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Introduction to lattice QCD

Success stories: two examples


• : inputs for Higgs decay rates


• 

Puzzles: one example

• hadronic corrections to muon g-2

Summary and Outlook
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�md(s)
…

Lattice QCD

Experiment vs. SM theory:

(experiment) = (known) x (CKM factors) x (had. matrix element)

parameterize the MEs in

terms of form factors, decay 
constants, bag parameters, ...

example:

B0

b̄
W

µ+

⌫µ

Vcb
c̄

Two main purposes:

combine experimental measurements with 
LQCD results to determine CKM parameters.

confront experimental measurements with 
SM theory using LQCD inputs. 

The role of lattice QCD in precision physics
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adjustable parameters


lattice spacing: 


finite volume, time:   


quark masses (mf): 
tune using hadron masses  
extrapolations/interpolations

Lattice QCD Introduction

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc…

finite spatial volume (L)

finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb

Integrals are evaluated 
numerically using monte 

carlo methods. 
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• typical momentum scale of quarks gluons inside hadrons: ~𝛬QCD

• make a small to separate the scales: 𝛬QCD ≪ 1/a

 


• Symanzik EFT:                                                      , n ≥ 2 
 


 provides functional form for extrapolation (depends on the details of the lattice action)

 can be used to build improved lattice actions 

 can be used to anticipate the size of discretization effects


 

discretization effects — continuum extrapolation

L 

a 

x Lattice QCD Introduction

hOi
lat = hOi

cont +O(a⇤)n

a (fm) 

L 
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• Staggered quarks (a.k.a Kogut-Susskind)   
reduce the number of doublers (staggering) but keep some (a.k.a tastes) 
dominant discretization effects due to taste-breaking effects (can be corrected analytically) ~  
various improved versions to reduce taste-breaking effects (HISQ,..) 
computationally inexpensive


• (improved) Wilson quarks 
no doublers, but chiral symmetry broken explicitly 
requires improvement to remove  effects (NP improved, twisted mass, …)  
moderate computational cost


• Domain wall quarks (live in 5 dimensions)   
no doublers, chiral symmetry exponentially suppressed  
small  discretization effects 
high computational cost                                                  

O(a2)

O(a)

O(a2)

L 

a 

x Lattice QCD: quark discretizations

Fermion doubling problem   ⬄   chiral symmetry

• new ideas:  
workshop on novel fermion actions 
https://indico.mitp.uni-mainz.de/event/314/
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based on Effective Field 
Theory (EFT) descriptions of QCD  ➙ ab initio


  

• finite a: Symanzik EFT

• light quark masses: ChPT

•heavy quark effects: HQET

• finite L: finite volume EFT

systematic error analysis

L 

a 

x Lattice QCD Introduction
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• finite a: Symanzik EFT

• light quark masses: ChPT

•heavy quark effects: HQET

• finite L: finite volume EFT

systematic error analysis

L 

a 

x Lattice QCD Introduction

In practice:  
stability and control over systematic errors 
depends on the underlying simulation 
parameters, available computational 
resources, analysis choices, … 

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1
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a selective view of (L)QCD history

8

1973 — Gross, Politzer, Wilczek Asymptotic Freedom    — Kobayashi & Maskawa  
1974 — Wilson: Confinement of quarks:  gauge theory on space-time lattice

1977 — Discovery of beauty ( )Υ
1979 — Creutz: Monte Carlo study of quantized SU(2) gauge theory
1981 — Hamber & Parisi, Weingarten: first quenched LQCD calculations of hadron masses

1984-1985 — Bernard et al (UCLA group); Cabbibo, Martinelli, Petronzio; Brower et al: 

                       Weak Matrix Elements ( ,  rule, ,…) ϵK ΔI = 1/2 ϵ′￼/ϵ
1989 — Sharpe review at Lattice 1989 conference on Weak Matrix Elements

2003 — First lattice QCD simulations that include realistic sea quark effects

…

1971 and 1974  — Discovery of charm ( )J/ψ
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Wha t ?

f i r / MN - W f a
Ax i a l vec t or ma t r i x e l emen t s : gA . . .

EM f orm f ac t or s: GM (g2 ) , . . .

S t ruc t ur e f unc t i ons
Neu t ron E l ec t r i c D i po l e Momen t

. f D , fB , BD , BB
D - + Kev , (B - + r ev ) , . . .

D - +K i r

BK
K - + 7r r (D I =1 / 2 ru l e )

e I

o f t he s t a t us o f va r i ous ca l cu l a t i ons i s g i ven i n t he l as t
co l umn i n t he t ab l e . " Leve l 1 " means an exp l or a t or y
ca l cu l a t i on , ma i n l y se t t i ng up t he me t hods , and t r y i ng
t o r eso l ve prob l ems o f pr i nc i p l e . I n some cases , such
as t he ca l cu l a t i ons o f kaon decay amp l i t udes , t h i s may
we l l be t he mos t d i f f i cu l t s t ep . The nume r i ca l r esu l t s
f rom t h i s l eve l a r e t o be cons i de r ed qua l i t a t i ve on l y .
Leve l 2 means a l a rge r sca l e nume r i ca l ca l cu l a t i on , w i t h
r easonab l y sma l l (10 - 20% ) e r ror s . The r esu l t s a r e now

quan t i t a t i ve , bu t t he e r ror s a r e t oo l a rge t o d i s t i ngu i sh
quenched f rom f u l l QCD . Leve l 3 i nd i ca t es a r e l i ab l e

quenched ca l cu l a t i on w i t h sma l l e r ror s . Progr ess dur i ng

t he l as t yea r has r esu l t ed i n many o f t he ca l cu l a t i ons

mov i ng up a l eve l . The r e a r e now l o t s o f 2 ' s , and a

s i ng l e 3 .
To c l ose t he i n t roduc t i on I wan t t o d i scuss t he d i f -

f e r ence be t ween quenched and f u l l QCD i n a pa r t i cu l a r

examp l e : f K l f , My a i m he r e i s t hr ee f o l d : (A) I wan t

t o r e i t e r a t e t ha t hav i ng good quenched r esu l t s i s on l y
t he f i r s t s t ep - much i mpor t an t phys i cs i s l os t ; (B) I

wan t t o s t r ess how accur a t e l y we mus t do t he quenched

ca l cu l a t i ons t o see d i f f e r ences f rom f u l l QCD ; and (C)

I wan t t o i n t roduce ch i r a l l oops and ch i r a l l oga r i t hms ,

s i nce I w i l l r e t urn t o t hem l a t e r .

The decay cons t an t s f , and f K a r e t he s i mp l es t

o f a l l weak ma t r i x e l emen t s . I am i n t e r es t ed he r e i n

t he quan t i t y R = f K / f ,r - 1 , wh i ch i s 0 . 22 expe r i -

men t a l l y . Th i s i s a quan t i t y wh i ch i s no t pr ed i c t ed by

S. R . Sha rpe / La t t i ce ca l cu l a t i ons o f e l ec t roweak decay amp l i t udes

Why?
Nuc l eon ma t r i x e l emen t s

check

check

check
check

measur e OQCD

Heavy - l i gh t mesons

DD and BB m i x i ng

measur e Vc � Vub

check
K decay and m i x i ng amp l i t udes

ex t r ac t 6 f rom e
check

ove r - de t e rm i ne 6

Who? 6

�

Leve l

MANY 2
S6mme r 7

�

2

W i l cox , Dr ape r / L i u 8

�

2
Ross i 9

�

1

Goksch 10

�

1

E i ch t en , Ma r t i ne l l i 11

�

1 - 2

E I Khadr a , 12 Sachr a j da 13

�

1 - 2
Sachr a j da , S i mone

�

1

Be rna rd , K i l cup , ` + Ma r t i ne l l i

�

3
Be rna rd , K i l cup , Ma r t i ne l l i

�

2
K i l cup , Be rna rd

�

2

Tab l e 1: Wor k done on weak ma t r i x e l emen t s i n t he yea r pr eced i ng Sep t embe r 1989

147

ch i r a l symme t r y , bu t r a t he r i s a numbe r cha r ac t e r i z -
i ng QCD . A l mos t eve r yone who has eve r done a hadron

spec t rum ca l cu l a t i on has , as a byproduc t , ex t r ac t ed t he
decay cons t an t s . I f we wan t t he e r ror s on R t o be , say ,

one qua r t e r o f t he expe r i men t a l va l ue , so t ha t we can

de f i n i t e l y d i s t i ngu i sh R f rom ze ro , we need a 5% mea -

sur emen t o f f K and f r .

Wha t we r ea l l y wan t t o do , howeve r , i s d i s t i ngu i sh

R i n t he f u l l t heor y f rom R i n t he quenched t heor y .

Wha t t he quenched t heor y l acks i s l oops o f f e rm i ons .

Th i s means t ha t d i agr ams such as F i g . l a a r e m i ss i ng .

Pa r t o f t hese d i agr ams cor r esponds t o l oops o f 7r , K and

71 mesons , as i l l us t r a t ed i n F i g . l b. I t t urns ou t t ha t a l l

t he d i agr ams wh i ch g i ve r i se t o such l oops r equ i r e i n t e r -

na l f e rm i on l oops , and t hus a r e absen t i n t he quenched

approx i ma t i on . The l ow momen t um pa r t o f t hese l oops

can be ca l cu l a t ed us i ng ch i r a l pe r t urba t i on t heor y . The

r esu l t i ng ch i r a l l oga r i t hm ( f or mu = and = 0) i s 15

m)1011

�

2

�

, i r i 2

f K
- 1

�

= - 0 . 75
(4~r f )2 1n

Az

(w i t h f * = 93 MeV) . Th i s i s t he l ead i ng t e rm i n an ex -

pans i on i n m2 . The sca l e o f t he l og i s unde t e rm i ned ,

bu t i f we t ake A = mp , a sca l e above wh i ch ch i r a l

pe r t urba t i on t heor y ce r t a i n l y f a i l s , t hen t he l og g i ves a

con t r i bu t i on o f - 1 - 0 . 12 t o R . I t ake t h i s as an i nd i ca t i on

t ha t t he quenched approx i ma t i on may be l ack i ng an e f -

f ec t wh i ch con t r i bu t es rough l y ha l f o f t he expe r i men t a l

Sharpe @ Lattice 1989 [Nuc. Phys. B (Proc. Suppl.) 17 (1990)]

All lattice QCD 

simulations use the 
quenched 

approximation:


 nf = 0
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2003-2005: first ``realistic” lattice QCD results
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the finite volume of our lattice (2.5 fm across). Unstable
hadrons, like the ρ and the φ, are constantly fluctuating
into on-shell or nearly on-shell decay products that can
easily propagate to the boundaries of the lattice; simi-
lar problems afflict multihadron states. Consequently we
focus here on hadrons that are at least 100MeV below
decay threshold or have negligible widths (J/ψ, Υ. . . );
and we restrict our attention to hadronic masses, and to
hadronic matrix elements that have at most one hadron
in the initial and final states. These are the “gold-plated”
calculations of LQCD— calculations that must work if
LQCD is to be trusted at all.

Unambiguous tests of LQCD are particularly impor-
tant with staggered quarks. These discretizations have
the unusual property that a single quark field ψ(x) cre-
ates four equivalent species or “tastes” of quark. “Taste”
is used to distinguish this property, a lattice artifact,
from true quark flavor. A quark vacuum polarization
loop in such formalisms contributes four times what it
should. To remove the duplication, the quark determi-
nant in the path integral is replaced by its fourth root.
This construction introduces nonlocalities that are poten-
tially worrisome, but much is known about the formalism
that is reassuring: for example,

• perturbation theory, which governs the theory’s
short-distance behavior, is correct to all orders;

• phenomena, such as π0 → 2γ, connected with chi-
ral anomalies are correctly handled (because the
relevant (taste-singlet) currents are only approxi-
mately conserved);

• the CP violating phase transition that occurs when
mu +md < 0 does not occur in this formalism, but
the real world is neither in this phase nor near it;

• the nonperturbative quark loop structure is cor-
rect up to short-distance taste-changing interac-
tions, which are perturbative; these interactions
are suppressed by a2αs and can be systematically
removed [9]; or they can be removed after the
simulation using modified chiral perturbation the-
ory [10, 11].

To press further requires nonperturbative studies. The
tests we present here are among the most stringent non-
perturbative tests ever of a staggered quark formalism
(and indeed of LQCD).

The gluon configurations that we used, together with
the raw simulation data for pions and kaons, were pro-
duced by the MILC collaboration; heavy-quark propaga-
tors came from the HPQCD collaboration. The lattices
have lattice spacings of approximately a = 1/8 fm and
a = 1/11 fm. The simulations employed an O(a2) im-
proved staggered-quark discretization of the light-quark
action [4], a “tadpole-improved” O(a2αs) accurate dis-
cretization of the gluon action [12], an O(a2, v4) improved

fπ

fK

3MΞ − MN

2MBs
− MΥ

ψ(1P − 1S)

Υ(1D − 1S)

Υ(2P − 1S)

Υ(3S − 1S)

Υ(1P − 1S)

LQCD/Exp’t (nf = 0)

1.110.9

LQCD/Exp’t (nf = 3)

1.110.9

FIG. 1: LQCD results divided by experimental results for
nine different quantities, without and with quark vacuum po-
larization (left and right panels, respectively). The top three
results are from our a = 1/11 and 1/8 fm simulations; all
others are from a = 1/8 fm simulations.

lattice version of NRQCD for b quarks [13], and the Fer-
milab action for c quarks [14]. Several valence u/d quark
masses, ranging from ms/2 to ms/8, were needed for ac-
curate extrapolations, as were sea u/d masses ranging
between ms/2 and ms/6. Only u, d and s quark vacuum
polarization was included; effects from c, b and t quarks
are negligible (< 1%) here.

To test LQCD, we first tuned its five parameters to
make the simulation reproduce experiment for five well-
measured quantities. The five parameters are the bare
u and d quark masses, which we set equal, the bare s,
c and b masses, and the bare QCD coupling. There are
no further free parameters once these are tuned.

Setting mu = md simplifies our analysis, and has a
negligible effect (< 1%) on isospin-averaged quantities.
We tuned the u/d, s, c, and b masses to reproduce mea-
sured values of m2

π, 2m2
K − m2

π, mDs
, and mΥ, respec-

tively. In each case the experimental quantity is approxi-
mately proportional to the corresponding parameter, and
approximately independent of the other parameters.

Rather than tune the bare coupling, one normally sets
the coupling in LQCD to a particular value, and deter-
mines the lattice spacing a in its place (after the simu-
lation). We adjusted the lattice spacing to make the Υ-
Υ′ mass difference agree with experiment. We chose this
mass difference since it is almost independent of all quark
masses, including, in fact, the b mass [15]. We could
equally well have chosen, instead, any of the nine test
quantities discussed below, with similar results.

Having tuned all free parameters in the simulation,
we then computed a variety of experimentally accessible

based on simulations with three flavors of sea quarks ( ):nf = 2 + 1

Quenched QCD full  QCD

C. Davies et al [HPQCD, MILC, Fermilab Lattice, 
hep-lat/0304004, 2004 PRL]
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the unusual property that a single quark field ψ(x) cre-
ates four equivalent species or “tastes” of quark. “Taste”
is used to distinguish this property, a lattice artifact,
from true quark flavor. A quark vacuum polarization
loop in such formalisms contributes four times what it
should. To remove the duplication, the quark determi-
nant in the path integral is replaced by its fourth root.
This construction introduces nonlocalities that are poten-
tially worrisome, but much is known about the formalism
that is reassuring: for example,

• perturbation theory, which governs the theory’s
short-distance behavior, is correct to all orders;

• phenomena, such as π0 → 2γ, connected with chi-
ral anomalies are correctly handled (because the
relevant (taste-singlet) currents are only approxi-
mately conserved);

• the CP violating phase transition that occurs when
mu +md < 0 does not occur in this formalism, but
the real world is neither in this phase nor near it;

• the nonperturbative quark loop structure is cor-
rect up to short-distance taste-changing interac-
tions, which are perturbative; these interactions
are suppressed by a2αs and can be systematically
removed [9]; or they can be removed after the
simulation using modified chiral perturbation the-
ory [10, 11].

To press further requires nonperturbative studies. The
tests we present here are among the most stringent non-
perturbative tests ever of a staggered quark formalism
(and indeed of LQCD).

