
D. B. Kaplan ~ 50 years of QCD ~ Sept. 12, 2023

QCD,	Chirality	and	Topological	Insulators

Wherein QCD is related to the Integer Quantum Hall Effect, 


more exotic topological materials learn something from lattice QCD,


and such materials suggest how to regulate chiral gauge theories
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Superconductivity	had	a	huge	influence	on	the	understanding	of	quantum	field	
theory	and	the	strong	interactions:

• Chiral	symmetry	breaking

• Higgs	mechanism

• Confinement	(dual	Meissner	effect)

• Topological	defects	(strings)

“The	vacuum	is	complicated”	
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Topological	materials	have	dominated	the	CMT	conversation	for	
the	past	4	decades…	can	they	tell	us	something	about	QCD	and	
the	Standard	Model?	Or	vice	versa?

• Virtually	every	type	of	theory	of	a	massive	fermion	is	an	
analogue	to	some	type	of	topological	insulator	or	
superconductor


• Theories	of	massless	fermions	can	be	formulated	as	edge	
states	of	a	higher	dimension	theory		


• Anomalies	are	the	common	theoretical	thread

• Key	to	understanding	chirality	in	lattice	QCD

• A	promising	framework	for	a	nonperturbative	regulator	for	

chiral	gauge	theories,	such	as	the	Standard	Model.
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We show that the mathematical  relation between non-abelian anomalies in 2n dimensions,  
the parity anomaly  in 2n + 1 dimensions,  and the Dirac index density in 2n + 2 dimensions can be 
unders tood in terms of  the physics of  fermion zero modes on strings and domain walls. We show 
that the Dirac equation possesses chiral zero modes  in the presence of  strings in 2n +2  dimensions 
(such as occur in axion theories) or domain walls in 2n + 1 dimensions.  We show that the anomalies 
due to the chiral zero modes  are exactly cancelled by anomalies due to the coupling of  axion-like 
fields to the Dirac index density or by anomalies due to the induced topological mass  term. 

Anomalies arise when the quantum-mechanical vacuum functional of a field 
theory fails to have all the symmetries of  the classical lagrangian from which it is 
derived. I f the  symmetry in question is a gauge symmetry associated with a dynamical 
gauge field, the anomaly is intolerable and must be eliminated. The usual method 
is direct cancellation by the addition of  extra fermion species with appropriate 
quantum numbers. In this paper, we will show that in certain contexts involving 
defects (i.e. strings and domain walls), anomalies arise which may be compensated 
by quantum number flows in the higher-dimensional space in which the defect is 
embedded, rather than cancelled. This phenomenon gives a particularly simple 
physical interpretation of  the recently discovered mathematical connection between 
chiral anomalies in 2n +2  dimensions, parity anomalies in 2n + l dimensions and 
gravitational and non-abelian anomalies in 2n dimensions [1-5]. It also suggests 
some interesting phenomenological possibilities for the axion strings which may 
have played a role in the development of  density perturbations in the early universe 
[6]. 

Our first step will be to show that the Dirac equation for a fermion coupled to a 
scalar field with either a string or a domain wall structure has chiral zero modes*. 

We first consider a Dirac fermion in 2n +2  dimensions in the field of an axion 
string. Fermion zero modes in the presence of  gauge strings have been analyzed 
previously in refs. [7-10]. Their existence is guaranteed by an index theorem analyzed 

Supported in part by DOE grant no. DE-AC02-76ERR03072 
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" This was noted independently by R. Rhom for the case of  axion strings. 
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• A	conversation	with	David	Gross	(1981):	chirality	on	the	lattice	is	interesting

• An	influential	paper	by	Callan	and	Harvey	(1984):	anomalies	as	inflow


Simple	models	for	the	relationship	between	anomalies	in	different	
dimensions:	charge	flowing	on	and	off	of	topological	defects	(boundaries)

Two	big	influences	on	my	thinking	about	the	subject:
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There	is	no	normalizable	solution	with	the	opposite	chirality	moving	
in	the	-x	direction…	would	be	proportional	to	e+m0|y|

This	is	a	massless	chiral	fermion	bound	to	the	surface	y	=	0,	
moving	at	the	speed	of	light…	only	in	the	positive	x	direction.

x2

-m0

m0

m

Jackiw	&	Rebbi’s	surprising	discovery	(1976)		

Consider	Dirac	fermion	in	2+1	dimensions	with	“domain	wall”	mass,	m	=	m0	ε(x2)	with	m0	>	0:

Dirac	equation		has	a	solution:

y
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Chiral	fermion	on	1+1	dimension	boundary

No	chirality	fermion	in	2+1	dimension	bulk

Chirality	⇔	ε	tensor	⇔	topology


…but	where	is	the	topology?		
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E ⇒➠

RH

infinite	source	&	sink	for

fermions

Massless chiral fermion in an electric field E, 1+1 dim

But	what	happens	when	you	only	have	a	RH	fermion	(eg,	domain	wall	fermion)?

dp = qEdt

• Electric	charge	is	violated!

