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• Theoretical results for LHC phenomenology constitutes a vast field 

• The aim of this talk is to present results: 


• There will be an inevitable degree of subjectivism 


• I am sorry if your favourite calculation or phenomenological study is not included in 
these slides. I will be happy to discuss it with you after the talk.
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Organisation of the talk
Disclaimers

~10 LHC hep-ph papers per day from 2020 
14000 papers

• LHC TH predictions         Precise TH predictions 
• Newest 
• Most interesting   
• Point to possible future directions in our field 

&



L International Meeting on Fundamental Physics and XV CPAN days     Leandro Cieri 3

Outline

• Motivation: LHC measurements and future colliders


• Theoretical calculations


• Preliminary considerations


• The building blocks 


• The state of the art


• Current bottlenecks and future improvements 


• Outlook
GOAL of the TALK: Precision is the MVP of the GAME for the next decades
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LHC measurements
Motivation
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Reaching and breaking the 1% frontier
EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: EPJC CERN-EP-2023-171
19th September 2023

A precise measurement of the `-boson
double-differential transverse momentum and

rapidity distributions in the full phase space of the
decay leptons with the ATLAS experiment

at ps = 8 TeV

The ATLAS Collaboration

This paper presents for the first time a precise measurement of the production properties of
the / boson in the full phase space of the decay leptons. The measurement is obtained from
proton–proton collision data collected by the ATLAS experiment in 2012 at

p
B = 8 TeV at the

LHC and corresponding to an integrated luminosity of 20.2 fb�1. The results, based on a total
of 15.3 million /-boson decays to electron and muon pairs, extend and improve a previous
measurement of the full set of angular coefficients describing /-boson decay. The double-
differential cross-section distributions in /-boson transverse momentum ?T and rapidity H

are measured in the pole region, defined as 80 < < < 100 GeV, over the range |H | < 3.6.
The total uncertainty of the normalised cross-section measurements in the peak region of the
?T distribution is dominated by statistical uncertainties over the full range and increases as a
function of rapidity from 0.5 � 1.0% for |H | < 2.0 to 2 � 7% at higher rapidities. The results
for the rapidity-dependent transverse momentum distributions are compared to state-of-the-art
QCD predictions, which combine in the best cases approximate N4LL resummation with
N3LO fixed-order perturbative calculations. The differential rapidity distributions integrated
over ?T are even more precise, with accuracies from 0.2 � 0.3% for |H | < 2.0 to 0.4 � 0.9%
at higher rapidities, and are compared to fixed-order QCD predictions using the most recent
parton distribution functions. The agreement between data and predictions is quite good in
most cases.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Integrated results at the 2% accuracy 
Differential in rapidity < 1% (integrated in pt) 
Double differential 0.5% < Uncert. < 7%

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: Phys. Lett. B. CERN-EP-2023-160
15th August 2023

Measurement of the Higgs boson mass with N ! $$
decays in 140 fb

�1
of

p
s = 13 TeV p p collisions with

the ATLAS detector

The ATLAS Collaboration

The mass of the Higgs boson is measured in the � ! WW decay channel, exploiting the
high resolution of the invariant mass of photon pairs reconstructed from the decays of Higgs
bosons produced in proton–proton collisions at a centre-of-mass energy

p
B = 13 TeV. The

dataset was collected between 2015 and 2018 by the ATLAS detector at the Large Hadron
Collider, and corresponds to an integrated luminosity of 140 fb�1. The measured value of the
Higgs boson mass is 125.17 ± 0.11 (stat.) ± 0.09 (syst.) GeV and is based on an improved
energy scale calibration for photons, whose impact on the measurement is about four times
smaller than in the previous publication. A combination with the corresponding measurement
using 7 and 8 TeV ?? collision ATLAS data results in a Higgs boson mass measurement of
125.22 ± 0.11 (stat.) ± 0.09 (syst.) GeV. With an uncertainty of 1.1 per mille, this is currently
the most precise measurement of the mass of the Higgs boson from a single decay channel.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.

ar
X

iv
:2

30
8.

07
21

6v
1 

 [h
ep

-e
x]

  1
4 

A
ug

 2
02

3

Uncertainty of 1.1 per mille 
Most precise measurement in a 
single decay channel

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: Nature Phys. CERN-EP-2023-200
22nd September 2023

A precise determination of the strong-coupling

constant from the recoil of ` bosons with the ATLAS

experiment at
p
s = 8 TeV

The ATLAS Collaboration

The coupling constant of the strong force is determined from the transverse-momentum
distribution of / bosons produced in 8 TeV proton–proton collisions at the LHC and recorded
by the ATLAS experiment. The /-boson cross sections are measured in the full phase space
of the decay leptons using 15.3 million electron and muon pairs, in a dataset collected in
2012 and corresponding to an integrated luminosity of 20.2 fb�1. The analysis is based on
predictions evaluated at third order in perturbative QCD, supplemented by the resummation
of logarithmically enhanced contributions in the low transverse-momentum region of the
lepton pairs. The determined value of the strong coupling at the reference scale corresponding
to the /-boson mass is Us(</ ) = 0.1183 ± 0.0009. This is the most precise experimental
determination of Us(</ ) achieved so far.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Uncertainty < 1%

Available on the CERN CDS information server CMS PAS SMP-22-017

CMS Physics Analysis Summary

Contact: cms-pag-conveners-smp@cern.ch 2023/08/20

Measurement of the inclusive cross section of Z boson
production in pp collisions at

p
s = 13.6 TeV

The CMS Collaboration

Abstract

A measurement of the Z boson production cross section in proton-proton collisions
at a center-of-mass energy of 13.6 TeV is presented for Z bosons decaying to a pair
of muons. Data collected in 2022 and corresponding to an integrated luminosity of
5.04 fb�1 with two identified muons in the final state are used to extract a value for
the product of the signal cross section and branching fraction. The measurement is
done in a fiducial region defined by the kinematical acceptance of the CMS detector
and extrapolated to the full phase space resulting in a total cross section for Z bo-
son production in the muonic decay channel with an invariant dimuon mass in the
range of 60 to 120 GeV of s(pp ! Z + X)B(Z ! µ+µ�) = (2.010 ± 0.001(stat) ±
0.018(syst)± 0.046(lumi)± 0.007(theo)) nb. The fiducial as well as the extrapolated
total result are both dominated by systematic uncertainties and are in agreement with
theoretical predictions, calculated at next-to-next-to-leading order accuracy in quan-
tum chromodynamics and recent parton distribution functions.

c� 2023 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license

Uncertainty < 2.3% (due to lumi)
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Published for SISSA by Springer

Received: March 28, 2023
Accepted: June 9, 2023
Published: July 17, 2023

Inclusive and differential cross-sections for dilepton tt̄

production measured in √
s = 13TeV pp collisions

with the ATLAS detector

The ATLAS collaboration
E-mail: atlas.publications@cern.ch

Abstract: Differential and double-differential distributions of kinematic variables of lep-
tons from decays of top-quark pairs (tt̄) are measured using the full LHC Run 2 data sample
collected with the ATLAS detector. The data were collected at a pp collision energy of√
s = 13TeV and correspond to an integrated luminosity of 140 fb−1. The measurements

use events containing an oppositely charged eµ pair and b-tagged jets. The results are
compared with predictions from several Monte Carlo generators. While no prediction is
found to be consistent with all distributions, a better agreement with measurements of the
lepton pT distributions is obtained by reweighting the tt̄ sample so as to reproduce the top-
quark pT distribution from an NNLO calculation. The inclusive top-quark pair production
cross-section is measured as well, both in a fiducial region and in the full phase-space. The
total inclusive cross-section is found to be

σtt̄ = 829± 1 (stat)± 13 (syst)± 8 (lumi)± 2 (beam) pb,

where the uncertainties are due to statistics, systematic effects, the integrated luminosity
and the beam energy. This is in excellent agreement with the theoretical expectation.

Keywords: Hadron-Hadron Scattering, Top Physics

ArXiv ePrint: 2303.15340

Open Access, Copyright CERN,
for the benefit of the ATLAS Collaboration.
Article funded by SCOAP3.

https://doi.org/10.1007/JHEP07(2023)141

Uncertainty < 2%

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: EPJC CERN-EP-2022-281
20th December 2022

Luminosity determination in p p collisions atp
s = 13 TeV using the ATLAS detector at the LHC

The ATLAS Collaboration

The luminosity determination for the ATLAS detector at the LHC during Run 2 is presented,
with ?? collisions at a centre-of-mass energy

p
B = 13 TeV. The absolute luminosity scale

is determined using van der Meer beam separation scans during dedicated running periods
in each year, and extrapolated to the physics data-taking regime using complementary
measurements from several luminosity-sensitive detectors. The total uncertainties in the
integrated luminosity for each individual year of data-taking range from 0.9% to 1.1%, and are
partially correlated between years. After standard data-quality selections, the full Run 2 ??

data sample corresponds to an integrated luminosity of 140.1 ± 1.2 fb�1, i.e. an uncertainty of
0.83%. A dedicated sample of low-pileup data recorded in 2017–18 for precision Standard
Model physics measurements is analysed separately, and has an integrated luminosity of
338.1 ± 3.1 pb�1.

© 2022 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-EP-2023-163
2023/09/06

CMS-LUM-21-001

Luminosity determination using Z boson production at the
CMS experiment

The CMS Collaboration*

Abstract

The measurement of Z boson production is presented as a method to determine the
integrated luminosity of CMS data sets. The analysis uses proton-proton collision
data, recorded by the CMS experiment at the CERN LHC in 2017 at a center-of-mass
energy of 13 TeV. Events with Z bosons decaying into a pair of muons are selected.
The total number of Z bosons produced in a fiducial volume is determined, together
with the identification efficiencies and correlations from the same dataset, in small
intervals of 20 pb−1 of integrated luminosity, thus facilitating the efficiency and rate
measurement as a function of time and instantaneous luminosity. Using the ratio of
the efficiency-corrected numbers of Z bosons, the precisely measured integrated lu-
minosity of one data set is used to determine the luminosity of another. For the first
time, a full quantitative uncertainty analysis of the use of Z bosons for the integrated
luminosity measurement is performed. The uncertainty in the extrapolation between
two data sets, recorded in 2017 at low and high instantaneous luminosity, is less than
0.5%. We show that the Z boson rate measurement constitutes a precise method, com-
plementary to traditional methods, with the potential to improve the measurement of
the integrated luminosity.

Submitted to the European Physical Journal C

©2023 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license

*See Appendix A for the list of collaboration members
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Received: September 3, 2021
Revised: November 16, 2021

Accepted: December 17, 2021
Published: January 10, 2022

Measurement of the W boson mass

The LHCb collaboration

E-mail: mika.vesterinen@cern.ch

Abstract: The W boson mass is measured using proton-proton collision data at √
s =

13TeV corresponding to an integrated luminosity of 1.7 fb−1 recorded during 2016 by the
LHCb experiment. With a simultaneous fit of the muon q/pT distribution of a sample of
W → µν decays and the φ∗ distribution of a sample of Z → µµ decays the W boson mass
is determined to be

mW = 80354± 23stat ± 10exp ± 17theory ± 9PDFMeV ,

where uncertainties correspond to contributions from statistical, experimental systematic,
theoretical and parton distribution function sources. This is an average of results based on
three recent global parton distribution function sets. The measurement agrees well with
the prediction of the global electroweak fit and with previous measurements.