The gluon configurations that we used, together with
the raw simulation data for pions and kaons, were pro-
duced by the MILC collaboration; heavy-quark propaga-
tors came from the HPQCD collaboration. The lattices
have lattice spacings of approximately a = 1/8 fm and
a = 1/11 fm. The simulations employed an O(a2) im-
proved staggered-quark discretization of the light-quark
action [4], a “tadpole-improved” O(a2αs) accurate dis-
cretization of the gluon action [12], an O(a2, v4) improved

fπ

fK

3MΞ − MN

2MBs
− MΥ

ψ(1P − 1S)

Υ(1D − 1S)

Υ(2P − 1S)

Υ(3S − 1S)

Υ(1P − 1S)

LQCD/Exp’t (nf = 0)

1.110.9

LQCD/Exp’t (nf = 3)

1.110.9

FIG. 1: LQCD results divided by experimental results for
nine different quantities, without and with quark vacuum po-
larization (left and right panels, respectively). The top three
results are from our a = 1/11 and 1/8 fm simulations; all
others are from a = 1/8 fm simulations.

lattice version of NRQCD for b quarks [13], and the Fer-
milab action for c quarks [14]. Several valence u/d quark
masses, ranging from ms/2 to ms/8, were needed for ac-
curate extrapolations, as were sea u/d masses ranging
between ms/2 and ms/6. Only u, d and s quark vacuum
polarization was included; effects from c, b and t quarks
are negligible (< 1%) here.

To test LQCD, we first tuned its five parameters to
make the simulation reproduce experiment for five well-
measured quantities. The five parameters are the bare
u and d quark masses, which we set equal, the bare s,
c and b masses, and the bare QCD coupling. There are
no further free parameters once these are tuned.

Setting mu = md simplifies our analysis, and has a
negligible effect (< 1%) on isospin-averaged quantities.
We tuned the u/d, s, c, and b masses to reproduce mea-
sured values of m2

π, 2m2
K − m2

π, mDs
, and mΥ, respec-

tively. In each case the experimental quantity is approxi-
mately proportional to the corresponding parameter, and
approximately independent of the other parameters.

Rather than tune the bare coupling, one normally sets
the coupling in LQCD to a particular value, and deter-
mines the lattice spacing a in its place (after the simu-
lation). We adjusted the lattice spacing to make the Υ-
Υ′ mass difference agree with experiment. We chose this
mass difference since it is almost independent of all quark
masses, including, in fact, the b mass [15]. We could
equally well have chosen, instead, any of the nine test
quantities discussed below, with similar results.

Having tuned all free parameters in the simulation,
we then computed a variety of experimentally accessible

based on simulations with three flavors of sea quarks ( ):nf = 2 + 1

Quenched QCD full  QCD

C. Davies et al [HPQCD, MILC, Fermilab Lattice, 
hep-lat/0304004, 2004 PRL]
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as discussed in Ref. [16], is the second largest (largest) systematic on fD+ ( fDs). A few days after
our paper was posted on the arXiv, CLEO-c announced its new measurement [17]

fD+ = 223±17±3 MeV, (3.2)

based on 47± 8 events. At the 1-σ level, the agreement between Eqs. (3.1) and (3.2) is fine. One
should keep in mind that the experiment actually determines |Vcd | fD+ . CLEO-c [17] assumes that
|Vcd |= |Vus| and uses a recent average of |Vus| from semileptonic K decay.

It is interesting to look at the nf dependence of fDs , shown in Fig. 2(a). Of course, quenched
results vary widely, but we show one [18] carried out with similar choices for heavy quarks, renor-
malization factors, etc. One sees a trend of fDs to increase with nf . A similar comparison of fD+ ,
in Fig. 2(b), is less instructive, because the chiral extrapolations in Refs. [18, 19] started at large
quark masses and are, hence, less reliable than in the present work.
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Figure 2: Dependence of (a) fDs and (b) fD+ on the number n f of sea flavors. Quenched (n f = 0) [18];
n f = 2 [19]; n f = 3 [15]. Solid (dashed) error bars are statistical (statistical+systematic).

4. Mass of the BBBccc Meson

The pseudoscalar B+
c meson is the lowest-lying bound state of a charmed quark and a b quark.

CDF [20] first observed it during Run I of the Tevatron in the semileptonic decay B+
c → J/ψ l+ν .

During Run II, DØ has confirmed the discovery in the same mode [21]. Because the neutrino is
undetected, the mass resolution in semileptonic modes is poor, ±(300–400) MeV. Now, however,
the upgraded detectors are able to reconstruct hadronic modes, such as B+

c → J/ψπ+, which give
much much better precision on mBc [22].

At Lattice 2004 we presented results in nearly final form [23], and posted the final results on
the arXiv in mid-November [24]:

mBc = 6304±12+18
− 0 MeV, (4.1)

where the last error is a rough estimate of residual heavy-quark discretization effects. Soon after-
wards, CDF announced a precise mass measurement. They find [25]

mBc = 6287±5 MeV, (4.2)

which agrees with Eq. (4.1) at slightly more than 1-σ .
Two comments are in order. First, the agreement at the gross level of the calculation with

experiment shows that discretization effects are well under control with lattice NRQCD [27] and the
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Fermilab method [28]. Of course, this follows from the careful application of effective field theories
for heavy quarks [29, 30]. Indeed, as seen in Fig. 3(a), almost no lattice spacing dependence is seen
in the splitting Δψϒ =mBc− (m̄ψ+mϒ)/2 that is at the crux of the calculation [26]. Moreover, it is
striking how much the splitting Δψϒ changes when sea quarks are included. Figure 3(b) compares
Eq. (4.1) with an old quenched calculation [26] (and the measurement [25]). The solid error bar
shows the non-quenching errors, and the dashed includes the estimate of the quenching error. The
inclusion of sea quarks has reduced the splitting by a factor of three or four, bringing an essentially
discrepant result into agreement.

(a)
0.00 0.05 0.10 0.15 0.20

a (fm)

40

50
Δ
ψ
Υ
 (M

eV
)

(b)
6300

6400

6500

6600

m
Bc

 (M
eV

/c
2 )

lattice QCD, Feb. 1999
lattice QCD, Nov. 2004
CDF, Dec. 2004

Figure 3: (a) Dependence of the splitting Δψϒ on the lattice spacing a. (b) Comparison of the quenched [26],
n f = 2+ 1 [24], and experimental [25] values of mBc ; the dashed line denotes the baseline (m̄ψ +mϒ)/2.

5. Conclusions

In the past year, three lattice-QCD calculations have been confirmed by experiment. FOCUS
[10] confirmed the q2-dependence of the D→ Klν form factor [8]; CLEO-c [17] confirmed the D-
meson decay constant [15]; and CDF [25] confirmed the mass of the Bc meson [24]. To obtain these
results it is essential to have heavy-quark discretization effects under control, as one expects from
theoretical foundations [27, 28, 29, 30]. Furthermore, the comparison of quenched QCD, QCD
with 2+1 staggered flavors, and experiment shows that sea quarks are needed to obtain agreement,
and that staggered quarks (in these cases) capture the needed effect.

This work has been supported in part by the U.S. National Science Foundation, the Office of
Science of the U.S. Department of Energy (DOE), and the U.K. Particle Physics and Astronomy
Research Council. Fermilab is operated by Universities Research Association Inc., under contract
with the DOE.
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with our final results [8] is excellent. For example, we find f D→K
+ (0) = 0.73(3)(7) [8] while BES

measures f D→K
+ (0) = 0.78(5) [6]. Our calculations of the normalization are also consistent with

the soft pion theorem, which states f0(q2
max) = fD/ fπ .

In principle, the shape of the form factors can be computed directly in lattice QCD. In practice,
we calculated at a few values of ppp and used the Bećirević-Kaidalov (BK) form [9] to fix the full q2

dependence of f+ and f0. Then the normalization of f+ comes mainly from f0 through a kinematic
constraint f+(0) = f0(0). The BK Ansatz and calculations near q2

max determine the shape. It was
important, therefore, to measure the q2 dependence experimentally. In photoproduction of charm
off fixed nuclear targets, the FOCUS Collaboration was able to collect high enough statistics to
trace out the q2 distribution of the decay [10]. This setup does not yield an absolutely normalized
branching ratio, so one is left to compare f+(q2)/ f+(0).

In Fig. 1 we plot our result for f+(q2)/ f+(0) vs. q2/m2
D∗

s
. The errors from f+(0) must be

propagated to non-zero q2, so for f+(q2)/ f+(0) the errors grow with q2. Figure 1 shows 1-σ bands
of statistical (orange) and all uncertainties (yellow) added in quadrature [11]. As one can see, the
q2 dependence of lattice QCD (curve and error band) and experiment (points) agree excellently,
although the uncertainties are still several per cent.
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D → Klν

Figure 1: Shape of form factor f+(q2)/ f+(0) vs. q2/m2
D∗

s
, compared with experiment [10].

3. Leptonic DDD Decays

We also computed the hadronic matrix element for the leptonic decay of charmed mesons, fD+

and fDs . The first (experimental) measurements of fD+ appeared in 2004, with three events from
BES [12] and eight from CLEO [13]. Neither provides a stringent test of QCD, but CLEO-c was
just starting its run and promised 5–8 times higher statistics by the Summer 2005 Lepton-Photon
Symposium [4]. At Lattice 2004 [14], we presented preliminary results for fD+ , based on one
lattice spacing, a ≈ 0.125 fm. Our aim was to extend the running to two other lattice spacings
and, of course, to improve our understanding of other aspects of the calculation, such as the chiral
extrapolation. Details are given in the ensuing publication [15]. We find

fD+ = 201±3±17 MeV, (3.1)

where the first error is from finite Monte Carlo statistics, the second is a sum in quadrature of
several systematics. A conservative (but not naïve) estimate of heavy-quark discretizations effects,
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First lattice QCD predictions, confirmed by experiment:

A. Kronfeld et al [Fermilab Lattice, MILC, HPQCD, 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Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

f
K⇡

+ (0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D
⇤
`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td
) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG

Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
~1.5 %   [from 2105.14019, 2304.03137, 2306.05657]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

QED corrections dominant 
source of theory error

0.7 % [from 2212.12648]

2013     2018 forecast   2013     

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
https://arxiv.org/abs/2304.03137
https://arxiv.org/abs/2306.05657
https://arxiv.org/abs/2212.12648
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Flavor Lattice Averaging Group:

• quality criteria for inclusion in averages

• consider sys. and stat. error correlations

• reviews over 60 quantities 

• ~ biannual schedule + web update

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]

Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) that 
quantitatively account for all systematic  effects (discretization, finite volume, renormalization,…) in 
some cases with 


•sub percent precision.  

• total errors that are commensurate (or smaller) than corresponding experimental uncertainties. 

 


Progress due to a virtuous cycle of theoretical developments, improved algorithms/methods and 
increases in computational resources (``Moore’s law”)
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Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) that 
quantitatively account for all systematic  effects (discretization, finite volume, renormalization,…) in 
some cases with 


•sub percent precision.  

• total errors that are commensurate (or smaller) than corresponding experimental uncertainties. 

 


Progress due to a virtuous cycle of theoretical developments, improved algorithms/methods and 
increases in computational resources (``Moore’s law”)

L 

a 

x Lattice QCD Introduction

Scope of LQCD calculations is increasing due to continual development of new methods: 

•nucleon matrix elements   


•nonleptonic kaon decays ( , ,…)


• resonances, scattering ( ,…)


• long-distance effects ( , …)

K → ππ ϵ′￼

ππ → ρ
ΔMK

•QED corrections 

• radiative decay rates

•structure: PDFs, GPDs, TMDs, …


• inclusive decay rates ( ,…)

•…

B → Xcℓν
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The role of (lattice) QCD in precision physics

Introduction to lattice QCD

Success stories: two examples


• : inputs for Higgs decay rates


• 

Puzzles: one examples

• hadronic corrections to muon g-2

Summary and Outlook

mq, αs

Bs,d → μμ



QCD 50, 11-15 Sep 2023A. El-Khadra

Higgs production and decay
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QCD@N3LO

Precision 
extraction of αS

Electroweak 
corrections at 2 

loops

PDFs@NNLO Precision 
determination of quark 

masses

Radja Boughezal @ P5 SLAC town hall

The computation of the Higgs cross sections and decay modes is an excellent example that highlights all of 
the theoretical advances needed to maximize the potential of the LHC program.

https://indico.slac.stanford.edu/event/7992/contributions/5885/attachments/2686/7697/Boughezal-P5-SLAC-2023.pdf
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quark masses and αs
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• Inputs to the (lattice) QCD lagrangian

• bare quark masses, : fixed with exp. measured hadron masses, e.g.,  

• lattice spacing in physical units (scale setting):    (or  or …)  ➠  

mud, ms, mc, mb Mπ, MK, MDs
, MBs

fπ MΩ αs
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© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

• all other quantities are pre/post dictions 
that can be compared to experiment.  
 


• determinations of renormalized  from 
many different observables/methods:  
Wilson loops, current correlators, HQ 
potential, step scaling,… 
 


• : 
different intermediate renormalization 
schemes (nonperturbative or 
perturbative) before matching to 

αs

mq

MS
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30 9. Quantum Chromodynamics

–s(M2
· ) = 0.312 ± 0.015.
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Figure 9.2: Summary of determinations of –s(M2

Z) from the seven sub-fields discussed in the
text. The yellow (light shaded) bands and dotted lines indicate the pre-average values of each
sub-field. The dashed line and blue (dark shaded) band represent the final world average value of
–s(M2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination including
a simultaneous fit of PDFs.

11th August, 2022

0.7%

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]

J. Huston, K. Rabbertz, G. Zanderighi  

[PDG QCD review]

http://arxiv.org/abs/arXiv:2111.09849
https://pdg.lbl.gov/2022/reviews/rpp2022-rev-qcd.pdf
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quark masses
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5%

1.0% 0.3%

0.6%1.5%

S. Aoki et al [FLAG 2021 review, 
arXiv:2111.09849, EPJC 2022]

PDG quark mass listings 
are (still) outdated.  

http://arxiv.org/abs/arXiv:2111.09849
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Finding Beauty
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L 

a 

x 

L 

a 

x 

 quarkb

 mesonB

   ➠ leading discretization errors 

                                 (using same action as for light quarks)   
mb ≳ a−1 ≫ Λ ∼ (amb)2

use EFT (HQET, NRQCD) ➠  expansion

• lattice HQET, NRQCD: use EFT to construct lattice action  

complicated continuum limit 
nontrivial matching and renormalization 


• relativistic heavy quark approach: Fermilab (1996), also Tsukuba (2003), RHQ (2006) 
matching relativistic lattice action via HQET to continuum 
nontrivial matching and renormalization 

Λ/mb

   +  highly improved light quark action           

       ➠ same action for all quarks 

       ➠ simple renormalization (Ward identities)

a−1 > mb ≫ Λ

➠ (few-5)% errors

➠ (1-3)% errors

➠ < 1% errors

EFTs co-developed

continuum/lattice 
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W

µ+

Bs
µ�

SM prediction for rare leptonic decay rate

[Beneke et al, arXiv:1908.07011, JHEP 2019]

Rare leptonic decay Bs → μμ

Branching fractions

6

1 2 3 4 5
]9−) [10−µ+µ → 0

s
(BΒ

SM Prediction
Beneke et al, JHEP 10 (2019) 232 0.14 ± 3.66

LHCb
PRL 118 (2017) 191801  0.6− 

 +0.73.0

CMS
JHEP 04 (2020) 188 0.65− 

 +0.722.94

ATLAS
JHEP 04 (2019) 098  0.7− 

 +0.82.8

ATLAS+CMS+LHCb
BPH-20-003 0.35− 

 +0.372.69

LHCb
PRL 128 (2022) 041801 0.44− 

 +0.483.09

CMS
BPH-21-006 0.41− 

 +0.443.83

No evidence for B0 -> μ+μ-

Silvano Tosi @ LHCP2023
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other

CKM

fBs

error2

0.6%

• includes structure-dependent QED corrections

• dominant uncertainty due to 

• LQCD decay constant sub dominant source of 

uncertainty

|Vcb |

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]
Silvano Tosi @ LHCP2023

http://arxiv.org/abs/arXiv:2111.09849
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FIG. 8. Decay constants plotted in units of fp4s vs the heavy-strange meson mass for physical-mass
ensembles at three lattice spacings, and continuum extrapolation. For each color there are two sets
of data and fit lines: one with valence light mass mx = ms (higher one), and one with mx = mu.
The dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing, and data points (with
open symbols) to the right of the dashed vertical line of the corresponding color are omitted from
the fit. The width of the fit lines shows the statistical error coming from the fit. The solid vertical
lines indicate the D and B systems, where MHs = MDs and MHs = MBs , respectively.

