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The Yang-Mills field is cansidered in the radiation gauge. Its Hamiltonian considered as a. function
of the independent canonical variables is written as an infinite series in the coupling constant.
Therefore, when the diagram technique is used, there appear diagrams that have no counterpart in
quantum electrodynamics. It is shown that the representation of the interaction Hamiltonian in the
form of an N-product, which is superfluous in spinor electrodynamics, becomes inadmissible in
scalar electrodynamics and in the Yang—Mills theory. The general structure of the Green’s func-
tions of the Yang-Mills field is considered. The Green’s function is then computed to second order
in perturbation theory. It is shown that in perturbation theory neither the Yang-Mills field nor the
gravitational ■eld can acquire a mass. Outside the framework of perturbation theory the appearance
of a mass for these fields will in any case require the fulfillment of conditions that are more rigid
than the conditions for the photon to acquire a mass. It is shown haw the number of degrees of free-
dom of a vector field in the radiation gauge increases from two to three as the field acquires a mass.

1. INTRODUCT ION

THE interest in quantum field theories with a non——
Abelian gauge group is conditioned first of all by at-
tempts to quantize the gravitational field, for which the
coordinate transformations play the role of such a
group. The extremely involved character of the equa-
tions of the gravitational field has forced theorists to
turn first to a study of a simpler model—the Yang-
Mills theorym,whichexhibitsa non-Abeliangauge
group, namely the isospln group.

On the other hand the interest in models of the
Yang—Mills type has been enhanced by the experimental
discovery of vector mesons forming isospin and uni-
tary multiplets. It should be remarked here that since
the vector meson masses are different from zero, the
problem is often discussed whether a vector field,
either of the Yang—Mills type, or neutral, can have a
nonvanishing physical mass in the absence of an unre-
normalized massIz’“. A significant part of the present
paper is devoted to a diseussion of this problem.

The investigations of Feynman“ 1,followed by
dewntl“, FaddeevandPopovmandMandelstarnm
have shown that the use of covariant gauges runs into
serious difficulties in theories with a non-Abelian
gauge group. What essentially happens in this case is
that the unitarity condition is violated in computing
closed loops formed by gravltons or Yang-Mills
mesonsm. In order to make endsmeet it becomes
necessary to introduce new diagrams with loops
formed by some fictitious particles, which have vector
nature for the gravitational field and are scalar for the
Yang-Millsfield[""].

In view of these difficulties it becomes particularly
natural to make use of the radiation gauge in theories
with a non—Abeliangaugegroupm (cf. also the pre-
printm ). The known loss in automatism of the compu—
tations, related to the noncovariant nature of the method
seems at the present stage of development not to be too
essential, since at present we do not transcend the

lowest orders of perturbation theory anyway. The gain
consists in the exclusion of unphysical degrees of tree-
dom in this formulation, i.e., of the unphysical fields.

At the beginning of Sec. 2, quantum electrodynamics
is quantized in the radiation gauge according to the
schemeconsideredinm; this part of the paperhas
essentially a methodological character. Then we dis-
cuss the problem of using normal ordering (N—products)
in quantum electrodynamics and in the Yang-Mills
theory. The diagram technique and the structure of
Green’s functions is discussed for electrodynamics in
the radiation gauge. It is shown how the number of de—
grees of freedom increases from two to three when a.
vector field with vanishing unrenormaiized mass ac-
quires a mass, in the radiation gauge (the existence of
this possibility waspointedout bySchwingerl“).

The third section is devoted to the quantization of
the Yang-Mills field in the radiation gauge. In distinc-
tion from electrodynamics, it is possible here to write
the Hamiltonian as an explicit function of the canonical
variables only in the form of an infinite series in the
coupling constant. In connection with this circumstance
the Yang—Mills theory leads to the appearance of new
types of diagrams, which have no analog in quantum
electrodynamics.

In Sec. 4 we investigate the general properties of the
Green’s functions for the Yang-Mills field in the radia-
tion gauge and discuss the differences from the photon
Green’s function.