Keywords: Electroweak interaction, Hadron-Hadron scattering (experiments), QCD, For-
ward physics

ArXiv ePrint: 2109.01113

Open Access, Copyright CERN,
for the benefit of the LHCb Collaboration.
Article funded by SCOAP3.

https://doi.org/10.1007/JHEP01(2022)036

Uncertainty < 1%
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Reaching and breaking the 1% frontier
EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: EPJC CERN-EP-2023-171
19th September 2023

A precise measurement of the `-boson
double-differential transverse momentum and

rapidity distributions in the full phase space of the
decay leptons with the ATLAS experiment

at ps = 8 TeV

The ATLAS Collaboration

This paper presents for the first time a precise measurement of the production properties of
the / boson in the full phase space of the decay leptons. The measurement is obtained from
proton–proton collision data collected by the ATLAS experiment in 2012 at

p
B = 8 TeV at the

LHC and corresponding to an integrated luminosity of 20.2 fb�1. The results, based on a total
of 15.3 million /-boson decays to electron and muon pairs, extend and improve a previous
measurement of the full set of angular coefficients describing /-boson decay. The double-
differential cross-section distributions in /-boson transverse momentum ?T and rapidity H

are measured in the pole region, defined as 80 < < < 100 GeV, over the range |H | < 3.6.
The total uncertainty of the normalised cross-section measurements in the peak region of the
?T distribution is dominated by statistical uncertainties over the full range and increases as a
function of rapidity from 0.5 � 1.0% for |H | < 2.0 to 2 � 7% at higher rapidities. The results
for the rapidity-dependent transverse momentum distributions are compared to state-of-the-art
QCD predictions, which combine in the best cases approximate N4LL resummation with
N3LO fixed-order perturbative calculations. The differential rapidity distributions integrated
over ?T are even more precise, with accuracies from 0.2 � 0.3% for |H | < 2.0 to 0.4 � 0.9%
at higher rapidities, and are compared to fixed-order QCD predictions using the most recent
parton distribution functions. The agreement between data and predictions is quite good in
most cases.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Integrated results at the 2% accuracy 
Differential in rapidity < 1% (integrated in pt) 
Double differential 0.5% < Uncert. < 7%

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: Phys. Lett. B. CERN-EP-2023-160
15th August 2023

Measurement of the Higgs boson mass with N ! $$
decays in 140 fb

�1
of

p
s = 13 TeV p p collisions with

the ATLAS detector

The ATLAS Collaboration

The mass of the Higgs boson is measured in the � ! WW decay channel, exploiting the
high resolution of the invariant mass of photon pairs reconstructed from the decays of Higgs
bosons produced in proton–proton collisions at a centre-of-mass energy

p
B = 13 TeV. The

dataset was collected between 2015 and 2018 by the ATLAS detector at the Large Hadron
Collider, and corresponds to an integrated luminosity of 140 fb�1. The measured value of the
Higgs boson mass is 125.17 ± 0.11 (stat.) ± 0.09 (syst.) GeV and is based on an improved
energy scale calibration for photons, whose impact on the measurement is about four times
smaller than in the previous publication. A combination with the corresponding measurement
using 7 and 8 TeV ?? collision ATLAS data results in a Higgs boson mass measurement of
125.22 ± 0.11 (stat.) ± 0.09 (syst.) GeV. With an uncertainty of 1.1 per mille, this is currently
the most precise measurement of the mass of the Higgs boson from a single decay channel.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Uncertainty of 1.1 per mille 
Most precise measurement in a 
single decay channel

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: Nature Phys. CERN-EP-2023-200
22nd September 2023

A precise determination of the strong-coupling

constant from the recoil of ` bosons with the ATLAS

experiment at
p
s = 8 TeV

The ATLAS Collaboration

The coupling constant of the strong force is determined from the transverse-momentum
distribution of / bosons produced in 8 TeV proton–proton collisions at the LHC and recorded
by the ATLAS experiment. The /-boson cross sections are measured in the full phase space
of the decay leptons using 15.3 million electron and muon pairs, in a dataset collected in
2012 and corresponding to an integrated luminosity of 20.2 fb�1. The analysis is based on
predictions evaluated at third order in perturbative QCD, supplemented by the resummation
of logarithmically enhanced contributions in the low transverse-momentum region of the
lepton pairs. The determined value of the strong coupling at the reference scale corresponding
to the /-boson mass is Us(</ ) = 0.1183 ± 0.0009. This is the most precise experimental
determination of Us(</ ) achieved so far.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Available on the CERN CDS information server CMS PAS SMP-22-017

CMS Physics Analysis Summary

Contact: cms-pag-conveners-smp@cern.ch 2023/08/20

Measurement of the inclusive cross section of Z boson
production in pp collisions at

p
s = 13.6 TeV

The CMS Collaboration

Abstract

A measurement of the Z boson production cross section in proton-proton collisions
at a center-of-mass energy of 13.6 TeV is presented for Z bosons decaying to a pair
of muons. Data collected in 2022 and corresponding to an integrated luminosity of
5.04 fb�1 with two identified muons in the final state are used to extract a value for
the product of the signal cross section and branching fraction. The measurement is
done in a fiducial region defined by the kinematical acceptance of the CMS detector
and extrapolated to the full phase space resulting in a total cross section for Z bo-
son production in the muonic decay channel with an invariant dimuon mass in the
range of 60 to 120 GeV of s(pp ! Z + X)B(Z ! µ+µ�) = (2.010 ± 0.001(stat) ±
0.018(syst)± 0.046(lumi)± 0.007(theo)) nb. The fiducial as well as the extrapolated
total result are both dominated by systematic uncertainties and are in agreement with
theoretical predictions, calculated at next-to-next-to-leading order accuracy in quan-
tum chromodynamics and recent parton distribution functions.

c� 2023 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license

Uncertainty < 2.3% (due to lumi)
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Accepted: June 9, 2023
Published: July 17, 2023

Inclusive and differential cross-sections for dilepton tt̄

production measured in √
s = 13TeV pp collisions

with the ATLAS detector

The ATLAS collaboration
E-mail: atlas.publications@cern.ch

Abstract: Differential and double-differential distributions of kinematic variables of lep-
tons from decays of top-quark pairs (tt̄) are measured using the full LHC Run 2 data sample
collected with the ATLAS detector. The data were collected at a pp collision energy of√
s = 13TeV and correspond to an integrated luminosity of 140 fb−1. The measurements

use events containing an oppositely charged eµ pair and b-tagged jets. The results are
compared with predictions from several Monte Carlo generators. While no prediction is
found to be consistent with all distributions, a better agreement with measurements of the
lepton pT distributions is obtained by reweighting the tt̄ sample so as to reproduce the top-
quark pT distribution from an NNLO calculation. The inclusive top-quark pair production
cross-section is measured as well, both in a fiducial region and in the full phase-space. The
total inclusive cross-section is found to be

σtt̄ = 829± 1 (stat)± 13 (syst)± 8 (lumi)± 2 (beam) pb,

where the uncertainties are due to statistics, systematic effects, the integrated luminosity
and the beam energy. This is in excellent agreement with the theoretical expectation.

Keywords: Hadron-Hadron Scattering, Top Physics

ArXiv ePrint: 2303.15340

Open Access, Copyright CERN,
for the benefit of the ATLAS Collaboration.
Article funded by SCOAP3.

https://doi.org/10.1007/JHEP07(2023)141

Uncertainty < 2%

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: EPJC CERN-EP-2022-281
20th December 2022

Luminosity determination in p p collisions atp
s = 13 TeV using the ATLAS detector at the LHC

The ATLAS Collaboration

The luminosity determination for the ATLAS detector at the LHC during Run 2 is presented,
with ?? collisions at a centre-of-mass energy

p
B = 13 TeV. The absolute luminosity scale

is determined using van der Meer beam separation scans during dedicated running periods
in each year, and extrapolated to the physics data-taking regime using complementary
measurements from several luminosity-sensitive detectors. The total uncertainties in the
integrated luminosity for each individual year of data-taking range from 0.9% to 1.1%, and are
partially correlated between years. After standard data-quality selections, the full Run 2 ??

data sample corresponds to an integrated luminosity of 140.1 ± 1.2 fb�1, i.e. an uncertainty of
0.83%. A dedicated sample of low-pileup data recorded in 2017–18 for precision Standard
Model physics measurements is analysed separately, and has an integrated luminosity of
338.1 ± 3.1 pb�1.

© 2022 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-EP-2023-163
2023/09/06

CMS-LUM-21-001

Luminosity determination using Z boson production at the
CMS experiment

The CMS Collaboration*

Abstract

The measurement of Z boson production is presented as a method to determine the
integrated luminosity of CMS data sets. The analysis uses proton-proton collision
data, recorded by the CMS experiment at the CERN LHC in 2017 at a center-of-mass
energy of 13 TeV. Events with Z bosons decaying into a pair of muons are selected.
The total number of Z bosons produced in a fiducial volume is determined, together
with the identification efficiencies and correlations from the same dataset, in small
intervals of 20 pb−1 of integrated luminosity, thus facilitating the efficiency and rate
measurement as a function of time and instantaneous luminosity. Using the ratio of
the efficiency-corrected numbers of Z bosons, the precisely measured integrated lu-
minosity of one data set is used to determine the luminosity of another. For the first
time, a full quantitative uncertainty analysis of the use of Z bosons for the integrated
luminosity measurement is performed. The uncertainty in the extrapolation between
two data sets, recorded in 2017 at low and high instantaneous luminosity, is less than
0.5%. We show that the Z boson rate measurement constitutes a precise method, com-
plementary to traditional methods, with the potential to improve the measurement of
the integrated luminosity.

Submitted to the European Physical Journal C

©2023 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license

*See Appendix A for the list of collaboration members
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Measurement of the W boson mass

The LHCb collaboration

E-mail: mika.vesterinen@cern.ch

Abstract: The W boson mass is measured using proton-proton collision data at √
s =

13TeV corresponding to an integrated luminosity of 1.7 fb−1 recorded during 2016 by the
LHCb experiment. With a simultaneous fit of the muon q/pT distribution of a sample of
W → µν decays and the φ∗ distribution of a sample of Z → µµ decays the W boson mass
is determined to be

mW = 80354± 23stat ± 10exp ± 17theory ± 9PDFMeV ,

where uncertainties correspond to contributions from statistical, experimental systematic,
theoretical and parton distribution function sources. This is an average of results based on
three recent global parton distribution function sets. The measurement agrees well with
the prediction of the global electroweak fit and with previous measurements.

Keywords: Electroweak interaction, Hadron-Hadron scattering (experiments), QCD, For-
ward physics

ArXiv ePrint: 2109.01113

Open Access, Copyright CERN,
for the benefit of the LHCb Collaboration.
Article funded by SCOAP3.

https://doi.org/10.1007/JHEP01(2022)036

Uncertainty < 1%
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CMS-TOP-20-008

Measurement of the top quark mass using a profile

likelihood approach with the lepton+jets final states in

proton-proton collisions at p
s = 13 TeVThe CMS Collaboration

Abstract

The mass of the top quark is measured in 36.3 fb�1 of LHC proton-proton collision

data collected with the CMS detector at p
s = 13 TeV. The measurement uses a sample

of top quark pair candidate events containing one isolated electron or muon and at

least four jets in the final state. For each event, the mass is reconstructed from a

kinematic fit of the decay products to a top quark pair hypothesis. A profile likelihood

method is applied using up to five observables to extract the top quark mass. The top

quark mass is measured to be 171.77± 0.37 GeV. This approach significantly improves

the precision over previous measurements.
Submitted to the European Physical Journal C

© 2023 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license
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A
measurement of the mass of the Higgs boson combining the

�
!

// ⇤!
4✓ and

�
!

WW

decay channels is presented. The result is based on 140 fb �1
of proton-proton collision data

collected by the ATLAS detector during LHC
Run 2 at a centre-of-mass energy of 13 TeV

combined with the Run 1 ATLAS mass measurement, yielding a Higgs boson mass of 125.11

±
0.09 (stat.) ±

0.06 (syst.) = 125.11 ±
0.11 GeV. This corresponds to a 0.09%

precision

achieved on this fundamental parameter of the Standard M
odel of particle physics.

©
2023 CERN

for the benefit of the ATLAS Collaboration.

Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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We need equally precise TH predictions. Otherwise the TH uncertainties will dominate 
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Motivation

We are here

LHC operational in its 3rd and last running period
LHC exceed its design luminosity
but did not reach (almost) design energy 

LHC upgrade

improving accuracy …
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Higgs coupling parametersHiggs total cross sections
  Theoretical uncertainties → already reduced by a factor 2 respect to the current state of the art 
  If theoretical calculations cannot reach percent accuracy in the next five years, the interpretation 
of data will be severely affected and dominated by the TH accuracy

Ellis et al.  
Physics Briefing 
Book: Input for 
the European 
Strategy for 

Particle Physics  
Update 2020
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Motivation

EPS-2023 - Future collider talks
We are looking to the future
We are looking for building new, more powerful and more precise colliders

The calculations that we have and even more precise theoretical tools
We need theoretical calculations

Precise theoretical calculations are essential partners for current and future colliders
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Summary	of	National	Inputs																											S.	Bethke		(MPP	Munich)																												ESPP	Symposium,	Granada,	15	May	2019 �4
UB

Possible	scenarios	of	future	colliders

2020 2070

HL-LHC:	13	TeV	3-4	ab-1		

20402030

FCC	hh:	100	TeV	20-30	ab-1

HE-LHC:	27	TeV	10	ab-1		

2050 2060

CLIC:	380	GeV	
1.5	ab-1

Ja
pa
n

	C
ER

N

ILC:	250	GeV		
2	ab-1

CepC:	90/160/240	GeV	
16/2.6/5.6	ab-1	

500	GeV	
4	ab-1

FCC-ee:		
90/160/250	GeV		
150/10/5	ab-1	

FCC	hh:	100	TeV	20-30	ab-1		

Ch
in
a SppC	aim	similar	to	FCC-hh	

LHeC:	1.2TeV	
0.25-1	ab-1© FCC-eh:	3.5	TeV	2	ab-1

Proton	collider
Electron		collider
Electron-Proton		collider

2080

Construction/Transformation

7	years

10	years

11	years

8	years

2090
13/05/2019

350-365	GeV		
1.7	ab-1	

1.5	TeV	
2.5		ab-1

3	TeV	
5		ab-1

9	years

20km	tunnel	

100km	tunnel	

100km	tunnel	

11	km	tunnel	
29	km	tunnel	 50	km	tunnel	

FCC	hh:	150	TeV	≈20-30	ab-1		
11	years

15	years

1	TeV	
≈	4-5.4	ab-1

31km	tunnel	 40	km	tunnel	

100km	tunnel	

4	years

8	years

8	years

8	years

6	years2	years

Preparation

5	years

Motivation
All options are aimed 
at attobarn-1 physics
It requires going 
well beyond NNLO 
for theory
Even conservative 
estimates are not 
achievable with 
current techniques

The Path forward to N3LO. In 2022 
Snowmass Summer Study, 3 2022

Most optimistic 
scenario 
establishes 1% − 3% 
theoretical accuracy 
as mandatory at 
current Run III and 
at the HL-LHC 
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� = 24 ± 4 ± 5 fb (data)
NLO QCD + EW (theory) 139 JHEP 11 (2021) 118

� = 0.55 ± 0.14 + 0.15 � 0.13 pb (data)
Sherpa 2.2.2 (theory) 79.8 PLB 798 (2019) 134913

� = 0.82 ± 0.01 ± 0.08 pb (data)
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� = 27.7 ± 3 + 2.3 � 1.9 pb (data)
LHC-HXSWG YR4 (theory) 20.3 EPJC 76 (2016) 6

� = 55.5 ± 3.2 + 2.4 � 2.2 pb (data)
LHC-HXSWG YR4 (theory) 139 ATLAS-CONF-2022-002

� = 16.8 ± 2.9 ± 3.9 pb (data)
NLO+NLL (theory) 2.0 PLB 716, 142-159 (2012)
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NLO+NLL (theory) 3.2 JHEP 04 (2017) 086

� = 182.9 ± 3.1 ± 6.4 pb (data)
top++ NNLO+NNLL (theory) 4.6 EPJC 74 (2014) 3109

� = 242.9 ± 1.7 ± 8.6 pb (data)
top++ NNLO+NNLL (theory) 20.2 EPJC 74 (2014) 3109

� = 826.4 ± 3.6 ± 19.6 pb (data)
top++ NNLO+NNLL (theory) 36.1 EPJC 80 (2020) 528

� = 29.53 ± 0.03 ± 0.77 nb (data)
DYNNLO+CT14 NNLO (theory) 4.6 JHEP 02 (2017) 117

� = 34.24 ± 0.03 ± 0.92 nb (data)
DYNNLO+CT14 NNLO (theory) 20.2 JHEP 02 (2017) 117

� = 58.43 ± 0.03 ± 1.66 nb (data)
DYNNLO+CT14 NNLO (theory) 3.2 JHEP 02 (2017) 117

� = 98.71 ± 0.028 ± 2.191 nb (data)
DYNNLO + CT14NNLO (theory) 4.6 EPJC 77 (2017) 367

� = 112.69 ± 3.1 nb (data)
DYNNLO + CT14NNLO (theory) 20.2 EPJC 79 (2019) 760

� = 190.1 ± 0.2 ± 6.4 nb (data)
DYNNLO + CT14NNLO (theory) 0.081 PLB 759 (2016) 601

� = 95.35 ± 0.38 ± 1.3 mb (data)
COMPETE HPR1R2 (theory) 8⇥10�8 Nucl. Phys. B, 486-548 (2014)

� = 96.07 ± 0.18 ± 0.91 mb (data)
COMPETE HPR1R2 (theory) 50⇥10�8 PLB 761 (2016) 158
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data/theory
Status: February 2022

ATLAS Preliminary
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s = 7,8,13 TeV

Theory
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p
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Data
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LHC pp
p
s = 8 TeV

Data
stat
stat � syst

LHC pp
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Data
stat
stat � syst

Standard Model Total Production Cross Section Measurements

Figure 2: Summary of several Standard Model total production cross-section measurements, corrected for branching
fractions, compared to the corresponding theoretical expectations and ratio with respect to theory. The associated
references can also be found in Table 1(b).
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Motivation

Everything looks SM-like at the LHC

NLO QCD + EW at best
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Theoretical calculations

𝛔 stands for the total or  
differential cross section 

Proton a 

Proton b

n 
fin

al
 le

gs𝛔 = ∭ dPs
(2→n)𝛔

<

<latexit sha1_base64="Fvx1xPz3xtoaUGIFiKc2agZ1zrk="></latexit>
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Z
dxa

Z
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2
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2
R),↵,M

2)

Anatomy of perturbative calculations

Factorization theorem

Perturbative expansion
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Theoretical calculations
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Play a crucial role
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NLO perturbative QCD TH predictions — Full automated calculations
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2→6  (W+5jets) Bern, Dixon, Febres Cordero, Höche, Ita, Kosower, Maître, Ozeren [2013]

Greiner, Heinrich, Mastrolia, Ossola, Reiter, Tramontano [2012]2→4  (WW+2jets) 

2→5  (W+4jets) 

Campanario, Kerner, Ninh, Zeppenfeld [2013](WZ+2jets)
(4jets) Bern, Diana, Dixon, Febres Cordero, Hoeche, et al [2011]

Badger, Biedermann, Uwer, Yundin [2012] 

(Z+4jets) Ita, Bern, Dixon, Febres Cordero, Kosower, et al [2012]

Berger, Bern, Dixon, Febres Cordero, Forde, et al [2011]

(𝛄𝛄+3jets)

(W𝛄𝛄+jet) Campanario, Englert, Rauch, Zeppenfeld [2013]

Badger, Guffanti, Yundin [2012]

The list is not exhaustive …

Frontier: Very large multiplicities or  
correction to loop induced processes

5j available for LEP

HELAC-NLO, Rocket, BlackHat+SHERPA, GoSam+SHERPA/MADGRAPH, 
NJet+SHERPA, Madgraph5-aMC@NLO, RECOLA, OpenLoops+SHERPA...

These codes offer add to the calculation: PS, EW corrections, fully automated scale variations, etc
Besides the limitations at the frontier, automated structure fully understood
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MCFM at NNLO  Boughezal et al..pT_Z, Gehrmann-De Ridder, et al.
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Wj, Boughezal, et al.

WH diff, ZH diff, Campbell et al..!!, Campbell et al..
WZ Grazzini et al..

WW Grazzini et al..
MCFM at NNLO  Boughezal et al..

pT_Z, Gehrmann-De Ridder, et al.
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WH diff, ZH diff, Campbell et al..
𝛾𝛾, Campbell et al..
WZ Grazzini et al..

WW Grazzini et al..
MCFM at NNLO  Boughezal et al..pT_Z, Gehrmann-De Ridder, et al.
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Wj, Boughezal, et al.

WH diff, ZH diff, Campbell et al..!!, Campbell et al..
WZ Grazzini et al..

WW Grazzini et al..
MCFM at NNLO  Boughezal et al..

pT_Z, Gehrmann-De Ridder, et al.
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

2010

2012

2014

2016

2018

2008
20062004

2002

1990

ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al

!j-! Gehrmann et. al

2019

Nested SC Melnikov et. al

tt Catani  et. al

!!!, M. Czakon et. al

2020
2021

ttH Catani  et. al

bb Catani  et. al

!!j, Chawdhry,M. Czakon et. al

Single-t Campbell et. al 

W+c-jet, M. Czakon et. al

B-hadron ,M. Czakon et. al

~10 yrs

~10 yrs
2022

3j M. Czakon et. al

~3j Chen et. al

2023
jj!, Badger et. al

Standard Model and Higgs Theory                                               Daniel de Florian 11

The NNLO revolution standard

from L. Cieri

2 → 1 2 → 2

2 → 3

Wtt, Buonocore et. al

1 extra particle (/loop)
every 10 years

2022

2023

𝛾𝛾 (massive), Bonciani, LC, et al

3j X. Chen et. alWithout any 
approximation 
in the two-loop 

part

10yrs per leg 
rule as in the 

NLO case!

Theoretical calculations - State of the art - The standard of precision at the LHC
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2016 2017 2018 2019 2020 2021

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

Higgs, B. Mistlberger

Higgs (Diff. qT-subt) L. C, X. Chen, T. Gehrmann, E. W. N. Glover and A. Huss

HH (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

bb->H, Duhr, Dulat, Mistlberger

DY(off-shell photon) Duhr, Dulat, Mistlberger

HH (Diff. qT-subt) Chen,Tao Li,Shao, Wangd

DY(W) Duhr, Dulat, Mistlberger

Higgs (TH, app.) C. Anastasiou, C. Duhr, F. Dulat,  
F. Herzog and B. Mistlberger

Higgs (VBF) F. A. Dreyer and A. Karlberg

H->𝛾𝛾 (diff) X. Chen, Gehrmann, E.W.N. Glover,  
A. Huss, B. Mistlberger, A. Pelloni

H->𝛾𝛾 (diff) Billis, Dehnadi, Ebert,  
Michel,Tackmann

DY (diff) Camarda, L. C, Ferrera
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

2022

VH (Incl) J. Baglio,  
 B. Mistlberger, C. Duhr,  

R. Szafron

W (diff) X. Chen, T. Gehrmann, 
N. Glover, A. Huss,  

T.-Z. Yang and H.X. Zhu

2023

Theoretical calculations - State of the art

Only 2→1 processes 
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

2016 2017 2018 2019 2020 2021

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

Higgs, B. Mistlberger

Higgs (Diff. qT-subt) L. C, X. Chen, T. Gehrmann, E. W. N. Glover and A. Huss

HH (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

bb->H, Duhr, Dulat, Mistlberger

DY(off-shell photon) Duhr, Dulat, Mistlberger

HH (Diff. qT-subt) Chen,Tao Li,Shao, Wangd

DY(W) Duhr, Dulat, Mistlberger

Higgs (TH, app.) C. Anastasiou, C. Duhr, F. Dulat,  
F. Herzog and B. Mistlberger

Higgs (VBF) F. A. Dreyer and A. Karlberg

H->𝛾𝛾 (diff) X. Chen, Gehrmann, E.W.N. Glover,  
A. Huss, B. Mistlberger, A. Pelloni

H->𝛾𝛾 (diff) Billis, Dehnadi, Ebert,  
Michel,Tackmann

DY (diff) Camarda, L. C, Ferrera
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

2022

VH (Incl) J. Baglio,  
 B. Mistlberger, C. Duhr,  

R. Szafron

W (diff) X. Chen, T. Gehrmann, 
N. Glover, A. Huss,  

T.-Z. Yang and H.X. Zhu

20232015

Theoretical calculations - State of the art

Only 2→1 processes 

Why we are not breaking the 2 → 2 frontier? We are close to 10yrs per leg also here?



