
Dam Thanh Son (University of Chicago)
50 years of Quantum Chromodynamics, UCLA

September 15, 2023

Nonrelativistic 
Conformal Field Theory

and nuclear reactions



Happy birthday QCD!



Cultural impact of QCD

• QCD is the first theory where  
 
      microscopic d.o.fs  low energy d.o.fs

• Immense impact on condensed matter physics

• quasiparticles in fractional quantum Hall states: 
fractionally charged at , electrically neutral 
fermion (“composite fermions”) at 

• “deconfinement”, “partons”: now standard notions 
in theoretical condensed matter physics

≠

ν = 1/3
ν = 1/2



This talk

• about “chemistry of QCD” — nuclei

• simplest chemistry: He2 molecule (10-7 eV 
binding energy)

• processes involving very small energy scale, from 
0.1 MeV to a few MeV

• Accidental fine-tuning: neutron-neutron scattering 
length very large 

• Nontrivial effect on rates of reactions with several 
neutron in the final state

ann ≈ − 19 fm



Example

•
• ,   

• Near end point

•
•  where  is the scaling 

dimension of a local operator in a non-
relativistic CFT

π− + 3H → γ + 3n

Eγ = E ∈ (0, E0) E0 ≈ 130 MeV

dσ
dE

∼ (E0 − E)1.77

1.77 = Δ − 5/2 Δ = 4.27

Rates of unnuclear processes

•  

• Near end point: 

dσ
dE

∼ |ℳ |2 E × Im G$(Etot − E, p)

dσ
dE

∼ (E0 − E)Δ− 5
2
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FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 +MA2 � MB � MU)c
2 +

p2A1

MA1

+
p2A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E ImGU(Ekin�E,p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1+A2 ! B+U , the other (encoded by ImGU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

ImGU(Ekin�E,p) ⇠
✓
Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)

Etot = E + E$

(E, p)

(E0 − E)Δ− 5
2

(Etot−E, −p)

-

A.
⑧

=>

B =x(u]



Plan
• Nonrelativistic conformal symmetry

• Nonrelativistic CFTs

• Fermions at unitarity

• Neutrons and “UnNuclear Physics”

Refs.: Y. Nishida, DTS , PRD 76, 086004 (2007) 
         H.-W. Hammer, DTS PNAS 118 (2021) e2108716118 
         S.D. Chowdhury, R. Mishra, DTS to appear



Schrödinger group

• Symmetries of the free Schrödinger equation 
 

                  

• Phase rotation    

• space and time translations ; rotations 

• Galilean boosts  

• Dilatation  

i
∂ψ
∂t

= − 1
2m

∇2ψ

M = mN ψ → eiαψ

P, H Jij

K ψ(t, x) → eimv⋅x− i
2 mv2t ψ(t, x − vt)

D ψ(t, x) → λ3/2ψ(λ2t, λx)



“Proper conformal 
transformation”

 :  C ψ(t, x) → 1
(1 + αt)3/2 exp( i

2
mαx2

1 + αt )ψ ( t
1 + αt

, x
1 + αt )



Schrödinger algebra

Unitary Fermi gas, ε expansion, and nonrelativistic conformal field theories 21

Table 1 Part of the Schrödinger algebra. The values of [X , Y ] are shown below.

X \Y Pj Kj D C H
Pi 0 −iδi jM −iPi −iKi 0
Ki iδi jM 0 iKi 0 iPi
D iPj −iKj 0 −2iC 2iH
C iKj 0 2iC 0 iD
H 0 −iPj −2iH −iD 0

mass : M ≡
∫

dxρ(x) (51)

momentum : Pi ≡
∫

dx ji(x) (52)

angular momentum : Ji j ≡
∫

dx [xi j j(x)− x j ji(x)] (53)

Galilean boost : Ki ≡
∫

dxxiρ(x) (54)

dilatation : D≡
∫

dxx · j(x) (55)

special conformal : C ≡
∫

dx
x2

2
ρ(x) (56)

and the Hamiltonian:

H = ∑
σ=↑,↓

∫

dx
∂ψ†σ (x) ·∂ψσ (x)

2mσ

+
∫

dx
∫

dyψ†↑ (x)ψ
†
↓ (y)V (|x−y|)ψ↓(y)ψ↑(x). (57)