Altogether we have 492 lattice data points in the base fit and 60 parameters in the EFT
fit function. The fit has a correlated �

2
data/dof = 466/432, giving p = 0.12. Figure 8

shows a snapshot of the decay constants for physical-mass ensembles, plotted versus the
corresponding heavy-strange meson masses MHs at three lattice spacings. The continuum
extrapolation is also shown. The valence light mass mx is tuned either to ms (upper points)
or to mu (lower points). Data points with open symbols that are at the right of the dashed
vertical line of the corresponding color are omitted from the fit because they have amh > 0.9.
The fact that the fit lines agree well with the omitted points is evidence that we have not
overfit the data. In the continuum extrapolation, the masses of sea quarks are set to the
correctly-tuned, physical quark masses ml, ms, and mc, while at nonzero lattice spacing the
masses of the sea quarks take the simulated values.

The width of the fit lines in Fig. 8 shows the statistical error coming from the fit, which
is only part of the total statistical error, since it does not include the statistical errors in the
inputs of the quark masses and the lattice scale. To determine the total statistical error of
each output quantity, we divide the full data set into 20 jackknife resamples. The complete
calculation, including the determination of the inputs, is performed on each resample, and
the error is computed as usual from the variations over the resamples. (For convenience, we
kept the covariance matrix fixed to that from the full data set, rather than recomputing it

29

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

A. Bazavov et al [FNAL/MILC, arXiv:1712.09262, 2018 PRD]

small errors due to physical light quark masses

improved quark action with small discretization errors even for heavy quarks

no renormalization (Ward identity)
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ć

m
ĺ
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FIG. 7. Valence heavy-quark masses vs. lattice-spacings of ensembles used in this calculation,
in units of the simulation charm sea-quark mass. Symbol shapes indicate the value of the light
sea-quark masses, with diamonds, squares, and circles corresponding to m

0
l
= m

0
s/5, m

0
s/10, and

physical, respectively. The symbol area is proportional to the statistical sample size. The black
(gray) hyperbola shows amh = 0.9 (amh = ⇡/2). The horizontal dashed lines indicate the physical
bottom and charm masses.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

The rest of this section is organized as follows. In Sec. VA, we construct an EFT-based
fit function with enough parameters (60) to describe the data as a function of the light- and
heavy-quark masses and lattice spacing. For convenience, the complete final expression is
written out in Sec. V B. Next, Sec. VC explains how we convert our decay-constant data
from lattice units to “p4s units” and, eventually, to MeV. Finally, we describe how the fit
works in practice and present our final fit used to obtain the decay-constant central values
and errors in Sec. V D.

A. E↵ective-field-theory fit function for heavy-light decay constants

Recall that Hx denotes a generic heavy-light pseudoscalar meson composed of a light
valence quark x and a heavy valence antiquark h̄, with masses mx and mh, respectively.
The decay constant and mass of Hx are fHx and MHx , respectively. In heavy-quark physics,
the conventional decay constant is defined and normalized as �Hx ⌘ fHx

p
MHx .

We start with massless light quarks, with �0 and M0 denoting the decay constant and

22



QCD 50, 11-15 Sep 2023A. El-Khadra

Outline

23

The role of (lattice) QCD in precision physics

Introduction to lattice QCD

Success stories: two examples


• : inputs for Higgs decay rates


• 

Puzzles: one example

• hadronic corrections to muon g-2

Summary and Outlook

mq, αs
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Anomalous magnetic moment

24

= (�i e) ū(p0)


�µF1(q

2) +
i�µ⌫q⌫
2m

F2(q
2)

�
u(p)

The magnetic moment of charged leptons (e, µ, τ): ~µ = g
e

2m
~S

Dirac (leading order): g = 2 = (�ie) ū(p0)�µu(p)

Quantum effects (loops):

Note:                    and g = 2 + 2F2(0)F1(0) = 1

Anomalous magnetic moment: a ⌘ g � 2

2
= F2(0)
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Dirac (leading order): g = 2 = (�ie) ū(p0)�µu(p)

Quantum effects (loops):

Note:                    and g = 2 + 2F2(0)F1(0) = 1

All SM particles 
contribute
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⇣
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➠

Anomalous magnetic moment: a ⌘ g � 2

2
= F2(0)

<latexit sha1_base64="D36ycY9XBBEgOWrcbL0ixOPZK0k="></latexit>

=
↵
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+O(↵2) + . . . = 0.00116...
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Fermilab muon g-2 experiment
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The Fermilab experiment released the measurement result from their run 2&3 data on 10 Aug 2023.  
[D. Aguillard et al, 2308.06230]

Run 6 completed summer 2023. 

+ CMD-3 ? 
??? 

adapted from J. Mott @ Scientific Seminar, 10 Aug 2023

https://arxiv.org/abs/2308.06230
https://indico.fnal.gov/event/60738/
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Muon g-2: SM contributions

26

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)

<latexit sha1_base64="ukHmy76qPwlDiPWpui1oZda0TB8=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyxCRSgzUtGNUNSKyxbsBdoyZDJpG5pkhiQjlKFv5MZX6UZEEbe+hWk7C9t6IOTn+88hOb8fMaq047xbK6tr6xubma3s9s7u3r59cFhXYSwxqeGQhbLpI0UYFaSmqWakGUmCuM9Iwx/cTfzGM5GKhuJJDyPS4agnaJdipA3y7AfktXkMb+DszidtyWG1fD86g+dzrNxYQn0UyFBQbAzPzjkFZ1pwWbipyIG0Kp49bgchjjkRGjOkVMt1It1JkNQUMzLKtmNFIoQHqEdaRgrEieok031H8NSQAHZDaY7QcEr/TiSIKzXkvunkSPfVojeB/3mtWHevOwkVUayJwLOHujGDOoST8GBAJcGaDY1AWFLzV4j7SCKsTcRZE4K7uPKyqF8U3GLhslrMlW7TODLgGJyAPHDBFSiBR1ABNYDBCxiDD/BpvVpv1pf1PWtdsdKZIzBX1s8vvYil5A==</latexit>
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Hadronic contributions are obtained by integrating over all possible virtual photon momenta,  
integral is weighted towards low . 


Cannot use perturbation theory to reliably compute the hadronic bubbles


Two-point & four-point functions: 
        HVP:            HLbL:            

q2

⟨0 |T{jμ jν} |0⟩ ⟨0 |T{jμ jν jρ jσ} |0⟩

Two independent approaches 

1. Dispersive, data-driven

2. Lattice QCD      



QCD 50, 11-15 Sep 2023A. El-Khadra

hadrons

e+

e−

      Hadronic Corrections

28

Two independent approaches: 

 


 For HVP: use dispersion relations to rewrite integral in terms of hadronic cross section:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for the different 
channels over the needed energy range with increasing precision.  
 

 For HLbL: new dispersive formulation

e+e−

➠Im[ ] ∼ | |2
hadrons
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Many experiments (over 20+ years) have measured the cross sections for the different 
channels over the needed energy range with increasing precision.  
 

 For HLbL: new dispersive formulation

e+e−

➠Im[ ] ∼ | |2
hadrons aHVP,LO

µ =
⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)aHVP,LO
µ =

m2
µ

12⇡3
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�exp(s)
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Two independent approaches: 

 


 For HVP: use dispersion relations to rewrite integral in terms of hadronic cross section:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for the different 
channels over the needed energy range with increasing precision.  
 

 For HLbL: new dispersive formulation

e+e−

➠Im[ ] ∼ | |2
hadrons

 Direct calculation using Euclidean Lattice QCD 

ab-initio method to quantify QCD effects

already used for simple hadronic quantities with high precision

requires large-scale computational resources

allows for entirely SM theory based evaluations

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)aHVP,LO
µ =

m2
µ

12⇡3

Z
ds

K̂(s)

s
�exp(s)
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0
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic 
corrections


summarize the theory status and assess reliability of uncertainty estimates


organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021 
Fifth plenary workshop @ Higgs Centre (Edinburgh): 5-9 September 2022 
Sixth plenary workshop @ University of Bern: 4-8 September 2023 
Seventh plenary workshop @ KEK or KMI (Japan): 9-13 September 2024 
Eight plenary workshop: 2025 — seeking proposals

Muon g-2 Theory Initiative

Gilberto Colangelo (Bern)

Michel Davier (Orsay) co-chair

Aida El-Khadra (UIUC & Fermilab) chair

Martin Hoferichter (Bern)

Christoph Lehner (Regensburg University) 
co-chair

Laurent Lellouch (Marseille)

Tsutomu Mibe (KEK)   
J-PARC Muon g-2/EDM experiment

Lee Roberts (Boston)    
Fermilab Muon g-2 experiment

Thomas Teubner (Liverpool)

Hartmut Wittig (Mainz)

29

Steering Committee 

https://muon-gm2-theory.illinois.edu

https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://indico.ph.ed.ac.uk/event/112/
https://indico.cern.ch/event/1258310/
https://muon-gm2-theory.illinois.edu
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aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ
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aSMµ
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(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)
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Tensions between BaBar and KLOE data sets: 

Cross checks using analyticity and unitarity 
relating pion form factor to  scattering 

Combinations of data sets affected by tensions 
➠ conservative merging procedure

ππ

Zhiqing Zhang (LAL, Orsay) /15+12The muon g-2 theory initiatives, Seattle, Sept 9-13, 2019
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Davier-Hoecker-Malaescu-Zhang, 2019

Summary

!15

❒ A few new measurements/updates included 

❒ The fit based on analyticity and unitarity improves the precision by ~50%  
    for energy range below 0.6 GeV 

❒ The large discrepancy between BABAR and KLOE in the π+π- channel is 
not covered by the usual uncertainty estimation (even when local error 
inflation is applied), we quote this discrepancy as an additional 
(dominant) uncertainty in our new evaluation 

❒ We need more precise and                                                          
independent measurements                                                                    
to resolve the discrepancy
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[M. Davier et al, arXiv:1908.00921]  

 defined to include real & virtual photons

direct integration method: no modelling of  , 
summing up contributions from all hadronic channels

total hadronic cross section  from > 100 data sets 
in more than 35 channels summed up to 


: inclusive data + pQCD + narrow resonances

two independent compilations (DHMZ, KNT) using the 
direct integration method

σhad (s)
σhad (s)

σhad (s)
s ∼ 2 GeV

s > 2 GeV

http://arxiv.org/abs/arXiv:1802.02995
http://arxiv.org/abs/arXiv:1908.00921
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In 2020 WP:  
Conservative merging procedure to obtain a realistic 
assessment of the underlying uncertainties:


• account for tensions between data sets

• account for differences in methodologies for compilation 

of experimental inputs

• include correlations between systematic errors

• cross checks from unitarity & analyticity constraints 

[Colangelo et al, 2018;  Anantharayan et al, 2018; Davier et al, 2019;  
Hoferichter et al, 2019]


• Full NLO radiative corrections  [Campanario et al, 2019]

HVP: data-driven
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New: from CMD-3 [F. Ignatov et al, arXiv:2302.08834]

A new puzzle!

• discrepancies between experiments now   

this needs to be understood/resolved 


• (virtual) scientific seminar + discussion panel on CMD-3 measurement 
March 27 (8:00 –11:00 am US CDT)  
2nd CMD-3 discussion meeting (


• 6th Muon g-2 Theory Initiative workshop (4-8 Sep 2023, Bern)

≳ (3 − 5) σ

= 693.1 (4.0) × 10−10
aHVP,LO

μ = 693.1 (2.8)exp (0.7)DV+pQCD (2.8)BaBar−KLOE × 10−10

see appendix
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Figure 3: (Color online) Comparison of the updated calculation of the leading-order (LO) hadronic vacuum polarization
contribution to (g � 2)µ due to ⇡+⇡� in the energy range 600 - 900 MeV from BESIII and the corresponding results from
CMD-2 [13, 14], SND [15], BaBar [11], BESIII 16 [1],CLEO [16], and KLOE [17]. The respective values are taken from the
white paper of the Muon g-2 Theory Initiative [2, 3, 18, 19, 20, 21, 22]. The yellow band indicates the 1� range of the updated
BESIII result.

Wallenberg Foundation (Sweden) under Contract No. 2016.0157; The Royal Society, UK under Contracts
Nos. DH140054, DH160214; The Swedish Research Council; U. S. Department of Energy under Contracts
Nos. DE-FG02-05ER41374, DE-SC-0012069.
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[Colangelo et al, 2018;  Anantharayan et al, 2018; Davier et al, 2019;  
Hoferichter et al, 2019]


• Full NLO radiative corrections  [Campanario et al, 2019]

HVP: data-driven

33

Ongoing work on experimental inputs:

• BaBar: new analysis of large data set in  channel

• KLOE: new analysis of large data in  channel

• SND: new results for  channel, other channels in progress

• BESIII: new results in 2021 for  channel, continued analysis for , …

• Belle II: arXiv:2207.06307 (Snowmass WP) 

Better ultimate statistics than BaBar or KLOE; similar or better 
systematics for low-energy cross sections 

ππ
ππ

ππ
ππ πππ

= 693.1 (4.0) × 10−10
aHVP,LO

μ = 693.1 (2.8)exp (0.7)DV+pQCD (2.8)BaBar−KLOE × 10−10

Ongoing work on theoretical aspects:

• better treatment of structure dependent radiative corrections (NLO) in  

and  channels  
so far: FsQED (scalar QED + pion form factor)  
tests of radiative corrections using exp. measurement of charge asymmetry 
[Ignatov + Lee, arXiv:2204.12235] 
new dispersive treatment [Colangelo at al, arXiv:2207.03495]


• Developing NNLO Monte Carlo generators (STRONG 2020 workshop 
https://agenda.infn.it/event/28089/)   


• including  decay data: requires nonperturbative evaluation of IB correction  
[M. Bruno et al, arXiv:1811.00508]

ππ
πππ

τ
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a⇡⇡,LO
µ

(600 � 900 MeV) [10�10]

CMD-2 03,06

SND 04

CLEO 18

BaBar 09

KLOE 18
avg. of KLOE 08/10/12
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BESIII (This work)
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376.7 ± 2.7

366.9 ± 2.1
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368.2 ± 1.5 ± 3.3

Figure 3: (Color online) Comparison of the updated calculation of the leading-order (LO) hadronic vacuum polarization
contribution to (g � 2)µ due to ⇡+⇡� in the energy range 600 - 900 MeV from BESIII and the corresponding results from
CMD-2 [13, 14], SND [15], BaBar [11], BESIII 16 [1],CLEO [16], and KLOE [17]. The respective values are taken from the
white paper of the Muon g-2 Theory Initiative [2, 3, 18, 19, 20, 21, 22]. The yellow band indicates the 1� range of the updated
BESIII result.

Wallenberg Foundation (Sweden) under Contract No. 2016.0157; The Royal Society, UK under Contracts
Nos. DH140054, DH160214; The Swedish Research Council; U. S. Department of Energy under Contracts
Nos. DE-FG02-05ER41374, DE-SC-0012069.

References

[1] M. Ablikim, et al., Measurement of the e+e� ! ⇡+⇡� cross section between 600 and 900 MeV using initial state radiation,
Phys. Lett. B 753 (2016) 629–638. arXiv:1507.08188, doi:10.1016/j.physletb.2015.11.043.

[2] G. Colangelo, M. Hoferichter, P. Sto↵er, Two-pion contribution to hadronic vacuum polarization, JHEP 02 (2019) 006.
arXiv:1810.00007, doi:10.1007/JHEP02(2019)006.

[3] M. Davier, A. Hoecker, B. Malaescu, Z. Zhang, A new evaluation of the hadronic vacuum polarisation contributions
to the muon anomalous magnetic moment and to ↵(m2

Z), Eur. Phys. J. C 80 (3) (2020) 241. arXiv:1908.00921, doi:
10.1140/epjc/s10052-020-7792-2.