L International Meeting on Fundamental Physics and XV CPAN days     Leandro Cieri 23

Perturbative QCD TH predictions

Fin
al 
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te 

leg
s

1

2

3

4

5

6

Year
1980 1990 2000 2010 2020

NLO NNLO N3LO

Slope ~ 1 leg/10 yr

Total cross section (X-sec)  
(a number)

Differential cross sections  
(required by LHC analyses)

Slope  
~ 1leg/10 yr ??

Tot. X-sec 
(a number)

Differetial  
X-sec  

(required by LHC analyses)Cost of add  
one extra leg measured in years

Cost of add  
one extra leg in years

24 yrs to add one order (NLO → NNLO) 15 yrs to add one order (NNLO → N3LO)

Theoretical calculations - State of the art
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Differential cross sections  
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Slope  
~ 1leg/10 yr ??

Tot. X-sec 
(a number)

Differetial  
X-sec  

(required by LHC analyses)Cost of add  
one extra leg measured in years

Cost of add  
one extra leg in years

24 yrs to add one order (NLO → NNLO) 15 yrs to add one order (NNLO → N3LO)

Theoretical calculations - State of the art
How many years will it take to get an N4LO?
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Theoretical calculations
Anatomy of perturbative calculations
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PDFs Partonic cross section

Subtraction prescriptions and CPU cost

Organisation next slides
PDFs
Partonic cross section (scattering amplitudes)
Subtraction prescriptions and CPU cost
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Theoretical calculations
Anatomy of perturbative calculations
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Theoretical calculations
Anatomy of perturbative calculations
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Theoretical calculations
Anatomy of perturbative calculations
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Theoretical calculations
State of the art PDFs (NNLO)

CT18 
MSHT20 
NNPDF4.0 
ABMP16 
ATLASpdf21 
PDF4LHC21

Determination controlled by LHC data: unlike in the past, almost DIS-only

Determination controlled by LHC data:LHC 7 and 8 TeV data sets on vector boson production, inclusive jets and top quark distributions
Reduced uncertainties in predictions for processes such as Higgs, top quark pair and W, Z production at post LHC Run–II energies

LHC measurements in single-inclusive jet production with the full rapidity coverage, as well as production of Drell-Yan pairs, top-quark pairs, and 
high-pT Z bosons, are included to achieve the greatest sensitivity to the PDFs

It is based on the Monte Carlo combination of the CT18, MSHT20, and NNPDF3.1 sets followed by either its Hessian reduction or its replica 
compression

The theory predictions include new improved approximations at NNLO for the production of heavy quarks in DIS and for the hadro-production of 
single-top quarks.
ATLAS sets of 𝑊, 𝑍/𝛾∗ data, 𝑡𝑡  ̄data and 𝑉+ jets data considered in a single QCD fit (also other sets)
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Figure 5.4. Same as Fig. 5.1 now with the comparison presented at the level of differential distributions. For each
process, the top panels display the relative percentage PDF uncertainty (normalised to the corresponding central
value), while the bottom panels show the pull of the central values with respect to the PDF4LHC21 set in units
of the PDF uncertainty, as defined in Eq. (5.1). The calculational settings and selection cuts are the same as those
adopted in Fig. 5.1 and the integral over the differential measurements reproduces those fiducial cross-sections.

Hessian sets. Consistent with the results reported at the cross-section level in Sect. 5.1, the pull is very
small, always below P  0.1 for the compressed MC set. The pulls P can be larger and positive for the
Neig = 40 Hessian set, a consequence of the difference in the central value of the sets that are compared,
and is illustrated in Fig. A.6. A non-zero pull is then actually expected for processes sensitive to the gluon
PDF as well as to the quark PDFs at large invariant masses and/or forward rapidities. Since positivity of
central PDFs is implemented at the initial combination scale of Q = 2 GeV, these shifts are not necessarily
restricted to the extrapolation region at higher scales and can be present (though reasonably small), e.g. for
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Figure 5.4. Same as Fig. 5.1 now with the comparison presented at the level of differential distributions. For each
process, the top panels display the relative percentage PDF uncertainty (normalised to the corresponding central
value), while the bottom panels show the pull of the central values with respect to the PDF4LHC21 set in units
of the PDF uncertainty, as defined in Eq. (5.1). The calculational settings and selection cuts are the same as those
adopted in Fig. 5.1 and the integral over the differential measurements reproduces those fiducial cross-sections.

Hessian sets. Consistent with the results reported at the cross-section level in Sect. 5.1, the pull is very
small, always below P  0.1 for the compressed MC set. The pulls P can be larger and positive for the
Neig = 40 Hessian set, a consequence of the difference in the central value of the sets that are compared,
and is illustrated in Fig. A.6. A non-zero pull is then actually expected for processes sensitive to the gluon
PDF as well as to the quark PDFs at large invariant masses and/or forward rapidities. Since positivity of
central PDFs is implemented at the initial combination scale of Q = 2 GeV, these shifts are not necessarily
restricted to the extrapolation region at higher scales and can be present (though reasonably small), e.g. for
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Figure 5.4. Same as Fig. 5.1 now with the comparison presented at the level of differential distributions. For each
process, the top panels display the relative percentage PDF uncertainty (normalised to the corresponding central
value), while the bottom panels show the pull of the central values with respect to the PDF4LHC21 set in units
of the PDF uncertainty, as defined in Eq. (5.1). The calculational settings and selection cuts are the same as those
adopted in Fig. 5.1 and the integral over the differential measurements reproduces those fiducial cross-sections.

Hessian sets. Consistent with the results reported at the cross-section level in Sect. 5.1, the pull is very
small, always below P  0.1 for the compressed MC set. The pulls P can be larger and positive for the
Neig = 40 Hessian set, a consequence of the difference in the central value of the sets that are compared,
and is illustrated in Fig. A.6. A non-zero pull is then actually expected for processes sensitive to the gluon
PDF as well as to the quark PDFs at large invariant masses and/or forward rapidities. Since positivity of
central PDFs is implemented at the initial combination scale of Q = 2 GeV, these shifts are not necessarily
restricted to the extrapolation region at higher scales and can be present (though reasonably small), e.g. for
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Figure 5.4. Same as Fig. 5.1 now with the comparison presented at the level of differential distributions. For each
process, the top panels display the relative percentage PDF uncertainty (normalised to the corresponding central
value), while the bottom panels show the pull of the central values with respect to the PDF4LHC21 set in units
of the PDF uncertainty, as defined in Eq. (5.1). The calculational settings and selection cuts are the same as those
adopted in Fig. 5.1 and the integral over the differential measurements reproduces those fiducial cross-sections.

Hessian sets. Consistent with the results reported at the cross-section level in Sect. 5.1, the pull is very
small, always below P  0.1 for the compressed MC set. The pulls P can be larger and positive for the
Neig = 40 Hessian set, a consequence of the difference in the central value of the sets that are compared,
and is illustrated in Fig. A.6. A non-zero pull is then actually expected for processes sensitive to the gluon
PDF as well as to the quark PDFs at large invariant masses and/or forward rapidities. Since positivity of
central PDFs is implemented at the initial combination scale of Q = 2 GeV, these shifts are not necessarily
restricted to the extrapolation region at higher scales and can be present (though reasonably small), e.g. for
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Figure 5.4. Same as Fig. 5.1 now with the comparison presented at the level of differential distributions. For each
process, the top panels display the relative percentage PDF uncertainty (normalised to the corresponding central
value), while the bottom panels show the pull of the central values with respect to the PDF4LHC21 set in units
of the PDF uncertainty, as defined in Eq. (5.1). The calculational settings and selection cuts are the same as those
adopted in Fig. 5.1 and the integral over the differential measurements reproduces those fiducial cross-sections.

Hessian sets. Consistent with the results reported at the cross-section level in Sect. 5.1, the pull is very
small, always below P  0.1 for the compressed MC set. The pulls P can be larger and positive for the
Neig = 40 Hessian set, a consequence of the difference in the central value of the sets that are compared,
and is illustrated in Fig. A.6. A non-zero pull is then actually expected for processes sensitive to the gluon
PDF as well as to the quark PDFs at large invariant masses and/or forward rapidities. Since positivity of
central PDFs is implemented at the initial combination scale of Q = 2 GeV, these shifts are not necessarily
restricted to the extrapolation region at higher scales and can be present (though reasonably small), e.g. for
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Figure 5.4. Same as Fig. 5.1 now with the comparison presented at the level of differential distributions. For each
process, the top panels display the relative percentage PDF uncertainty (normalised to the corresponding central
value), while the bottom panels show the pull of the central values with respect to the PDF4LHC21 set in units
of the PDF uncertainty, as defined in Eq. (5.1). The calculational settings and selection cuts are the same as those
adopted in Fig. 5.1 and the integral over the differential measurements reproduces those fiducial cross-sections.

Hessian sets. Consistent with the results reported at the cross-section level in Sect. 5.1, the pull is very
small, always below P  0.1 for the compressed MC set. The pulls P can be larger and positive for the
Neig = 40 Hessian set, a consequence of the difference in the central value of the sets that are compared,
and is illustrated in Fig. A.6. A non-zero pull is then actually expected for processes sensitive to the gluon
PDF as well as to the quark PDFs at large invariant masses and/or forward rapidities. Since positivity of
central PDFs is implemented at the initial combination scale of Q = 2 GeV, these shifts are not necessarily
restricted to the extrapolation region at higher scales and can be present (though reasonably small), e.g. for
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Theoretical calculations
State of the art PDFs (NNLO)

CT18 
MSHT20 
NNPDF4.0 
ABMP16 
ATLASpdf21 
PDF4LHC21

Determination controlled by LHC data: unlike in the past, almost DIS-only

Determination controlled by LHC data:LHC 7 and 8 TeV data sets on vector boson production, inclusive jets and top quark distributions
Reduced uncertainties in predictions for processes such as Higgs, top quark pair and W, Z production at post LHC Run–II energies

LHC measurements in single-inclusive jet production with the full rapidity coverage, as well as production of Drell-Yan pairs, top-quark pairs, and 
high-pT Z bosons, are included to achieve the greatest sensitivity to the PDFs

It is based on the Monte Carlo combination of the CT18, MSHT20, and NNPDF3.1 sets followed by either its Hessian reduction or its replica 
compression

The theory predictions include new improved approximations at NNLO for the production of heavy quarks in DIS and for the hadro-production of 
single-top quarks.
ATLAS sets of 𝑊, 𝑍/𝛾∗ data, 𝑡𝑡  ̄data and 𝑉+ jets data considered in a single QCD fit (also other sets)

Table 1: Summary of the uncertainties in the determination of Us (</ ), in units of 10�3.

Experimental uncertainty ±0.44
PDF uncertainty ±0.51
Scale variation uncertainties ±0.42
Matching to fixed order 0 �0.08
Non-perturbative model +0.12 �0.20
Flavour model +0.40 �0.29
QED ISR ±0.14
N4LL approximation ±0.04

Total +0.91 �0.88

Fits without the O(U
3
s ) matching corrections yield an Us(</ ) central value which is 0.00024 lower, and

the half envelope due to the scale variations increases from ±0.00042 to ±0.00062, which is consistent
with the observed shift. Uncertainties in the matching to fixed order are estimated with fits in which the
unitarity constraint is not applied. For these fits, the midpoint and half envelope of Us(</ ) values from
the scale variations yield Us(</ ) = 0.11820 ± 0.00037. The difference between this set of fits and the
nominal set of fits is taken as a one-sided matching uncertainty of �0.00008.

