ·no need to deconvolute QED effects (problematic beyond LL )

 ·no need to subtract non-factorizable corrections (and in any case one has to compute the difficult corrections!)

    → robust and uniquely defined  SM description of the observables (xsecs and asymmetries)

 ·direct access to  and direct estimation of the associated uncertainties

 ·possibility to repeat the analysis at different energies (thanks to exact dependence on energy, no resonance expansion)

Con’s or ?

  ·this approach provides “only” a consistency test of the SM: the best  value in that hypothesis and the associated 

     → need to workout a similar analysis tool in SMEFT to repeat the same study 

  ·the precision of the templates must reach an outstanding level → reduction of MC fluctuations = very CPU intensive

sin2 θlep
eff

sin2 θlep
eff

sin2 θlep
eff χ2

48



Theoretical and computational 
challenges
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QED factorisation in the radiative corrections to e+e- → f fbar

e+

e- f

fbar

ISR

IFI

FSR

The largest QED corrections are associated to soft and/or collinear emissions:

L=log(s/me²)~24,     l=(δE/E)

Factorisation properties of the soft and/or collinear amplitudes
  allow to separate the bulk of the QED corrections from the hard scattering process 

The inclusion of non-factorizable terms, potentially large, requires a complex dedicated study
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Figure 1: Born diagrams for the qq̄ (a) and for the γγ (b,c) subprocesses.

l−(p3) l+(p4), which is depicted in figure 1 (a). This process is a neutral current pro-

cess and its amplitude, neglecting the Higgs-boson contribution, is mediated by s-channel

photon and Z-boson exchange. In the unitary gauge, the tree-level amplitude reads as
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Mγ = − e2 QqQl
gµν − kµkν/s

s
[v̄(p2)γ

µu(p1)] [ū(p3)γ
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where mZ is the Z-boson mass and ΓZ is the Z decay width, necessary to describe the Z

resonance region, s = (p1 + p2)2 is the squared partonic center-of-mass (c.m.) energy and

kµ = pµ
1 + pµ

2 , α = e2/(4π) is the fine structure constant, cθ ≡ mW /mZ is the cosine of

the weak mixing angle. The vector and axial-vector couplings of the Z-boson to fermions

are vf = Tf − 2Qfs2
θ and af = −Tf where Tf = ±1/2 is the third component of the weak

isospin and Qf is the electric charge of the fermion f .

The subprocess γ(p1) γ(p2) → l−(p3) l+(p4), which is depicted in figure 1 (b,c), is, at

lowest order, a pure QED reaction, whose differential cross section, in the partonic c.m.

frame and neglecting all fermion masses, reads as

dσ̂γγ

d cos θ
=

2πα2

s

(

1 + cos2 θ

sin2 θ

)

(2.2)

2.2 The O(α) calculation

The complete O(α) EW corrections to the neutral current Drell-Yan process have already

been computed in refs. [12, 13]. We have repeated independently the calculation and

included in addition the photon-induced processes. We summarize here the main features

of our approach.

The O(α) corrections include the contribution of real and virtual corrections. The

virtual corrections follow from the perturbative expansion of the 2 → 2 scattering amplitude
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µγ5)u(p1)] [ū(p3) (vl γν + alγ

νγ5) v(p4)]

≡ −
e2

s2
θc

2
θ

gµν − kµkν/s

s − m2
Z + iΓZmZ

Jµ
Z,qq̄J

ν
Z,l+l−

where mZ is the Z-boson mass and ΓZ is the Z decay width, necessary to describe the Z

resonance region, s = (p1 + p2)2 is the squared partonic center-of-mass (c.m.) energy and

kµ = pµ
1 + pµ

2 , α = e2/(4π) is the fine structure constant, cθ ≡ mW /mZ is the cosine of

the weak mixing angle. The vector and axial-vector couplings of the Z-boson to fermions

are vf = Tf − 2Qfs2
θ and af = −Tf where Tf = ±1/2 is the third component of the weak

isospin and Qf is the electric charge of the fermion f .

The subprocess γ(p1) γ(p2) → l−(p3) l+(p4), which is depicted in figure 1 (b,c), is, at

lowest order, a pure QED reaction, whose differential cross section, in the partonic c.m.

frame and neglecting all fermion masses, reads as

dσ̂γγ

d cos θ
=

2πα2

s

(

1 + cos2 θ

sin2 θ

)

(2.2)

2.2 The O(α) calculation

The complete O(α) EW corrections to the neutral current Drell-Yan process have already

been computed in refs. [12, 13]. We have repeated independently the calculation and

included in addition the photon-induced processes. We summarize here the main features

of our approach.