D andC are the generators of the scale transformation (x→ eλx, t→ e2λ t) and the
special conformal transformation [x→ x/(1+λ t), t → t/(1+λ t)], respectively.
In a scale invariant system such as fermions in the unitarity limit, these operators
form a closed algebra.5
Commutation relations of the above operators are summarized in Table 1. The

rest of the algebra is the commutators of M, which commutes with all other op-
erators; [M, any] = 0. The commutation relations of Ji j with other operators are
determined by their transformation properties under rotations:

[Ji j, N] = [Ji j, D] = [Ji j,C] = [Ji j, H] = 0, (58a)
[Ji j, Pk] = i(δikPj− δ jkPi), [Ji j, Kk] = i(δikKj− δ jkKi), (58b)
[Ji j, Jkl ] = i(δikJ jl+ δ jlJik− δilJ jk− δ jkJil). (58c)

5 One potential that realizes the unitarity interaction isV (r) = (π/2)2 limr0→0 θ (r0− r)/(2m↑↓r20),
where m↑↓ ≡ m↑m↓/(m↑+m↓) is the reduced mass.

[X, Y]

[N, anything] = 0



Nonrelativistic CFTs

• QFTs with Schrödinger symmetry

• local operators  characterized by charge (mass) and 
dimension  ,    
example:    ,  

• primary operators:  

• Constraints from conformal invariance: 
 

   

O( ⃗x)
[D, O(0)] = iΔ0O(0) [M, O(0)] = iNOO(0)

ψ Nψ = 1 Δψ = 3
2

[Ki, O(0⃗)] = [C, O(0⃗)] = 0

⟨TO(t, ⃗x)O†(0,0)⟩ = c
tΔO

exp( imOx2

2t )

Y. Nishida, DTS, 2007 

[E] = 2
[p] = 1



Example of NRCFTs

• Free particles

• nonrelativistic anyons (two spatial dimensions)

• Spin-1/2 fermions at unitarity

• realized in cold atom experiments, but also 
approximately by neutrons



Unitarity fermions: QM

• Wave function of  spin-up and  spin-down 
fermions 

•  antisymmetric under exchanging two ’s or ’s

• When one spin-up and one spin-down fermions 
approach each other: 
 

    

•

m n
ψ(x1, …, xm; y1, …, yn)

ψ x y

ψ(x, y) = C
|x − y |

+ O( |x − y | ) + ⋯

H = − 1
2 ∑

a

∂2

∂x2a
− 1

2 ∑
a

∂2

∂y2a



What are the local 
operators?

• First example: annihilation operator in second 
quantized formulation of QM

•
• This is a charge-1 operator, dimension=3/2

⟨0 | ψ̂( ⃗x) |Ψ1−body⟩ = Ψ( ⃗x)



Charge-2 local operator

• Second-quantized formulation of QM: 
 
     

• Limit  does not exist: 
 
       

• but one can define 
        

• then 
      
   = finite

⟨0 |ψ↑(x)ψ↓(y) |Ψ2−body⟩ = Ψ(x, y)

y → x

⟨0 |ψ↑(x)ψ↓(x) |Ψ⟩ = Ψ(x, x) = ∞

O2(x) = lim
y→x

|x − y |ψ↑(x)ψ↓(y)

⟨0 |O2(x) |Ψ⟩ = lim
y→x

|x − y |Ψ(x, y)



Dimension of O2

•  

•  

• cf free theory: 

O2(x) = lim
y→x

|x − y |ψ↑(x)ψ↓(y)

Δ[O2] = 2Δ[ψ] − 1 = 2

Δ[ψψ] = 3



Charge-3 operator

• Need to know short distance behavior of 

• 3-body problem solved by Efimov ~ 1970 
 
       
                    
                        = 5 hyperangles

• Charge-3 operator 
 
   

•

Ψ(x1, x2; y)

Ψ(x1, x2; y) ∼ R−0.2273f(α, ̂ρ, ̂r)
R2 = |x1 − x2 |2 + |x1 − y |2 + |x2 − y |2

α, ̂ρ, ̂r

O3(x) ∼ lim
x2→x

lim
y→x

R0.2273ψ↑(x)ψ↑(x2)ψ↓(y)

Δ[O3] = 4.2727 cf free theory: [ψ↓ψ↑ ∇ψ↑] = 11
2



Dimension of charge-3 operators

   where  solves an equation

:     

 
   ,  ,  , …,  

:     

 
,  ,  , ….   