The Yang—Mills Green’s function is computed to
second order in Sec. 5. It is shown that in perturbation
theory the Yang-Mills field cannot acquire a mass. The
same assertion can also be made for the gravitational
field. The problem of appearance of a mass for the
Yang-Mills and gravitational fields outside the frame-
work of perturbation theory is discussed.

2. THE RADIATION GAUGE IN QUANTUM
ELECTRODYNAMICS
The Lagrangian density for Spinor electrodynamics
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1 Introduction

This note is meant to clarify certain confusion regarding calculations of the β function by
performing the path integral around instantons—or more generally, classical solutions—

in theories supporting them. The confusion arises from a specific relationship between the
number of zero modes and the asymptotically free contribution to the β function. To provide
more details, we present a brief introduction.

In the 1950s, Landau and his students [1] provided a general explanation for why all
field theories known at that time were infrared-free (IRF). The sign of the one-loop graphs,

which determine the coupling constant renormalization, is in one-to-one correspondence with
the sign of their imaginary parts. This relationship can be demonstrated using the Källen-

Lehman representation for these graphs. Unitarity implies the positivity of the imaginary
parts, which inevitably results in the first coefficients in the β functions being positive,
indicating IRF. In four-dimensional theory, IRF was established in arbitrary scalar or Yukawa

theories, as well as in Abelian gauge theories with arbitrary matter, bosonic or fermionic.
For asymptotic freedom (AF) to occur, the first coefficient of the β function must be

negative. The first (and only) theory in four dimensions that has been proven to be asymp-
totically free is Yang-Mills (YM) theory, which was observed in the late 1960s to early 1970s.

The reason for this remarkable phenomenon is the absence of an imaginary part in relevant
graphs in unitary gauges, such as the Coulomb gauge, as illustrated in Figure 1.

(a) (b)

Figure 1: The dotted lines stand for the Coulomb interaction, the wiggly lines depict trans-
verse gluons.

Two Feynman graphs for the interaction of (infinitely) heavy quark and antiquark probes
were calculated for SU(2) Yang-Mills in [2]. In Figure 1a, a pair of transverse gluons is

produced, and this graph has an imaginary part which can be seen by cutting the loop.
As in QED, this pair produces screening which leads to IRF. In Figure 1b, A similar cut
of the loop is impossible since it would go through the Coulomb line, which is, in fact, an

instantaneous interaction, leading to the vanishing imaginary part. This graph is responsible
for anti-screening, i.e. AF. The former contribution is 12 times smaller than the latter.

The fact that there are two distinct contributions, one resulting in IRF and the other in
AF, is also evident in covariant gauges, such as the background field calculation. If we split
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Abstract

We discuss various di↵erences in the instanton-based calculations of the � func-

tions in theories such as Yang-Mills and CP(N�1) on one hand, and ��
4
theory with

Symanzik’s sign-reversed prescription for the coupling constant � on the other hand.

Although the aforementioned theories are asymptotically free, in the first two theories,

instantons are topological, whereas the Fubini-Lipatov instanton in the third theory is

topologically trivial. The spectral structure in the background of the Fubini-Lipatov

instanton can be continuously deformed into that in the flat background, establishing a

one-to-one correspondence between the two spectra. However, when considering topo-

logically nontrivial backgrounds for Yang-Mills and CP(N�1) theories, the spectrum

undergoes restructuring. In these cases, a mismatch between the spectra around the

instanton and the trivial vacuum occurs.

1

SU(2) Yang-Mills in the radiation (Coulomb) gauge.

The Green function for non-Abelian gauge field 
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The nonlinear additions to the Lagrangian of a constant electromagnetic field, caused by the 
vacuum polarization of a charged vector field, are calculated in the special case in which 
the gyromagnetic ratio of the vector boson is equal to 2. The result is exact for an arbri-
trarily strong electromagnetic field, but does not take into account radiative corrections, 
which can play an important part in the unrenormalized electrodynamics of a vector boson. 
The anomalous character of the charge renormalization is pointed out. 