• Sick	theory!

• Hilbert’s hotel: there’s always room for more (or less) 

in the Dirac sea…

px

ω

<latexit sha1_base64="8IfR2ci5Nki9Szi5Pc+z3IHH6CM=">AAACG3icdZBNS8MwGMdTX+d8q3r0EhyCp9GWMbeDMBTB4wT3AlsZaZpuYWlak1QYpd/Di1/FiwdFPAke/DZmW8UX9A+Bf37P85A8fy9mVCrLejcWFpeWV1YLa8X1jc2tbXNnty2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3w2rXduiJA04ldqEhM3RENOA4qR0mhgOv1AIJz6PEt9lcETmN/jLHX6Mf0i1/A8RwOzZJWtquVYNtRmJm3q9UrVqkE7JyWQqzkwX/t+hJOQcIUZkrJnW7FyUyQUxYxkxX4iSYzwGA1JT1uOQiLddLZbBg818WEQCX24gjP6fSJFoZST0NOdIVIj+bs2hX/VeokKam5KeZwowvH8oSBhUEVwGhT0qSBYsYk2CAuq/wrxCOkolI6zqEP43BT+b9pO2a6WK5eVUuM0j6MA9sEBOAI2OAYNcAGaoAUwuAX34BE8GXfGg/FsvMxbF4x8Zg/8kPH2AWhaoak=</latexit>

dn

dt
=

dp

2⇡
=

qE

2⇡

This	phenomenon	occurs	in	1+1	and	3+1	dimensions,	but	not	2+1	where	electric	charge	is	always	
conserved…

….	so	how	can	this	state	appear	at	the	edge	of	a	2+1	dimensional	theory	of	massive	fermions?
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Callan	and	Harvey’s	resolution:	

Integrating	out	the	heavy	fermions	off	the	domain	wall	gives	rise	to	a	Chern	Simons	term

<latexit sha1_base64="EU13h9A05Vofiv4FYwtYqZrexAA="></latexit>
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ε(y)	due	to	domain	wall

Heavy	bulk	
states	do	not	
decouple!

The	charge	building	up	on	domain	wall	flows	in	from	the	bulk,	accounting	for	the	anomalous	
divergence	of	the	domain	wall	fermion
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In	creating	lattice	QCD	Wilson	revolutionized	how	one	thinks	about	field	
theory	&	its	infinities

In	the	late	1980s	I	started	thinking	about	whether	this	effect	could	be	used	to	maintain	
chiral	symmetry	in	lattice	QCD.

Greatest	Generation	I

Dispairing
Greatest	Generation	II

Smug
Silent	Generation

Pragmatic

“Forget	it!”	said	lattice	practitioners,	“d=4	is	hard	enough”
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e.g., Wilson fermions:

L =  ̄
�
/D +m+ aD2
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Lattice covariant 
derivatives

violates 

chiral symmetry

One	issue	when	putting	QCD	on	the	computer:	problems	with	chirality
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Nielsen-Ninomiya

3

Domain Wall Fermions

3.1 Chirality, anomalies and fermion doubling

You have heard of the Nielsen-Ninomiya theorem: it states that a fermion action in
2k Euclidian spacetime dimensions

S =

Z ⇡/a

⇡/a

d2kp

(2⇡)4
 �pD̃(p) (p) (3.1)

cannot have the operator D̃ satisfy all four of the following conditions simultaneously:

1. D̃(p) is a periodic, analytic function of pµ;

2. D(p) / �µpµ for a|pµ| ⌧ 1;

3. D̃(p) invertible everywhere except pµ = 0;

4. {�, D̃(p)} = 0.