The O(α) corrections include the contribution of real and virtual corrections. The

virtual corrections follow from the perturbative expansion of the 2 → 2 scattering amplitude

– 4 –

e-

e+

JHEP10(2007)109

(a)

q

q̄

l−

l+γ, Z

(b)

γ

γ

l−

l+

(c)

γ

γ

l−

l+

Figure 1: Born diagrams for the qq̄ (a) and for the γγ (b,c) subprocesses.

l−(p3) l+(p4), which is depicted in figure 1 (a). This process is a neutral current pro-

cess and its amplitude, neglecting the Higgs-boson contribution, is mediated by s-channel

photon and Z-boson exchange. In the unitary gauge, the tree-level amplitude reads as

M0 = Mγ + MZ (2.1)

Mγ = − e2 QqQl
gµν − kµkν/s

s
[v̄(p2)γ

µu(p1)] [ū(p3)γ
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Let us discuss as a complete example the NNLO QCD-EW corrections to NC Drell-Yan,  preliminary to NNLO-EW
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The Neutral Current Drell-Yan cross section in the SM: perturbative expansion

52

 
                                   
                                   
                                  

σ(h1h2 → ℓℓ̄ + X) = σ(0,0)+
αs σ(1,0) + α σ(0,1)+
α2

s σ(2,0) + α αs σ(1,1)+α2 σ(0,2)+
α3

s σ(3,0) + . . .

σ(h1h2 → ll̄ + X) = ∑
i,j=qq̄,g,γ

∫ dx1 dx2 f h1
i (x1, μF) f h2

j (x2, μF) ̂σ(ij → ll̄ + X)

0 additional partons         ,                    including virtual corrections of 

                                      ,                including virtual corrections of 
1 additional parton
                                      ,                 including virtual corrections of 

2 additional partons          

                                              at tree level

qq̄ → ll̄ γγ → ll̄ 𝒪(αs), 𝒪(α), 𝒪(ααs)

qq̄ → ll̄g qg → ll̄q 𝒪(α)

qq̄ → ll̄γ qγ → ll̄q 𝒪(αs)

qq̄ → ll̄gγ, qg → ll̄qγ, qγ → ll̄qg, gγ → ll̄qq̄
qq̄ → ll̄qq̄, qq̄ → ll̄q′￼̄q′￼, qq′￼→ ll̄qq′￼, qq̄′￼→ ll̄qq̄′￼, qq → ll̄qq

  requires the evaluation of the xsecs of the following processes, including photon-inducedσ(1,1)
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Different kinds of contributions at  and corresponding problems𝒪(ααs)

53

double-real contributions
      amplitudes are easily generated with OpenLoops
      IR subtraction 
      care about the numerical convergence when aiming at 0.1% precision

real-virtual contributions
     amplitudes are easily generated with OpenLoops or Recola
     1-loop UV renormalisation and IR subtraction
     care about the numerical convergence when aiming at 0.1% precision

double-virtual contributions
     generation of the amplitudes
      treatment
     2-loop UV renormalization
     subtraction of the IR divergences
     solution and evaluation of the Master Integrals
     numerical evaluation of the squared matrix element
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The double virtual amplitude: generation of the amplitude

54

ℳ(0,0)(qq̄ → ll̄) =

ℳ(1,1)(qq̄ → ll̄) =
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μγ
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μ

μ�
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O(1000) self-energies + O(300) vertex corrections +O(130) box corrections + 1loop x 1loop 
     (before discarding all those vanishing for colour conservation, e.g. no fermonic triangles)
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Figure 6. Two-loop two-mass MIs T1,...,36. The conventions are as in figure 3.