[4] A. Hocker, V. Kartvelishvili, SVD approach to data unfolding, Nucl. Instrum. Meth. A372 (1996) 469–481. arXiv:

hep-ph/9509307, doi:10.1016/0168-9002(95)01478-0.
[5] G. Rodrigo, H. Czyz, J. H. Kuhn, M. Szopa, Radiative return at NLO and the measurement of the hadronic cross-section

in electron positron annihilation, Eur. Phys. J. C 24 (2002) 71–82. arXiv:hep-ph/0112184, doi:10.1007/s100520200912.
[6] F. Jegerlehner, Hadronic Contributions to Electroweak Parameter Shifts: A Detailed Analysis, Z. Phys. C32 (1986) 195,

www-com.physik.hu-berlin.de/˜fjeger/alphaQED.tar.gz (2015). doi:10.1007/BF01552495.
[7] J. S. Schwinger, PARTICLES, SOURCES, AND FIELDS. VOL. 3, Perseus, 1989.
[8] M. Ablikim, et al., Future Physics Programme of BESIII, Chin. Phys. C 44 (4) (2020) 040001. arXiv:1912.05983,

doi:10.1088/1674-1137/44/4/040001.
[9] G. Gounaris, J. Sakurai, Finite width corrections to the vector meson dominance prediction for ⇢ ! e+e�, Phys. Rev.

Lett. 21 (1968) 244–247. doi:10.1103/PhysRevLett.21.244.
[10] P. Zyla, et al., Review of Particle Physics, PTEP 2020 (8) (2020) 083C01. doi:10.1093/ptep/ptaa104.
[11] J. P. Lees, et al., Precise Measurement of the e+e� ! ⇡+⇡�(�) Cross Section with the Initial-State Radiation Method

at BABAR, Phys. Rev. D86 (2012) 032013. arXiv:1205.2228, doi:10.1103/PhysRevD.86.032013.
[12] S. Eidelman, F. Jegerlehner, Hadronic contributions to (g-2) of the leptons and to the e↵ective fine structure constant

alpha (M2
Z), Z. Phys. C67 (1995) 585–602. arXiv:hep-ph/9502298, doi:10.1007/BF01553984.

[13] R. R. Akhmetshin, et al., Reanalysis of hadronic cross-section measurements at CMD-2, Phys. Lett. B578 (2004) 285–289.
arXiv:hep-ex/0308008, doi:10.1016/j.physletb.2003.10.108.

[14] R. R. Akhmetshin, et al., High-statistics measurement of the pion form factor in the rho-meson energy range with the
CMD-2 detector, Phys. Lett. B648 (2007) 28–38. arXiv:hep-ex/0610021, doi:10.1016/j.physletb.2007.01.073.

[15] M. N. Achasov, et al., Update of the e+e� ! ⇡+⇡� cross-section measured by SND detector in the energy region 400
MeV <

p
s < 1000 MeV, J. Exp. Theor. Phys. 103 (2006) 380–384, [Zh. Eksp. Teor. Fiz. 130, 437 (2006)]. arXiv:

hep-ex/0605013, doi:10.1134/S106377610609007X.
[16] T. Xiao, S. Dobbs, A. Tomaradze, K. K. Seth, G. Bonvicini, Precision Measurement of the Hadronic Contribution to the

Muon Anomalous Magnetic Moment, Phys. Rev. D97 (3) (2018) 032012. arXiv:1712.04530, doi:10.1103/PhysRevD.97.
032012.

9

[M. Ablikim et al (BES III), arXiv:2009.05011] 

https://arxiv.org/abs/2207.06307
https://agenda.infn.it/event/28089/
http://arxiv.org/abs/arXiv:2009.05011


QCD 50, 11-15 Sep 2023A. El-Khadra

Calculate  in Lattice QCD:  

• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
 
 
    
 
  


• need to add QED and strong isospin breaking  
(  ) corrections: 

aHVP
μ

mu = md

∼ mu − md

Lattice HVP: Introduction

34

+ …

X

f
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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 ~90% of total

s,c,b-quark contributions  

 ~8%, 2%, 0.05% of total 
 


disconnected contribution:  
  ~2% of total


 


Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total
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Calculate  in Lattice QCD:  aHVP
μ

Lattice HVP: challenges
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aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc
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 needed with precision


subpercent statistical precision: 
exponentially growing noise-to-signal in  as  
affects light-quark contributions

sizable finite volume effects 

sensitivity to scale setting uncertainty

control discretization effects 

quark-disconnected diagrams: control noise

include isospin-breaking effects 
Separation of   into  and  is 
scheme dependent. 

aHVP,LO
μ < 0.5 %

C(t) t → ∞

aHVP,LO
μ aHVP,LO

μ (ud) δaHVP,LO
μ
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Use windows in Euclidean time to consider the different time regions separately  
[T. Blum et al, arXiv:1801.07224, 2018 PRL] 
  
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
                           


disentangle systematics/statistics from long distance/FV and discretization effects 

intermediate window: easy to compute in lattice QCD; compare to disperse approach 

Internal cross check: compute each window separately (in continuum, infinite volume limits,…) and 
combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞

Windows in Euclidean time

36

aµ = aSDµ + aWµ + aLDµ

<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

t0 = 0.4 fm, t1 = 1.0 fm

<latexit sha1_base64="ZRmofYCS3W/79ZVAVjiXPCjV2NI="></latexit>

aHVP,LO
µ = 4↵2

Z 1

0
dtC(t) w̃(t)

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5 3

t [fm]

Lattice data

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤
Step	func3on:

“Standard”	window	quan33es:
<latexit sha1_base64="3/X9k7tHfEFhYfCh5/e+1KR+S3s="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021
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In 2020 WP: 


Lattice HVP average at total uncertainty:     


BMW 20 [Sz. Borsanyi et al, arXiv:2002.12347, 2021 Nature]  first LQCD calculation with sub-percent ( ) 
error in tension with data-driven HVP ( )

Further tensions for intermediate window: 

 

-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 % aHVP,LO
μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

Lattice HVP: results

37

Staggered fermions:

• taste-breaking effects (which yield taste splittings) are significant (sometimes dominant) source of 

discretization errors

• possible to use EFT schemes (ChPT, Chiral Model, MLLGS)  to correct for taste-splitting effects before 

taking continuum extrapolation: continuum limit should not be affected 

L 

a 

x 

<latexit sha1_base64="ZRmofYCS3W/79ZVAVjiXPCjV2NI="></latexit>

aHVP,LO
µ = 4↵2

Z 1

0
dtC(t) w̃(t)

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties

0.0

0.5

1.0

1.5 window [RBC/UKQCD’18]
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new results in 2022/2023 for intermediate  window,   from six different lattice groups.

blind analyses: Fermilab/HPQCD/MILC + RBC/UKQCD

lattice-only comparison of light-quark connected  
contribution to intermediate window:

aW
μ

What the hell is going on with HVP?

230 235 240 245

BMW 2020

RBC/UKQCD 2018

Mainz 2022

R-ratio data

RBC/UKQCD 2022

ETMC 2022

ETMC 2021

FNAL/HPQCD/MILC 2022

aHVP, win

µ ⇥ 1010

In this talk: no new answers, but old ones to frequently asked questions, and some

more perspectives

M. Hoferichter (Institute for Theoretical Physics) Dispersive determination of HVP in the muon g � 2 Sep 23, 2022 2

R-ratio data [Colangelo et al, arXiv:2205:12963]

compiled by M. Hoferichter

200 202 204 206 208 210 212

RBC/UKQCD 18

Aubin et al . 19

Lehner & Meyer 20

BMW 21

¬QCD OV/DWF 22
¬QCD OV/HISQ 22

Aubin et al . 22

Mainz/CLS 22

ETMC 22

RBC/UKQCD 23

Fermilab/HPQCD/MILC 23

LQCD results including all contributions

 tensions between LQCD and 
(pre-2023) data-driven evaluations
∼ (3.5 − 4)σ
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Lattice HVP: results
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new results in 2022/2023 for intermediate  window,   from six different lattice groups.

blind analyses: Fermilab/HPQCD/MILC + RBC/UKQCD

lattice-only comparison of light-quark connected  
contribution to intermediate window:

aW
μ

200 202 204 206 208 210 212

RBC/UKQCD 18

Aubin et al . 19

Lehner & Meyer 20

BMW 21

¬QCD OV/DWF 22
¬QCD OV/HISQ 22

Aubin et al . 22

Mainz/CLS 22

ETMC 22

RBC/UKQCD 23

Fermilab/HPQCD/MILC 23

➠ primary source of tension

L 

a 

x 

4

theory, we use the resulting central value as the total un-
certainty on the perturbative contribution. This enlarges
the uncertainty of the perturbative contribution without
DVs by a factor of about 10, and should provide a very
conservative assessment. The resulting inclusive-region
contribution is then

[awin,lqc
µ ]pt.QCD+DVs = 11.06(16)⇥ 10�10. (14)

The fourth and final ingredient in the determination of
awin,lqc
µ is an evaluation of the EM and SIB contributions

to be subtracted from the data-based results obtained
above before comparison with isospin-symmetric lattice-
QCD results. The general strategy employed for this
subtraction is detailed in Refs. [39] and [40]. The main
observation is that, to first order in IB, SIB is present
only in the MI component of ⇢EM(s). EM IB, on the
other hand, occurs in all of the pure I = 1/0 and MI com-
ponents. The IB correction to awin,lqc

µ then contains two
parts. The first, which appears in the pure I = 1 com-
ponent, is of EM origin. No breakdown of this correction
into individual exclusive-mode contributions is required;
an inclusive determination is su�cient. The situation for
the MI contribution is di↵erent since we must estimate
the MI contamination on a channel-by-channel basis, re-
moving from the “nominally” I = 1 results above the
component that arises from ⇢MI

EM
(s). These contributions

are expected to be dominated by the 2⇡ mode through
⇢� ! mixing in the process e+e� ! ! ! ⇢ ! 2⇡.

At present, given the absence of data-driven estimates
for some potentially important components of the pure
I = 1 EM IB contribution (see, e.g., the discussion in
the Appendix of Ref. [39]), we are forced to rely on the
lattice, and employ for this correction the result obtained
by BMW in Ref. [31],

�EMawin,lqc
µ = 0.035(59)⇥ 10�10 . (15)

This correction is very small, given the size of other un-
certainties, and we will neglect it in what follows.

The MI contamination to the 2⇡ exclusive mode was
obtained in Ref. [52] from 2⇡ electroproduction data fit-
ting a dispersive representation of the pion form factor
that includes ⇢ � ! mixing. The 2⇡ MI component is

found to be
⇥
awin

µ

⇤MI

⇡⇡
= 0.83(6) ⇥ 10�10, which is about

0.6% of the total 2⇡ contribution to awin

µ . Since the MI
components of other nominally I = 1 modes have no
analogous narrow-resonance enhancements, we consider
it very safe to assume that their MI total will not exceed
1% of the sum, 25.68⇥ 10�10, of their contributions. To
account for the total of the non-2⇡-mode MI contamina-
tions we thus add an uncertainty of 0.26 ⇥ 10�10 to the
2⇡ results of Ref. [52]. Using Eq. (7), this leads to a MI
correction of

�MIawin,lqc
µ = �0.92(7)2⇡(29)non�2⇡ ⇥ 10�10. (16)

195 200 205 210

BMW 20

LM 20

�QCD 23

ABGP 22

Mainz/CLS 22

ETMC 22

Fermilab/HPQCD/MILC 23

RBC/UKQCD 23

Data-based BBGKMP 23

awin,lqcµ ⇥ 1010

FIG. 1. Comparison of our final result (BBGKMP 23),
Eq. (17), with lattice results for awin,lqc

µ from [31] (BMW
20), [48] (LM 20), [49] (�QCD 23), [50] (ABGP 22), [33]
(Mainz/CLS 22), [34] (ETMC 22), [51] (FHM 23), and [35]
(RBC/UKQCD 23)

We are now in a position to obtain our final data-
driven estimate for awin,lqc

µ . Adding the contributions
from Eqs. (8), (13), (14), and applying the IB correction
of Eq. (16), we find, as our final result,

awin,lqc
µ = 198.8(1.1)⇥ 10�10. (17)

In Fig. 1, we compare our data-driven estimate with the
lattice-QCD results from 8 di↵erent collaborations. The
tension between the data-driven and lattice results is
striking. Assuming, for simplicity, all errors to be Gaus-
sian, we find tensions ranging from 3.3� to 6.1�. Our re-
sult indicates that the discrepancy between data-driven
and lattice-QCD results for awin

µ is almost entirely due to
the light-quark connected contribution, which, in turn,
is strongly dominated by the 2⇡ channel—accounting for
about 81% of the result of Eq. (17).
We note that our final result is based on the KNT19

data compilation. An equivalent analysis using other dis-
persive evaluations (e.g. DHMZ data [11, 13]) would be
desirable. We remark, however, that for the lqc contri-
bution to aHVP

µ , which can be obtained based on publicly
available results, KNT19- and DHMZ-based estimates
are in very good agreement [39].
In a forthcoming publication we will present re-

sults for several other window quantities, including
both the light-quark-connected and strange-quark-plus-
all-disconnected contributions, along with a much more
detailed discussion of the results presented here.

Acknowledgments: We would like to thank Mar-
tin Hoferichter and Peter Sto↵er for extensive discus-
sions on isospin breaking. DB and KM thank San Fran-
cisco State University where part of this work was car-
ried out, for hospitality. This material is based upon
work supported by the U.S. Department of Energy, Of-

dispersive evaluation of light-quark 
connected contribution 
[G. Benton, et al, arXiv:2306.16808]
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Evaluations of short-distance windows [ETMC, RBC/UKQCD]

Proposals for computing more windows:  


Use linear combinations of finer windows to locate the tension (if it persists) in      
[Colangelo et al, arXiv:12963]


Use larger windows, excluding the long-distance region   to maximize the significance 
of any tension [Davies at at, arXiv:2207.04765] 

For total HVP: 

independent lattice results at sub-percent precision: coming soon!

Including  states for refined long-distance computation  
(Mainz, RBC/UKQCD, FNAL/MILC)

include smaller lattice spacings to test continuum extrapolations 

s

t ≳ 2 fm

ππ

Ongoing work:

L 

a 

x 

➠ if no tensions between independent lattice results, feasible∼ 0.5 %
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Theory Initiative: 

CMD-3 seminar (virtual): 27 March 2023 at 8:00am US CDT

2nd CMD-3 discussion meeting

8/9/2023: Status of Muon g-2 Theory in SM

Run 4
Run 5

Result from 
Runs 2&3

20
21

20
22

20
23

Final result 

from E989  

?

J-PARC E34FNAL E989

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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Muon g-2 TI 
WP published 

Run 6

20
25

WP

20
24

TI workshops:   
Jun 2021 @ KEK (virtual)          Sep 2022 @ Higgscentre

Sep 2023 @ Bern                     Sep 2024 @ KEK or KMI

WP update 

https://indico.fnal.gov/event/59052/
https://indico.ijclab.in2p3.fr/event/9697/
https://muon-gm2-theory.illinois.edu
https://arxiv.org/abs/2006.04822
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The Fermilab experiment released the measurement result from their run 2&3 data on 10 Aug 2023.  
[D. Aguillard et al, 2308.06230]

Run 6 completed summer 2023, final measurement result expected in 2025

+ CMD-3 ? 
??? 

adapted from J. Mott @ Scientific Seminar, 10 Aug 2023

consolidated LQCD prediction (coming soon) ➠

➠new measurements by BaBar, KLOE, SND,….

https://arxiv.org/abs/2308.06230
https://indico.fnal.gov/event/60738/
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Complexity
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LQCD results, 

large(ish) errors 
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other inclusive 
decay rates,


…
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nucleon form factors, ..

