AdS/CFT and Quantum Gravity

Horatiu Nastase
IFT-UNESP

Lectures in the

Basics of Quantum Gravity series
ISQG, September-October 2023



Plan:

el_ecture 1. Supergravity and String Theory

electure 2. AdS/CFT and its nontrivial tests

el_ecture 3. Gauge/gravity dualities, the pp wave correspondence
and spin chains

el_ecture 4. Holographic Cosmology



Lecture 1

Supergravity and String T heory



eA natural evolution: special relativity — general relativity —
supergravity — string theory — 7

e\We are still missing a nonperturbative (fundamental) version of
quantum gravity, that is self-consistent, and predicts a complete
set of observables, that we can test.

eM-theory: a set of recipes for various corners in parameters
space, not yet a general definition.

eBut, use string theory, alternatively, as a duality : AdS/CFT:
classical strings (supergravity) for nonperturbative gauge the-
ory. But, also hints of: perturbative gauge theory for non-
perturbative strings: quantum gravity.

ePhenomenologically defined AdS/CFT applied to cosmology:
holographic cosmology: strongly coupled (nonperturbative) quan-
tum gravity.
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Einstein’s theory of general relativity:

e Al: Gravity is geometry: matter follows geodesic in curved
space, and to us it appears as gravity.

e A2: Matter sources gravity: matter curves space = Princ.:

el .Physics is invariant under general coordinate transformations:

xfé — fo(w]) = ds? = gij(az)da:idacj — g,gj(:c/)da:/idx/j

o2 Equivalence principle: there is no difference between accel-
eration and gravity

m; = mg, Where F = m;@(Newton) ﬁg = mgg(gravity)

eDynamics of gravity: Einstein’s egs.



eDefine: inverse metric gh” = g;,}, and then Christoffel symbol:

1
r’uy,o — 59”0(3pgua + aygap - aaQVp) ’

R’uz/pa(r) — apl_'uua - aar'uup + r’“)\prAya - rMAJFAVp

e[}, ~ gauge field of gravity. RM,,, ~field strength. Indeed,
analogous to field strength of SO(d — 1,1) gauge group,

A A A B B
Fi = 9,A0 — 0,A0 + fApc(ABAT — ABAD),
eThen RMyys — tensor, as are Ry, = RAW\,,, R = Ryuwgh”. R is
coordinate invariant — true measure of curvature of space.
e T he simplest choice for action for gravity is correct (compatible
with experiment): integral of scalar with invariant measure

1
S --_:—/dd _det(g,w)R
gravity:E—H 167G N x\/ (g,uv)



= Einstein’s equation

St 5Sgravity 5Smatter

V=99~ /—gdgh¥

"eWith 1/(167Gy) = M3,/2, and [R] = 2, usual QFT logic of

constructing actions: in increasing mass dimension. R=the first

after 1, gives equation g, = 0. Next term is ~ [R?] = 4 but,
since maximum observed radius is 10km ~ [10~10eV] 1,

R 1
M3, ([10km]Mp))?

eYet R X (R/Mgl) = R x (8nGR) appears in Quantum Gravity
and String T heory effective actions: allowed by general relativity!
Only unobservable.

eHow? Loop (and string o') effects.
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ePerturbation in ky = /887Gy for variationsin guv @ Nuv+2cNhuw.
e [ he Einstein-Hilbert action becomes the Fierz-Pauli action

1 1
Se_n~Sp_p = / d*x [—E(auh,,p)Q + k3 — hH O,k + 5(8uh)2] .
“eIn de Donder gauge (0*(huy —nuwvh/2) = 0), just a KG action:

1 - 1

eConsider also vertices by expanding Sg_Qy to higher orders,
e.g. O(kyh3) = gravity (4matter) is one-loop nonrenor-
malizable! [<y] = —1 < 0, so effective coupling is (kyE) — oo
as FE — oo.
eFundamental problem?: not really, one just needs to add more
and more terms to the action, e.q. ﬁRQ,ﬁRQ etc., at increas-
ing loop order, and renormalize at each loop order.
eBut suggests more fundamental (perturbative) Quantum Grav-
ity might exist: renormalizable? finite? : supergravity? string
theory? First attempt: supergravity: cancelation of some loop
divergences between bosons and fermions. Then, string theory:

o/ ~ 5. All - R"TL terms from the start.