The first condition is required for locality of the Fourier transform of D̃(p) in
coordinate space. The next two state that we want a single flavor of conventional Dirac
fermion in the continuum limit. The last item is the statement of chiral symmetry. One
can try keeping that and eliminating one or more of the other conditions; for example,
the SLAC derivative took D̃(p) = �µpµ within the Brillouin zone (BZ), which violates
the first condition — if taken to be periodic, it is discontinuous at the edge of the BZ.
This causes problems — for example, the QED Ward identity states that the photon
vertex �µ is proportional to @D̃(p)/@pµ, which is infinite at the BZ boundary. Naive
fermions satisfy all the conditions except (3): there D̃(p) vanishes at the 24 corners
of the BZ, and so we have 24 flavors of Dirac fermions in the continuum. Staggered
fermions are somewhat less redundant, producing four flavors in the continuum for
each lattice field; Creutz fermions are the least redundant, giving rise to two copies
for each lattice field. The discussion in any even spacetime dimension is analogous.

This roadblock in developing a lattice theory with chirality is obviously impossible
to get around when you consider anomalies. Remember that anomalies do occur in
the continuum but that in a UV cuto↵ on the number of degrees of freedom, there
are no anomalies, and the exact symmetries of the regulated action are the exact
symmetries of the quantum theory. The only way a symmetry current can have a
nonzero divergence is if either the original action or the UV regulator explicitly violate
that symmetry. The implication for lattice fermions is that any symmetry that is exact
on the lattice will be exact in the continuum limit, while any symmetry anomalous in
the continuum limit must be broken explicitly on the lattice.
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wanted:
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Nielsen-Ninomiya	can	be	thought	of	as	a	consequence	of	anomalies

E ⇒➠

RH

infinite	source	&	sink	for

fermions?

px

ω

The Hilbert Hotel:

There’s always room for more in the vacuum… but not on the lattice

Can	lattice	QCD	account	for	a	symmetry	good	up	to	anomalies?		…add	extra	dimension!
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LH

Wilson	fermions	in	4+1	dimensions	can	have	chiral	fermions	on	the	3+1	
dimensional	edge-surfaces	without	fine	tuning.

DBK, PLB 288 (1992) 342
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Lattice covariant

derivatives

Wilson couplingmass

One	finds:	massless	edge	states	&	Chern-Simons	currents	in	the	bulk	w/o	
doublers.			

Result:		a	tool	for	studying	QCD	with	light	quarks	without	additive	mass	
renormalization,	but	with	the	chiral	anomaly


But…	also	discovered	something	peculiar	and	unexpected:	

#	of	edge	states	changes	abruptly	at	critical	values	of	M/R	=	0,2,4,6.
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Chiral edge fermion can have 
momenta in the WHITE region

No chiral fermions with 
momenta in the BLACK region

Physics Letters B 296 ( 1992 ) 374-378 
North-Holland PHYSICS LETTERS B 

Critical momenta of lattice chiral fermions 

Kar l  J a n s e n  a n d  M a r t i n  S c h m a l t z  
University of California at San Diego, Department of Physics-0319, 9500 Gilman Drive, La Jolla, CA 92093-0319, USA 

Received 4 September 1992 

We determine the critical momenta for chiral fermions in the domain wall model recently suggested by Kaplan. For a wide 
range of domain wall masses m and Wilson couplings r we explicitly exhibit the regions in momentum space where the fermions 
are chiral. We compare the critical momenta for the infinitely large system with those obtained on a finite lattice. 

1. Introduction 

In a recent paper [ 1 ] a new method for simulating 
chiral fermions on a lattice was suggested. The pro- 
posal uses the fact that by introducing a domain  wall 
in an odd dimensional - and therefore vectorlike - 
theory one finds zero modes bound to this domain  
wall [ 2 -4 ] .  Regarding the domain wall as a lower 
(even) dimensional world it was demonstrated in ref. 
[ 1 ] that for the infinite lattice these zero modes  are 
chiral fermions and that the resulting theory on the 
domain wall exhibits the desired anomaly structure. 

The same features have been shown to survive on 
a finite lattice where boundary conditions require one 
to consider a wall/anti-wall pair. For  low energies a 
chiral fermion is bound to one of  the domain  walls 
with its chiral partner o f  opposite chirality living on 
the other domain  wall  In addition, it has been dem- 
onstrated that  in the presence of  weak external gauge 
fields the divergence of  the gauge current satisfies the 
continuum anomaly equation [5 ]. This surprising 
result has been explained as being a consequence of  
the fact that  on the lattice the divergence o f  the Gold- 
stone-Wilczek current [ 3,4 ] has the same form as in 
the cont inuum [ 6 ]. 