Additional uncertainties in the modelling of the non-perturbative form factor are estimated with variations
of corresponding parameters, leading to an estimate of +0.00012

�0.00020, as described in Section 7. The effect
of charm- and bottom-quark masses and thresholds are estimated with various alternative fits, such as
by including variable-flavour number either in the evolution of the PDFs (�0.00029) or in the running
of Us [67] in the Sudakov form factor (+0.00021), by varying the charm threshold `2 by a factor of 2
(+0.00007), by varying the bottom threshold `1 by a factor of 0.5 (�0.00029), or by including the effect of
final-state gluon-splitting into massive bottom-quark (+0.00040) and charm-quark (+0.00001) pairs. The
largest excursions are taken as an estimated uncertainty of +0.00040

�0.00029 associated with the flavour model.

The inclusion of initial-state radiation of photons at leading-logarithm accuracy shifts the value of Us(</ ) by
�0.00028. Half of this shift is assigned as an uncertainty associated with missing higher-order corrections
for the initial-state radiation of photons. Initial-state radiation of photons at next-to-leading-logarithm
accuracy [62] shifts the value of Us(</ ) by +0.00007, which is well within the assigned uncertainty.
The inclusion of NLO electroweak corrections shifts the value of Us(</ ) by +0.00006, and uncertainties
related to missing electroweak higher orders are considered negligible.

Uncertainties related to the numerical approximation or our incomplete knowledge of some of the
coefficients required for N4LL accuracy of ?T-resummation are estimated to contribute at the level of
±0.00004, with the largest contribution coming from the numerical approximation of the cusp anomalous
dimension at five loops [42], and from our incomplete knowledge of the hard-collinear contributions at
four loops [45]. Uncertainties due to the numerical approximation of the four-loop splitting functions are
already included in the MSHT20 PDF uncertainties.

A summary of the uncertainties in the determination of Us(</ ) is shown in Table 1.

The goodness of fit is assessed by computing the value of the j
2 function with the theory predictions

evaluated at the measured value of Us(</ ) and with the best-fit values of the non-perturbative parameters
and the QCD scales. In addition to the PDF uncertainties included in Eq. (1), all theory uncertainties
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Submitted to: Nature Phys. CERN-EP-2023-200
22nd September 2023

A precise determination of the strong-coupling

constant from the recoil of ` bosons with the ATLAS

experiment at
p
s = 8 TeV

The ATLAS Collaboration

The coupling constant of the strong force is determined from the transverse-momentum
distribution of / bosons produced in 8 TeV proton–proton collisions at the LHC and recorded
by the ATLAS experiment. The /-boson cross sections are measured in the full phase space
of the decay leptons using 15.3 million electron and muon pairs, in a dataset collected in
2012 and corresponding to an integrated luminosity of 20.2 fb�1. The analysis is based on
predictions evaluated at third order in perturbative QCD, supplemented by the resummation
of logarithmically enhanced contributions in the low transverse-momentum region of the
lepton pairs. The determined value of the strong coupling at the reference scale corresponding
to the /-boson mass is Us(</ ) = 0.1183 ± 0.0009. This is the most precise experimental
determination of Us(</ ) achieved so far.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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State of the art PDFs (NNLO)
Theoretical calculations

CT18 
MSHT20 
NNPDF4.0 
ABMP16 
ATLASpdf21 
PDF4LHC21

Determination controlled by LHC data: unlike in the past, almost DIS-only

Determination controlled by LHC data:LHC 7 and 8 TeV data sets on vector boson production, inclusive jets and top quark distributions
Reduced uncertainties in predictions for processes such as Higgs, top quark pair and W, Z production at post LHC Run–II energies

LHC measurements in single-inclusive jet production with the full rapidity coverage, as well as production of Drell-Yan pairs, top-quark pairs, and 
high-pT Z bosons, are included to achieve the greatest sensitivity to the PDFs

It is based on the Monte Carlo combination of the CT18, MSHT20, and NNPDF3.1 sets followed by either its Hessian reduction or its replica 
compression

The theory predictions include new improved approximations at NNLO for the production of heavy quarks in DIS and for the hadro-production of 
single-top quarks.
ATLAS sets of 𝑊, 𝑍/𝛾∗ data, 𝑡𝑡  ̄data and 𝑉+ jets data considered in a single QCD fit (also other sets)
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ATLAS CONF Note

ATLAS-CONF-2023-004
2nd April 2023

Improved W boson Mass Measurement usingp
s = 7 TeV Proton-Proton Collisions with the

ATLAS Detector

The ATLAS Collaboration

The W boson mass is one of the most interesting fundamental parameters of the Standard
Model of particle physics, as it allows for model-independent probes for e�ects of new physics.
In this work, proton-proton data recorded by the ATLAS detector in 2011, at a center of mass
energy of 7 TeV, that were used for the first W boson mass measurement at the LHC, have been
reanalyzed with an advanced fitting technique based on a profile likelihood approach. This
allows for a reduction of several systematic uncertainties. Advances in the modelling of the
parton density functions of the proton in recent years have been taken into account and a more
modern PDF set has been chosen as baseline. The updated measurement yields a preliminary
value of mW = 80360 ± 5(stat.) ± 15(syst.) = 80360 ± 16 MeV, where the first uncertainty
component is statistical and the second corresponds to the experimental and physics-modelling
systematic uncertainty. This result is compatible with the published value and its uncertainty
improved by 15%.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.

Table 2: Overview of fitted values of the W boson mass for di�erent PDF sets. The reported uncertainties are the
total uncertainties.

PDF-Set p
`
T [MeV ] mT [MeV ] combined [MeV ]

CT10 80355.6+15.8
�15.7 80378.1+24.4

�24.8 80355.8+15.7
�15.7

CT14 80358.0+16.3
�16.3 80388.8+25.2

�25.5 80358.4+16.3
�16.3

CT18 80360.1+16.3
�16.3 80382.2+25.3

�25.3 80360.4+16.3
�16.3

MMHT2014 80360.3+15.9
�15.9 80386.2+23.9

�24.4 80361.0+15.9
�15.9

MSHT20 80358.9+13.0
�16.3 80379.4+24.6

�25.1 80356.3+14.6
�14.6

NNPDF3.1 80344.7+15.6
�15.5 80354.3+23.6

�23.7 80345.0+15.5
�15.5

NNPDF4.0 80342.2+15.3
�15.3 80354.3+22.3

�22.4 80342.9+15.3
�15.3
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Figure 4: Fitted mW values for di�erent PDF-Sets using the p
`
T distribution (left) and mT distribution (right).

combined PLH fits with the CT18 PDF set. The largest impact is due to the first eigenvector of the CT18
PDF. A summary of the impacts of various groups of systematic uncertainties is given in Table 3. A
di�erence of 22 MeV between p

`
T and mT fits is observed for the CT18 PDF set, which is compatible at

1.3� level.

Table 3: Impact of the di�erent uncertainty categories on the total uncertainty of the W boson mass measurement
using PLH and the CT18 PDF-Set. The impact of each group of systematic uncertainties is defined as the quadratic
di�erence between the total fit uncertainty, and the fit uncertainty obtained excluding this group.

Obs. Mean Elec. PDF Muon EW PS & Bkg. �W MC stat. Lumi Recoil Total Data Total
[MeV] Unc. Unc. Unc. Unc. Ai Unc. Unc. Unc. Unc. Unc. Unc. sys. stat. Unc.

p
`
T 80360.1 8.0 7.7 7.0 6.0 4.7 2.4 2.0 1.9 1.2 0.6 15.5 4.9 16.3

mT 80382.2 9.2 14.6 9.8 5.9 10.3 6.0 7.0 2.4 1.8 11.7 24.4 6.7 25.3

An overview of selected pre- and post-fit distributions of p
`
T and mT is shown in Figure 6, where a general

better agreement can be observed for the post-fit case.
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Determination controlled by LHC data: unlike in the past, almost DIS-only

Determination controlled by LHC data:LHC 7 and 8 TeV data sets on vector boson production, inclusive jets and top quark distributions
Reduced uncertainties in predictions for processes such as Higgs, top quark pair and W, Z production at post LHC Run–II energies

LHC measurements in single-inclusive jet production with the full rapidity coverage, as well as production of Drell-Yan pairs, top-quark pairs, and 
high-pT Z bosons, are included to achieve the greatest sensitivity to the PDFs

It is based on the Monte Carlo combination of the CT18, MSHT20, and NNPDF3.1 sets followed by either its Hessian reduction or its replica 
compression

The theory predictions include new improved approximations at NNLO for the production of heavy quarks in DIS and for the hadro-production of 
single-top quarks.
ATLAS sets of 𝑊, 𝑍/𝛾∗ data, 𝑡𝑡  ̄data and 𝑉+ jets data considered in a single QCD fit (also other sets)
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Improved W boson Mass Measurement usingp
s = 7 TeV Proton-Proton Collisions with the

ATLAS Detector

The ATLAS Collaboration

The W boson mass is one of the most interesting fundamental parameters of the Standard
Model of particle physics, as it allows for model-independent probes for e�ects of new physics.
In this work, proton-proton data recorded by the ATLAS detector in 2011, at a center of mass
energy of 7 TeV, that were used for the first W boson mass measurement at the LHC, have been
reanalyzed with an advanced fitting technique based on a profile likelihood approach. This
allows for a reduction of several systematic uncertainties. Advances in the modelling of the
parton density functions of the proton in recent years have been taken into account and a more
modern PDF set has been chosen as baseline. The updated measurement yields a preliminary
value of mW = 80360 ± 5(stat.) ± 15(syst.) = 80360 ± 16 MeV, where the first uncertainty
component is statistical and the second corresponds to the experimental and physics-modelling
systematic uncertainty. This result is compatible with the published value and its uncertainty
improved by 15%.
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Table 2: Overview of fitted values of the W boson mass for di�erent PDF sets. The reported uncertainties are the
total uncertainties.
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Figure 4: Fitted mW values for di�erent PDF-Sets using the p
`
T distribution (left) and mT distribution (right).

combined PLH fits with the CT18 PDF set. The largest impact is due to the first eigenvector of the CT18
PDF. A summary of the impacts of various groups of systematic uncertainties is given in Table 3. A
di�erence of 22 MeV between p

`
T and mT fits is observed for the CT18 PDF set, which is compatible at

1.3� level.

Table 3: Impact of the di�erent uncertainty categories on the total uncertainty of the W boson mass measurement
using PLH and the CT18 PDF-Set. The impact of each group of systematic uncertainties is defined as the quadratic
di�erence between the total fit uncertainty, and the fit uncertainty obtained excluding this group.

Obs. Mean Elec. PDF Muon EW PS & Bkg. �W MC stat. Lumi Recoil Total Data Total
[MeV] Unc. Unc. Unc. Unc. Ai Unc. Unc. Unc. Unc. Unc. Unc. sys. stat. Unc.

p
`
T 80360.1 8.0 7.7 7.0 6.0 4.7 2.4 2.0 1.9 1.2 0.6 15.5 4.9 16.3

mT 80382.2 9.2 14.6 9.8 5.9 10.3 6.0 7.0 2.4 1.8 11.7 24.4 6.7 25.3

An overview of selected pre- and post-fit distributions of p
`
T and mT is shown in Figure 6, where a general

better agreement can be observed for the post-fit case.
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s = 7 TeV Proton-Proton Collisions with the

ATLAS Detector
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The W boson mass is one of the most interesting fundamental parameters of the Standard
Model of particle physics, as it allows for model-independent probes for e�ects of new physics.
In this work, proton-proton data recorded by the ATLAS detector in 2011, at a center of mass
energy of 7 TeV, that were used for the first W boson mass measurement at the LHC, have been
reanalyzed with an advanced fitting technique based on a profile likelihood approach. This
allows for a reduction of several systematic uncertainties. Advances in the modelling of the
parton density functions of the proton in recent years have been taken into account and a more
modern PDF set has been chosen as baseline. The updated measurement yields a preliminary
value of mW = 80360 ± 5(stat.) ± 15(syst.) = 80360 ± 16 MeV, where the first uncertainty
component is statistical and the second corresponds to the experimental and physics-modelling
systematic uncertainty. This result is compatible with the published value and its uncertainty
improved by 15%.
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total uncertainties.
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Figure 4: Fitted mW values for di�erent PDF-Sets using the p
`
T distribution (left) and mT distribution (right).

combined PLH fits with the CT18 PDF set. The largest impact is due to the first eigenvector of the CT18
PDF. A summary of the impacts of various groups of systematic uncertainties is given in Table 3. A
di�erence of 22 MeV between p

`
T and mT fits is observed for the CT18 PDF set, which is compatible at

1.3� level.

