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dz; ixipTz~
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X 150, (N Oul2)06(0.25) 2 W),

amplitude c.c.

Joint probability to find quark a with momentum x;p* and quark b with momentum
xop™ at transverse distance y (x| + x| < 1)
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Interference distributions

Fouwa(x1, %2, y) :=2p" /dy LH/ e ]

j=1,2

3205 (P A Oauly, 2)0us(0,2) b, M) g
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Flavor changing operators

Ouily,z7) =ty — 5)lad(y + 3)
Ouu(y,z7) = d(y — £)Fau(y + %)

z=0,z+=0
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Double Parton Distributions: Factorization

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz7 o+,
e for [ %577]:

=1,2

X 3200 (P A Os(y, 20)06(0,2) [P V).
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Double Parton Distributions: Factorization

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz; ixipTz~

=1,2

X 3305 (P A Oaly, 2 )06(0,2,) [P, V)|

yt=0
Factorization assumption |

d2p/dp/+

(Pl Oa(y,21)05(0, 22) |p) = @y (Pl Os(y, z1) |p") ('] O6(0, 22) | p)

= Fa(xa,x,y) = /dzb fa(x1, b+ y) fo(x2, b)
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Double Parton Distributions: Factorization

Interference distributions

Foua(x1, %2, y) = 2p" /dy LH/ e ]

X EZ)\ p7A| OdU(Y7zl )OUC/(0722 )‘p7)‘>|y+:0

Factorization assumption | (interference)

d2p/dp/+

@y (P10 2) 7)) (] 0us(0.2) )

(Pl Oau(y; 21)0ua(0, 22) | P) &
= quud(X17X27y) ~ /de fdu(xh b +_y) fud(X27 b)

d u.d u u

5/21



Content

Lattice QCD and Correlation Functions



Lattice QCD
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x€EN

» Reduce spacetime to a lattice
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» Reduce spacetime to a lattice
» Finite volume = IR regularization

> Finite lattice spacing = UV regularization
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(Ola,a, U]) = = / [ [ dax)dat)auix) | Ola. g, ueSetaa-vi=Selt]
xXEN
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xeN

Reduce spacetime to a lattice
Finite volume = IR regularization
Finite lattice spacing = UV regularization

Evaluate the fermionic part (Grassmann variables) using Wick's theorem
= Wick contractions (graphs)
is

Euclidean spacetime: e”> — e~5 suitable weight for Monte Carlo integration

Evaluate gauge integral by Monte Carlo integration = gauge ensembles of N

. . .. _1
configuration, statistical error o« N7 2:

ensemble
/ [Tavea | detipunest ofg,q,01» > 0la,3,u),
x U~P(U)
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Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L3 x T:

Sla,q, U] = /d4X§(X)Dq(X)
D = iy, 0% — ml
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Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L3 x T:
» put fermions on the grid points

» replace derivatives by symmetric
differential quotient and integrals v
by sums

Sla,3, Ul =a* > a(x)D(xly)a(y)
X,y €Ny
5X+ﬁ>y - 5Xﬂ1-,y

2a — Moxy

D(xly) = vy
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Double parton distributions on the lattice

Accessible quantities

(Pl Oa(y, 2, )04(0,2, ) IP)
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Accessible quantities

(Pl Oa(y, 2, )04(0,2, ) p)
not accessible on the lattice
if z7 >0
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Double parton distributions on the lattice

Accessible quantities

_‘,X Fab(xi>y)
e
;¢ 2
. \w/ ) Q‘&\é
93 \JX// dei
(Pl Oa(y, 2, )04(0,2, ) p)
Mab(y)
z; =0 \6{ o)
S
>
vy

(Pl Oa(y)0,(0) |p)
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Double parton distributions on the lattice

Accessible quantities

(Pl Oa(y)0,(0) |p)

accessible if y0 =0
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Double parton distributions on the lattice

Accessible quantities

decomposition(*)

fab(xi, ¥?) - -

trans. rot. symmetry

f dX,'

decomposition(*)

trans. rot. symmetry

Y decomposition(*)

(p| 0,(y)O,(0) |p) +——— Aab(py,yz)...

Lorentz symmetry
accessible for

—y? >0, py < |pll¥

(*) into basis tensors and scalar functions
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Double parton distributions on the lattice

Accessible quantities

decomposition(*)

fab(xi, ¥?) - -

trans. rot. symmetry

f dX,'

decomposition(*)

trans. rot. symmetry

decomposition(*)

N
(Pl O4(y)0p(0) |p) ————| Aus(py,y?) -

Lorentz symmetry

Results for these quantities

(*) into basis tensors and scalar functions
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Two-current matrix elements on the lattice

Access via 4- and 2-point functions

Chl(try)=Y e <tr {Pﬂﬁ(zx £) OF%(0,7) OF%(7,7) P’ (7, o)}>

X

)= e D <tr {Pﬂﬁ(z/, t) P°(z, 0)}>

X
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Two-current matrix elements on the lattice