1. INTRODUCTION 

IN recent times there have been frequent discus-
sions in the literature on the properties of the 
charged vector boson, which is a possible carrier 
of the weak interactions. At present all that is 
known is that if such a boson exists its mass must 
be larger than 1. 5 Be V. The theory of the electro-
magnetic interactions of such a particle encounters 
serious difficulties in connection with renormali-
zation. Without touching on this difficult problem, 
we shall consider a problem, in our opinion not a 
trivial one, in which the nonrenormalizable char-
acter of the electrodynamics of the vector boson 
makes no difference. We are concerned with the 
calculation of the nonlinear corrections to the 
Lagrange function of a constant electromagnetic 
field interacting with the vacuum of charged vec-
tor bosons with gyromagnetic ratio 2. As is well 
known, the analogous problem for the case of 
polarization of the vacuum of spinor and scalar 
particles has been solved by a number of 
authors. [1- 3] 

It must be pointed out at once that the physical 
aspect of the statement of this problem in the 
electrodynamics of the vector boson is not as in-
disputable as in ordinary electrodynamics. The 
nonlinear corrections to the Lagrange function 
describe nonlinear effects of the type of scatter-
ing of light by light, i.e., a set of processes which 
correspond to the series of diagrams shown in 
the figure. 

In ordinary electrodynamics a solid line corre-
sponds to a vacuum electron. The vertex parts of 
such diagrams are proportional to the amplitude 
of the strong field, and the contribution from 

virtual photons gives only small corrections to the 
solution. If we are dealing with a vector particle, 
then we come into the domain of nonrenormal-
izable theory and are not able to estimate in any 
reasonable way the contribution of the virtual 
photons to the processes represented in the figure. 
Although this is a very important point, all we can 
do here is to express the hope that in cases in 
which processes of this kind occur at small ener-
gies of the external field the radiative corrections 
will be small quantities. Moreover, because of 
the assumed large mass of the vector boson the 
processes shown in the figure will begin to be im-
portant much later than the radiative corrections 
to the corresponding solution in the electrody-
namics of electrons. 

Of course, there is always the purely mathe-
matical aspect of the problem. If the problem ad-
mits of exact solution it is interesting to obtain 
this solution and study its special features. 

2. GENERAL THEORY 

We take the equation for the vector field in the 
form proposed earlier [4•5] 

No supplementary condition is imposed on the 
vector field, and in the free case it is a mixture 
of physical quanta with the mass m and spin 1 
and nonphysical quanta with mass m/( 1 + 2a )1/ 2 

(1) 
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Abstract: Perturbation theory of massive Yang-Mills fields is investigated with the 
help of the Bel l -Tre iman transformation.  Primit ive diagrams containing one 
closed loop are shown to be convergent if there are more than four external vec- 
tor boson lines. The investigation presented does not exclude the possibility that 
the theory is renormalizable.  

1. INTRODUCTION 

The  s t r u c t u r e  of weak i n t e r a c t i o n s  d i s c o v e r e d  so f a r  s u g g e s t s  v e r y  
s t r o n g l y  the e x i s t e n c e  of cha rged ,  and p o s s i b l y  a l so  n e u t r a l  v e c t o r  m e s o n s .  
F i r s t  of a l l ,  t h e r e  is  the c u r r e n t  x c u r r e n t  f o r m  of l ep ton ic  and s e m i - l e p -  
ton ic  weak i n t e r a c t i o n s ,  and p o s s i b l y  a l so  the n o n - l e p t o n i c  weak i n t e r a c -  
t i ons ;  s econd ly  t h e r e  is  the s t r u c t u r e  of the h a d r o n  c u r r e n t s ,  v e r y  s i m i l a r  
to the s t r u c t u r e  of the e l e c t r o m a g n e t i c  c u r r e n t s  in the s e n s e  that  they may  
be  thought  of as  to be  c o n s t r u c t e d  with the help  of s o m e  gauge p r i n c i p l e .  
M o r e  p r e c i s e l y ,  G e l l - M a n n  [1] s u g g e s t e d  c u r r e n t  c o m m u t a t i o n  r u l e s  for  
v e c t o r  and a x i a l - v e c t o r  c u r r e n t s  tha t  can  be u n d e r s t o o d  as  a s i m p l e  e x t e n -  
s ion  of the c o m m u t a t i o n  r u l e s  known for  e l e c t r o m a g n e t i c  c u r r e n t s ;  as  is  
wel l  known t h e s e  c o m m u t a t i o n  r u l e s  have led  to a l a r g e  n u m b e r  of s u c e s s e s ,  
in p a r t i c u l a r  the s o - c a l l e d  l o w - e n e r g y  t h e o r e m s .  