Table 3: Impact of the di�erent uncertainty categories on the total uncertainty of the W boson mass measurement
using PLH and the CT18 PDF-Set. The impact of each group of systematic uncertainties is defined as the quadratic
di�erence between the total fit uncertainty, and the fit uncertainty obtained excluding this group.

Obs. Mean Elec. PDF Muon EW PS & Bkg. �W MC stat. Lumi Recoil Total Data Total
[MeV] Unc. Unc. Unc. Unc. Ai Unc. Unc. Unc. Unc. Unc. Unc. sys. stat. Unc.

p
`
T 80360.1 8.0 7.7 7.0 6.0 4.7 2.4 2.0 1.9 1.2 0.6 15.5 4.9 16.3

mT 80382.2 9.2 14.6 9.8 5.9 10.3 6.0 7.0 2.4 1.8 11.7 24.4 6.7 25.3

An overview of selected pre- and post-fit distributions of p
`
T and mT is shown in Figure 6, where a general

better agreement can be observed for the post-fit case.
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State of the art PDFs (N3LO)
Theoretical calculations

NEW PDFs at approximate N3LO
McGowan, Cridge, Harland-Lang,Thorne [2022]MSHT20sN3LO

 Approximated splitting functions, transition matrix elements, coefficient functions and K-factors for 
multiple processes to N3LO → 20 nuisance parameters  
 Improvement in data description from NNLO to N3LO 
 aN3LO αs(mZ) value stated is in agreement with the MSHT20 NNLO result and the world average within 
uncertainties 
 PDFs include an estimation for missing N3LO contributions (the leading theoretical uncertainty) and 
implicitly some MHOU beyond this within their PDF uncertainties. Due to this factorisation scale 
variations are no longer necessary in calculations involving aN3LO PDFs 

NEW splitting functions at N3LO (Pqg)
Falcioni, Herzog, Moch, Vogt [2023]

Notice that in fixed order calculations
Order fixed order Order required Splitting

LO -

NLO LO

NNLO NLO

N3LO NNLO

N4LO N3LO

� order PDF order � +��+ ���� (pb) � (pb) + ��+ ���� (%)
PDF uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 0.545 45.296 + 1.60%� 1.22%
aN3LO (Hij +Kij) 45.296 + 0.832� 0.755 45.296 + 1.84%� 1.67%

aN3LO (H 0
ij
) 45.296 + 0.821� 0.761 45.296 + 1.81%� 1.68%

NNLO 47.817 + 0.558� 0.581 47.817 + 1.17%� 1.22%
NNLO NNLO 46.206 + 0.541� 0.564 46.206 + 1.17%� 1.22%

PDF + Scale uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 1.851 45.296 + 1.60%� 4.09%
aN3LO (Hij +Kij) 45.296 + 0.832� 1.923 45.296 + 1.84%� 4.25%

aN3LO (H 0
ij
) 45.296 + 0.821� 1.926 45.296 + 1.81%� 4.25%

NNLO 47.817 + 0.577� 2.210 47.817 + 1.21%� 4.62%
NNLO NNLO 46.206 + 4.284� 5.414 46.206 + 9.27%� 11.72%

Table 14: Higgs production cross section results via gluon fusion (with
p
s = 13 TeV) using N3LO

and NNLO hard cross sections combined with NNLO and aN3LO PDFs. All PDFs are at the standard
choice ↵s(mZ) = 0.118. These results are found with µ = mH/2 unless stated otherwise, with the
values for µ = mH supplied in Table D.1.

analysis to include results for N3LO DY [63] and approximate N3LO top production [66] cross

sections.

Note that in this Section we follow the notation used previously and denote the aN3LO

results with decorrelated K-factors as (Hij +Kij)�1 and those with correlated K-factors with

H
0 �1

ij
. In all cases, scale variations are found via the 9-point prescription [11] for results with

NNLO PDFs. Whereas for aN3LO PDFs, although the extra information introduced is at

N3LO, the data (and therefore all relevant theory nuisance parameters) which are included

in the global fit are sensitive to all orders. In particular, we include theoretical uncertainties

into our aN3LO fit which incorporate MHO e↵ects on the PDFs. Therefore we argue (and

in these cases demonstrate) that the factorisation scale variation is contained within the PDF

uncertainties. Due to this, it is only the renormalisation scale which requires variation in

predictions involving aN3LO PDFs23.

9.1 Higgs Production – Gluon Fusion: gg ! H

Table 14 and Fig. 48 (left) show predictions at a central scale of µ = µf = µr = mH/2 for

the Higgs production cross section via gluon fusion24 at the LHC for
p
s = 13 TeV, where

mH = 125 GeV is the Higgs mass and no fiducial cuts are applied. Fig. 48 (right) displays the

same analysis for the gluon fusion cross section with µ = µf = µr = mH (numerical results

provided in Table D.1).

23This is to quantify the theoretical MHOU in the hard cross section, whereas the aN3LO PDFs now come
with an estimated MHOU.

24Results are obtained with the code ggHiggs [67–76,155].
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State of the art PDFs (N3LO)
Theoretical calculations

NEW PDFs at approximate N3LO
McGowan, Cridge, Harland-Lang,Thorne [2022]MSHT20sN3LO

 Approximated splitting functions, transition matrix elements, coefficient functions and K-factors for 
multiple processes to N3LO → 20 nuisance parameters  
 Improvement in data description from NNLO to N3LO 
 aN3LO αs(mZ) value stated is in agreement with the MSHT20 NNLO result and the world average within 
uncertainties 
 PDFs include an estimation for missing N3LO contributions (the leading theoretical uncertainty) and 
implicitly some MHOU beyond this within their PDF uncertainties. Due to this factorisation scale 
variations are no longer necessary in calculations involving aN3LO PDFs Falcioni, Herzog, Moch, Vogt [2023]

� order PDF order � +��+ ���� (pb) � (pb) + ��+ ���� (%)
PDF uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 0.545 45.296 + 1.60%� 1.22%
aN3LO (Hij +Kij) 45.296 + 0.832� 0.755 45.296 + 1.84%� 1.67%

aN3LO (H 0
ij
) 45.296 + 0.821� 0.761 45.296 + 1.81%� 1.68%

NNLO 47.817 + 0.558� 0.581 47.817 + 1.17%� 1.22%
NNLO NNLO 46.206 + 0.541� 0.564 46.206 + 1.17%� 1.22%

PDF + Scale uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 1.851 45.296 + 1.60%� 4.09%
aN3LO (Hij +Kij) 45.296 + 0.832� 1.923 45.296 + 1.84%� 4.25%

aN3LO (H 0
ij
) 45.296 + 0.821� 1.926 45.296 + 1.81%� 4.25%

NNLO 47.817 + 0.577� 2.210 47.817 + 1.21%� 4.62%
NNLO NNLO 46.206 + 4.284� 5.414 46.206 + 9.27%� 11.72%

Table 14: Higgs production cross section results via gluon fusion (with
p
s = 13 TeV) using N3LO

and NNLO hard cross sections combined with NNLO and aN3LO PDFs. All PDFs are at the standard
choice ↵s(mZ) = 0.118. These results are found with µ = mH/2 unless stated otherwise, with the
values for µ = mH supplied in Table D.1.

analysis to include results for N3LO DY [63] and approximate N3LO top production [66] cross

sections.

Note that in this Section we follow the notation used previously and denote the aN3LO

results with decorrelated K-factors as (Hij +Kij)�1 and those with correlated K-factors with

H
0 �1

ij
. In all cases, scale variations are found via the 9-point prescription [11] for results with

NNLO PDFs. Whereas for aN3LO PDFs, although the extra information introduced is at

N3LO, the data (and therefore all relevant theory nuisance parameters) which are included

in the global fit are sensitive to all orders. In particular, we include theoretical uncertainties

into our aN3LO fit which incorporate MHO e↵ects on the PDFs. Therefore we argue (and

in these cases demonstrate) that the factorisation scale variation is contained within the PDF

uncertainties. Due to this, it is only the renormalisation scale which requires variation in

predictions involving aN3LO PDFs23.

9.1 Higgs Production – Gluon Fusion: gg ! H

Table 14 and Fig. 48 (left) show predictions at a central scale of µ = µf = µr = mH/2 for

the Higgs production cross section via gluon fusion24 at the LHC for
p
s = 13 TeV, where

mH = 125 GeV is the Higgs mass and no fiducial cuts are applied. Fig. 48 (right) displays the

same analysis for the gluon fusion cross section with µ = µf = µr = mH (numerical results

provided in Table D.1).

23This is to quantify the theoretical MHOU in the hard cross section, whereas the aN3LO PDFs now come
with an estimated MHOU.

24Results are obtained with the code ggHiggs [67–76,155].
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Theoretical calculations

Cuales son las que tenemos y cuales faltan?


Scattering amplitudes - the frontier at NNLO and beyond
NEW All Two-Loop Feynman Integrals for Five-Point One-Mass Scattering
Relevant for H/Z/W production in association with two jets at NNLO, or in association with one jet at N3LO or H/Z/W at N4LO

Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia [2023]

2

nar penta-box (PB) families, three non-planar hexa-box
(HB) families and two non-planar double-pentagon (DP)
families that we depict in fig. 1, as well as a factorizable
planar topology. The factorizable, PB and HB families
have already been studied in the literature [2, 6, 8–10].
Here we define the DP families. Integrals in these families
can generically be written as

I[~⌫] = e2✏�E

Z
dD`1
i⇡D/2

dD`2
i⇡D/2

⇢�⌫9
9 ⇢�⌫10

10 ⇢�⌫11
11

⇢⌫1
1 · · · ⇢⌫8

8

, (1)

where we set D = 4�2✏, and ~⌫ is a vector of integers with
the restriction that ⌫9, ⌫10, ⌫11  0. Explicit expressions
for the ⇢i are given in ancillary files [50].

There are six independent variables sij = (pi + pj)2,
which we choose to be

~s = {p2
1 , s12 , s23 , s34 , s45 , s15} . (2)

Together with the parity-odd object

tr5 = 4i"↵��� p↵1 p�2p�3p�4 , (3)

they fully specify a point in the five-particle phase space.
Singularities of Feynman integrals are located at zeroes
of certain determinants, see e.g. refs. [51–55]. Three cases
play a special role here: the three and five-point Gram
determinants

�3 = � det G(p1, p2 + p3) ,

�5 = det G(p1, p2, p3, p4) ,
(4)

where G(q1, . . . , qn) = 2{qi · qj}i,j2{1,...,n}, and the poly-
nomial [9]

⌃5 = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2

� 4s23s34s45(s34 � s12 � s15) .
(5)

While �5 = tr25, relating tr5 to
p

�5 precisely is a subtle
issue. We adopt the convention of ref. [9] to only use
p

�5 in the pure integrals’ definitions.
Fig. 1 shows a fixed ordering of the massless legs, but

we consider the set of integrals closed under all permu-
tations of these legs. While �5 is invariant under these
permutations, there are three di↵erent permutations of

�3, denoted �(k)
3 , and six di↵erent permutations of ⌃5,

denoted by ⌃(k)
5 . Expressions for the �(k)

3 , ⌃(k)
5 and �5

are given in ancillary files [50].