Δ = 5
2 + s s

l = 0 s cos( π
2 s) + 4

3
sin( π

6 s) = 0

Δ = 4.666 7.627 9.614 2n+ 7
2

l = 1 (s2 − 1)sin( π
2 s)+ 4

3
s cos( π

6 s) − 4 sin( π
6 s) = 0

Δ = 4.273 6.878 8.216 2n+ 5
2



Charge-4 operator

• Dimension of operator with particle number N>3 
can only be obtained numerically

• Nishida and DTS 2007: equal to ground state 
energy of N unitary fermions in a harmonic trap

•   (cf. free theory: )Δ[O4] = 5.0 ± 0.1 8



Two point functions
• One can compute two-point functions by inserting 

a complete set of states 
 

• Result 

    

• In momentum space 
 

   

    

⟨0 |O(t, x)O†(0) |0⟩ = ∑
n

⟨0 |O(0) |n⟩e−iEnt+iPn⋅x⟨n |O†(0) |0⟩

⟨O(t, x)O†(0,0)⟩ = C
tΔO

exp( iMOx2

2t )

⟨OO†⟩(ω, p) ∼ ( p2

2MO
− ω)

ΔO−5/2



NRCFT in real world: neutrons

• ,  

• NRCFT in energy range between 
 and 

• Consequence: power-law behavior in processes with 
final state neutrons

• “Unnuclear Physics” Hammer, DTS 2021 nonrelativistic 
version of Georgi’s “unparticle physics”

a ≈ − 19 fm r0 ≈ 2.8 fm

ℏ2/ma2 ∼ 0.1 MeV ℏ2/mr2
0 ∼ 5 MeV

n n



“UnNuclear physics”

5

In the regime E0 � E ⌧ E0, ignoring the energy dependence of all other factors, we can

write
d�

dE
⇠ (E0 � E)�� 5

2 . (16)

Thus, a characteristic feature of processes involving an unnucleus is the power-law depen-

dence of the di↵erential cross section on the recoil energy near the end point.

IV. MULTI-NEUTRON FINAL STATES AS UNNUCLEI

So far the search for relativistic unparticles has been unsuccessful [2–4]. In nuclear

physics, however, there are natural approximate unnuclei due to the fortuitous occurrence of

fine tuning in several nuclear systems. In particular, neutrons have a large s-wave scattering

length: a ⇡ �19 fm, compared to the e↵ective range r0 ⇡ 2.8 fm. A system of neutrons

can be considered as an unnucleus if the relative momentum between any two neutrons in

the system is between ~/a and ~/r0. If this is the case, they are described by a well known

nonrelativistic conformal field theory—the theory of fermions at unitarity.
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FIG. 2. A nuclear reaction with three neutrons in the final state.

Thus, the real-world realizations of the reaction pictured in Fig. 1 are reactions with a few

neutrons in the final state. A typical reaction with three final-state neutrons is schematically

depicted in Fig. 2. The di↵erential cross section d�/dE considered above is now an inclusive

cross section, where the momenta of the neutrons are left unmeasured. Reactions of this

type are abundant in nuclear physics. Some examples are

3H+ 3H ! 4He + 2n , (17)
7Li + 7Li ! 11C + 3n , (18)

4He + 8He ! 8Be + 4n . (19)

The final-state neutrons can be considered as forming an unnucleus when the kinetic energy

of the system of neutrons in its center-of-mass frame (neutron kinetic energy) is between

"0 = ~2/ma2 ⇠ 0.1 MeV and ~2/mr20 ⇠ 5 MeV. Only in this kinematic regime, our predic-

tion (16) for d�/dE applies. Physically, in this regime the neutrons travel together and keep

interacting with each other until the distance between them becomes larger than a. If the

total kinetic energy of the final scattering products Ekin is much larger than ~2/mr20, then