Access via 4- and 2-point functions

Chl(try)=Y e <tr {P+Pﬁ(2’7 £) OF%(0,7) OF%(7,7) P’ (7, 0)}>

X

)= e D <tr {P+735(E/, 1) Pz, 0)}>

X

with Py = 2(1 + ~s) and Proton interpolators:
PP(X, t) = €avctia(x) [uh (x)Cysde(x)] | ozt
PR, 1) = €ape [Ba(x) Crsd] (x)] Te(x)] v

yielding the spin averaged matrix element:

1 — Cpl(t, T,
Mi(p.y)lpzo = 5 D P A OO0, A) |0 =2V /m? + 72 —
A



Two-current matrix elements on the lattice

Connection between Mellin Moments and matrix elements:

_ — _—icpty~
MGV (¢ y) =2(p") 1/dly e Moa(p,y)lyr=o
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Two-current matrix elements on the lattice

Connection between Mellin Moments and matrix elements:

_ — _—i¢cpty™
MGV y) =2(p") 1/dy e Mua(p,y)l o

Connection between matrix elements and invariant functions for leading twist:

P ) Ay q(Py y )
+) AAq’Aq(py y )

MUY a0 (Pry) = 4M oy = 2(
2(p
(P" )y mAgsq(py. %)
(
(

Mj;\r qq’ (P»}’) = 4Mpgag =
MJTJr\qu (p,y) =4 \/l»qq 2
M (pry) = qoq 2

M (py) = aM] 2

P2y mAsy o (py, y?)

5q6q’

P [0 Asqrsalpy, y*) =2y + &'y?)m® Bsgrsqg(py. v°)]
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Two-current matrix elements on the lattice

Wick contractions
o
K3

0{11112
7
ij _ ij
- = - N
O(]g:atm Oj
O Dij —

o = .
J
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Two-current matrix elements on the lattice

Wick contractions
onaz o3

7
ij ij
Cl 4194 m Sl,q
O(]g:a(m Oj
Q DW=

o = .
J

O;

:

Physical matrix elements
(Pl O (@O (7) Ip) = T f10aP) + STT@) + SLI(-7) + DVP(7)
(pl OF(0)05 () Ip) = CL8,, () + CLP@) + P (=9) + STE) + SUP(-9)
+ SIP(7) + DIR(y)
(pl OF(@)O(7) Ip) = CLE ) + CF(=9) + SIEF) + SUE(=9) + SIP(7) + DV (9)
(pl O (003 (7) |p) = CLh,g () + CLE) + L (=9) + S7P(7)
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Two-current matrix elements on the lattice

Wick contractions

aq
©9192 O;

7
ij iJ
% q1---q4 m Sl,q
O;g:a(m Oj
Q Dij —

" EE. g
J
e -— =V o0

O;

:

Physical matrix elements
(Pl O (@O (7) Ip) = O f14aP) + STT@) + SLI(-7) + DVP(7)
(Pl O (@01 (7) Ip) = 5, 9) + CLED) + LT (-9) + SLE) + 1P (-7)
+ $3P(y) + DPP(7)
(Pl OF(@)O () |p) = CLE) + G (-9) + SLEG) + SLI(=9) + STP(7) + DP(7)
(pl OF(©)03(7) Ip) = ﬁfuud(y)mg P + I 9) + S1P)
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Lattice Setup

CLS ensembles (ns = 2 + 1, Wilson fermions, order-a improved [arXiv:1411.3982]):

id 8 a[fm] B3xT Ki/s m;/k[MeV] mzL conf. used

H102 3.4 0.0856 323 x 96 0.136865 355 4.9 2037 990
0.136549339 441

S400 3.46 0.076 323 x 128 0.136984 354 4.4 2873 1000

0.136702387 442
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Lattice Setup

CLS ensembles (ns = 2 + 1, Wilson fermions, order-a improved [arXiv:1411.3982]):

id 8 a[fm] B3xT Ki/s m;/k[MeV] mzL conf. used

H102 3.4 0.0856 323 x 96 0.136865 355 4.9 2037 990
0.136549339 441

S400 3.46 0.076 323 x 128 0.136984 354 4.4 2873 1000
0.136702387 442

Renormalization for 3 = 3.4, including conversion to MS at 1 = 2GeV

[arXiv:2012.06284]

B V A

T

Z |34 07128 0.7525 0.8335

Z | 346 0.7220 0.7594 0.8470
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» Point source at ty. —

» Source sink separation

5400{1?’ ’i;g
a

t = tsnk — tsee = 12 li (—)»

H102{ % P=°%

10a p#0

» Insertion time 7 € [ty + 3a, ta — 3] fitted for G
» Other contractions: 7 = ty,. + t/2 fixed
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Results for A(py = 0, y?): Polarization dependence

Invariant functions A(py =

Y2 = ytyu):

Alfm=2]

channel comparison for ud, p-y =0

0,y?), connected graphs only (notation y =

channel comparison for uu, p-y =0

—0.02

ylal ylal
4 6 8 10 12 14 16 4 8 10 12 14 16
b A 0201} Aw
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iy, my Asa i my Asw
iy, tomy Asa 0.15 M* Asus
ay t Asas _ th m? 1y1Bsu
i us 2 |y2|Bsue b
® o m? |y?|Bsusa E X
<