One of  the most  important  properties o f  the do- 
main wall method is that  the fermions are only chiral 
in the low energy limit. For  the special choice o f  the 
Wilson coupling r =  1 it was shown in ref. [ 1 ] that 
there exists a critical value of  the m o m e n t u m  pc for 
which the fermions cease to be chiral. However,  it is 
expected that also for other choices of  the Wilson 

coupling such critical momenta  exist. This was con- 
firmed on the finite lattice where the existence o f  the 
critical momentum could be demonstrated for r =  1.8 
[5]. 

Here we want to perform a systematic study of  the 
values o f  the critical momenta  for which one will find 
chiral modes. We compare the analytical results ob- 
tained on the infinite lattice with the spectrum of  the 
finite lattice hamiltonian. Aside from the theoretical 
interest o f  this question, our results are o f  practical 
importance for future numerical simulations of  this 
system. 

2. Zero modes on the infinite lattice 

To be specific we will first discuss the zero modes 
for the case of  a three dimensional model, though our  
results will be generalized to arbitrary dimensions at 
the end. We start with the Dirac-Wilson operator on 
an infinite lattice with lattice spacing a = 1, 

r 3 
K3o= t r u O u + m O ( s ) + -  ~ Au, (1)  

u=l 2/~=1 

where 0 denotes the lattice derivative 0u= 
½(Sz,z+u-Sz,z_u), A the lattice laplacian Au= 
8z, z+u + 8 . . . .  u-- 28 .... the tru are the usual Pauli matri-  
ces and r the Wilson coupling. We will denote by s 
the extra dimension along which the mass defect ap- 
pears, while x, t are the two dimensional coordinates. 
The domain wall is taken to be a step function 0, 
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m/r=l. 2 

m/r=l.7 m/r=2.0 m/r=2.2 m/r=2.6 
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m/r=4.4 m/r=4.8 m/r--5.4 m/r=6.0 

Fig. 1. We plot the regions within the Brillouin zone - r t  < p, < + n, - n  < Px < + ~t where chiral fermions exist (white areas ) as a function 
of m/ r  with m the domain wall mass and r the Wilson coupling. For the different cases 0 < m/r  < 2, 2 < m/ r  < 4 and 4 < m/r  < 6 we have 
one chiral fermion with positive chirality, two chiral fermions with negative chirality and again one chiral fermion with positive chirality, 
respectively. For m/r< 0 and m/r> 6 there exist no chiral fermions. 

We f ind  in d d i m e n s i o n s  tha t  for  2 k <  ]m/rl 
<2k+2(O<~k<d-1),  the  n u m b e r  o f  chira l  z e r o  
m o d e s  Nzm b o u n d  to the  ( d - 1  ) d i m e n s i o n a l  do-  
m a i n  wall  is g i v e n  by 

a n d  the i r  ch i ra l i ty  is ( - 1 )k. 
T h e  reg ions  o f  chiral  f e r m i o n s  as found  h e r e  cor -  

r e s p o n d  exact ly  to the va lues  o fm/r  where  the  la t t ice  
C h e r n - S i m o n s  cur ren t  i n d u c e d  by Wi l son  f e r m i o n s  
changes  its va lue  [6 ] g iv ing  con t r i bu t i ons  to  the  
G o l d s t o n e - W i l c z e k  current .  T h e  ca lcu la t ion  o f  t he  
C h e r n - S i m o n s  cur ren t  in ref. [6]  uses the  o b s e r v a -  
t i on  that  the  f e rmion  p ropaga to r  in m o m e n t u m  space  

376 

Poles in 

propagator:

•None for m/r <0 

•1 RH for 0<m/r<2

•2 LH for 2<m/r<4

•1 RH for 4<m/r<6

•None for m/r>6

p0

p1

-π/a
-π/a

π/a

π/a

m = mass    r = Wilson operator coefficient

The Brillouin zone for edge state on 
1+1 d surface, different values of m/r.
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Surprise! dialing 

mass/Wilson 

coefficient ratio M/R:

Euclidian {p0,p1}

Brillouin zone

Black= no chiral edge modes ✖︎

White= chiral edge modes ✔︎

x1

x2

K Jansen, M Schmaltz, PLB 296 (1992) 374
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Spectrum with continuous 