5

P(A1 + A2 → B + 3n) = P(A1 + A2 → B + 5)P(5 → 3n)

when energy scale of primary reaction is larger than 

 = “unnucleus” = field in NRCFT 

5 → 3n
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Thus, the real-world realizations of the reaction pictured in Fig. 1 are reactions with a few

neutrons in the final state. A typical reaction with three final-state neutrons is schematically

depicted in Fig. 2. The di↵erential cross section d�/dE considered above is now an inclusive

cross section, where the momenta of the neutrons are left unmeasured. Reactions of this

type are abundant in nuclear physics. Some examples are

3H+ 3H ! 4He + 2n , (17)
7Li + 7Li ! 11C + 3n , (18)

4He + 8He ! 8Be + 4n . (19)

The final-state neutrons can be considered as forming an unnucleus when the kinetic energy

of the system of neutrons in its center-of-mass frame (neutron kinetic energy) is between

"0 = ~2/ma2 ⇠ 0.1 MeV and ~2/mr20 ⇠ 5 MeV. Only in this kinematic regime, our predic-

tion (16) for d�/dE applies. Physically, in this regime the neutrons travel together and keep

interacting with each other until the distance between them becomes larger than a. If the

total kinetic energy of the final scattering products Ekin is much larger than ~2/mr20, then

!

P(A1 + A2 → B + 3n) = P(A1 + A2 → B + !)P(! → 3n)

When energy scale of primary reaction is larger than 

 = unnucleus (nonrelativistic version of Georgi’s unparticle)

! → 3n

!

-E
-

=



Rates of unnuclear processes

•  

• Near end point: ,   = dimension of 

dσ
dE

∼ |ℳ |2 E × Im G5(Etot − E, p)

dσ
dE

∼ (E0 − E)Δ− 5
2 Δ 5
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FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 +MA2 � MB � MU)c
2 +

p2A1

MA1

+
p2A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E ImGU(Ekin�E,p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1+A2 ! B+U , the other (encoded by ImGU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

ImGU(Ekin�E,p) ⇠
✓
Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)

Etot = E + E5

(E, p)

(E0 − E)Δ− 5
2

(Etot−E, −p)

Rates of unnuclear processes

•  

• Near end point: 

dσ
dE

∼ |ℳ |2 E × Im G$(Etot − E, p)

dσ
dE

∼ (E0 − E)Δ− 5
2
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main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is
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of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.
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of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1+A2 ! B+U , the other (encoded by ImGU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),
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Nuclear reactions

•           

 

• 3H + 3H → 4He + 2n          

•  + 3H →  + 3n           

• 4He + 8He → 8Be + 4n      

dσ
dE

∼ (E0 − E)α α = Δ − 5
2

2
π− γ 4.27

5.0

−0.5
1.77
2.5

Watson-Migdal 1950’s

Δ α
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calculation (circles) and the plane wave impulse approximation (squares). We have converted
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FIG. 4. Center-of-mass energy spectrum of three neutrons in the reaction
3
H(⇡�, �)3n (left panel)

and
3
H(µ�, ⌫µ)3n (right panel). The circles/squares give the full/plane wave calculations by Golak

et al. [23, 24]. Di↵erent fits are explained in the legend and in the main text.

the calculated photon spectra to three-neutron spectra for convenience. As expected, the

free neutron behavior, E3 (dashed line), can describe the full calculation (circles) only at the

lowest energies. However, the plane wave impulse approximation (squares) can be described

up to about 2.5 MeV. The full calculation including final state interaction displays clear

unnucleus behavior, E1.77 (solid line) for energies also up to about 2.5 MeV, where it starts

to deviate from the prediction. This is somewhat smaller than the value 5 MeV expected from

the scattering length. We suspect that this is due to the wave function of the triton, which

has finite extent, making the reaction a less than ideal “point source” of the neutrons and

causing the factorization formula (13) to break down earlier than expected. The description

cannot be significantly improved by including the next state which behaves as E2.17 (dash-

dotted line). Analogous behavior is exhibited by the theoretical spectra for the reaction
3H(µ�, ⌫µ)3n calculated by Golak et al. [24] using the same interaction model (see right

panel of Fig. 4). In this reaction, the energy scale of the primary scattering process is

slightly smaller such that the corrections to factorization are larger.

A four-neutron spectrum was recently measured by Kisamori et al. in the reaction
4He(8He,8Be)4n [25], but the number of events is too low to extract evidence of unnu-

cleus behavior. It may, however, be possible to extract such behavior from the spectra of a

new experiment using the reaction 8He(p, p↵)4n, which are currently being analyzed [18].