Vielbein-spin connection formulation of GR: 1st vs. 2nd
order

e Any space is locally flat: tangent space: Lorentz invariance that
is local (at any point).

eVielbein esz "square root” of metric, making local Lorentz
invariance manifest:

guv(x) = b (@)ed (@)nap

— €% — Nel.

eCovariant derivative acting on tensors (bosons): with Hyp

eCovariant derivative acting on spinors (fermions): with spin
connection wﬁb, multiplying the generator of the Lorentz group
in the spinor representation, £,

L abrab
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eSecond order formulation: w = wi(e) satisfies " vielbein pos-

tulate”, or "no torsion constraint” (77,=torsion),

a _ a __ a ab b __
T = Prucs) = Oy T ) = 0
(if there are no fundamental fermions; if there are, there are
extra terms). Equivalently,

Dlue (9H6a —I_ wab b I_pﬂyeg =0
ol he solution IS
1 1
ab(e) = — a”(@ue ({91/62) — Eeb’/(ﬁueg — Ovey) — Eeapebg(apecg — Opecp)e], -

eDefine the field strength of w (=SO(1,d — 1) gauge field)

b _ b b b b b b
Ry (w) = Ouwy” — Ovw),” + wiwp® — wy w)” .
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e [ hen we have
so that the Einstein-Hilbert action in second order formulation

(w = w(e)) is

Spyg = /ddx(dete) by(w(e))e ’“e_ly.

167TGN

eBut then: first order formulation: wﬁb — independent variable
in the same action, rewritten as

1
S = —— /d4x“'/p0 weCd
EH 167Gy 4 € €abed P 1/( )
1
- Rab w) /N GC AN ed
167TGN/€ade ( )
eThen the w® equation of motion is

o
a — a __
T[,LLV] f— 2D[uey] — O
so solving it, we are back at the second order formulation.
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Supersymmetry

eBose-fermi symmetry. e.g. 2d: 1 Majorana spinor W + 1 real
scalar ¢. On-shell supersymmetry: 1 bose degree of freedom,
1 fermi d.o.f.

1 _
§ = =3 | Pol(0,9)% + Tpv]
eDimensions: [¢] = 0,[WV] = 1/2. Fermi-bose = start as

0p=eV = [¢] =-1/2 =
oW = @Joe

e Action is on-shell invariant.

o Off-shell supersymmetry: W has 2 d.o.f. = need to add 1
auxiliary field

5= [ @el@:8)% + Tpw - 2]
SF = edW; 6V = dde + Fe; 66 =W

eAlso algebra must be satisfied off-shell (without e.o.m.)
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Supergravity

eSupergravity = supersymmetric theory of gravity, OR: theory
of local supersymmetry.

el_ocal supersymmetry = ¢%(x) = 3 "gauge field of supersym-
metry”, " A7 (z)" — gravitino W, (x): supersymmetric partner
of e ().

o\ = 1 supergravity in 4d: {eg,\um}. Supersymmetry laws:

1
oW, = —Dye; Dpe = 0ue+ szb%zbe
eAction:

SE g(w,e) + Sps(Wy) )
/ddib(det e)R ,/(w)e_ll“beb_ly — g/dda:(det e)W, y*PD, W,

S

167G
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eSecond order formalism: eﬁ,ww indep., wgb dependent. How-
ever, 3 dynamical fermions, so w4’ = w@(e)+11p terms, obtained
by varying action with respect to wﬁb (as in first order formalism)

= wi’(e, ).

oFirst order formalism: e, q,wi’ independent.

eln 4d, maximal susy (for multiplets of spins < 2) is N = 8. It
has graviton e, 8 gravitini wzm, 28 vectors A{LJ, 56 fermions x4,
and 35 scalars forming a matrix v.

oIt is the dimensional reduction of an N = 1 supergravity multi-
plet in 11 dimensions, with graviton ez, gravitino v, and 3-index
antisymmetric tensor A,up.

elld=maximal supergravity, best candidate for a fundamental
supergravity. But: potentially non-renormalizable at 7-loops (3
new super-invariant that one can write at 7-loop order). So no
good. Something else? String theory: finite at each loop!!!
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String theory

eNambu-Goto action for bosonic string — area of "worldsheet”
spanned by string x string tension. Generalization of particle
action: area of worldsheet. X#(o,7)= coordinates in spacetime.
£ = (o, 7) = intrinsic coordinates on worldsheet.