– 20 –

2 Re (ℳ(1,1)(ℳ(0,0))†) =
NMI

∑
i=1

ci(s, t, m; ε) 𝒯i(s, t, m; ε)

The double virtual amplitude: reduction to Master Integrals

  • The coefficients  are rational functions of the invariants, masses and of 

     The size of the individual expressions can rapidly “explode” to O(1GB)
    → careful work to identify the patterns of recurring subexpressions
         keeping the total size in the O(1 MB) range

  •  The complexity of the MIs depends on the number of energy scales
     
      In NC DY
       - at NNLO QCD-EW  at most 2 internal massive lines with the same mass value

       - at NNLO-EW we may have up to 7 internal massive lines + 2 external massive lines

  •  Since W and Z are unstable, we must deal with complex-valued masses in the integrals

ci ε

2-masses MIs

55

  • The thousands of Feynman integrals present in the amplitude can be reduced
          to a smaller set of “Master Integrals”
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56

Evaluation of the Master Integrals by series expansions
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345

The Master Integrals satisfy a system of differential equations. → solution by series expansion. 
The package DiffExp by M.Hidding, arXiv:2006.05510 implements this idea, for real valued masses, with real kinematical vars.

But we need complex-valued masses of  W and Z bosons (unstable particles) → we wrote a new package (SeaSyde)
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Evaluation of the Master Integrals by series expansions
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345

The Master Integrals satisfy a system of differential equations. → solution by series expansion. 
The package DiffExp by M.Hidding, arXiv:2006.05510 implements this idea, for real valued masses, with real kinematical vars.

But we need complex-valued masses of  W and Z bosons (unstable particles) → we wrote a new package (SeaSyde)

Complete knowledge about the singular structure of the MI 
can be read directly from the differential equation matrix

The solution can be computed with an arbitrary number of significant digits, 
but not in closed form  → semi-analytical 

Applicable to an arbitrary integrals with any number of internal/external masses 
→ ready for NNLO-EW applications

We implemented the series expansion approach, for arbitrary complex-valued masses, 
working in the complex plane of each kinematical variable, one variable at a time
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The package DiffExp by M.Hidding, arXiv:2006.05510 implements this idea, for real valued masses, with real kinematical vars.
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The solution can be computed with an arbitrary number of significant digits, 
but not in closed form  → semi-analytical 

Applicable to an arbitrary integrals with any number of internal/external masses 
→ ready for NNLO-EW applications
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Open questions:   mass renormalisation scheme at 2-loop EW

resonances require the treatment of the particle decay-width

pole expansions (Laurent expansion of the amplitude) are valid only in the vicinity of the resonances

the complex-mass renormalisation scheme A. Denner, S.Dittmaier, arXiv:hep-ph/0605312      
provides a general, gauge invariant, definition of mass:
a complex quantity  identified as the pole of the propagator in the complex q² plane

             

             
    
it is formally proven in general (Ward identities satisfied by the Green’s functions)
    but it requires a careful handling 
    of all the imaginary parts of the amplitudes and of the renormalised parameters
    (e.g.  evaluation of the self-energies at complex q²
            avoid double counting of self-energy and vertex terms already present in the complex mass)

    not yet systematically explored beyond NLO-EW

    need to evaluate the remaining theoretical ambiguities in the mass definition

μ2
W = M2

W − iMWΓW μ2
Z = M2

Z − iMZΓZ

δμ2
V = ΣVV(μ2

V) δ𝒵V = − Σ′￼VV(μ2
V)
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QED factorisation in the radiative corrections to e+e- → f fbar

e+

e- f

fbar

ISR

IFI

FSR

Different approaches to 
the evaluation to all orders of QED corrections and for the matching with fixed-order calculations:

   1)  flux functions (ZFITTER)

   2)  QED Parton Shower solution of DGLAP equations matched at NLO-EW (BabaYaga/HORACE)

   3)  CEEX 

   4)  MC@NLO

cfr. Snowmass 2021   S.Frixione, E.Laenen et al., 2203.12557
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Leptonic Parton Distribution Functions

       ·Parton Distribution Functions for the leptons 

            → allow to introduce the collinear factorisation formalism in the description of e+e- collisions

            → contrary to the proton case, the initial conditions of the DGLAP equations can be computed from first principles

            → every lepton has a partonic content in terms of (electron, positron, photon, quarks )

            → the resummation to all orders of the initial state collinear logs is available at NLL via DGLAP

                 (NNLL, N3LL yet to come, possible thanks to the corresponding results in QCD)

       ·Questions:

             - which resummation (soft vs collinear) has the largest impact on the ultimate precision for the Z lineshape prediction ? 

              cfr. Snowmass 2021   S.Frixione, E.Laenen et al., 2203.12557

            - is the matching between all-orders QED and fixed-order EW understood, in presence of unstable particles ?