Comparison with “experiment”

π− + 3H → γ + 3n
Golak et al. PRC 98, 054001 (2018)
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Deformations of NRCFT

• Dimensional counting 
 

• operators with dim < : relevant; dim > : irrelevant

• one relevant deformation: 

• Leading Galilean-invariant irrelevant deformation: 
 

            dim = 

S = ∫ dt⏟
−2

d3x⏟
−3

(ℒCFT + deformations)

5 5
[O†

2 O2] = 4

O†
2 (∂t + ∇2

4 )O2 6



Away from conformality

• Finite scattering length and effective range can be 
treated as perturbation away from NRCFT 
 

   

• Contribution to  can be computed using 
conformal perturbation theory 
S.D. Chowdhury, R. Mishra, DTS to be published

•  

                      

L = LCFT + 1
a

O†
2 O2 − r0O†

2 (i∂t+ 1
4 ∇2)O2

⟨O3O†
3 ⟩

dσ
dE

∼ ωΔ−5/2(1 + c1

a0 mω
+ c2r0 mω)



Conformal perturbation theory

•  

 

 

 
 
 
 
 

          

 

⟨O3(x)O†
3 (0)⟩ = 1

Z ∫ 9ψ O3(x)O†
3 (0)eiSCFT+ i

a ∫y O†
2(y)O2(y)

= ⟨O3(x)O†
3 (0)⟩0 + 1

a ∫ dy ⟨O3(x)O†
2 (y)O2(y)O†

3 (0)⟩0

dσ
dE

∼ ωΔ−5/2(1 + c1

a mω ) Δ = 4.273
c1 = 2.642

|3⟩⟨3 ||1⟩⟨1 |



Effective-range correction

• Effective range correction proportional to 
 

    

• Vanishes at physical dimension , but not in 
fractional spatial dimension

• we do not understand this completely

Γ( d
2 + s − 2)

Γ(3 − d
2 )Γ(d − 3)

= 0

d = 3



Open questions

• Can one resum all  correction and determine the 
correlator along the whole RG flow?

• Can be done for  
 

  

 
but needs to be down for charge-3 operators

• Charge-4 operators and higher?

1/a

O2

⟨O2O†
2 ⟩ = ( p2

4 − p0 − 1
a )

−1



Four-neutron production

15FB Physik | Institut Institut für Kernphysik | Meytal Duer1.8.2023

RESULTS: 
MISSING-MASS SPECTRUM 

6He(p,p4He)2n

confirms the expected dineutron 
   low-energy peak ~100 keV

8He(p,p4He)4n

MD et al., Nature 606, 678 (2022)

evidence of free correlated four neutrons(Duer et al Nature 2022)



Four-neutron production

15FB Physik | Institut Institut für Kernphysik | Meytal Duer1.8.2023

RESULTS: 
MISSING-MASS SPECTRUM 

6He(p,p4He)2n

confirms the expected dineutron 
   low-energy peak ~100 keV

8He(p,p4He)4n

MD et al., Nature 606, 678 (2022)

evidence of free correlated four neutrons

E2.5

(Duer et al Nature 2022)



Conclusion

• QCD has a large cultural impact on CMP

• NR conformal field theories have Schrödinger symmetry

• Example: fermions at unitarity

• Approximately realized by neutrons in nuclear physics

• Leads to a power-law behavior of differential cross 
sections of certain processes near threshold

• Nonrelativistic conformal perturbation theory

• the full power of NRCFT still to be explored



Width of hypothetical 
multi-neutron resonances

• Suppose we have a multi-neutron resonance with 

• Then the width will scale as 
 

   

ℏ2/ma2 ≪ Re E ≪ ℏ2/mr2
0

Γ ∼ EΔ−5/2 = {E1.77 N = 3
E2.5 N = 4

DTS, M.A. Stephanov, H.-U. Yee, PRA 106(2022) L050801 



New approach to two-
neutron halo nuclei

• Borromean two-neutron halo nuclei ,  
    , , …

• Small two-neutron separation energy 
 
     
     
     Hammer Ji Phillips 2017

• EFT based on smallness of B and neutron virtual 
energy

(Ann)
A = 4He, 9Li 20C

B(6He) = 0.975 MeV
B(11Li) = 0.369 MeV
B(22C) < 0.18 MeV?