Minkowski time

Varying M/R
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Topology! (Golterman, Jansen, DBK 1992)  

only depends on the (d+1)-dimensional 


unit vector:

<latexit sha1_base64="dj41sBXqH7IuaPmYtTxybRf6wKw="></latexit>

n̂(p) =
{a,b}p
a2 + b · b

Topology on a lattice??  Topology in a 1-loop Feynman diagram??

p <latexit sha1_base64="vRFlAS61babGo2mz8M4oTj6WNr4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahIpRdEfVY9OKxov2AdinZNNuGJtklyQpl6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx34uRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geJv5zSeqNIvkoxnF1Be4L1nICDaZ9FCOT7vFkltxp0DLxJuTUvW4c/Y6qY5q3eJ3pxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9Obx2jE6v0UBgpW9Kgqfp7IsVC65EIbKfAZqAXvUz8z2snJrz2UybjxFBJZovChCMToexx1GOKEsNHlmCimL0VkQFWmBgbT8GG4C2+vEwa5xXvsnJxb9O4gRnycATHUAYPrqAKd1CDOhAYwDO8wbsjnBfnw/mcteac+cwh/IHz9QNgyZDK</latexit>

S(p)
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S�1(p) = a(p) + bµ(p)�µ

Aµ
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@pµ
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�µ = i

Gauge invariance relates 
photon coupling and the 
fermion propagator

This	means	that	the	Chern-Simons	current	must	change	abruptly,	by	integers.		


How can a 1-loop Feynman diagram behave like that??

<latexit sha1_base64="X1WyNdkOdtV0ahB6BzPtu3ivs1Q="></latexit>
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only depends on the 4-component 


unit vector:

<latexit sha1_base64="dj41sBXqH7IuaPmYtTxybRf6wKw="></latexit>

n̂(p) =
{a,b}p
a2 + b · b

• n(p)	=	map	from	momentum	space	(3-torus!)	to	“spin”	(3-sphere!)	for	1+1	dim	chiral	fermion


• n(p)	=	map	from	momentum	space	(5-torus!)	to	“spin”	(5-sphere!)	for	3+1	dim	chiral	fermion


• The	Feynman	diagram	computes	the	winding	number	of	that	map


• The	integer	winding	number	jumps	when	topology	is	destroyed:	the	bulk	goes	gapless,	edge	state	delocalizes


• For	Wilson	fermions,	this	occurs	at	m/r	=	0,2,4,6

This	is	the	integer	quantum	hall	effect,	QFT	version	of		TKNN	-	Thouless,	Kohomoto	Nightingale,	den	Nijs,	1982)
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credit: http://www.mathematicaguidebooks.org/soccer/

Visualizing	a	map	from	2-torus	to	2-sphere	with	winding	number	2:
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Conductivity for Wilson fermions

Fermion mass = source of 

T-reversal symmetry violation

1 2 3 4 5 6
m/r

-2

-1

1

2

2 π J
e2 E

= σxy
h e2

Resistivity for IQHE

Magnetic field = source of 

T-reversal symmetry violation
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Usual tuning for 

Wilson fermions (4d)

Aoki phase

Phase	diagram	for	QCD	with	Wilson	fermions	in	5d	Euclidian	spacetime

S Aoki, Prog Th Phys 122 (1996) 179

Topological phases, corresponding to 1,4,6,4,1 flavors 

m/r
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/ 

LA~ 
Fig. 1. One loop Feynman diagram which gives the current induced outside an axion string in adiabatic 

approximation, 

Goldstone and Wilczek [13] to calculate the current induced in the axion field 
vacuum by a background  electromagnetic field. In the limit of  fields varying slowly 
compared  to the inverse fermion mass, the dominant  contr ibution to (J~,(x)) is given 
by the graph of  fig. 1. It is easy to show that 

e (qb*a"~ - q~0~q~ *) F*",  (9) 
(Ju) = - il6rr2e~,,*p !412 

where • is the axion field and F*" is the background  field strength. Away from the 
core of  the string, we may write ~P(x) = u e ~°('~ where v is the magni tude of  the 
scalar vacuum expectat ion value and O(x) is what  is usually thought  o f  as the axion 
field. In terms of  O, 

e (J~,(x)) = - -  " *~' (10) 8rr2eu,~,~,O OF . 