Analytic Di↵erential Equations

We follow refs. [3, 4, 6, 9], where analytic DEs [14–
18] in canonical form [19] are obtained from numerical
samples. We focus on the DPmz and DPzz families, for
which we obtain canonical DEs for the first time. Any
integral in the DPmz (DPzz) family can be written as a

1
5

4
2

3

`1`2

(a) PBmzz

5
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3
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2

`1`2

(b) PBzmz

2
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(c) PBzzz
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FIG. 1: Two-loop five-point one-mass families. The
thick external line denotes the massive external leg.

linear combination of 142 (179) master integrals. The top
sectors, with 8 propagators and 9 master integrals each,
were previously unknown. All integration-by-parts (IBP)
reductions [56–58] are performed within FiniteFlow [59]
(interfaced to LiteRed [60, 61]), and checked with Kira
2.0 [62] and FIRE6 [63].

Let ~g⌧ denote a vector whose entries form a pure [13]
basis of master integrals for a family of integrals ⌧ . It
satisfies a DE in canonical form [19]

d~g⌧ = ✏M · ~g⌧ , M =
X

i

Mi d log Wi , (6)

where the Wi are the letters of the (symbol) alphabet [33]
associated with ~g⌧ . While the Wi are algebraic functions
of ~s, the matrices Mi are matrices of rational numbers.
Finding a pure basis is still the most challenging aspect in
obtaining DEs in canonical form. We construct educated
guesses for pure bases building on the ideas of refs. [4–
6, 9], and test candidate bases by evaluating their deriva-
tives at numerical points and verifying the factorization
of ✏. Once a pure basis is found, we follow the steps in
section 4 of ref. [6] to determine that the alphabet for the
DPmz and DPzz families is contained within the one ob-
tained in ref. [9]. DPmz and DPzz have 62 and 74 letters
respectively. As in ref. [6], we fit the matrices Mi from
numerical evaluations on a finite field. Our results for the
pure bases, the alphabet (closed under all permutations
of the massless legs), and the analytic DEs can be found
in ancillary files [50]. Some pure integrals were simplified
with ideas from ref. [64].

Construction of One-Mass Pentagon Functions

The (one-mass) pentagon functions are a basis of spe-
cial functions to express all one- and two-loop five-point
integrals with an external massive leg, up to the order

 Two-Loop Helicity Amplitudes for Diphoton Plus Jet Production in Full Color
Relevant for 𝛄𝛄 production in association with one jet at NNLO, or 𝛄𝛄 production at N3LO

Agarwal, Buccioni, von Manteuffel, Tancredi [2021]

NEW Planar three-loop QCD helicity amplitudes for V +jet production at hadron colliders
Relevant for Z/W/𝛄* production in association with one jet at N3LO or Z/W/𝛄* at N4LO

3

(a) N3 (b) N2Nf

(c) NN2
f

FIG. 1: Representative three-loop planar diagrams
which contribute to the three leading color layers.

of three in N and Nf and they correspond to ⌦j with
j = 1, 5, 8, 10. Importantly, the leading color factors only
receive contribution from planar diagrams, see Figure 1
for example diagrams. The contributions proportional to
N2

fNf,V vanish by Furry’s theorem. Eq. (12) is also valid
for any helicity amplitude coe�cient – bare, renormalized
or IR subtracted.

In the following, we fix the renormalization scale in
⌦ as µ2 = q2. The full scale dependence can then be
recovered through

⌦(3)(µ) =

✓
5

16
�3
0L(µ)

3 + �0�1L(µ)
2 +

1

2
�2L(µ)

◆
⌦(0)

+

✓
15

8
�2
0L(µ)

2 +
3

2
�1L(µ)

◆
⌦(1)

+
5

2
�0L(µ)⌦

(2) + ⌦(3) (13)

with L(µ) = log
�
µ2/q2

�
.

The helicity amplitudes for the decay of a Standard
Model vector boson V can finally be related to the he-
licity amplitudes obtained above by dressing with the
appropriate electroweak couplings

M
V
�q2�3�l5

=�
i
p
4⇡↵s(4⇡↵)LV

l5l6
LV
q1q2

D(p256,m
2
V )

⇥ Ta
ij M�q2�3�l5

, (14)

where p56 = p5 + p6, the vector boson propagator reads

D
�
q2,m2

V

�
= q2 �m2

V + i�V mV (15)

and the couplings for the bosons V = Z,W±, �⇤ are

L�
f1f2

= �ef1�f1f2 , (16)

LZ
f1f2 =

If13 � sin2 ✓wef1
sin ✓w cos ✓w

�f1f2 , (17)

LW
f1f2 =

✏f1,f2
p
2 sin ✓w

. (18)

In the formulas above, ↵ is the electroweak coupling con-
stant, ✓w is the Weinberg angle, I3 = ±1/2 is the third
component of the weak isospin and the charges ei are
measured in terms of the fundamental electric charge
e > 0. Moreover, ✏f1,f2 = 1 if f1 6= f2 but belonging
to the same isospin doublet, and zero otherwise.
In order to compute the (unrenormalized) corrections

to the helicity amplitude coe�cient, we use the same
unified workflow as for the tree-level, one- and two-loop
amplitudes for V qq̄g [14], whose agreement with older
results in the literature up to the finite part in ✏ pro-
vides an additional check on our method. In summary,
the relevant three-loop diagrams are generated using
QGRAF [32] and every manipulation including inser-
tion of Feynman rules, evaluation of Dirac and Lorentz
algebra and application of the projectors are performed
in FORM [33]. Once the helicity projectors have been
applied, all Feynman diagrams are expressed in terms of
scalar integrals, which can be written in terms of a single
planar auxilliary topology of the form

In1,...,n15 = e3�E✏

Z 3Y

i=1

ddki
i⇡d/2

1

Dn1
1 ...Dn15

15

(19)

with �E = 0.5772 . . . the Euler constant and propagators

D1 = k1 D6 = k3 � p1 D11 = k2 � p123
D2 = k2 D7 = k1 � p12 D12 = k3 � p123
D3 = k3 D8 = k2 � p12 D13 = k1 � k2
D4 = k1 � p1 D9 = k3 � p12 D14 = k1 � k3
D5 = k2 � p1 D10 = k1 � p123 D15 = k2 � k3

with pij(k) = pi + pj(+pk). The integrals can be re-
duced to a set of master integrals using integration-by-
parts (IBP) identities [34, 35]. For the actual reduction,
we use the implementation of the Laporta algorithm [36]
in the automated code Kira2 [37, 38] and express all
integrals directly in terms of the canonical basis for the
three-loop planar topology defined in [25]. Here it was
shown that, in line with the one- and two-loop results, the
three-loop planar integrals can be evaluated to arbitrary
orders in the dimensional regularization parameter ✏ in
terms of multiple polylogarithms (MPLs) [15, 19, 39, 40]
with alphabet {y, z, 1� y, 1� z, y + z, 1� y � z}.

The amplitude before reduction can be expressed in
terms of 95625 scalar integrals, which in turn are reduced
to 291 canonical basis elements and their crossings. The
size and complexity of intermediate expressions makes

Gehrmann, Jakubcık, Mella, Syrrakos, Tancredi [2023]

Three-loop helicity amplitudes for diphoton production in gluon fusion
Relevant for 𝛄𝛄 production at N3LO

Bargiela, Caola, von Manteuffel, Tancredi [2021]

Quark and Gluon Form Factors in Four-Loop QCD
Relevant for H/Z/W/𝛄* at N4LO

Lee, von Manteuffel, Schabinger, Smirnov, Smirnov, Steinhauser [2022]
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FIG. 1. Sample Feynman diagrams and color factors for the non-fermionic contributions to Fg and Fq at four-loop order.
Straight and curly lines denote quarks and gluons, respectively. Both planar and non-planar diagrams contribute.

been computed in [39, 40]. For Fq and Fg, all corrections
with three or two closed fermion loops have been calcu-
lated in [41, 42], respectively, including also the singlet
contributions. The complete set of poles of Fq and Fg

in the dimensional regulator has been obtained through
direct diagrammatic evaluation in [43]. Finally, the com-
plete fermionic corrections to Fq and Fg have been com-
puted in Ref. [35].

Calculation. The calculation of the four-loop form
factors presents two major challenges. The first one
is connected to a minimal representation of the form
factors. After generating the Feynman diagrams with
Qgraf [44], we apply the projectors and perform the
numerator and color algebra with Form 4 [45] and
Color.h [46]. In this way, we can write the form fac-
tors as a linear combination of a large number of scalar
Feynman integrals, each belonging to one of 100 twelve-
line top-level topologies or a subtopology thereof. Fixing
the twelve propagators and six irreducible numerators of
its top-level topology, a scalar integral can be described
by eighteen integers indicating the exponents of the prop-
agators and numerators. By choosing the irreducible nu-
merators as suitably defined inverse propagators, all top-
level topologies can be described in terms of the ten com-
plete sets of denominators described in [47]. Integration-
by-parts (IBP) reductions [48–50] systematically estab-
lish linear relations between the integrals, allowing us to

express the form factors as a linear combination of a min-
imal set of so-called master integrals. For our calculation
we use the setup described in [40] based on the program
Reduze 2 [51] and the in-house code Finred, employing
techniques from [52–58].

The second challenge is the computation of the mas-
ter integrals. Here we follow two complementary ap-
proaches. The first one is based on the construction of
finite master integrals [33, 59, 60], in d0 − 2ε dimensions
where d0 = 4, 6, . . .. Provided a linearly reducible [61, 62]
Feynman parametric representation can be found, the ε
expansions of such master integrals may be computed
analytically using the program HyperInt [63]. The di-
mensionally shifted integrals can be related to master
integrals in 4 − 2ε dimensions using IBP relations de-
rived with first- and second-order annihilators in the Lee-
Pomeransky representation [64]. We wish to point out
that in this approach, the integration can be performed
at the level of individual integrals. In practice, evaluating
higher orders of the ε expansion gets ever more demand-
ing due to the rise in algebraic complexity. To determine
the form factors Fq and Fg, we computed a number of
integrals to transcendental weight eight in this approach,
including computationally demanding non-planar inte-
grals with twelve different propagators. For one such
irreducible topology with a single twelve-line master in-
tegral we find

(6−2ε)

=
(

−
119

48
ζ7 −

5

6
ζ5ζ2 −

53

10
ζ3ζ

2
2 + 3 ζ23 +

79

42
ζ32 +

25

6
ζ5 −

5

3
ζ3ζ2 +

1

15
ζ22 + 2 ζ3

)

+ ε
(

−
991

30
ζ5,3 −

323

2
ζ5ζ3

−
81

2
ζ23 ζ2 +

127223

31500
ζ42 −

2827

24
ζ7 +

73

6
ζ5ζ2 − 14 ζ3ζ

2
2 +

41

3
ζ23 +

1696

315
ζ32 +

401

3
ζ5 +

206

3
ζ3ζ2 +

23

15
ζ22 + 14 ζ3

)

+O(ε2)

(3)

in the conventions of Ref. [65]. In particular, the integral
is defined in 6 − 2ε and each dot indicates a squared
propagator. We would like to mention that no integral in
this topology was needed for the calculation of the N = 4
Sudakov form factor [47]. Our result above is expressed

in terms of regular zeta values, ζn (n = 2, . . . , 7), and

ζ5,3 =
∞
∑

m=1

m−1
∑

n=1

1

m5n3
≈ 0.0377076729848 (4)

is the only multiple zeta value involved.
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FIG. 1. Sample Feynman diagrams and color factors for the non-fermionic contributions to Fg and Fq at four-loop order.
Straight and curly lines denote quarks and gluons, respectively. Both planar and non-planar diagrams contribute.

been computed in [39, 40]. For Fq and Fg, all corrections
with three or two closed fermion loops have been calcu-
lated in [41, 42], respectively, including also the singlet
contributions. The complete set of poles of Fq and Fg

in the dimensional regulator has been obtained through
direct diagrammatic evaluation in [43]. Finally, the com-
plete fermionic corrections to Fq and Fg have been com-
puted in Ref. [35].