MEs for light nuclei
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B ! ⇡⇡ `⌫

<latexit sha1_base64="NX6FoPm3Dux2QUQkXt5FBFmhtKE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZqDVh8MPN6bYWZelHKmjed9OZW19Y3Nrep2bWd3b//APTzqaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTu4XfnVKlmRSPZpbSMMEjwWJGsLHSwHWDlKGijESBGsuBW/caXgH0l/glqUOJ1sD9DIaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVId5cfkcnVlliGKpbAmDCvXnRI4TrWdJZDsTbMZ61VuI/3n9zMQ3Yc5EmhkqyHJRnHFkv1zEgIZMUWL4zBJMFLO3IjLGChNjw6rZEPzVl/+SzkXDv2r4D5f15m0ZRxVO4BTOwYdraMI9tKANBKbwBC/w6uTOs/PmvC9bK045cwy/4Hx8A5pVkv8=</latexit>

⇡⇡ ! ⇢

➠

,…
<latexit sha1_base64="/s2o5heOAcXHCa9fE1mCJ1A/l9w=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQrGVGRF0W3QhuKtgHdMaSSTNtaJIZkoxQhv6EG3/FjQtF3Aru/BvT6Sy09UJyD+fcS3JOEDOqtON8W4WFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryZ664FIRSNxp0cx8TnqCxpSjLShunbFiyn0dAQ9wtj9UXYfV6BXgTdTuo84R3nr2mWn6mQF54GbgzLIq961v7xehBNOhMYMKdVxnVj7KZKaYkbGJS9RJEZ4iPqkY6BAnCg/zVyN4YFhejCMpDlCw4z9vZEirtSIB2aSIz1Qs9qE/E/rJDq88FMq4kQTgacPhQmDxu4kItijkmDNRgYgLKn5K8QDJBHWJsiSCcGdtTwPmidV96zq3p6Wa5d5HEWwB/bBIXDBOaiBa1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfCnrM8fOyqc/w==</latexit>

⇡ ! `+`�, K ! ��

<latexit sha1_base64="k33QJCk3nwlGs4MtzHaEDCPNeFA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCURUZdVNy4r9gVtCJPpJB06eTAzEUKov+LGhSJu/RB3/o3TNgttPXC5h3PuZe4cL+FMKsv6NlZW19Y3Nktb5e2d3b198+CwI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+Hbqdx+pkCyOWipLqBPiIGI+I1hpyTUrgXtdQ4MaCtxW0R9cs2rVrRnQMrELUoUCTdf8GgxjkoY0UoRjKfu2lSgnx0IxwumkPEglTTAZ44D2NY1wSKWTz46foBOtDJEfC12RQjP190aOQymz0NOTIVYjuehNxf+8fqr8KydnUZIqGpH5Q37KkYrRNAk0ZIISxTNNMBFM34rICAtMlM6rrEOwF7+8TDpndfuibt+fVxs3RRwlOIJjOAUbLqEBd9CENhDI4Ble4c14Ml6Md+NjPrpiFDsV+APj8wc58JKR</latexit>gA, gT , gS

,…

<latexit sha1_base64="iJrtMhTVf7vj8RUQMIvrNj4AgT0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKpYyU0RdlurCZYW+oJ0OmTTThmYyY5IRylA3/oobF4q49S/c+Tem7Sy0eiBwOOdebs7xIkalsqwvI7O0vLK6ll3PbWxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjq6nfuidC0pDX1TgiToAGnPoUI6Ul1zzwe0m1q0J4PXGT06JVrE9g4a5XPnHNvFWyZoB/iZ2SPEhRc83Pbj/EcUC4wgxJ2bGtSDkJEopiRia5bixJhPAIDUhHU44CIp1klmACj7XSh34o9OMKztSfGwkKpBwHnp4MkBrKRW8q/ud1YuVfOgnlUawIx/NDfsygTjytA/apIFixsSYIC6r/CvEQCYSVLi2nS7AXI/8lzXLJPi/Zt2f5SjWtIwsOwREoABtcgAq4ATXQABg8gCfwAl6NR+PZeDPe56MZI93ZB79gfHwDo1WVEg==</latexit>

fB!D
+,0,T (q2)

<latexit sha1_base64="8idZ6YEWYLfYFdHscr4b+wD/tbo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXkpSRD0WvQheKtgPaNKy2W7apZtN3N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MqFS2/W3kVlbX1jfym4Wt7Z3dPbO435RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7qa+q0HIiSN+J0ax8QL0YDTgGKktNQzi0E3vXFVZLkxnZTvu9WTnlmyK/YM1jJxMlKCDPWe+eX2I5yEhCvMkJQdx46VlyKhKGZkUnATSWKER2hAOppyFBLppbPTJ9axVvpWEAldXFkz9fdEikIpx6GvO0OkhnLRm4r/eZ1EBRdeSnmcKMLxfFGQMEu/Os3B6lNBsGJjTRAWVN9q4SESCCudVkGH4Cy+vEya1YpzVnFuT0u1yyyOPBzCEZTBgXOowTXUoQEYHuEZXuHNeDJejHfjY96aM7KZA/gD4/MHKEGTSA==</latexit>

fK!⇡(q2) ,…

<latexit sha1_base64="mH1xo+vsTJY973kO5PijeuNLwBY=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFHqjIi6LLpxWcFeoB2GTCZtQ5PMkItQhoIbX8WNC0Xc+hLufBvTdhba+kPg4z/ncHL+KGVUac/7dgpLyyura8X10sbm1vaOu7vXVImRmDRwwhLZjpAijArS0FQz0k4lQTxipBUNbyb11gORiibiXo9SEnDUF7RHMdLWCt0DHmYmHldgtwJ5aE55GOesQrfsVb2p4CL4OZRBrnrofnXjBBtOhMYMKdXxvVQHGZKaYkbGpa5RJEV4iPqkY1EgTlSQTW8Yw2PrxLCXSPuEhlP390SGuFIjHtlOjvRAzdcm5n+1jtG9qyCjIjWaCDxb1DMM6gROAoExlQRrNrKAsKT2rxAPkERY29hKNgR//uRFaJ5V/Yuqf3derl3ncRTBITgCJ8AHl6AGbkEdNAAGj+AZvII358l5cd6dj1lrwcln9sEfOZ8/bnKWGQ==</latexit>

mud, mu/md, ms
<latexit sha1_base64="ZKvsImjWyEi2hfDXnMctn3dkafw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJiHosevFYwX5AGsJmu2mX7mbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXoQ15SyhbcMMp71UUSwiTrvR+G7md5+o0kwmj2aS0kDgYcJiRrCxki9CUkf9OhJhFFZrbsOdA60SryA1KNAKq1/9gSSZoIkhHGvte25qghwrwwin00o/0zTFZIyH1Lc0wYLqIJ+fPEVnVhmgWCpbiUFz9fdEjoXWExHZToHNSC97M/E/z89MfBPkLEkzQxOyWBRnHBmJZv+jAVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdK5aHhXDe/hsta8LeIowwmcwjl4cA1NuIcWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QO7a5A/</latexit>mc, mb

<latexit sha1_base64="DVYM40zeqcV/Aozrjm9ZcatOv+g=">AAACBXicbVA7T8MwGHTKq5RXgBEGiwqpLFWCEDBWsLAgFUEfUhNFjuu0Vu0ksh2kEmVh4a+wMIAQK/+BjX+D02aAlpMsne7us/2dHzMqlWV9G6WFxaXllfJqZW19Y3PL3N5pyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcfXeZ+554ISaPwTo1j4nI0CGlAMVJa8sx9B7F4iLzUiXQsvyW9vs0yWOPew5FnVq26NQGcJ3ZBqqBA0zO/nH6EE05ChRmSsmdbsXJTJBTFjGQVJ5EkRniEBqSnaYg4kW462SKDh1rpwyAS+oQKTtTfEyniUo65r5McqaGc9XLxP6+XqODcTWkYJ4qEePpQkDCoIphXAvtUEKzYWBOEBdV/hXiIBMJKF1fRJdizK8+T9nHdPq3bNyfVxkVRRxnsgQNQAzY4Aw1wBZqgBTB4BM/gFbwZT8aL8W58TKMlo5jZBX9gfP4AgtKYkQ==</latexit>

↵MS(mz)
<latexit sha1_base64="3lB+BQnp6ljBY7sf6GsinOCmB48=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNRl0Y0LFxXsBZpQJtPTduhkEmYmQgl9Dje+ihsXirgTN76N0zaKtv4w8PGfczhz/iDmTGnH+bRyC4tLyyv51cLa+sbmlr29U1dRIinUaMQj2QyIAs4E1DTTHJqxBBIGHBrB4HJcb9yBVCwSt3oYgx+SnmBdRok2Vtt2vWvT3CHtAHs6wqX4CH879AcPsWcYOMeeSNp20Sk7E+F5cDMookzVtv3udSKahCA05USpluvE2k+J1IxyGBW8REFM6ID0oGVQkBCUn05OG+ED43RwN5LmCY0n7u+JlIRKDcPAdIZE99VsbWz+V2slunvup0zEiQZBp4u6CccmhHFOuMMkUM2HBgiVzPwV0z6RhGqTZsGE4M6ePA/147J7WnZvToqViyyOPNpD+6iEXHSGKugKVVENUXSPHtEzerEerCfr1XqbtuasbGYX/ZH18QVRXZ6N</latexit>

⇤b ! (p,⇤c,⇤) `⌫

<latexit sha1_base64="iNYoejPrn+0n6vPhl3j8qwPsIW8=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARXdUZEXVZdOOygr1AO5RMmmlDM8mQZMQy9FXcuFDErS/izrcxbUfQ1h8CH/85h3Pyhwln2njel7O0vLK6tl7YKG5ube/sunulhpapIrROJJeqFWJNORO0bpjhtJUoiuOQ02Y4vJnUmw9UaSbFvRklNIhxX7CIEWys1XVLHZpoxqU4Pv2hrlv2Kt5UaBH8HMqQq9Z1Pzs9SdKYCkM41rrte4kJMqwMI5yOi51U0wSTIe7TtkWBY6qDbHr7GB1Zp4ciqewTBk3d3xMZjrUexaHtjLEZ6PnaxPyv1k5NdBVkTCSpoYLMFkUpR0aiSRCoxxQlho8sYKKYvRWRAVaYGBtX0Ybgz395ERpnFf+i4t+dl6vXeRwFOIBDOAEfLqEKt1CDOhB4hCd4gVdn7Dw7b877rHXJyWf24Y+cj2/5VZRn</latexit>

✏0/✏
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other inclusive 
decay rates,


…

new ideas,

first studies

B → Xcℓν,

aHVP LO
µ aHLbL

µ

nucleon form factors, ..

MEs for light nuclei
<latexit sha1_base64="W+sHYUx4VRWOVf77pWouMczle5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj+lA8ogzaqx0H/Zlv1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Pjt1Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEV37OZZoZlGy+KMoEMQmZ/k1CrpAZMbaEMsXtrYQNqaLM2HQqNgRv8eVl8nhW9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAYMBPMMrvDnCeXHenY95a8kpZg7hD5zPH0ukjc8=</latexit>

dn

<latexit sha1_base64="SQLBDaxwDrbvuvkf5PVMQ9f6U0A=">AAACAHicbVBNSwMxFHxbv2r9qnrw4CVYBE9lV0Q9FvXgsYK1he6yZNNsG5pklyQrlKUX/4oXD4p49Wd489+YtnvQ1oHAMPMeLzNRypk2rvvtlJaWV1bXyuuVjc2t7Z3q7t6DTjJFaIskPFGdCGvKmaQtwwynnVRRLCJO29HweuK3H6nSLJH3ZpTSQOC+ZDEj2FgprB7chBr5JkE+5Rz5MkN+HwuBw2rNrbtToEXiFaQGBZph9cvvJSQTVBrCsdZdz01NkGNlGOF0XPEzTVNMhrhPu5ZKLKgO8mmAMTq2Sg/FibJPGjRVf2/kWGg9EpGdFNgM9Lw3Ef/zupmJL4OcyTQzVJLZoTjjyAaetIF6TFFi+MgSTBSzf0VkgBUmxnZWsSV485EXycNp3Tuve3dntcZVUUcZDuEITsCDC2jALTShBQTG8Ayv8OY8OS/Ou/MxGy05xc4+/IHz+QNhDZWj</latexit>

Ds ! `⌫�

PDFs, GPDs, TMDs,..
⟨NN |Oi |NN⟩

,…

<latexit sha1_base64="VXfpBaB0/T9w3zXIrlc1RdibslM=">AAACAnicbVC7SgNBFL3rM8ZX1EpsBoNgIWFXRC1DbCwjmAdklzA7uZsMmZ1dZmaFEIKNv2JjoYitX2Hn3zh5FJp44MLhnHuZOSdMBdfGdb+dpeWV1bX13EZ+c2t7Z7ewt1/XSaYY1lgiEtUMqUbBJdYMNwKbqUIahwIbYf9m7DceUGmeyHszSDGIaVfyiDNqrNQuHFaIbxLip3w6Z8RHIYgvs3ah6JbcCcgi8WakCDNU24Uvv5OwLEZpmKBatzw3NcGQKsOZwFHezzSmlPVpF1uWShqjDoaTCCNyYpUOiRJlRxoyUX9fDGms9SAO7WZMTU/Pe2PxP6+Vmeg6GHKZZgYlmz4UZYLY0OM+SIcrZEYMLKFMcftXwnpUUWZsa3lbgjcfeZHUz0veZcm7uyiWK7M6cnAEx3AKHlxBGW6hCjVg8AjP8ApvzpPz4rw7H9PVJWd2cwB/4Hz+ALGclbY=</latexit>

B ! ⇡⇡ `⌫

<latexit sha1_base64="NX6FoPm3Dux2QUQkXt5FBFmhtKE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0sxt2N4US+k+8eFDEq//Em//GbZqDVh8MPN6bYWZelHKmjed9OZW19Y3Nrep2bWd3b//APTzqaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTu4XfnVKlmRSPZpbSMMEjwWJGsLHSwHWDlKGijESBGsuBW/caXgH0l/glqUOJ1sD9DIaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVId5cfkcnVlliGKpbAmDCvXnRI4TrWdJZDsTbMZ61VuI/3n9zMQ3Yc5EmhkqyHJRnHFkv1zEgIZMUWL4zBJMFLO3IjLGChNjw6rZEPzVl/+SzkXDv2r4D5f15m0ZRxVO4BTOwYdraMI9tKANBKbwBC/w6uTOs/PmvC9bK045cwy/4Hx8A5pVkv8=</latexit>

⇡⇡ ! ⇢

➠

,…
<latexit sha1_base64="/s2o5heOAcXHCa9fE1mCJ1A/l9w=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQrGVGRF0W3QhuKtgHdMaSSTNtaJIZkoxQhv6EG3/FjQtF3Aru/BvT6Sy09UJyD+fcS3JOEDOqtON8W4WFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMryZ664FIRSNxp0cx8TnqCxpSjLShunbFiyn0dAQ9wtj9UXYfV6BXgTdTuo84R3nr2mWn6mQF54GbgzLIq961v7xehBNOhMYMKdVxnVj7KZKaYkbGJS9RJEZ4iPqkY6BAnCg/zVyN4YFhejCMpDlCw4z9vZEirtSIB2aSIz1Qs9qE/E/rJDq88FMq4kQTgacPhQmDxu4kItijkmDNRgYgLKn5K8QDJBHWJsiSCcGdtTwPmidV96zq3p6Wa5d5HEWwB/bBIXDBOaiBa1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfCnrM8fOyqc/w==</latexit>

⇡ ! `+`�, K ! ��

<latexit sha1_base64="k33QJCk3nwlGs4MtzHaEDCPNeFA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCURUZdVNy4r9gVtCJPpJB06eTAzEUKov+LGhSJu/RB3/o3TNgttPXC5h3PuZe4cL+FMKsv6NlZW19Y3Nktb5e2d3b198+CwI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+Hbqdx+pkCyOWipLqBPiIGI+I1hpyTUrgXtdQ4MaCtxW0R9cs2rVrRnQMrELUoUCTdf8GgxjkoY0UoRjKfu2lSgnx0IxwumkPEglTTAZ44D2NY1wSKWTz46foBOtDJEfC12RQjP190aOQymz0NOTIVYjuehNxf+8fqr8KydnUZIqGpH5Q37KkYrRNAk0ZIISxTNNMBFM34rICAtMlM6rrEOwF7+8TDpndfuibt+fVxs3RRwlOIJjOAUbLqEBd9CENhDI4Ble4c14Ml6Md+NjPrpiFDsV+APj8wc58JKR</latexit>gA, gT , gS

,…

<latexit sha1_base64="iJrtMhTVf7vj8RUQMIvrNj4AgT0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKpYyU0RdlurCZYW+oJ0OmTTThmYyY5IRylA3/oobF4q49S/c+Tem7Sy0eiBwOOdebs7xIkalsqwvI7O0vLK6ll3PbWxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXmjq6nfuidC0pDX1TgiToAGnPoUI6Ul1zzwe0m1q0J4PXGT06JVrE9g4a5XPnHNvFWyZoB/iZ2SPEhRc83Pbj/EcUC4wgxJ2bGtSDkJEopiRia5bixJhPAIDUhHU44CIp1klmACj7XSh34o9OMKztSfGwkKpBwHnp4MkBrKRW8q/ud1YuVfOgnlUawIx/NDfsygTjytA/apIFixsSYIC6r/CvEQCYSVLi2nS7AXI/8lzXLJPi/Zt2f5SjWtIwsOwREoABtcgAq4ATXQABg8gCfwAl6NR+PZeDPe56MZI93ZB79gfHwDo1WVEg==</latexit>

fB!D
+,0,T (q2)

<latexit sha1_base64="8idZ6YEWYLfYFdHscr4b+wD/tbo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXkpSRD0WvQheKtgPaNKy2W7apZtN3N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MqFS2/W3kVlbX1jfym4Wt7Z3dPbO435RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7qa+q0HIiSN+J0ax8QL0YDTgGKktNQzi0E3vXFVZLkxnZTvu9WTnlmyK/YM1jJxMlKCDPWe+eX2I5yEhCvMkJQdx46VlyKhKGZkUnATSWKER2hAOppyFBLppbPTJ9axVvpWEAldXFkz9fdEikIpx6GvO0OkhnLRm4r/eZ1EBRdeSnmcKMLxfFGQMEu/Os3B6lNBsGJjTRAWVN9q4SESCCudVkGH4Cy+vEya1YpzVnFuT0u1yyyOPBzCEZTBgXOowTXUoQEYHuEZXuHNeDJejHfjY96aM7KZA/gD4/MHKEGTSA==</latexit>

fK!⇡(q2) ,…

<latexit sha1_base64="mH1xo+vsTJY973kO5PijeuNLwBY=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFHqjIi6LLpxWcFeoB2GTCZtQ5PMkItQhoIbX8WNC0Xc+hLufBvTdhba+kPg4z/ncHL+KGVUac/7dgpLyyura8X10sbm1vaOu7vXVImRmDRwwhLZjpAijArS0FQz0k4lQTxipBUNbyb11gORiibiXo9SEnDUF7RHMdLWCt0DHmYmHldgtwJ5aE55GOesQrfsVb2p4CL4OZRBrnrofnXjBBtOhMYMKdXxvVQHGZKaYkbGpa5RJEV4iPqkY1EgTlSQTW8Yw2PrxLCXSPuEhlP390SGuFIjHtlOjvRAzdcm5n+1jtG9qyCjIjWaCDxb1DMM6gROAoExlQRrNrKAsKT2rxAPkERY29hKNgR//uRFaJ5V/Yuqf3derl3ncRTBITgCJ8AHl6AGbkEdNAAGj+AZvII358l5cd6dj1lrwcln9sEfOZ8/bnKWGQ==</latexit>
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Outlook
Experimental program beyond 2025: 


J-PARC: Muon g-2/EDM

Fermilab: future muon campus experiments? 