EFT of weakly-bound two-
neutron halo nuclei

• Add two fields to the NRCFT of neutron: core , 
halo nucleus 

• Interaction:  

• dimension: : marginal

• leading-order EFT renormalizable; 

• Universal result for (charge radius)/(matter 
radius), E1 dipole strength function Hongo and 
DTS, PRL 2022

ϕ
h

h†O2ϕ + O†
2 ϕ†h

3
2 + 3

2 + 2 = 5
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1

FIG. 5. The Feynman diagram for the E1 dipole strength
function.

where J is the total electric current, one can rewrite the
dipole strength function as

dB(E1)

d!
=

3

4⇡

1

!2

X

n

|hn|J |0i|2�(En � E0 � !) (26)

and express it as the imaginary part of a two-point
Green’s function of the current operator:

dB(E1)

d!
= � 3

4⇡

1

⇡!2
Im GJJ(!), (27)

where

iGJJ(!) =

Z
dt ei!th0|TJ(t)J(0)|0i. (28)

The problem is now similar to that of deep inelastic scat-
tering in quantum chromodynamics [23]. Computing the
Feynman diagram in Fig. 5, we find [16]

dB(E1)

d!
=

3

4⇡
Z

2
e
2 12g

2

⇡

A
1/2

(A + 2)5/2
(! � B)2

!4

⇥ fE1

✓
1

�a
p
! � B

◆
, (29)

where

fE1(x) = 1 � 8

3
x(1 + x

2)3/2 + 4x
2

✓
1 +

2

3
x
2

◆
. (30)

The formula is more complicated than the formula for
one-neutron halo nuclei [24] but is still explicit.

One can check that the E1 dipole strength satisfies the
sum rule

1Z

0

d!
dB(E1)

d!
=

3

4⇡
Z

2
e
2hr2c i, (31)

with the charge radius given by Eq. (10). The energy-
weighted sum rule

1Z

0

d! !
dB(E1)

d!
=

3

4⇡
Z

2
e
2 3

A(A + 2)
(32)

is also valid if the logarithmic divergence of the integral
on the left-hand side is regularized by a UV cuto↵ at
the energy of the Landau pole. The two sum rules are

B=3�n
B=�n
B=�n/3
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FIG. 6. The E1 dipole strength function, plotted as function
of !/B, for B = 3✏n, B = ✏n, and B = 1

3 ✏n. The functions
are so normalized by N that the area under the theoretical
curve, extended to !/B = 1, is 1.

nontrivial checks of the self-consistency of our theoretical
approach. The predicted shape of the E1 dipole strength
is plotted in Fig. 6 as a function of !/B for various values
of �. One sees that the weight of the dipole strength
shifts to larger !/B as B/✏n decreases.

Applicability to real systems.—The theory described
above is applicable when the binding energy of the halo
B and the n-n two-body virtual energy ✏n are smaller
than any other energy scales in the problem. In the real
world, ✏n ⇡ 0.12 MeV is indeed small. For 6He and
11Li, the two-neutron separation energy somewhat larger
(0.975 and 0.369 MeV, respectively); in addition, the ex-
istence of near-threshold resonances in the 5He and 10Li
subsystem makes the applicability of our theory doubtful.

Nevertheless, let us try to compare our results with
existing experimental data and previous theoretical cal-
culations. For 6He, Eq. (19) predicts that hr2mi/hr2c i ⇡
0.686A. In Ref. [25], it has been argued that the data
for 6He fit the formula hr2mi/hr2c i = 0.862A, which the
authors derived approximately. Our value is o↵ by about
20%. For 11Li, we compare our results with those of
Ref. [7], where B = 247 keV and ✏n = 116.04 keV were
used. Setting the logarithm in Eq. (8) to 1, we findp

hr2c i = 0.86 fm and
p

hr2ni = 4.7 fm, near the cen-
ter of the error bands predicted for large energies of the
10Li resonance. The opening angle ✓nn (defined as the
vertex angle of the isosceles triangle with sides

p
hr2cni,p

hr2cni, and
p

hr2nni) is close to 60� and is again within
the error band. However, for the reasons listed above,
it is possible that the EFT provides only a qualitative
guide for 11Li.