σ(l+l− → ff̄ + X) = ∑
i,j=e−, e+, γ,q

∫ dx1 dx2 f l+

i (x1, μF) f l−

j (x2, μF) ̂σ(ij → ff̄ + X)

S.Frixione, 1909.03886,
V.Bertone, M.Cacciari, S.Frixione, G.Stagnitto, arXiv:1911.12040
V.Bertone, M.Cacciari, S.Frixione, G.Stagnitto, M.Zaro, arXiv:2207.03265
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Conclusions

The precision determination of one EW parameter like  or   is a useful illustration of the problems

arising when we consider the ultimate combination of the results obtained at different experiments

     - importance of a unique definition   →  need for a scheme which includes the very same weak mixing angle as input

     - SM corrections can fake a contribution  →  best SM predictions (N3LO-EW ? ) can remove the mismatch

     - the  running can be exploited for a powerful test of the SM 
              → relevance of low- and high-mass determinations 
              → an additional possibility to exploit the FCC-ee precision at all available energies     

to be done:
Completion of some the most challenging calculations in the EW SM and in QFT in general

Development of a framework for the description of multiple QED and QCD radiation and matching with fixed-order results

Preparation of efficient tools for the generation of O(10^10) events needed for a precise fit

sin2 θlep
eff sin2 ̂θ(μR)

sin2 ̂θ(μR)
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   parametric uncertainty and perturbative convergenceAFB mt
M.Chiesa, F.Piccinini, AV, arXiv:1906.11569      

prediction for  at the LHC in the  input scheme (red),    comparison with    (blue)

faster perturbative convergence       →    good control over the systematic uncertainties of the templates used to fit the data

very weak parametric  dependence 

 offer a very effective parameterisation of the Z resonance in terms of  normalisation, position, shape 

AFB (Gμ, mZ, sin2 θℓ
eff ) (Gμ, mW, mZ)

mt

(Gμ, mZ, sin2 θℓ
eff )
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Open questions:  matching NNLO-EW with QED resummation

 in the CEEX matching approach, we need to
 identify the matching coefficients  between the full calculation and the soft-exponentiated xsec
 → identification of the relevant gauge invariant subsets of the amplitude

The coupling of photons and Ws must be handled with care 
     (respect gauge invariance and avoid double counting of imaginary parts 
       when the virtual corrections are included)
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Matching schemes in the EW sector

ZFITTER flux functions, radiator functions

The complete scattering is described (LEP approach in ZFITTER) as 

   the convolution of a hard scattering cross section with flux functions

                                         

The flux functions encode the angular dependence of the final state recoiling against radiation.

                            have been computed at exact O(α) with soft photon exponentiation,  

                            for ISR/FSR/IFI, inclusive or with cuts 

The formulation naturally arises in the construction and dressing of a Born-improved approximation

→ Are the best available flux functions sufficiently precise and flexible?

σ(s) = ∫ ds′￼
1
s

ρ(
s′￼

s
) σ(s′￼) ρ = ρISR + ρFSR + ρIFI
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Matching schemes in the EW sector

  Monte Carlo event generators for ffbar → f ’f ’bar production with EW corrections

          multiple photon radiation implemented via QED Parton Shower algorithm

          resummation to all orders of leading logarithms of collinear and soft origin

          matching with exact O(α) matrix elements;   

          matrix element corrections applied to all emitted photons (improvement towards O(α²) accuracy)

  →  is it possible to formulate a matching at NNLO level ?

FSV = 1 +
dσ

α,ex
SV − dσ

α,PS
SV

dσ0

FH,i = 1 +
dσ

α,ex
H,i − dσ

α,PS
H,i

dσ
α,PS
H,i

ΠS(Q2)FSV

∞
∑

n=0

dσ̂0

1

n!

n
∏

i=0

( α

2π
P (xi) I(ki) dxi d cos θi FH,i

)

dσ
∞

matched =

HORACE / BabaYaga matching scheme
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Matching schemes in the EW sector

       ·amplitude level exponentiation of the soft-photon emissions

        ·soft photon contributions exponentiated on top of any amplitude 

       ·collinear contributions and hard process dependent corrections are systematically included

              order by order in perturbation theory

        ·resummation of ISR mass logarithms not possible in this formalism

         KKMC   Monte Carlo code for the simulation of fermion-pair production in e+e- annihilation

                      it includes the full O(α) EW, from DIZET (2→2 process)

                      exact matrix elements for one- and two-photon emissions in QED,

                      properly matched with soft-photon exponentiation à la YFS

  ·Recent developments for the electron mass dependence of second order corrections arXiv:1910.05759