Belle II, BESIII, Novosibirsk,…

Chiral Belle (?)


Data-driven/dispersive program beyond 2025:

development of NNLO MC generators

for HLbL, improved experimental/lattice inputs together with further development of 
dispersive approach 


MUonE will provide a space-like measurement of HVP

Lattice QCD beyond 2025: 


access to future computational resources (coming  Exascale)  will enable improvements of 
all errors (statistical and systematic)

concurrent development of better methods and algorithms (gauge-field sampling, noise 
reduction) will accelerate progress 

beyond g-2: a rich program relevant for all areas of HEP  
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Topics not covered (incomplete list)
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PDFs: huge progress and much new theoretical work since 2013  
[X. Ji arXiv:1305.1535, PRL 2013]

hot QCD

hadron spectroscopy, exotics, scattering phase shifts

inclusive decay rates (appendix)

Semileptonic B-meson decay form factors + baryons ffs

B mixing 

First and second row CKM unitarity

QED corrections and radiative decay rates

kaon mixing, 

nucleon matrix elements and charges

two and few nucleon systems

…

ΔMK, ϵ′￼



Farah Willenbrock

Thank you!
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Appendix



QCD 50, 11-15 Sep 2023A. El-Khadra

Semileptonic  meson decayD, Ds

48

calculate the form factors over entire  range + model-independent parametrization of shape (z-expansion). 

account for EW+EM corrections in experimental rate 

• EW: [Sirlin, Nuc. Phys. 1982] ~ 1.8% 

• EM: Structure dependent: has not been calculated!     

          ➠ use  guidance from  ~ 1%  take correction as uncertainty, inflated  by    
           


• Long distance: [Kinoshita, PRL 1959] ~ 2.4%   ➠ removed with PHOTOS

q2

Kℓ3 × 2

example:
d

ū

⇡�

W

µ+

⌫µ

Vcd
c
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D0
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D0 ! ⇡�µ+⌫µ
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d�(D0 ! ⇡�µ+⌫µ (�))

dq2
= (known) ⇥ SEW (1 + �EM) ⇥ |Vcd|2 ⇥ f+(q

2)2
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Semileptonic  meson decay form factorsD
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Compare shape of LQCD form factor with experiment and fit LQCD form factors + experimental diff. rates 
to determine or .|Vcd | |Vcs |

HPQCD [arXiv:2104.09883,2207.12468]

D ! ⇡`⌫`
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ETM [arXiv:1706.03017, PRD 2017;  arXiv:1706.03657, EPJC 2017]

Figure 19. Comparison of our results for the D ! ⇡ form factors and semimuonic di↵erential decay
rate (d�/dq2)(24⇡3/G2

F
)/|Vcd|2 with published results from ETMC [57]. No QED or electroweak

corrections [cf. ⌘EW in Eq. (2.1)] or errors have been included. To account for di↵erences in defining
the physical isospin-symmetric point, the errors in our curves have been inflated with an estimate
of SIB e↵ects; see Sec. VIIB below.

gether with tensor-current three-point functions, data for heavier-than-charm quark masses,
and Ds ! ⌘s`⌫ form factor data [110]. Both the correlator fits and the description of the
heavy-quark-mass dependence and discretization e↵ects are thus di↵erent. Our D ! ⇡ re-
sults for the form factors and the semimuonic di↵erential decay rate are compared with those
of ETMC in Fig. 19. At large q2, our results for the form factors are significantly larger than
those in Ref. [57]. Due to phase-space suppression, the di↵erence is less visibly pronounced
in the di↵erential decay rate d�/dq2. In the low q

2 region, which is most relevant for extrac-
tions of |Vcd|, good agreement is observed at the level of ⇡ 1�. Similarly, our D ! K results
are compared with those of ETMC and HPQCD in Fig. 20. Mild tension, at the level of
⇡ 2�, is observed between our results and ETMC. Good agreement with HPQCD is observed
throughout the kinematic range. Our results for f+(0) = f0(0), f0(q2max), and f+(q2max) are
summarized in Table XIV alongside the published results of Refs. [57, 58, 62, 63].

VI. SYSTEMATIC ERROR ANALYSIS

The fits to the z expansion described in Sec. VD and given in Table XIII provide our
final results for the pure-QCD form factors at the physical point in isospin-symmetric QCD.
In this section, we examine and quantify the various statistical and systematic uncertainties
contributing to the calculations. The complete final error budget is summarized in Table XV
for f+(0) = f0(0), f+(q2max), and f0(q2max) for all decay modes. As discussed in Secs. VIC
and VID, the very small corrections for the leading finite-volume shifts (. 0.01%) and
the e↵ect of nonequilibrated topological charge (relevant for a ⇡ 0.042 fm only) have been
applied to the form factors prior to fitting and thus are not included as separate errors.
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Figure 20. Comparison of our results for the D ! K form factors and semimunoic di↵erential
decay rate (d�/dq2)(24⇡3/G2

F
)/|Vcs|2 with published results from ETMC [57] and HPQCD [62].

No QED or electroweak corrections (cf. ⌘EW in Eq. (2.1)) or errors have been included. To account
for di↵erences in defining the physical isospin-symmetric point, the errors in our curves have been
inflated with an estimate of SIB e↵ects; see Sec. VII B below.

Table XV. Complete statistical and systematic error budget for the vector and scalar form factors
at q2 = 0 and q2max for the decays D ! ⇡, D ! K, and Ds ! K. All values are given in percent.
The breakdown of the chiral-continuum fit errors is discussed in Sec. VI B. Corrections for finite-
volume and topological-charge e↵ects, discussed in Secs. VI C and VI D, are applied prior to the
chiral-continuum fit and are negligibly small (< 0.01%). Experimental uncertainties on the meson
masses are also negligible at our current level of precision.

Systematic errors associated with isospin breaking e↵ects and QED corrections, which are
external to our calculation in isospin-symmetric QCD but necessary for comparison with
experimental results, are discussed in Sec. VIIB.

A. Chiral-continuum fits: stability analysis

The results in Sec. V are the product of several choices. In this section, we examine the
stability of the results under reasonable variations to these choices for the fiducial point q2 =
0. First, the model for the EFT is varied. The staggered chiral logarithms are replaced with
their continuum counterparts, setting the known taste splittings to zero by hand. Another
alternative is simply dropping the chiral logarithms �fP,logs in Eq. (5.1). This variation
is reasonable, since the ensembles with physical-mass pions reduce the approach to the
physical point from an extrapolation to an interpolation. The final EFT variation consists
of augmenting the analytic terms in Eq. (5.1) to include all the N3LO terms (i.e., terms cubic
in the �`, �H , and �E). Second, we consider variations to the model for discretization e↵ects
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Table XIV. Final results for f+(0) = f0(0), f+(q2max), and f0(q2max) for the decays D ! ⇡, D ! K,
and Ds ! K, together with comparisons with existing Nf = 2 + 1 + 1 results in the literature
from HPQCD [62, 63] and ETMC [57]. The results of the present work, denoted “FNAL-MILC”,
are all given at the physical point and in the continuum limit in isospin-symmetric QCD. Included
in these results are all systematic errors discussed in Sec. VI and summarized in Table XV. Not
included are additional systematic uncertainties associated with QED, isospin, and electroweak
corrections (these e↵ects are estimated in Sec. VII B). The di↵erent groups use slightly di↵erent
conventions to define the isospin-symmetric point. Shifts from these di↵erences are expected to be
small. Figure 24 suggests that the largest di↵erences, perhaps amounting to a few percent, will be
present near q2max.

process collaboration f0(0) f0(q2max) f+(q2max)

D ! ⇡ FNAL/MILC 0.6300(51) 1.2783(61) 3.119(57)

D ! ⇡ ETMC 17 0.612(35) 1.134(49) 2.130(96)

D ! K FNAL/MILC 0.7452(31) 1.0240(21) 1.451(17)

D ! K HPQCD 22 0.7441(40) 1.0136(36) 1.462(16)

D ! K HPQCD 21 0.7380(40) 1.0158(41) 1.465(20)

D ! K ETMC 17 0.765(31) 0.979(19) 1.336(54)

Ds ! K FNAL/MILC 0.6307(20) 0.9843(18) 1.576(13)

Figure 18. Comparison of the vector and scalar form factors between the decays D ! ⇡ and
Ds ! K, which di↵er only by the mass of the valence spectator quark. The form factors agree
at the level of . 2% throughout the full kinematic range of the Ds ! K decay. The long dashed
lines extending to q2 ⇡ 3 GeV2 correspond to D ! ⇡, while the shorter solid lines correspond to
Ds ! K.
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Will Jay (MIT)

FNAL/MILC [arXiv:2212.12648]

Ds → K vs D → π
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joint fits to exp.  + LQCD form factorsdΓ/dq2

50

Compare shape of LQCD form factor with experiment and fit LQCD form factors + experimental diff. rates 
to determine or .

can also extract CKM elements from exp. average of 

similar analysis with  decay form factors [Meinel, arXiv:1611.09696, 2017 PRL].

also: -meson tensor form factors [ETM, arXiv:1803.04807, 2018 PRD]

|Vcd | |Vcs |
|Vcq | f+(0)

Λc
D

D ! ⇡`⌫`
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Figure 25. The di↵erential decay rates for D ! ⇡ (top row) and D ! K (bottom row) in
the semielectronic (left) and semimuonic (right) channels. The blue curves shows the result of
evaluating Eq. (2.1) using our lattice-QCD form factors, normalized by |Vcx|2joint. The orange
curves show the result of the joint fit of experimental data and synthetic lattice-QCD data to the
z expansion. The black data points indicate charged-hadron (K�/⇡�`+) final states, while the
green points indicate experimental measurements for neutral-hadron (K0/⇡0`+) final states. In
the top row, D ! ⇡ results come from BaBar [122], CLEO [123], and BES III [124, 126, 127].
In the bottom row, results come from BaBar [121], CLEO [123], and BES III [124, 126, 128].
Results from di↵erent experiments have are distinguished by di↵erent markers. The points have
been slightly o↵set horizontally for readability.
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Figure 25. The di↵erential decay rates for D ! ⇡ (top row) and D ! K (bottom row) in
the semielectronic (left) and semimuonic (right) channels. The blue curves shows the result of
evaluating Eq. (2.1) using our lattice-QCD form factors, normalized by |Vcx|2joint. The orange
curves show the result of the joint fit of experimental data and synthetic lattice-QCD data to the
z expansion. The black data points indicate charged-hadron (K�/⇡�`+) final states, while the
green points indicate experimental measurements for neutral-hadron (K0/⇡0`+) final states. In
the top row, D ! ⇡ results come from BaBar [122], CLEO [123], and BES III [124, 126, 127].
In the bottom row, results come from BaBar [121], CLEO [123], and BES III [124, 126, 128].
Results from di↵erent experiments have are distinguished by di↵erent markers. The points have
been slightly o↵set horizontally for readability.
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FNAL/MILC [arXiv:2212.12648]
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Compare shape of LQCD form factor with experiment and fit LQCD form factors + experimental diff. rates 
to determine or  or perform binned analysis.

can also extract CKM elements from exp. average of 

similar analysis with  decay form factors [Meinel, arXiv:1611.09696, 2017 PRL].

also: -meson tensor form factors [ETM, arXiv:1803.04807, 2018 PRD] 
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Λc
D

D ! ⇡`⌫`

<latexit sha1_base64="KNSWiFkjKegi39Gu1w4hj3f/+8g=">AAACAHicbVDLSsNAFL2pr1pfVRcu3AwWwVVJpKLLoi5cVrAPaEKYTCft0MkkzEyEErrxV9y4UMStn+HOv3HSZqGtBwYO59zLnXOChDOlbfvbKq2srq1vlDcrW9s7u3vV/YOOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPxTe53H6lULBYPepJQL8JDwUJGsDaSXz26Ra6OkZsw5FLOkStSPyd+tWbX7RnQMnEKUoMCLb/65Q5ikkZUaMKxUn3HTrSXYakZ4XRacVNFE0zGeEj7hgocUeVlswBTdGqUAQpjaZ7QaKb+3shwpNQkCsxkhPVILXq5+J/XT3V45WVMJKmmgswPhSlHJnLeBhowSYnmE0Mwkcz8FZERlpho01nFlOAsRl4mnfO606hf3DdqzeuijjIcwwmcgQOX0IQ7aEEbCEzhGV7hzXqyXqx362M+WrKKnUP4A+vzB1jGlaE=</latexit>

D ! K`⌫`
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Figure 29. Determinations of |Vcd| and |Vcs| using experimental measurements of the decays
D ! ⇡ and D ! K. The outer and inner error bars and bands show the results with and without
QED uncertainties, respectively.

Because the joint-fit and binned methods explicitly account for (potentially) percent-level
contributions from the scalar form factor, they constitute our main extractions for |Vcx|. For
continuity with previous studies, we also consider the endpoint method, in which |Vcx| is
defined according to

[|Vcx|]Endpoint ⌘
[|Vcx|⌘EWf+(0)]Expt
⌘EW[f+(0)]LQCD

. (7.3)

The experimental values are taken from the HFLAV world averages: |Vcd|⌘EWf
D!⇡

+ (0) =
0.1426(18), |Vcs|⌘EWf

D!K

+ (0) = 0.7180(33) [44]. The resulting values for [|Vcx|]Endpoint are
shown in Fig. 29 and given in Table XIX. Although these endpoint results give a statistical
precision comparable to our preferred extractions, it’s worth emphasizing that our precise
values for f+(0) were made possible by leveraging information about the form factor across
the full kinematic range of the decays. The final errors can potentially be much larger in a
simulation that works directly at the endpoint (q2 = 0). For example, preliminary work by
our collaboration has focused on q

2 ⇡ 0 on many of the same ensembles and with comparable
statistics [60]. Using the preliminary values of f+(0) from these proceedings gives values for
|Vcd| and |Vcs| with errors that are roughly 2.5 to 3.5 larger than the final errors in the
present work.