! / dodr/det(hgy)

2o/
where h,, =metric induced on worldsheet (pullback)

SNG = —

ds? , = datda’ g (X) = detdeV hoy(€) =

hop(o, ) = (%X“@bXVgMV(X)

eIs worldsheet diffeomorphism (gen. coord., or reparametriza-
tion) invariant.

e(Quantum) parameters: o/, [o/] = —2, so o/ « G, and string
coupling gs (VEV, not parameter).
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eFirst order form: again introduce auxiliary field = independent
worldsheet metric.

e— Polyakov action. In flat spacetime,

1
/ dodT /=7y 0 X 0y X" 1

SP[X7 ’Y] — _47'('04,

eSymmetries:

-Spacetime Poincare invariance

-Worldsheet diffeomorphism invariance: X'#(o’,7") = XH* (0o, 1)
-Worldsheet Weyl invariance: ~/, = e2w(o,T)y o

eUse them to fix conformal (unit) gauge: y,3 = 143
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e Action becomes
T

"— action for free massless scalars in 2d: conformally invariant

(conf. inv. = residual gauge invariance: dependence on o + 7
only), with equations of motion

OXH = 92 _ o XH=0= XH( K K

—<87—8T> = o,7) = Xp(lo—7)+ X;(oc+7)
eBoundary term: gives string types:
/ dr/ =6 xP0, X, =0 =
27‘(‘04 o=0

eClosed strings (periodic): XH(r,1) = XH*(7,0); ~vu(7r, 1) =
’Yab(Ta O)

eNeumann open strings (free endpoints, v = ¢): 907XH#(7,0) =
I’ XH(7,1).

eDirichlet open strings (fixed endpoints): § X#(7,0) = 6 XH(71,1) =
0.
18



o(Virasoro) Constraints: equations of motion of ~,, (fixed to
unit) =T, =0

1 1 6Sp
47T \ - 57&1) Yab=")ab

. 1 .
aTor = a'Tio =X - X", aTop =a'T11 = §(X2 + X"?).

1 1
= - (aaXuﬁqu - EnabachacXﬂ) =

(0!

Ty =

eClosed strings: expand X4(r — o) and XF(7 4 o) in Fourier
modes ok, akl,

V2a/ 1
>

- {age—in(T—a) + &ge—in(T+a):| .
2 n#on
eNeumann open strings: identify of, = an,. ~
eFourier modes Ly, Ly Of constraints T, T, 4 are Ly, Lm, for
closed strings

XH*(o,7) = 2"+ optr + 14

+oo 1 +oo
- E: 1 poT = = E: St =
Oy Ly = > oy O

n——oo n——oo

and H = Lg+Lg = 0 (closed) or H = Lg (open) give (classically)

Jr— % B = 2 — P — 1%
Mclosed = —DPubP § (a—nan+a—n &), Mipen = —Pub E :O‘—nO‘
n>1 n>1
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e\What does the string action represent? Particle action: is first
quantized: Need to also define vertices and propagators. String
action: defines the propagator; vertex is uniquel!!

oQuantization' a” &“n: creation operators. More precisely,

ab, = /mal,, o' = /m a ! for m > 0.

eBut J gauge inv.: easiest in light-cone gauge. X+ auxiliary, X*
physical. Then H =p~ and the open string mass spectrum is

1 -
M?=2ptp —p'p' = ;(N —a), N=) o', => nafdl,,
n>1 n>1

where

2
=1= D = 26.