  ·Discussion about the matching in a full EW calculation (determination of  coefficients)̂β(r)
n

C.2 Higher-order radiative corrections, matrix elements, EWPOs

approaches in specific cases. One is the exact two-loop renormalization of small-angle QED Bhabha scattering
for small electron mass [145–147]. A systematic approach to the solution of the QED infrared problem in e

+
e
�

annihilation including resummation and proper treatment of the narrow neutral resonances, like the Z peak, was
deduced by the Kraków group [34, 148, 149], and is briefly introduced in the following subsection.

The understanding and safe numerical handling of the higher-order IR structure of cross-sections around
the Z peak is, of course, an old topic of research, see Refs. [34, 148–159]. The IR problem is certainly one of
the most demanding theoretical issues of future FCC-ee Tera-Z studies.

2.7 Electroweak and QED corrections in the CEEX scheme of KKMC
Let us explain briefly in the following short overview how the EW parts of the Standard Model corrections
to fermion pair production in electron–positron annihilation are actually embedded in the most sophisticated
scheme CEEX5 of the QED calculations with soft photon resummation of Refs. [148, 149], as implemented in
the KKMCMonte Carlo event generator [34]. We are going to follow the notation of Ref. [149], suppressing spin
or spinor indices for simplicity. It will also be shown that it is rather easy to modify the existing implementation
of the EW part in CEEX of KKMC, such that it precisely follows the S-matrix approach advocated in this section,
i.e., following in practice what is described around Eq. (C.116).

In the CEEX factorization scheme, the cross-section for the process

e
�
(pa) + e

+
(pb) ! f(pc) + f̄(pd) + �(k1), . . . , �(kn)

with complete perturbative corrections up to O(↵r
) and soft photon resummation reads as follows:
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, (C.120)

where the virtual form factor B4 is factorized (exponentiated) and real emission factors s are also factorized
out:6
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such that the subtracted amplitudes �̂(r)
j

are IR-finite. Resummation, that is spin summing or averaging of the
squared amplitudes and the phase space integration

R
d⌧n, is performed numerically in a separate Monte Carlo

module of the KKMC, independent from the other part of the KKMC where spin amplitudes M(r)
n (p, k1, k2, k3,

. . . , kn) are constructed and evaluated. The S-matrix methodology of Eqs. (C.111)–(C.116) is relevant for the
2 ! 2 Born-like object �̂(r)

0 . In the O(↵2
) (r = 2) implementation of KKMC, this object reads:

�̂(2)
0 (p) = M(2)

0 (p) =
h
e
�↵B4(p)M(2)

0 (p)
i ���

O(↵2)
, (C.122)

where M(2)
0 (p) represents Born spin amplitudes corrected up to two loops, derived directly from Feynman

diagrams. In practice, the non-soft parts of the QED corrections are complete in �̂(2)
0 (p) up to two loops,

while the EW corrections are taken from DIZET 6.21 [32] (i.e., they are at 1+1/2 loops), exactly according
to the prescription shown in Eq. (C.124); see also Eqs. (21)–(24) in Ref. [34]. This implementation of the
EW corrections in KKMC can easily be modified to be compatible with the S-matrix approach, following the
prescription of Eqs. (C.125)–(C.129)).

5CEEX stands for coherent exclusive exponentiation.
6Momenta of all fermions pa, pb, pc, pd are denoted collectively as p.
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CEEX  (Coherent Exclusive EXponentiation)
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MW and the lepton transverse momentum distribution in charged-current Drell-Yan

The lepton transverse momentum distribution has a jacobian peak 

induced by the factor   .

When studying the W resonance region, the peak appears at 

Kinematical end point at   at LO

The decay width allows to populate the upper tail of the distribution

Sensitivity to soft radiation → double peak at NLO-QCD

The QCD-ISR next-to-leading-log resummation broadens the distribution
and cures the sensitivity to soft radiation at the jacobian peak.
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MW determination from the WW threshold scan

Figure 16. W-pair production cross section as a function of the e+e� collision energy ECM. The
central curve corresponds to the predictions obtained with mW = 80.385 GeV and �W = 2.085 GeV.
Purple and green bands show the cross section curves obtained varying the W mass and width by
±1 GeV.