The results for |Vcd| and |Vcs| from the di↵erent methods described above and for di↵erent
leptons in the final states are summarized in Fig. 29 and Table XIX. Since, as shown in the
plot, the binned and joint-fit extractions give statistically consistent values well within 1�,
we take the joint-fit extractions to define our preferred results:

|Vcd|D!⇡`
+
⌫ = 0.2238(11)Expt(15)QCD(04)EW(02)SIB[22]QED

, (7.4)

|Vcd|Ds!Ke
+
⌫ = 0.258(15)Expt(01)QCD[03]QED

, (7.5)

|Vcs|D!K`
+
⌫ = 0.9589(23)Expt(40)QCD(15)EW(05)SIB[95]QED

, (7.6)

where the first error comes from the experimental di↵erential decay rate uncertainty, the
second error comes from our form factor calculation (see Table XV), the third error shows the
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 and determinations|Vcd | |Vcs |
FNAL/MILC [arXiv:2212.12648]
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For illustration: experimental averages [HFLAV 2019, arXiv:1909.12524,  EPJC2021]:

error2
error2

[SEW(1 + �EM)]1/2|Vcs|fDK
+ (0) = 0.7180 (33)exp

<latexit sha1_base64="UxvKRE5vLijnjvaxfhPsFjk+tSA="></latexit>

[SEW(1 + �EM)]1/2|Vcd|fD⇡
+ (0) = 0.1426 (18)exp

<latexit sha1_base64="FnoLZeifoLfbJw1Ejipm2HJbDH4="></latexit>

From joint exp + LQCD fits:

|Vcs| = 0.9663 (39)exp(53)LQCD(19)EW(40)EM

<latexit sha1_base64="sAb+6OMaTu8H/VdaHAccNXozZWQ="></latexit>

|Vcd| = 0.2341(74)exp+LQCD

<latexit sha1_base64="On/l214c7jUn49t5w+2fEMXK1kE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCWplboRinXhwkUL9gFtCJPJtB06mYSZiVjSfoIbf8WNC0XcunTn35i0XWjrgQuHc+7l3nucgFGpDONbSy0tr6yupdczG5tb2zv67l5D+qHApI595ouWgyRhlJO6ooqRViAI8hxGms6gkvjNeyIk9fmdGgbE8lCP0y7FSMWSrR+PGnaE3fEIXkIjXzgrmjBXKp7YUUd4kDwEp7e1yvUYZmw9a+SNCeAiMWckC2ao2vpXx/Vx6BGuMENStk0jUFaEhKKYkXGmE0oSIDxAPdKOKUcekVY0eWgMj2LFhV1fxMUVnKi/JyLkSTn0nLjTQ6ov571E/M9rh6p7YUWUB6EiHE8XdUMGlQ+TdKBLBcGKDWOCsKDxrRD3kUBYxRkmIZjzLy+SRiFvFvPntWK2fDWLIw0OwCHIAROUQBncgCqoAwwewTN4BW/ak/aivWsf09aUNpvZB3+gff4AVVGZng==</latexit>

LQCD

EW+EM

exp

exp
EW+EM
LQCD

1.1%

HPQCD [arXiv:2104.09883]
ETM [arXiv:1706.03657, EPJC 2017]

2nd row CKM unitarity test: 

<latexit sha1_base64="NFCMnHhRCNfrPI4Gn3N1YeFj9rg="></latexit>

|Vcs| = 0.9589(23)exp(40)LQCD(15)EW(05)SIB[95]QED
<latexit sha1_base64="yfXDHrMUr1N2AzzeegxlB2YXo3I="></latexit>

|Vcd| = 0.2238(11)exp(15)LQCD(04)EW(02)SIB[22]QED

LQCD

EW+EM

exp 1.3%

<latexit sha1_base64="NwkiPISkyR8t3sLIr02yF/Mm5IE=">AAACJnicbVDLSgMxFM34rONr1KWbYBEq0jIziI9FoejGZQX7gLaWTJq2oZnMkGSEMu3XuPFX3LioiLjzU0yns6itBwLnnHsvN/d4IaNS2fa3sbK6tr6xmdkyt3d29/atg8OqDCKBSQUHLBB1D0nCKCcVRRUj9VAQ5HuM1LzB3bReeyZC0oA/qmFIWj7qcdqlGCltta3iqNqOcWc8enLhOUyEnBdeIvIONGGKIszbBdu9ybnuWdvKap4ALhMnJVmQoty2Js1OgCOfcIUZkrLh2KFqxUgoihkZm81IkhDhAeqRhqYc+US24uTMMTzVTgd2A6EfVzBx5ydi5Es59D3d6SPVl4u1qflfrRGp7nUrpjyMFOF4tqgbMagCOM0MdqggWLGhJggLqv8KcR8JhJVO1tQhOIsnL5OqW3AuC87DRbZ0m8aRAcfgBOSAA65ACdyDMqgADF7AG5iAD+PVeDc+ja9Z64qRzhyBPzB+fgEJQp/K</latexit>

|Vcd|2 + |Vcs|2 + |Vcb|2 � 1 = �0.029(22)

FNAL/MILC [arXiv:2212.12648]
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Comparisons

Figure 31. Comparison of our preferred determinations of |Vcd|D!⇡ and |Vcs|D!K (blue bands)
with existing results in the literature. The outer and inner error bands show our preferred result
with and without QED uncertainties, respectively. The world’s first determination |Vcd|Ds!K is
also given. Results from FLAG are taken from Ref [36]. Results from the PDG appear in Ref. [25].
We emphasize that FLAG uses slightly di↵erent conventions for the semileptonic extraction of
|Vcd(cs)| as we used here; for instance they do not include short-distance electroweak corrections to
GF or an error from QED. For the leptonic results, we combine the latest experimental averages
reported in HFLAV [44] with the FLAG averages for fD and fDs

[36]. “CKM unitarity” denotes
the global fit result reported by the PDG, which includes all available measurements (for all nine
matrix elements) imposing three-generation unitarity.

D. Tests of CKM unitarity

Our results for |Vcd| and |Vcs| enable a test of unitary in the second row of the CKMmatrix,
including theoretical correlations between |Vcd| and |Vcs|. Using our preferred extractions
in Eq. (7.4) and Eq. (7.6), and |Vcb|incl+excl = (40.8 ± 1.4) ⇥ 10�3 from a combined average
of inclusive and exclusive semileptonic B-decays [25]11 yields the following result for the
deviation from unitarity in the second row:

|Vcd|2+|Vcs|2 + |Vcb|2 � 1� 0.0286(44)Expt(78)QCD[194]QED(28)EW = �0.029(22). (7.8)

Because |Vcb| is so small compared to |Vcd| and |Vcs|, numerically indistinguishable results
are obtained (within current precision) if inclusive or exclusive values are taken for |Vcb|.
This result is compatible with three-generation CKM unitary within approximately one
standard deviation. The precision of this test is roughly 2% and is limited by the systematic

11 In particular, see the review “Semileptonic b-Hadron Decays, Determination of Vcb, Vub”
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Figure 32. Comparison of di↵erent extractions of the ratio |Vcd|/|Vcs|. The blue point and band
show the value from the preferred extractions of the present work. Error bands with and without
QED error are indistinguishable. The red and green points denote semileptonic and leptonic
extractions given by FLAG [36]. The points below the dashed line are constraints from unitarity.
The orange point is computed using values from CKMFitter’s global fit (as reported in the PDG),
assuming CKM unitarity. The brown points comes from two di↵erent extractions of |Vus|/|Vud|
which, as explained in the text, are related to |Vcd|/|Vcs| by CKM unitarity.

uncertainty from QED in our extractions of |Vcd| and |Vcs|. We show the constraints on |Vcd|
and |Vcs| from our calculation in Fig. 33, together with constraints coming from leptonic
decays [32, 44] and second-row unitarity. The leptonic inputs used for the green ellipse
are summarized in Table XX. As the figure shows, semileptonic tests of second-row CKM
unitarity are now slighty more precise than leptonic tests. The leptonic and semileptonic
results are consistent at the level of roughly 1-2 standard deviations.

One can perform further tests of the unitarity of the CKM matrix using the fact that in
the Standard Model, |Vcd| = |Vus| + O(A2

�
5) and |Vcs| = |Vud| + O(A2

�
4). Including the

dominant corrections [146] with the Wolfenstein parameters taken from global unitarity fits
by CKMFitter [144] (using values from the January 2022 update) gives

|Vcs| = 0.97282(32) from |Vud|0
+
!0+

, (7.9)

|Vcd| = 0.22317(53) from |Vus|K`3
, (7.10)

|Vcd|/|Vcs| = 0.22941(55) from |Vus|K`3
/|Vud|0

+
!0+

, (7.11)

using |Vud| = 0.97367(32) from superallowed 0+ ! 0+ nuclear � decays [17, 37] and |Vus| =
0.22330(53) from K`3 decays [36, 37]. Alternatively, the ratio of K`2 to ⇡`2 decays yields [36,
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Figure 33. Constraints on |Vcd| and |Vcs| from our results, D�meson leptonic decays, and unitarity.
The blue ellipse shows the preferred values of the present work from semileptonic decays in Eq. (7.4)
and Eq. (7.6). The green ellipse is the result of combining the latest results for the products
⌘EW|Vcd|fD+ and ⌘EW|Vcs|fDs

with leptonic decay constants from lattice-QCD calculations; the
inputs values are summarized in Table XX. The dotted line comes from assuming unitarity of the
second row, taking |Vcb|incl+excl = (40.8 ± 1.4) ⇥ 10�3 [25]. In all cases, the ellipses shows the
correlated 1� (68%) confidence intervals. The inner blue ellipse shows our result without the QED
uncertainty.

Table XX. Leptonic inputs used for comparison in Fig. 33. HFLAV reports the product
⌘EW|Vcx|fD(s)

[44]. Following the prescription of the PDG [25], we include an EW+QED error
of 0.7% for the product |Vcx|fD(s)

.

Value Source

⌘EW|Vcd|fD+ = 46.2(1.0)(0.3)EW+QED MeV HFLAV [44]

⌘EW|Vcs|fDs
= 245.4(2.4)(1.7)EW+QED MeV HFLAV [44]

fD+ = 212.7(0.6) MeV FNAL-MILC 2018 [32]

fDs
= 249.9(0.4) MeV FNAL-MILC 2018 [32]

fDs
/fD+ = 1.1749(16) FNAL-MILC 2018 [32]

37]

|Vcd|/|Vcs| = 0.23135(51) from |Vus/Vud|K`2/⇡`2 . (7.12)

As shown in Fig. 32, our preferred value in Eq. (7.7) lies roughly 1� above the result coming
from |Vus/Vud|K`2/⇡`2 and roughly 2� above that from |Vus|K`3/|Vud|0

+
!0+ . Our preferred

value for |Vcd| in Eq. (7.4) shows excellent agreement with |Vcd| from |Vus|K`3. Our preferred
value for |Vcs| in Eq. (7.6) lies somewhat below |Vcs| from |Vud|0

+
!0+ but is consistent at 1-2

standard deviations.
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Figure 34. Our prediction for the decay rates d�/dq2 for the decays D ! ⇡. The majority of
the total rate comes from small q2, where (d�/dq2)µ < (d�/dq2)e. The Standard Model therefore
predicts Rµ/e < 1.

Figure 35. Comparison of RD!⇡

µ/e
and RD!K

µ/e
with experimental HFLAV averages [44], which are

dominated by measurements from BES III [125, 127, 128], and other SM predictions from lattice
QCD [62, 139]. In the main body of both figures, all lattice QCD results are presented with a QED
uncertainty of 0.5%. The results from ETMC 18 were reported in the isospin-symmetric limit of
QCD, without including QED or SIB uncertainties [139], so we have added the QED uncertainty
for a like-to-like comparison. The insets compare lattice QCD results when QED uncertainty is
removed.
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RD→π
μ/e RD→K

μ/e

|Vcd | |Vcs |

|Vcd /Vcs |

FNAL/MILC [arXiv:2212.12648]
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Semileptonic B decays to vector mesons: B → K*ℓℓ

54

existing LQCD results for  form factors assume stable  (narrow width approximation) 
[R. Horgan et al, arXiv:1310.3887, 1310.3722, 1501.00367] 
 

Formalism for multi-channel 1→ 2 transition amplitudes:


[Briceno, Hansen, Walker-Loud, arXiv:1406.5965, PRD 2015;1502.04314, PRD 2015,…]

B → K*, Bs → ϕ K*, ϕ

Status of 
formalism

(somewhat bias estimate)

Spectroscopy/
scattering:

n
n n

⇤⇤K K

⌘⇡
!

⇡

⇡

⇡
⇡
⇡

Electromagnetic 
form factors:

Fundamental 
symmetries:

pp⇡�

⇡

⇡⇡ p

⇡
⇡⇡

⇡
�

⇡�

⇡

⇡
⇡�

⇢⇢

pp

⇡
K

⇡p

⇡
B

K
K⇤

⇡⇡

: Under control : progress made/ 
more to come

weak current
pilot study  [Agadjanov et al, arXiv:1605.03386, NPB 2016]

Limitations:

• q2 reach: small recoil

• invariant mass of two-hadron system: < 3 mH 

• recent work to extend formalism to 3 hadrons 

[M. Hansen et al, arXiv:2101.10246]

studies of  scattering 

[G. Rendon et al, arXiv:1811.10750;  

D. Wilson et al, arXiv:1904.03188] 

Kπ

[Figure by R. Briceno]

preliminary results for   form factor with  

[L. Leskovec et al, arXiv:2212.08833] 

B → ππℓν mπ ≃ 320 MeV
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Inclusive decay rates with lattice QCD 
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B → Xc ℓνℓFor example: 

b̄
W

µ+

⌫µ

Vcb

c̄

B Xc

Target: dΓ ∼ |Vcb |2 LμνWμν

Wμν =
1

2MB ∫ d4xe−iqx⟨B |J†
μ(x)Jν(0) |B⟩

Start with Euclidean four-point function: 

C4(q, τ) = ∑
x

eiqx 1
2MB

⟨B |J†
μ(x)Jν(0) |B⟩

Xc = D, D*, Dπ, Dππ, D**, …
Sum over final states: 

Use OPE + pert. QCD to write     as a double 
expansion:   

dΓ

dΓ ∼ ∑
n

cn
⟨On⟩
mn

b
•  are calculated in perturbation theory 

•  are matrix elements of local 

operators

cn
⟨On⟩

• new methods to perform inverse Laplace transform 
[Liu & Dong (PRL 1994);Liu (PRD 200);Jian et al (1710.11145); 
Hansen, Meyer, Robaina (1703.01881, PRD 2017); M. Hansen et al, 
arXiv:1903.06476; P. Gambino & S. Hashimoto, arXiv:2005.13730; 
J. Bulava et al, arXiv:2111.12774] 

• first application to   
good agreement with OPE  
[P. Gambino et al, arXiv:2203.11762]

B → Xcℓν
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two exp. approaches  


• ``Direct scan”: change CM energy of   
beams 


• ``Radiative Return”:  
with fixed  CM energy, select events 
with initial state radiation (ISR)  

complemented by:


• MC generators for  (e.g. PHOKARA)

• detailed studies of radiative corrections 

(now known through NLO)

e+e−

e+e−

σhad (s)

Experimental Inputs to HVP

56

08.02.2018 HVP_2018 6 

 e+e-  facilities involved in HVP measurement  

KLOE SND CMD-3 

HVP measurements 

BaBar 

BNL-821 

BELLE-II 

BES-III 

KEDR 

S. Serednyakov (for SND) @ HVP KEK workshop

FNAL E989
J-PARC g-2/EDM


E-34

had

e+

e−

γ
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HVP: data-driven
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HVP: New/updated data sets since KNT19

• pi+pi-pi0, BESIII (2019), arXiv:1912.11208
• pi+pi- [covariance matrix erratum], BESIII (2020), Phys.Leu.B 812 (2021) 135982 (erratum)
• K+K-pi0, SND (2020), Eur.Phys.J.C 80 (2020) 12, 1139
• etapi0gamma (res. only), SND (2020), Eur.Phys.J.C 80 (2020) 11, 1008
• pi+pi-, SND (2020), JHEP 01 (2021) 113
• etaomega➝ pi0gamma, SND (2020), Eur.Phys.J.C 80 (2020) 11, 1008
• pi+pi-pi0, SND (2020), Eur.Phys.J.C 80 (2020) 10, 993
• pi+pi-pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112003
• pi+pi-2pi0omega, BaBar (2021), Phys. Rev. D 103, 092001
• etaetagamma, SND (2021), Eur.Phys.J.C 82 (2022) 2, 168
• etaomega, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi0eta, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• omegaetapi0, BaBar (2021), Phys. Rev. D 103, 092001
• pi+pi-4pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi0pi0eta, BaBar (2021), Phys.Rev.D 103 (2021) 9, 092001
• pi+pi-3pi0eta, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• 2pi+2pi-3pi0, BaBar (2021), Phys. Rev. D 103, 092001
• omega3pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi+pi-eta, BaBar (2021), Phys. Rev. D 103, 092001
• inclusive, BESIII (2021), Phys.Rev.Leu. 128 (2022) 6, 062004
• … 25