T h e s e  v e r y  s a m e  l o w - e n e r g y  t h e o r e m s  have been  d e r i v e d  a l so  by m e a n s  
of s o m e  gauge p r i n c i p l e  [2]. One is  led  then  to d i v e r g e n c e  equa t ions  for  the 
c u r r e n t s  of weak i n t e r a c t i o n s  of the f o r m  

~ J ~  = - g  w~ x j ~ ,  (1) 
a v e r y  n a t u r a l  e x t e n s i o n  of the equa t ion  

~ J p  = - e A p  x J u  , (2) 
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Abstract: Perturbation theory of massive Yang-Mills fields is investigated with the 
help of the Bel l -Tre iman transformation.  Primit ive diagrams containing one 
closed loop are shown to be convergent if there are more than four external vec- 
tor boson lines. The investigation presented does not exclude the possibility that 
the theory is renormalizable.  

1. INTRODUCTION 

The  s t r u c t u r e  of weak i n t e r a c t i o n s  d i s c o v e r e d  so f a r  s u g g e s t s  v e r y  
s t r o n g l y  the e x i s t e n c e  of cha rged ,  and p o s s i b l y  a l so  n e u t r a l  v e c t o r  m e s o n s .  
F i r s t  of a l l ,  t h e r e  is  the c u r r e n t  x c u r r e n t  f o r m  of l ep ton ic  and s e m i - l e p -  
ton ic  weak i n t e r a c t i o n s ,  and p o s s i b l y  a l so  the n o n - l e p t o n i c  weak i n t e r a c -  
t i ons ;  s econd ly  t h e r e  is  the s t r u c t u r e  of the h a d r o n  c u r r e n t s ,  v e r y  s i m i l a r  
to the s t r u c t u r e  of the e l e c t r o m a g n e t i c  c u r r e n t s  in the s e n s e  that  they may  
be  thought  of as  to be  c o n s t r u c t e d  with the help  of s o m e  gauge p r i n c i p l e .  
M o r e  p r e c i s e l y ,  G e l l - M a n n  [1] s u g g e s t e d  c u r r e n t  c o m m u t a t i o n  r u l e s  for  
v e c t o r  and a x i a l - v e c t o r  c u r r e n t s  tha t  can  be u n d e r s t o o d  as  a s i m p l e  e x t e n -  
s ion  of the c o m m u t a t i o n  r u l e s  known for  e l e c t r o m a g n e t i c  c u r r e n t s ;  as  is  
wel l  known t h e s e  c o m m u t a t i o n  r u l e s  have led  to a l a r g e  n u m b e r  of s u c e s s e s ,  
in p a r t i c u l a r  the s o - c a l l e d  l o w - e n e r g y  t h e o r e m s .  

T h e s e  v e r y  s a m e  l o w - e n e r g y  t h e o r e m s  have been  d e r i v e d  a l so  by m e a n s  
of s o m e  gauge p r i n c i p l e  [2]. One is  led  then  to d i v e r g e n c e  equa t ions  for  the 
c u r r e n t s  of weak i n t e r a c t i o n s  of the f o r m  

~ J ~  = - g  w~ x j ~ ,  (1) 
a v e r y  n a t u r a l  e x t e n s i o n  of the equa t ion  

~ J p  = - e A p  x J u  , (2) 

* Laboratoire associ6 au C.N.R.S, 
Postal address: Laboratoire de Physique Thdorique et Hautes Energies,  B~timent 
211, Facultd des Sciences, 91-Orsay, France.  

Our study was initiated by the paper by Tini Veltman who 
suggested that the massive theory could be renormalizable, 
based on his computations of one-loop graphs.