If  the string runs along the z-axis we can take O(x) = 4, in cylindrical coordinates.  
If  the electric field is of  strength E in the string direction we see that the only 
non-vanishing componen t  of  the current is Jr = - ( e / 4 7 r 2 P )  E. The net inward flux 
of  charge is exactly what is needed to account  for the charge appear ing on the string 
via the anomaly.  More formally, we can say that, because o f  the topology of  the 
axion string, 

[a,, 0, ]0 = 2mS(x),8(y) ,  (11 ) 

so that 

a"(J~,)=~--~e"hF, h6(x)6(y) ,  a, b = 0 , 3 .  (12) 

The current is conserved off the string and its divergence on the string exactly 
matches the anomaly.  It is amusing to note that the geometry o f  this current flow 
is like that of  the Hall effect: current flows in a direction perpendicular  to the applied 
electric field. 

The calculation o f  J,,(x) can be converted into a determinat ion o f  the effective 
action for the world outside the string in the presence o f  a background  electromag- 
netic field: 

d xeA ( J . ) =  - d4x,--?--Se...oa"OA"F A'. (13) 
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ANOMALIES AND FERMION ZERO MODES ON STRINGS AND 
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We show that the mathematical  relation between non-abelian anomalies in 2n dimensions,  
the parity anomaly  in 2n + 1 dimensions,  and the Dirac index density in 2n + 2 dimensions can be 
unders tood in terms of  the physics of  fermion zero modes on strings and domain walls. We show 
that the Dirac equation possesses chiral zero modes  in the presence of  strings in 2n +2  dimensions 
(such as occur in axion theories) or domain walls in 2n + 1 dimensions.  We show that the anomalies 
due to the chiral zero modes  are exactly cancelled by anomalies due to the coupling of  axion-like 
fields to the Dirac index density or by anomalies due to the induced topological mass  term. 

Anomalies arise when the quantum-mechanical vacuum functional of a field 
theory fails to have all the symmetries of  the classical lagrangian from which it is 
derived. I f the  symmetry in question is a gauge symmetry associated with a dynamical 
gauge field, the anomaly is intolerable and must be eliminated. The usual method 
is direct cancellation by the addition of  extra fermion species with appropriate 
quantum numbers. In this paper, we will show that in certain contexts involving 
defects (i.e. strings and domain walls), anomalies arise which may be compensated 
by quantum number flows in the higher-dimensional space in which the defect is 
embedded, rather than cancelled. This phenomenon gives a particularly simple 
physical interpretation of  the recently discovered mathematical connection between 
chiral anomalies in 2n +2  dimensions, parity anomalies in 2n + l dimensions and 
gravitational and non-abelian anomalies in 2n dimensions [1-5]. It also suggests 
some interesting phenomenological possibilities for the axion strings which may 
have played a role in the development of  density perturbations in the early universe 
[6]. 

Our first step will be to show that the Dirac equation for a fermion coupled to a 
scalar field with either a string or a domain wall structure has chiral zero modes*. 

We first consider a Dirac fermion in 2n +2  dimensions in the field of an axion 
string. Fermion zero modes in the presence of  gauge strings have been analyzed 
previously in refs. [7-10]. Their existence is guaranteed by an index theorem analyzed 

Supported in part by DOE grant no. DE-AC02-76ERR03072 
2 Supported in part by NSF grant  no. PHY80-19754 
" This was noted independently by R. Rhom for the case of  axion strings. 
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^ Integer Quantum

This	omission	is	a	BIG	DEAL…	Haldane	won	the	2016	Nobel	Prize	for	his	1988	paper	
showing	that	the	IQHE	only	requires	time	reversal	violation,	not	magnetic	fields…	
all	shown	in	the	Callan-Harvey	paper.		How	did	they	miss	this?
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1.		CM	and	PT	theorists	too	often	see	each	other	as	aliens

2.		C&H	were	only	interested	in	the	divergence	of	the	current:	no	
regulator	=	noncompact	momentum	space	=	no	topology.	
Regulators	do	not	decouple	from	CS	term!	Current	off	by	half	
integer.

⬆︎

y

E

JCS

3.		If	C&H	had	computed	“resistance”	=E/(2	J)	they	would	have	
found	1/2π	…

4.		Their	model	didn’t	have	any	parameter	that	could	render	
the	bulk	gapless	at	critical	values,	so	they	couldn’t	see	the	
resistivity	jump	(unlike	in	lattice	theories)

=	h/e^2	(Von	Klitzing	quantum	of	resistance)
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Where	has	the	IQHE	⇔	QCD	connection	gone	since	the	early	1990s?		