New results for :σhad (s)

T. Teubner @ Zurich workshop
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Hadronic Light-by-light
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µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Dispersive approach:

[Colangelo at al, 2014; Pauk & Vanderhaegen 2014; …]  


model independent

significantly more complicated than for HVP

provides a framework for data-driven evaluations

can also use lattice results as inputs

Dominant contributions ( of total):≈ 75 %

Well quantified with  uncertainty

 pole contributions: Canterbury approximants only


Ongoing work: consolidation of  pole contributions 
using disp. relations and LQCD

≈ 6 %
η, η′￼

η, η′￼

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Subleading contributions ( of total):≈ 25 %

Not yet well known  
➠ dominant contribution to total uncertainty

Ongoing work:

- Implementation of short-distance constraints (now at 2-loop)

- DR implementation for axial vector contributions

- new dispersive formalism for higher spin intermediate states  

[Luedtke, Procura, Stoffer, 2023, in progress]


- Mainz and BESIII ramping up  programs 
[A. Denig and C. Redmer @ Higgscentre workshop]

γ(*)γ*

Dispersive, data-driven evaluation of HLbL with 
total uncertainty feasible by ~2025. ≤ 10 %
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Lattice QCD+QED:

RBC/UKQCD 
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL]

QCD + QEDL  (finite volume)  stochastic 
 
DWF ensembles at/near phys mass,  
a ≈ 0.08 − 0.2 fm, L ∼ 4.5 − 9.3 fm

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Hadronic Light-by-light: lattice

59

Two independent and complete direct calculations of aHLbL
μ

Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass

Both groups are continuing to improve their calculations, adding more statistics, lattice spacings, physical mass ensemble (Mainz)

new result from RBC/UKQCD [T. Blum et al, arXiv:2304.04423] using QCD + QED (inf.):  
consistent with previous calculations

ongoing LQCD calculations of , ,  transition form factors to determine pseudo scalar pole contributions 
[Mainz, ETMC, BMW]

aHLbL
μ = 124.7 (11.5) (9.9) × 10−11

π η η′￼

Mainz group  
[E. Chao et al, arXiv:2104.02632]


QCD + QED (infinite volume & continuum) analytic 
 
CLS (2+1 Wilson-clover) ensembles 
 , mπ ∼ 200 − 430 MeV a ≈ 0.05 − 0.1 fm, mπL > 4

Theory background
I O(4)-symmetry restoration of the QED kernel allows to write

ahlbl
µ = lim

|y |maxæŒ
ahlbl

µ (|y |max) , ahlbl
µ (|y |) =

⁄ |y |max

0
d |y |f (|y |) .

∆ compute the integrand f (|y |) for each |y | and get the |y |-integral using
trapezoidal rule.

I Terminology:
I Leading topologies: fully-connected, (2+2)
I Subleading topologies: (3+1), (2+1+1), (1+1+1+1)

Motivated by light pseudoscalar (PS) meson contributions and large-Nc
arguments.

I Translational invariance + change of variables ∆ compute ahlbl
µ for each

topology from only a subset of “easy" diagrams. [E.-H. Chao et al, EPJC ’20]

I Focus of this talk: the leading topologies with purely light quarks and the
(3+1) with a light quark “triangle".

0x

y

z

0y

z

x
0y

z

x
0y

z

x 0 y

z

x

En-Hung Chao (JGU Mainz) ahlbl
µ from LQCD: a complete calculation 3 / 9

L 

a 

x 

Lattice HLbL results with  total uncertainty feasible by ~202510 %

http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632


60

muon g-2 Summary
consistent results from independent, precise LQCD calculations for light-quark connected contribution 
to intermediate window   (~ 1/3 of )   ➠  tension with data-driven results?  

still need independent LQCD results for long-distance contribution, total HVP: coming soon 
➠ develop method average for lattice HVP results, assess tensions (if any) with data-driven average

Programs and plans in place to improve by 2025:


data-driven HVP: if differences are resolved/understood,  
new measurements from BaBar, KLOE, SND, Belle II,…. will shed light on current discrepancies  
(blind analyses are paramount!) 
improved treatment of structure dependent radiative corrections (NLO) in  and  channels

lattice HVP: if no tensions between independent lattice results, 

dispersive HLbL and lattice HLbL: no puzzles, steady progress, 


IF tensions/differences between data-driven HVP and lattice HVP are resolved, SM prediction will likely 
match precision goal of the Fermilab experiment.

IF NOT, will need detailed comparisons, explore connections between HVP, , , global EW fits.  
 


BSM implications   ➠ appendix 
 


➠ continued coordination by Theory Initiative: workshops, WPs, …

aW
μ aHVP,LO

μ 3 − 4 σ

∼ 0.3 %

ππ πππ
∼ 0.5 %

∼ 10 %

σ(e+e−) Δα
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 also depends on the hadronic vacuum polarization function, and can be written as an integral 
over , but weighted towards higher energies. 


a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020, Malaescu & Scott 2020] 

If the shift in  is in the low-energy region ( ), the impact on  and EW fits is small. 

Δαhad(M2
Z)

σ(e+e− → hadrons)
aHVP

μ Δαhad(M2
Z)

aHVP
μ ≲ 1 GeV Δαhad(M2

Z)
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Rela$on	to	the	hadronic	running	of	electromagne$c	coupling

12

Dispersion	integral:
<latexit sha1_base64="Yac/IfQZaUpBmpbfVwCtLTtr1DA="></latexit>

�↵(5)
had(q2) = �↵ q2

3⇡
P
Z 1

m2
⇡0

ds
R(s)

s(s � q2)
,

LaYce	QCD:
<latexit sha1_base64="o/i2ZsHuTHRaIDn1hToI1yTcBRI="></latexit>

�↵had(�Q2) =
↵

⇡

1
Q2

Z 1

0
dt G(t)

h
Q2t2 � 4 sin2 � 1

2 Q2t2�i
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∆–(5)
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675 700 725
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Figure 12. Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [21]
divided by our results, for five di�erent momenta. In addition to the total contribution, we show
the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total
hadronic running ∆–(5)

had from various phenomenological estimates [12, 31, 134] and the lattice result
of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided

– 36 –

[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

• Tension	of 	observed	with	data-driven	
evalua$on	of	 	for		

∼ 3σ
Δαhad(−Q2) Q2 ≳ 3 GeV2

	 		consistent	with	tension	for	window	observable→

• Direct	laYce	calcula$on	of	 	on	the	same	
gauge	ensembles	used	in	Mainz/CLS	22

Δα(−Q2)

H. Wittig @ Higgscentre workshop
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H. Wittig @ Higgscentre workshop

Hartmut	Wittig

Adler	func$on	approach,	aka.	“Euclidean	split	technique”
<latexit sha1_base64="w2eRR6mzOKAjoeA/pbzdvxwPDDc="></latexit>

�↵(5)
had(M2

Z) = �↵(5)
had(�Q2

0)
<latexit sha1_base64="rhLquNZ0mTEYb/2arss2dclbvwk="></latexit>

+[�↵(5)
had(�M2

Z) � �↵(5)
had(�Q2

0)]
<latexit sha1_base64="i4HT5gNPcYu3imwJV0OTayEaY1s="></latexit>

+[�↵(5)
had(M2

Z) � �↵(5)
had(�M2

Z)]

Evalua$on	of	 	and	comparison	with	EW	precision	dataΔα(5)
had(M

2
Z)

14

<latexit sha1_base64="FW1gRQVMN6aoqEK7TqGoYKfyvw8="></latexit>

) �↵(5)
had(M2

Z) = 0.027 73(9)lat(2)btm(12)pQCD

The hadronic running of the electroweak couplings from lattice QCD Marco Cè

lat. + pQCD’[Adler]

lat. + KNT18[data]

KNT18/19

DHMZ19

Jegerlehner 19

R-ratio

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290

�U(5)
had("

2
/)

Gfitter 18

Crivellin et al. 20

Keshavarzi et al. 20

Malaescu, Schott 20

HEPfit 21

EW global fits

Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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Peter Stoffer @ Lattice HVP workshop
Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2

! arXiv:2006.05431 [hep-ph] �0.1
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3

 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
Z)

aHVP
μ ≲ 2 GeV

σ(e+e− → ππ)
FV

π (s)
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There are many more examples. . .

SUSY: MSSM, MRSSM

MSugra. . .many other generic scenarios

Bino-dark matter+some coannihil.+mass splittings

Wino-LSP+specific mass patterns

Here: M2-M1 small:
g-2, LHC, dark matter
explained for tanbeta=20

previous
   case

Two-Higgs doublet model

Type I, II, Y, Type X(lepton-specific), flavour-aligned

Lepto-quarks, vector-like leptons

scenarios with muon-specific couplings to µL and µR

Simple models (one or two new fields)

Mostly excluded

light N.P. (ALPs, Dark Photon, Light Lµ − Lτ ) [Athron,Balazs,Jacob,Kotlarski,DS,Stöckinger-Kim, 2104.03691]

Dominik Stöckinger Briefly some general remarks, then general MSSM 14/26

Can be accommodated by many BSM theories (800+ papers)

D. Stöckinger @ g-2 Days (http://pheno.csic.es/g-2Days21/)

 is loop-induced, conserves CP & flavor, 

flips chirality. 

 


The difference between Exp-WP2020 is large:

       
 
 
 
 

Generically expect: 

aμ

Δaμ = 249 (48) × 10−11 > aμ(EW)

aNP
μ ∼ aEW

μ ×
M2

W

Λ2
× couplings
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Δaμ = 249 (48) × 10−11 > aμ(EW)
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μ ∼ aEW
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Can be accommodated by many BSM theories (1k+ papers)

CMD-3 ?

Can new physics hide in the low-energy  cross section?   
➠ No  [Luzio, et al, arXiv:2112.08312] 

New boson at ~ 1GeV decays into , affects  
indirectly    [L. Darmé et al, arXiv:2112.09139]


Neutral, long-lived hadrons, heretofore undetected?   
[Farrar, arXiv:2206.13460]


Z’ at < 1 GeV, coupling to 1st gen matter particles  
[Coyle, Wagner, arXiv:2305.02354]

σ(e+e− → ππ)

μ+μ−, e+e− σ(e+e− → ππ)
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Cs:  from Berkeley group [Parker et al, Science 360, 6385 (2018)] 


Rb:  from Paris group [Morel et al, Nature 588, 61–65(2020)]

α
α

aNP
` ⇠ m2

`

⇤2

(mµ/me)
2 ⇠ 4⇥ 104

Sensitivity to heavy new physics:
aSM` � aExp

`
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Rb

Cs

WP SM Prospects for tau moment measurement: 
Chiral Belle  arXiv:2205.12847


use polarized  beam

with  measurement of  at  feasible

with more statistics measurement at  
possible

e−

40ab−1 aτ 10−5

10−6

Measurement of the Electron Magnetic Moment

X. Fan,1, 2, ⇤ T. G. Myers,2 B. A. D. Sukra,2 and G. Gabrielse2, †

1
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

2
Center for Fundamental Physics, Northwestern University, Evanston, Illinois 60208, USA

(Dated: September 28, 2022)

The electron magnetic moment in Bohr magnetons, �µ/µB = 1.001 159 652 180 59 (13) [0.13 ppt],
is consistent with a 2008 measurement and is 2.2 times more precise. The most precisely measured
property of an elementary particle agrees with the most precise prediction of the Standard Model
(SM) to 1 part in 1012, the most precise confrontation of all theory and experiment. The SM test
will improve further when discrepant measurements of the fine structure constant ↵ are resolved,
since the prediction is a function of ↵. The magnetic moment measurement and SM theory together
predict ↵�1 = 137.035 999 166 (15) [0.11 ppb]

The quest to find physics beyond the Standard Model
of Particle Physics (BSM) is well motivated because the
SM is incomplete. No CP violation mechanism is large
enough to keep matter and antimatter produced in the
Big Bang [1] from annihilating as the universe cooled [2],
dark matter [3, 4] has not been identified, and dark en-
ergy [5, 6] and inflation [7, 8] have no SM explanation.
Great BSM sensitivity is a↵orded by the most precise pre-
diction of the SM, the electron magnetic moment in Bohr
magnetons, �µ/µB = g/2. SM sectors involved include
the Dirac prediction [9], QED (quantum electrodynamics
[10–17]) with muon and tauon contributions [18], along
with hadronic [19–21] and weak interaction contributions
[22–25]. BSM particles and electron substructure could
make the measurement and prediction di↵er (like quark
substructure shifts the proton moment).

179.5 180 180.5 181 181.5
1210× - 1.001 159 652 000) 

B
µ/µ(-

(Cs)αSM with 
(Rb)αSM with 

g/2 2008
g/2 2022

1− 0.5− 0 0.5 1    ppt

FIG. 1. This Northwestern measurement (red) and our 2008
Harvard measurement (blue) [26]. SM predictions (solid and
open black points for slightly di↵ering C10 [27, 28]) are func-
tions of discrepant ↵ measurements [29, 30]. A ppt is 10�12.

The most precise determination of an elementary par-
ticle property, carried out blind of any prior measurement
or prediction, gives µ/µB 2.2 times more precisely, to 1.3
parts in 1013 (Fig. 1). Measured in a new apparatus, it
is consistent with the value that stood for 14 years [26].
In the most precise confrontation of theory and measure-
ment, the SM prediction agrees to 1 part in 1012. The
measurement precision allows a much better SM test if
discrepant measurements of the fine structure constant
↵ [29, 30] are resolved, given that the SM prediction of
µ/µB is a function of ↵.

The one-electron quantum cyclotron utilized is essen-
tially a single electron suspended in a magnetic field
B = Bẑ and cooled to its lowest quantum states [31].

The magnetic moment operator for a spin-1/2 electron,

µ = �g

2
µB

S

~/2 , (1)

is proportional to its spin S normalized to its spin eigen-
value ~/2. For electron charge �e and mass m, dimen-
sional analysis gives a Bohr magneton, µB = e~/(2m),
as its approximate magnitude. The energy levels are

E = h⌫sms + h⌫c(n+ 1
2 ), (2)

with h = 2⇡~, ms = ±1/2 and n = 0, 1, .... The cyclotron
frequency is ⌫c = eB/(2⇡m), the spin frequency is ⌫s =
(g/2)⌫c, and the anomaly frequency is ⌫a ⌘ ⌫s � ⌫c. The
electron serves as its own magnetometer insofar as

� µ

µB
=

g

2
= 1 +

⌫a
⌫c

(3)

is independent of B, which cancels out in ⌫a/⌫c.
A stable magnetic field is nonetheless critical for ⌫a and

⌫c not measured simultaneously. Field drift reduced by a
factor of 4 to 2⇥10�9/day [32] makes possible round-the-
clock measurements, improved statistical precision, and
a better investigation of uncertainties. The apparatus in
Fig. 2a achieves this by supporting a 50 mK electron trap
on a 4.2 K superconducting, self-shielding solenoid [33],
with a mixing chamber flexibly hanging from the rest of
a dilution refrigerator [34]. (Independently suspending
a trap and a normal rigid fridge makes B drift with lab
pressure and temperature as the electron moves in the
slight gradient of the solenoid field [35].) The He and N2

pressures in the cryostats are also regulated.
An electron in the field Bẑ is trapped by adding an

electrostatic quadrupole potential V / z2 � ⇢2/2, with
⇢ = xx̂ + yŷ [36]. Cylindrical Penning trap electrodes
[37, 38] (Fig. 2b) are shaped so that properly biasing
produces such a potential. A centered electron then oscil-
lates nearly harmonically along ẑ at the axial frequency
⌫̄z ⇡ 114 MHz. For B = 5.3 T, the trap-modified cy-
clotron and anomaly frequencies are ⌫̄c ⇡ 149 GHz and
⌫̄a ⇡ 173 MHz, while ⌫s is unchanged. A circular mag-
netron motion at ⌫̄m = 43 kHz is cooled by axial side-
band cooling [36, 39] and not discussed further. Figure 2c
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