We considered the three level amplitude     of fermion-
antifermion  annihilation into    massive vector particles.
The singular at large energies/small mass behavior comes 
from longitudinal polarizations.
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The amplitude

is nonsingular at             limit in case of neutral vector
field interacting with conserved current, because 

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

3Kavli Institute for Theoretical Physics,

University of California,

Santa Barbara, CA 93106, USA

amonin@mailbox.sc.edu

shifman@umn.edu

vainshte@umn.edu

Abstract

1

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

kµiM
µ1...µi...µn = 0

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

3Kavli Institute for Theoretical Physics,

University of California,

Santa Barbara, CA 93106, USA

amonin@mailbox.sc.edu

shifman@umn.edu

vainshte@umn.edu

1

and the longitudinal polarizations decouple. 
It does not happen in the non-Abelian case, starting 
with two quanta. It corresponds to the finite 
discontinuity at           in the imaginary part for the 
one-loop and singular behavior for higher loops.
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A convenient way to present dynamics of the longitudinal 
quanta is to use the Stückelberg gauge substitution for the 
Proca field,
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where the the field     is taken in radiation gauge,              ,
i.e. refers to transversal quanta, and the unitary unimodular 
matrix     describes the longitudinal ones.  Then the mass 
term of     field leads to
  

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

kµiM
µ1...µi...µn = 0

Bµ = B
a
µt

a

Bµ = S
†
✓
Aµ +

i

g
@µSS

†
◆
S

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

3Kavli Institute for Theoretical Physics,

University of California,

Santa Barbara, CA 93106, USA

amonin@mailbox.sc.edu

1

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

kµiM
µ1...µi...µn = 0

Bµ = B
a
µt

a

Bµ = S
†
✓
Aµ +

i

g
@µSS

†
◆
S

@mAm = 0

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

3Kavli Institute for Theoretical Physics,

University of California,

1

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

kµiM
µ1...µi...µn = 0

Bµ = B
a
µt

a

Bµ = S
†
✓
Aµ +

i

g
@µSS

†
◆
S

@mAm = 0

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

3Kavli Institute for Theoretical Physics,

University of California,

1

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

kµiM
µ1...µi...µn = 0

Bµ = B
a
µt

a

Bµ = S
†
✓
Aµ +

i

g
@µSS

†
◆
S

@mAm = 0

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

3Kavli Institute for Theoretical Physics,

University of California,

1

FTPI-MINN-23-09, UMN-TH-4215/23

Z
d
4
x exp(�ipx)hA↵

µ(x)A
�
⌫(0)i = i�

↵�
Dµ⌫(p) (1)

D00 = �
1

~p 2

⇢
1 +

g
2

4⇡2


8 ln

⇤2
1

~p 2
�

2

3
ln

⇤2

�p2

��
(2)

✏
L
µ =

 
|~k|
µ

, 0, 0,
!

µ

!
=

kµ

µ
�

µ

! + |~k|
nµ (3)

n

nµ = (1, 0, 0,�1)

M = ✏µ1(k1)✏µ2(k1)...✏µn(kn)M
µ1µ2...µn

µ ! 0

kµiM
µ1...µi...µn = 0

Bµ = B
a
µt

a

Bµ = S
†
✓
Aµ +

i

g
@µSS

†
◆
S

@mAm = 0

µ
2

4g2
Tr @µS@µS

†

S =
1 � i�/2

1 + i�/2

Spectral Flow in Instanton Computations
and the � functions

Alexander Monin,1 Mikhail Shifman,2 and Arkady Vainshtein2,3

1Department of Physics and Astronomy,

University of South Carolina,

Columbia SC 29208, USA

2William I. Fine Theoretical Physics Institute,

University of Minnesota,

Minneapolis, MN 55455, USA

1

It is recognizable SU(2)xSU(2) chiral Lagrangian with 
coupling       , evidently nonrenormalizable.
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We were thinking about regularizing it by passing to the 
renormalizable linear sigma-model but did not manage to 
realize that the extra sigma field is just the Higgs field of 
the Weinberg model published 2 years before.
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Pisma Zh.Eksp.Teor.Fiz. 18 (1973) 141-145

We turned to the Weinberg model in 1973 when its 
renormalizibility was already proven by Gerard ’t Hooft. 