Taking data at a single energy point the statistical sensitivity to the W mass with a
simple event counting is given by

�mW(stat) =

✓
d�WW

dmW

◆�1 p�WW
p
L

1
p
✏p

(16.1)

where L is the data integrated luminosity, ✏ the event selection efficiency and p the
selection purity. The purity can be also expressed as

p =
✏�WW

✏�WW + �B

where �B is the total selected background cross section.
A systematic uncertainty on the background cross section will propagate to the W mass

uncertainty as

�mW(B) =

✓
d�WW

dmW

◆�1 ��B
✏

. (16.2)

Other systematic uncertainties as on the acceptance (�✏) and luminosity (�L) will
propagate as

�mW(A) =

✓
d�WW

dmW

◆�1✓�✏

✏
�

�L

L

◆
, (16.3)

while theoretical uncertainties on the cross section (�d�WW) propagate directly as

�mW(T) =

✓
d�WW

dmW

◆�1

��WW. (16.4)

– 33 –

As the cross section at the WW production threshold is very sensitive to the  value
it is natural to compute the theoretical cross sections in the  input scheme

mW
(Gμ, mW, mZ)

e+

e−

W+

W−

ν

!

"

#

!

!" # " # " # " #$ % $ % $ % $ %

" # " # " # " #$ % $ % $ % $ % e+

e−

W+

W−

γ, Z
$

$%$$

&&'&&
! !" # " # " # " #$ % $ % $ % $ %" " " "% % % %

$ $ $ $# # # #

Figure 11.1: Born diagrams for e+e− → W+W−.

electrons whereas the s-channel diagrams containing the nonabelian gauge coupling con-
tribute also for right handed electrons. The analytical expressions read
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(11.9)

where we have inserted the explicit form of the Z-boson fermion couplings g−
e , g+

e (A.14).
The corresponding cross section for arbitrary longitudinal polarizations of the leptons and
bosons is given by

(
dσ

dΩ

)

0

=
β

64π2s

∑

λ1,λ2

1

4
(1 − 2σP+)(1 + 2σP−) |M0(σ, λ1, λ2, s, t)|2 , (11.10)

and P± are the polarization degrees of the leptons (P− = ±1 corresponds to purely right-
and left-handed electrons, respectively).

The Born cross section determines the main features of W -pair production. We first
study the threshold behaviour [75, 76]. For small β the matrix elements behave as

Mσ
2 ,Mσ

3 ∝ β, Mσ
1 ∝ 1. (11.11)

Consequently the s-channel diagrams vanish at threshold and the t-channel graph domi-
nates in the threshold region. For β $ 1 the total cross section is given by

σ0(s) ≈
πα2

s

1

4s4
W

4β + O(β3). (11.12)

All terms ∝ β2 which are present in the differential cross section drop out in the total cross
section. s-channel diagrams yield contributions ∝ β3. In the SM the coefficient of the β3

78

At threshold in lowest order

As long as , with low-precision requests,
MW can be determined in model independent way, based on kinematics alone

For a determination at the sub-MeV level, many details have to be considered, 
with the preparation of precise SM templates

β ≪ 1
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MW determination from the WW threshold scan

With a single point measurement it possible to translate the precision on the xsec into a ΔMW value
                                     
An experimental precision at the is foreseen

Theoretical goal:   precision of the theoretical prediction   

The current tools available for these analyses allow the simulation of    
       at full NLO-EW + higher order Coulomb effects computed in EFT
        yielding an uncertainty estimated to be   

A reduction of  by one order of magnitude will require
       the full NNLO-EW calculation  (2→4 process!) matched with 3-loop Coulomb enhanced terms
       computable in the EFT contribution

3-loop contributions without enhancement factors are estimated to be negligible

Full 2-loop QCD corrections to hadronic final states will be needed

The mass definition in the CMS and a gauge invariant handling of the imaginary parts at NNLO-EW
   will be theoretical / technical points to be discussed
Matching with soft QED exponentiation at NNLO level should also be discussed 

Δσ = 0.1 % ⟶ ΔMW = 1.5 MeV
Δσ = 0.02 %

Δσ = 0.01 %

e+e− → W+W− → 4f

ΔMW ∼ 3 MeV

Δσ

see arXiv:1903.09895, 1906.05379      
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