In	the	2000s	CMT	realized	that	the	IQHE	was	an	example	of	a	large	number	of	
examples	of	topological	materials	in	different	dimensions.		

Kitaev	2010:	10	topological	classes	that	can	can	be	classified	in	a	periodic	table.

Each	of	these	theories	has	an	analog	in	relativistic	theories	of	free	massive	fermions	with	
different	T,	C	properties,	with	Dirac	or	Majorana	masses.

Two	interesting	avenues	to	develop	the	connections?
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1.	The	Ginsparg-Wilson	relation	and	overlap	fermions:		bulk-boundary	
correspondence	without	the	bulk	
The	Ginsparg	&	Wilson	(1983)	asked:	what	does	a	low	energy	fermion	operator	with	
“perfect”	chiral	symmetry	look	like?	(eg,	only	broken	by	anomalies).		

Answer:		D	satisfies

a	=	lattice	spacing{�5, D} = aD�5D

{�5, D�1}xy = a�5�(x� y)

This	result	was	ignored	for	14	years	because	they	had	no	solution	to	the	equation
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Ongoing	work	shows	that	analogs	of	the	Ginsparg-Wilson	equation	and	its	solutions	exist	for	
other	classes	of	topological	insulators	and	superconductors.		Can	see	exotic	effects	such	as	
discrete	time	reversal	anomaly	for	lattice	Majorana	fermions,	etc.	

(Clancy,	DBK,	Singh,	to	appear)

Neuberger	(1997)	found	4d	lattice	solution	for	QCD		

the	overlap	operator,	developed	by	Narayanan	&	Neuberger,	derived	by	integrating	out	bulk	
modes	in	5d	domain	wall	fermion	theory

Perhaps	this	work	can	be	of	use	for	understanding	the	dynamics	of	edge	states	in	various	
real	topological	materials?

Luscher	(1998)	showed	that	a	Ginsparg-Wilson	operator	not	only	gets	the	anomaly	correctly,	
but	also	forbids	additive	renormalization	of	fermion	mass,	mixing	of	operators	with	different	
chiral	transformation	properties,	etc.
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2.	New	approaches	to	nonperturbatively	regulate	chiral	gauge	theories	
(eg,	the	Standard	Model)	

a)	One	approach	(Eichten-Preskill	(1986),	Wen	(2013),	Cenke,	Wang,	You…)

• Start	with	vector-like	SM	as	lattice	domain	wall	theory	
with	fermions	on	one	wall,	mirror	fermions	on	the	
other


• use	interactions	to	gap	the	mirror	fermions	without	
breaking	gauge	symmetry


• Motivated	by	Fidkowski-Kitaev	model	(2010)	where	
edge	states	mod	8	flavors	can	be	gapped,	with	Z8											
’t	Hooft	anomaly	for	time	reversal	symmetry
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b)	Another	possible	approach	(as	in	Grabowska,	DBK	2016):	

• generic	4d	chiral	gauge	theory	written	as	5d	theory

• can	look	4d	if	gauge	anomalies	cancel

New	life	to	idea	due	to	recent	advances	in	CM	context:	eg,	Witten,	Yonekura	(2020)	

Partition	function	for	edge/bulk	theory	in	background	gauge	field	may	be	written	as		
<latexit sha1_base64="xmkVgFVSrWMPHqj7TI7u7kPCljI="></latexit>q
| det /D| ei⇡⌘(Aµ)

edge	state	Dirac	fermion
Eta-invariant	of	bulk	Dirac	
operator	with	self-adjoint	
boundary	condition	(CS	term	+…)

Possible	to	compute	η	on	the	lattice?		

Collapses	to	local	4d	theory	when	gauge	anomalies	cancel?	
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Conclusions

Hidden	momentum	space	topology	exists	in	QCD	which	connects	it	to	modern	
condensed	matter	theories	of	topological	materials	

This	connection	is	currently	used	routinely	to	simulate	QCD	when	chiral	
symmetry	is	important

Technology	discovered	in	lattice	QCD	might	be	interesting	in	CM	context?

Technology	discovered	in	topological	materials	might	provide	the	key	to	
nonperturbatively	regulating	chiral	gauge	theories,	such	as	the	Standard	Model?