More known reference is 
Rare Decay Modes of the K-Mesons in Gauge Theories

• 	Mary K. Gailard and Benjamin W. Lee  
Phys.Rev.D 10 (1974) 897



SVZ
Misha Shifman

Arkady Vainshtein
   Valya Zakharov

The picture is taken in 1999 when we received the APS 
Sakurai prize. Three lectures where we divided our topics.
I was talking on the penguin mechanism of 
enhancement in K-decays.
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How Penguins Started to Fly
It was an exciting period, with Quantum Chromodynamics (QCD) emerging 
as the theory of strong interactions, when three of us – Valya Zakharov, 
Misha Shifman and I – started in 1973 to work on QCD effects in weak 
processes. The most dramatic signature of strong interactions in these 
processes is the so called ∆I = 1/2 rule in nonleptonic weak decays of 
strange particles. 
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The isotopic spin I of hadronic states is changed by 1/2 in the KS ! ⇡
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weak transition and by 3/2 in K
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⇡

0, so the �I = 1/2 dominance
is evident.

What does theory predict? The weak interaction has a current⇥current
form. Based on this, Julian Schwinger suggested [1] to estimate nonleptonic
amplitudes as a product of matrix elements of currents, i.e. as a product of
semileptonic amplitudes. This approximation, which implies that the strong
interaction does not a↵ect the form of the weak nonleptonic interaction, gives
9/4 for the ratio (1). Thus, the theory is o↵ by a factor of two hundred! We
see that strong interactions crucially a↵ect nonleptonic weak transitions.

The conceptual explanation was suggested [2] by Kenneth Wilson in the
context of the Operator Product Expansion (OPE) which he introduced 1.
Assuming scaling for OPE coe�cients at short distances, Wilson related the
enhancement of the �I = 1/2 part of the interaction with its more singular
behavior at short distances as compared with the�I = 3/2 part. In the pre-
QCD era it was di�cult to test this idea having no real theory of the strong
interaction. With the advent of QCD all this changed. The phenomenon of
asymptotic freedom gives full theoretical control of short distances. Note in
passing that the American Physical Society also followed this development:
the discoverers of asymptotic freedom, Gross, Politzer, and Wilczek, became
recipients of the 1986 Sakurai Prize.

In QCD the notion of OPE in application to nonleptonic weak interactions
can be quantified in more technical terms as one can calculate the e↵ective
Hamiltonian for weak transitions at short distances. The weak interactions
are carried by W bosons, so the characteristic distances are ⇠ 1/mW ,
with mW = 80 GeV. The QCD analysis at these distances in the e↵ec-
tive Hamiltonian was done in 1974 by Mary K. Gaillard with Ben Lee [4],
and by Guido Altarelli with Luciano Miani [5]. Asymptotic freedom at short
distances means that the strong interaction e↵ects have a logarithmic de-
pendence on momentum rather than power-like behavior, as was assumed

1
In Russia we had something of a preview of the OPE ideas worked out by Sasha

Patashinsky and Valery Pokrovsky (see their book [3]) in applications to phase transitions

and by Sasha Polyakov in field theories.
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in Wilson’s original analysis. The theoretical parameter determining the ef-
fect is log(mW/⇤QCD) where ⇤QCD is a hadronic scale. These pioneering
works brought both good and bad news. The good news was that, indeed,
strong interactions at short distances logarithmically enhance the�I = 1/2

transitions and suppress the �I = 3/2 ones. The bad news was that quan-
titatively the e↵ect fell short of an explanation of the ratio (1).

Besides 1/mW and 1/⇤QCD there are scales provided by masses of heavy
quarks t, b and c. In 1975 the object of our study was distances of order
1/mc – the top and bottom quarks were not yet discovered. Introduction
of top and bottom quarks practically does not a↵ect the �S = 1 nonlep-
tonic transitions. However, it is di↵erent with charm. At first sight, the c

quark loops looked to be unimportant for nonleptonic decays of strange par-
ticles in view of the famous Glashow-Illiopoulos-Miani cancellation [6] (GIM)
with corresponding up quark loops. In 1975 the belief that this cancellation
produced the suppression factor

m
2
c � m

2
u

m
2
W

was universal, which is the reason why the e↵ect of heavy quarks was over-
looked. We found instead that:

(i) The cancellation is distance dependent. Denoting r = 1/µ, we have

m
2
c � m

2
u

µ2
, for mc ⌧ µ  mW ;

log
m

2
c

µ2
, for µ ⌧ mc . (2)

No suppression below mc!