» Signal of good quality for most channels
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Results for A(py = 0, y?): Polarization dependence

Invariant functions A(py = 0,y?), connected graphs only (notation y = +/—y2,
2 _ .
Y =y yu):

channel comparison for ud, p-y =0 channel comparison for uu, p-y =0
ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
0.08 b 02014 boA
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# my Asau my Asu

008 H e, tomy A 0.159 w t Ans
_ oy t Asas _ t b2 1Yo
& 004 4 g +om? 2B ] 4,
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S
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» Signal of good quality for most channels
» ud: Clear contributions from all polarized channels (large for dud, ddu)

» uu: Polarization effects suppressed, but visible for juu
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Results for Ag.¢(py = 0, y?): Polarization dependence

Invariant functions A(py = 0,y?), connected graphs only (notation y = +/—y2,
y2=y"y):

channel comparison for duud, p-y =0
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Results for Ag.¢(py = 0, y?): Polarization dependence

Invariant functions A(py = 0,y?), connected graphs only (notation y

y2 = ytyu):

channel comparison for duud, p-y =0

ylal
4 6 8 10 12 14 16
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t Aduud
0.06+ * t Andusud
\ m Y Asduud
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0.02] wl i |

—0.02

m? |y?|Bsausud
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» Clear contributions from all polarized channels except the Bsdusuda function

» Clear signal for interference case despite this is not resolved in simple models

_}/2.
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Results for A(py = 0, y?): Flavor dependence

ylal
4 6 8 10 12 14 16
] t Ad
0.20 h .
t Auw
015 Ht} Acoa |
t
B '}n“
010 i
< L i
005 LYY #etreg ﬁm
t Lo ““*&h
P""’Wﬂ.t\.m,» T ESTI  fn
o
04 06 08 10 12
ylfm]

0.020

0.015

4 6 8 10 12
!

14
!

Ausd
Adsd
Auvsu
Adsu
Audsau)

0010 X a
So] ™ by
0.005 |
i W‘ %
0.0 L LIRS ?? ”m"""mzm-
04 06 o' 1’0 12

Vifm]

» Clear flavor dependence visible, behavior of uu and dd different from du
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» Clear flavor dependence visible, behavior of uu and dd different from du

» Size of interference effects comparable to dd, sign change possible, signal as
clear as in the falvor diagonal case
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» Clear flavor dependence visible, behavior of uu and dd different from du

» Size of interference effects comparable to dd, sign change possible, signal as
clear as in the falvor diagonal case

» — Interference effects cannot be neglected
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Results for A(py = 0, y?): a-dependence (unpolarized)
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» Differences between the quantities obtained from H102 and S400 are within one
sigma, no strong a - dependence visible
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Results for A(py = 0, y?): a-dependence (one channel

transverse polarized)
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Results for A(py = 0,y?): Comparison with SU(6)-model
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o) (1)

together with the SU(6)-symmetric proton wave-function:

1
Ip") = 3 [\uTuidw + ot d"y =2 uTutdY) + [uTdTuY) + [utdTuTy -

=2 |ud* "y + |dTuT et + |dTut ey - 2 |d¢uTuT>] .
yields the following ratios:

fduud _ 1 fduud _ 1 fAdutud _ +§ __2
fud 2’ fuu 2’ fud 6’
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Results for A(py = 0,y?): Comparison with SU(6)-model

Ratio of Aguua/Aud(y?)

Ratio of Aguua/Auuly?)
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» (; data for unpolarized quarks roughly coincides with SU(6) prediction (orange
line)

» Large deviations in particular for small y when considering all leading contractions
» No agreement for polarized channels
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Factorization tests

Factorization in terms of impact parameter distributions fq(x, b):

qur(xl.xz.y) ~ /d2b G(X1,b+y) fq/(XQ,b)
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Factorization tests

The invariant functions A(py, y*) depend on the nucleon form factors Fy(t) and Fx(t) :
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Factorization tests

The "transition distributions" f,4,fs, can be decomposed into impact parameter
distributions f,, fy via isospin symmetry:

Fuddu(XI-X2~y) ~ /dzb ﬁ,d(xl,b+y) fdu(Xz,b)

= /de [fu(th-i-y) fu(Xg,b) — fu(X17b+y) fd(X27b)

—fa(x1,b+y) fulxe, b) + fa(x1, b+ y) fa(x2, b)]
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—fa(x1,b+y) fulxe, b) + fa(x1, b+ y) fa(x2, b)]

» Possible to use the same ansatz as for flavor conserving case
At the level of invariant functions A(py, y?) :

A (py = 0,y%) = 2;/ dC( T _C/2) /df r Jo(yr) [(1 - (25—4)2>

(Fi'(x) Fi'(t) = 2F1'(t) FI(8) + F{ (1) FI(2) + -]
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Factorization tests

At the level of invariant functions A(py, y”) :
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