Doz D—2 D—
B I B

i=1 n>1 n>1
eBosonic closed string spectrum is similar, but with N and N,
~ afﬁlll aﬁ“k'd%l ozm]\0>
with the constraint P = Lg— Lo = 0, so N = N. Spectrum
— different fields = String theory = field theory of infinite

number of different kKinds of fields.
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eMassless fields: A,, = o, a"{]0 >= {A((w) = g, Al =
BHY ¢ = AFF} — spacetime fields.

eThus: metric guv 1S among quantum modes of the string =
String theory is a theory of quantum dgravity!

eMassless fields create a spacetime background for string
eSuperstring: Supersymmetric string. In Green-Schwarz for-
mulation, spacetime susy + " symmetry”. (Fix a gauge for
symmetry = worldsheet susy). Introduce 64 = spacetime spinors
and worldsheet scalars. Replace 0,X* with spacetime susy in-
variant

invariant under

SXH = —eATHg04, 504 =4
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1

4o

S = / drdo/ =y M*NY g, + / drdoe®nMnd By n

eflat space:
B = NMNY Byy = —idX" A (0T ,d6? — 62T ,dOY) + 01 r+de* A 62T ,d6>
"eKappa symmetry,
5,04 = —2r ,Nkede | § . XH = —gArrsed

is fixed by the condition (together with lightcone gauge for
bosons)

rtol=rte2=0, r==@2+r°%,/v2

and 94 are regrouped as 2-comp. Majorana worldsheet spinors
S™ m spinor of SO(8) (now, d = 10, so SO(8)=little group),

1

i o %
eSupersymmetry means tachyons (and other states) are
out of the spectrum. Vacuum: massless states A" = {gl", B* ¢ }+
others

eNO divergences at any loop: Feynman diagrams involve world-
sheets: no point singularities: interactions spread out over sheet

22
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e T -duality of closed and open strings: symmetry of string
perturbation theory on compact spaces.
eFor a string winding m times around X2°, bound. cond.

X?3(r,0 4+ 27) = X?°(7,0) + 2w/ w.
"o [ he classical solution is

—InT
e

X2°(r,0) = X1 + Xp = x0 + o/pr + d/wo + i\/% Z (n€™ + ane ") |
n#0
where p = n/R and w = mR/a’. The constraint is now Lg—Lg =

o'pw + N+ — N+ and gives the spectrum

n

2 g
Mgompact — p2 —I—w2 + ;(NJ_ + Nt - 2)

2 R\? 2 _

— (ﬁ) + (m ) + (Nt 4+ N+ -2
R ol o’

e\/Ve observe the T-duality symmetry of the spectrum

M?(R;n,m) = M?(R;m,n).

extended to

o <> qo, P W, Qp > —ap, Qp &> an,
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e [ his T-duality exchanges then:

X25(T, o) Xp(t+o0)+XR(r—0) + X’25(7', o) =X;(t+0)—Xg(r—0)

e I -duality of open strings: Do the same exchange for the
open string solution. Obtain

25
X?(r,0) = X®(r40)—-X2(r—0)=¢°+ V2dao + V2o g I e=inT 5in no :
n

n#0
25 25
25 1 x5° — a7
ag> =

2a/ U
eBut then the boundary condition changes from Neumann to
Dirichlet and vice versa,

0o X% = €,305X'%>.
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eReminder: Vary Polyakov action = equations of motion, and

boundary term
1 _
o / AT/ O XPO% X 0T =

eNeumann boundary condition: 907X, = O|,=g r = endpoints of
string move at the speed of light: usual.

0Sppd. = —

eDirichlet boundary condition: §X# = O|,=g . = X# = constant
at c = 0, 7. — endpoints fixed.

e\We can have Neumann for p 4+ 1 coordinates and Dirichlet for
D—p—1 = "Dp-brane”.

eSpacetime fields can excite coordinates X* transverse to the
Dp-brane (Dirichlet directions) — fluctuations = this is Dp-brane
IS a dynamical object.
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N
- ”
dim. T T
li> 1>

b)

a) Open string between two D-p-branes (p + 1 dimensional "walls"). b)The
endpoints of the open string are labelled by the D-brane they end on (out of

a) Closed string colliding with a D-brane, exciting an open string mode and
making it vibrate b) String worldsheet corresponding to it, with a closed
string tube coming from infinity and ending on the D-brane as an open string
boundary. Allows us to calculate the D-brane action and couplings.
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