(ii) Moreover, new operators appearing in the e↵ective Hamiltonian at dis-
tances larger than 1/mc are qualitatively di↵erent – they contain right-
handed light quark fields in contrast to the purely left-handed struc-
tures at distances much smaller than 1/mc (see the next section for
their explicit form). It was surprising that right-handed quarks become
strongly involved in weak interactions in the Standard Model with its
left-handed weak currents. The right-handed quarks are coupled via
gluons which carry no isospin; for this reason new operators contribute
to �I = 1/2 transitions only.

4

Besides 1/mW and 1/ΛQCD there are scales provided by masses of heavy 
quarks t, b and c. In 1975 the object of our study was distances of order 1/mc 
– the top and bottom quarks were not yet discovered. 
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tances larger than 1/mc are qualitatively di↵erent – they contain right-
handed light quark fields in contrast to the purely left-handed struc-
tures at distances much smaller than 1/mc (see the next section for
their explicit form). It was surprising that right-handed quarks become
strongly involved in weak interactions in the Standard Model with its
left-handed weak currents. The right-handed quarks are coupled via
gluons which carry no isospin; for this reason new operators contribute
to �I = 1/2 transitions only.
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(iii) For the mechanism we suggested it was crucial that the matrix elements
of novel operators were much larger than those for purely left-handed
operators. The enhancement appears via the ratio

m
2
⇡

mu + md

⇠ 2GeV ,

which is large due to the small light quark masses. The small values of
these masses was a new idea at the time, advocated in 1974 by Heiri
Leutwyler [7] and Murray Gell-Mann [8]. The origin of this large scale
is not clear to this day but it shows that in the world of light hadrons
there is, besides the evident momentum scale ⇤QCD, some other scale,
numerically much larger.

Thus, the explanation of the�I = 1/2 enhancement comes as a nontriv-
ial interplay of OPE, GIM cancellation, the heavy quark scale, and di↵erent
intrinsic scales in light hadrons. I will discuss the construction in more de-
tail below. However, I will first digress to explain what the mechanism we
suggested has in common with penguins.

We had a hard time communicating our idea to the world. Our first
publication was a short letter published on July 20, 1975 in the Letters to
the Journal of Theoretical and Experimental Physics. Although an English
translation of JETP Letters was available in the West we sent a more detailed
version to Nuclear Physics shortly after. What happened then was a long
fight for publication; we answered numerous referee reports – our paper was
considered by quite a number of experts. The main obstacle for referees was
to overcome their conviction about the GIM suppression (m

2
c � m

2
u)/m

2
W

and to realize that there is no such suppression at distances larger than
1/mc. Probably our presentation was too concise for them to follow.

Eventually the paper was published in the March 1977 issue of Nuclear
Physics without any revision, but only after we appealed to David Gross
who was then on the editorial board. The process took more than a year
and a half! We were so exhausted by this fight that we decided to send our
next publication containing a detailed theory of nonleptonic decays to Soviet
Physics JETP instead of an international journal. Lev Okun negotiated a
special deal for us with the editor Evgenii Lifshitz to submit the paper of
a size almost twice the existing limit in the journal – paper was in short
supply as was almost everything in the USSR. We paid our price: the paper
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in 1977, but even years later many theorists referred to our preprints of the
paper without mentioning the journal publication.

On a personal note, let me mention that a significant part of the JETP pa-
per was done over the phone line – Valya and Misha worked in ITEP, Moscow,
while I was in the Budker Institute of Nuclear Physics, Novosibirsk. The phone
connection was not very good and we paid terrific phone bills out of our own
pockets.
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Figure 1: Appearance of new operators due to quark loops

all penguin-like, right? Now look how a similar diagram is drawn in the paper
of the four authors mentioned above.