The theory presented here may be quantitatively useful
for the 22C nucleus if its two-neutron separation energy is
indeed as small as 100 keV [3]. A correction to the EFT
comes from the scattering between the core and one neu-
tron, parametrized by the irrelevant dimension-6 term
acn�

†
 
†
 �. The contributions from this term to physi-
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FIG. 5. The Feynman diagram for the E1 dipole strength
function.
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dipole strength function as

dB(E1)

d!
=

3

4⇡

1

!2

X

n

|hn|J |0i|2�(En � E0 � !) (26)

and express it as the imaginary part of a two-point
Green’s function of the current operator:

dB(E1)

d!
= � 3

4⇡

1

⇡!2
Im GJJ(!), (27)

where

iGJJ(!) =

Z
dt ei!th0|TJ(t)J(0)|0i. (28)

The problem is now similar to that of deep inelastic scat-
tering in quantum chromodynamics [23]. Computing the
Feynman diagram in Fig. 5, we find [16]

dB(E1)

d!
=

3

4⇡
Z

2
e
2 12g

2

⇡

A
1/2

(A + 2)5/2
(! � B)2

!4

⇥ fE1

✓
1

�a
p
! � B

◆
, (29)

where

fE1(x) = 1 � 8

3
x(1 + x

2)3/2 + 4x
2

✓
1 +

2

3
x
2

◆
. (30)

The formula is more complicated than the formula for
one-neutron halo nuclei [24] but is still explicit.

One can check that the E1 dipole strength satisfies the
sum rule

1Z

0

d!
dB(E1)

d!
=

3

4⇡
Z

2
e
2hr2c i, (31)

with the charge radius given by Eq. (10). The energy-
weighted sum rule

1Z

0

d! !
dB(E1)

d!
=

3

4⇡
Z

2
e
2 3

A(A + 2)
(32)

is also valid if the logarithmic divergence of the integral
on the left-hand side is regularized by a UV cuto↵ at
the energy of the Landau pole. The two sum rules are

B=3�n
B=�n
B=�n/3
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!/B

FIG. 6. The E1 dipole strength function, plotted as function
of !/B, for B = 3✏n, B = ✏n, and B = 1

3 ✏n. The functions
are so normalized by N that the area under the theoretical
curve, extended to !/B = 1, is 1.

nontrivial checks of the self-consistency of our theoretical
approach. The predicted shape of the E1 dipole strength
is plotted in Fig. 6 as a function of !/B for various values
of �. One sees that the weight of the dipole strength
shifts to larger !/B as B/✏n decreases.

Applicability to real systems.—The theory described
above is applicable when the binding energy of the halo
B and the n-n two-body virtual energy ✏n are smaller
than any other energy scales in the problem. In the real
world, ✏n ⇡ 0.12 MeV is indeed small. For 6He and
11Li, the two-neutron separation energy somewhat larger
(0.975 and 0.369 MeV, respectively); in addition, the ex-
istence of near-threshold resonances in the 5He and 10Li
subsystem makes the applicability of our theory doubtful.

Nevertheless, let us try to compare our results with
existing experimental data and previous theoretical cal-
culations. For 6He, Eq. (19) predicts that hr2mi/hr2c i ⇡
0.686A. In Ref. [25], it has been argued that the data
for 6He fit the formula hr2mi/hr2c i = 0.862A, which the
authors derived approximately. Our value is o↵ by about
20%. For 11Li, we compare our results with those of
Ref. [7], where B = 247 keV and ✏n = 116.04 keV were
used. Setting the logarithm in Eq. (8) to 1, we findp

hr2c i = 0.86 fm and
p

hr2ni = 4.7 fm, near the cen-
ter of the error bands predicted for large energies of the
10Li resonance. The opening angle ✓nn (defined as the
vertex angle of the isosceles triangle with sides

p
hr2cni,p

hr2cni, and
p

hr2nni) is close to 60� and is again within
the error band. However, for the reasons listed above,
it is possible that the EFT provides only a qualitative
guide for 11Li.

The theory presented here may be quantitatively useful
for the 22C nucleus if its two-neutron separation energy is
indeed as small as 100 keV [3]. A correction to the EFT
comes from the scattering between the core and one neu-
tron, parametrized by the irrelevant dimension-6 term
acn�
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