Figure 2: Quark loops in B decays

You see that that some measures were taken to make the diagram reminiscent
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We were so exhausted by the fight with Nuclear Physics that we decided 
to send our next publication containing a detailed theory of nonleptonic 
decays to Soviet Physics JETP instead of an international journal. It was 
published in 1977.
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not  vanish in the chiral limit. We suggest a modification of the axion scheme which 
restores the natural  P and T invariance of the theory and cannot be ruled out  
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1. Introduction 

The discovery of instantons [1] has brought the question of natural parity 
conservation in strong interactions [2]. It was argued that one can add to the stan- 
dard QCD lagrangian the so-called 0-term 

2 
A ~ =  0 gs a 32,,72 G~,~Gu~, (1) 

a ~ l .,.~ t-i where G,~  is the gluon field strength tensor, c , , ,  = 5 e , ~ ¢ u ~  and gs is the quark-  
gluon coupling constant. The 0-term preserves renormalizability of the theory but is 
P-  and T-odd. 

A very specific feature of the extra term (1) is that it is a full divergence: 

a a 

~ f l ,  x - -  a .  a 1 a b c  a b c - 2e~,vAo-(A~,o,~Ao-+~gsf A,~A,~Ao-). (2) 

The common wisdom says that total divergences can be safely omitted from the 
lagrangian and that is why the 0-term evaded attention for some time [3]. 
However, instanton solutions demonstrate that a total divergence can be 
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tried to check this. As we wrote:
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Our final result complies with the conclusion on CP violation so that 
most readers can, justifiably, loose interest in the paper at this point. 
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meaningful. Indeed, the term (1) can be transformed into a surface integral which 
does not vanish for the instanton solution: 

I d3S~, K~lo,ei,st # 0. (3) 

The overwhelming reaction to this observation is that the example of the one- 
instanton solution does prove CP violation in the presence of the 0-term. Our final 
result complies with the conclusion on CP violation so that most readers can, 
justifiably, loose interest in the paper at this point. 

Still, there exists an alternative line of reasoning which calls for further and 
more thoughtful analysis. The point is that the non-vanishing surface integral (3) 
could be an artifact of the dilute instanton gas approximation which completely 
ignores the most profound feature of QCD-confinement of color. 

In more detail, the surface integral (3) does not vanish since the instanton field 
falls off too slowly at large distances. This fact is due to the presence of massless 
gluons in the original lagrangian which do not show up, however, in the physical 
spectrum. Therefore, one might hope that the confinement effects would make the 
surface integral vanish. Such a viewpoint has been strongly advocated by Polyakov 
ever since the discovery of the problem. Moreover, the picture is realized in the 
Polyakov 2 + 1 compact electrodynamics [4] which exhibits both asymptotic 
freedom and confinement: the 0-term can be added, does not vanish in the one- 
instanton approximation but produces no effect whatsoever in the confining phase 
[5]. A similar solution within a different context was proposed in ref. [6]. An 
attempt is made in this paper to show that large-distance dynamics eliminates the 
effect of the 0-term through spontaneous breaking of the chiral symmetry. 

In view of all this, it is desirable to start with the original lagrangian and to 
evaluate some observable (at least in principle) CP-odd effects directly. This is just 
the aim of the present paper. We prove that the 0-term does imply P and T 
violation in OCD. It is essential that we can prove the fact without going into 
details of how confinement works. 

We will present a computation of two matrix elements: the vacuum expectation 
value 

a =--Of~m~ ( ~ ) 2 ,  (4) 

and the transition amplitude 

m 2 4toured 
A(r/~ ~'+Tr-) ~ 0 - -  (5) 

~/-6 [~ (mu + ma) 2 ' 

where mu, md are the current quark masses, 4mumd/(mu+ ma) 2~- 0.9 and f~ is the 
~r ~/zv decay constant, f~ --- 133 MeV. 

a Although the vacuum average (Ol(as/zr)G~,~G~,v]O) is not directly measurable, it 
can be extracted indirectly. We will show that (01G~10)~ o does imply the CP 
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Also we suggested a variant of invisible axion dubbed later as KSVZ.
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