Calculation. The calculation of the four-loop form
factors presents two major challenges. The first one
is connected to a minimal representation of the form
factors. After generating the Feynman diagrams with
Qgraf [44], we apply the projectors and perform the
numerator and color algebra with Form 4 [45] and
Color.h [46]. In this way, we can write the form fac-
tors as a linear combination of a large number of scalar
Feynman integrals, each belonging to one of 100 twelve-
line top-level topologies or a subtopology thereof. Fixing
the twelve propagators and six irreducible numerators of
its top-level topology, a scalar integral can be described
by eighteen integers indicating the exponents of the prop-
agators and numerators. By choosing the irreducible nu-
merators as suitably defined inverse propagators, all top-
level topologies can be described in terms of the ten com-
plete sets of denominators described in [47]. Integration-
by-parts (IBP) reductions [48–50] systematically estab-
lish linear relations between the integrals, allowing us to

express the form factors as a linear combination of a min-
imal set of so-called master integrals. For our calculation
we use the setup described in [40] based on the program
Reduze 2 [51] and the in-house code Finred, employing
techniques from [52–58].

The second challenge is the computation of the mas-
ter integrals. Here we follow two complementary ap-
proaches. The first one is based on the construction of
finite master integrals [33, 59, 60], in d0 − 2ε dimensions
where d0 = 4, 6, . . .. Provided a linearly reducible [61, 62]
Feynman parametric representation can be found, the ε
expansions of such master integrals may be computed
analytically using the program HyperInt [63]. The di-
mensionally shifted integrals can be related to master
integrals in 4 − 2ε dimensions using IBP relations de-
rived with first- and second-order annihilators in the Lee-
Pomeransky representation [64]. We wish to point out
that in this approach, the integration can be performed
at the level of individual integrals. In practice, evaluating
higher orders of the ε expansion gets ever more demand-
ing due to the rise in algebraic complexity. To determine
the form factors Fq and Fg, we computed a number of
integrals to transcendental weight eight in this approach,
including computationally demanding non-planar inte-
grals with twelve different propagators. For one such
irreducible topology with a single twelve-line master in-
tegral we find
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=
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(3)

in the conventions of Ref. [65]. In particular, the integral
is defined in 6 − 2ε and each dot indicates a squared
propagator. We would like to mention that no integral in
this topology was needed for the calculation of the N = 4
Sudakov form factor [47]. Our result above is expressed

in terms of regular zeta values, ζn (n = 2, . . . , 7), and

ζ5,3 =
∞
∑

m=1

m−1
∑

n=1

1

m5n3
≈ 0.0377076729848 (4)

is the only multiple zeta value involved.

Three-loop helicity amplitudes for quark-gluon scattering in QCD
Relevant for jj at N3LO

Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi [2022]
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Figure 1. Sample three loop diagrams contributing to the process qq̄ → gg.

for λ = 1, . . . , 4, where Sε = (4π)εe−εγE . The normalization factor Sε absorbs constants in
the bare amplitude and matches the usual MS conventions in the renormalization of the
strong coupling performed below. In the expansion of the amplitude, H[i],(3)

λ is the three
loop contribution, which we compute here for the first time. We have also recomputed the
tree-level, one-loop and two-loop contributions using the form factor decomposition defined
in eq. (2.11).

We employ Qgraf [47] to produce Feynman diagrams and find 3 diagrams at tree level,
30 diagrams at one loop, 595 diagrams at two loops and 14971 at three loops. We give a few
representative samples of the three-loop diagrams contributing to the process in figure 1.

We use Form [48] to apply the Lorentz projectors of eq. (2.11) to the diagrams and
to perform the Dirac and color algebra. In this way, we obtain the form factors as linear
combinations of a large number (∼ 107) of scalar Feynman integrals with rational coefficients.
We parametrize the corresponding #-loop Feynman integrals according to

Itop
n1,n2,...,nN

= µ2$ε
0 e$εγE

∫ $∏

j=1

(
ddkj
iπ

d
2

)
1

Dn1
1 Dn2

2 . . . DnN
N

, (3.11)

where γE ≈ 0.5772 is Euler’s constant, µ0 is the scale of dimensional regularization, and
the denominators Dj are inverse propagators for the respective integral family “top”. More
details on the integral families can be found in ref. [32]. Using Reduze 2 [49, 50] and
Finred, an in-house implementation of the Laporta algorithm [51] based on finite field
arithmetic [52–55] and syzygy algorithms [56–61], we reduced these integrals to a linear
combination of 486 master integrals. Upon insertion of the recently computed solutions for
the master integrals [34, 44] we arrive at an analytical result for the helicity amplitudes in
terms of harmonic polylogarithms.

4 UV and IR subtractions

The bare helicity amplitudes (3.10) contain UV and IR divergences, which appear as poles
in the Laurent expansion in ε. The MS renormalized strong αs(µ) is defined through

ᾱs,b µ
2ε
0 Sε = ᾱs µ

2εZ[ᾱs] , (4.1)

– 6 –
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NEW All Two-Loop Feynman Integrals for Five-Point One-Mass Scattering
Relevant for H/Z/W production in association with two jets at NNLO, or in association with one jet at N3LO or H/Z/W at N4LO

Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia [2023]

2

nar penta-box (PB) families, three non-planar hexa-box
(HB) families and two non-planar double-pentagon (DP)
families that we depict in fig. 1, as well as a factorizable
planar topology. The factorizable, PB and HB families
have already been studied in the literature [2, 6, 8–10].
Here we define the DP families. Integrals in these families
can generically be written as

I[~⌫] = e2✏�E

Z
dD`1
i⇡D/2

dD`2
i⇡D/2

⇢�⌫9
9 ⇢�⌫10

10 ⇢�⌫11
11

⇢⌫1
1 · · · ⇢⌫8

8

, (1)

where we set D = 4�2✏, and ~⌫ is a vector of integers with
the restriction that ⌫9, ⌫10, ⌫11  0. Explicit expressions
for the ⇢i are given in ancillary files [50].

There are six independent variables sij = (pi + pj)2,
which we choose to be

~s = {p2
1 , s12 , s23 , s34 , s45 , s15} . (2)

Together with the parity-odd object

tr5 = 4i"↵��� p↵1 p�2p�3p�4 , (3)

they fully specify a point in the five-particle phase space.
Singularities of Feynman integrals are located at zeroes
of certain determinants, see e.g. refs. [51–55]. Three cases
play a special role here: the three and five-point Gram
determinants

�3 = � det G(p1, p2 + p3) ,

�5 = det G(p1, p2, p3, p4) ,
(4)

where G(q1, . . . , qn) = 2{qi · qj}i,j2{1,...,n}, and the poly-
nomial [9]

⌃5 = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2

� 4s23s34s45(s34 � s12 � s15) .
(5)

While �5 = tr25, relating tr5 to
p

�5 precisely is a subtle
issue. We adopt the convention of ref. [9] to only use
p

�5 in the pure integrals’ definitions.
Fig. 1 shows a fixed ordering of the massless legs, but

we consider the set of integrals closed under all permu-
tations of these legs. While �5 is invariant under these
permutations, there are three di↵erent permutations of

�3, denoted �(k)
3 , and six di↵erent permutations of ⌃5,

denoted by ⌃(k)
5 . Expressions for the �(k)

3 , ⌃(k)
5 and �5

are given in ancillary files [50].

Analytic Di↵erential Equations

We follow refs. [3, 4, 6, 9], where analytic DEs [14–
18] in canonical form [19] are obtained from numerical
samples. We focus on the DPmz and DPzz families, for
which we obtain canonical DEs for the first time. Any
integral in the DPmz (DPzz) family can be written as a

1
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FIG. 1: Two-loop five-point one-mass families. The
thick external line denotes the massive external leg.

linear combination of 142 (179) master integrals. The top
sectors, with 8 propagators and 9 master integrals each,
were previously unknown. All integration-by-parts (IBP)
reductions [56–58] are performed within FiniteFlow [59]
(interfaced to LiteRed [60, 61]), and checked with Kira
2.0 [62] and FIRE6 [63].

Let ~g⌧ denote a vector whose entries form a pure [13]
basis of master integrals for a family of integrals ⌧ . It
satisfies a DE in canonical form [19]

d~g⌧ = ✏M · ~g⌧ , M =
X

i

Mi d log Wi , (6)

where the Wi are the letters of the (symbol) alphabet [33]
associated with ~g⌧ . While the Wi are algebraic functions
of ~s, the matrices Mi are matrices of rational numbers.
Finding a pure basis is still the most challenging aspect in
obtaining DEs in canonical form. We construct educated
guesses for pure bases building on the ideas of refs. [4–
6, 9], and test candidate bases by evaluating their deriva-
tives at numerical points and verifying the factorization
of ✏. Once a pure basis is found, we follow the steps in
section 4 of ref. [6] to determine that the alphabet for the
DPmz and DPzz families is contained within the one ob-
tained in ref. [9]. DPmz and DPzz have 62 and 74 letters
respectively. As in ref. [6], we fit the matrices Mi from
numerical evaluations on a finite field. Our results for the
pure bases, the alphabet (closed under all permutations
of the massless legs), and the analytic DEs can be found
in ancillary files [50]. Some pure integrals were simplified
with ideas from ref. [64].

Construction of One-Mass Pentagon Functions

The (one-mass) pentagon functions are a basis of spe-
cial functions to express all one- and two-loop five-point
integrals with an external massive leg, up to the order

 Two-Loop Helicity Amplitudes for Diphoton Plus Jet Production in Full Color
Relevant for 𝛄𝛄 production in association with one jet at NNLO, or 𝛄𝛄 production at N3LO

Agarwal, Buccioni, von Manteuffel, Tancredi [2021]

NEW Planar three-loop QCD helicity amplitudes for V +jet production at hadron colliders
Relevant for Z/W/𝛄* production in association with one jet at N3LO or Z/W/𝛄* at N4LO
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FIG. 1: Representative three-loop planar diagrams
which contribute to the three leading color layers.

of three in N and Nf and they correspond to ⌦j with
j = 1, 5, 8, 10. Importantly, the leading color factors only
receive contribution from planar diagrams, see Figure 1
for example diagrams. The contributions proportional to
N2

fNf,V vanish by Furry’s theorem. Eq. (12) is also valid
for any helicity amplitude coe�cient – bare, renormalized
or IR subtracted.

In the following, we fix the renormalization scale in
⌦ as µ2 = q2. The full scale dependence can then be
recovered through

⌦(3)(µ) =

✓
5

16
�3
0L(µ)

3 + �0�1L(µ)
2 +

1

2
�2L(µ)

◆
⌦(0)

+

✓
15

8
�2
0L(µ)

2 +
3

2
�1L(µ)

◆
⌦(1)

+
5

2
�0L(µ)⌦

(2) + ⌦(3) (13)

with L(µ) = log
�
µ2/q2

�
.

The helicity amplitudes for the decay of a Standard
Model vector boson V can finally be related to the he-
licity amplitudes obtained above by dressing with the
appropriate electroweak couplings

M
V
�q2�3�l5

=�
i
p
4⇡↵s(4⇡↵)LV

l5l6
LV
q1q2

D(p256,m
2
V )

⇥ Ta
ij M�q2�3�l5

, (14)

where p56 = p5 + p6, the vector boson propagator reads

D
�
q2,m2

V

�
= q2 �m2

V + i�V mV (15)

and the couplings for the bosons V = Z,W±, �⇤ are

L�
f1f2

= �ef1�f1f2 , (16)

LZ
f1f2 =

If13 � sin2 ✓wef1
sin ✓w cos ✓w

�f1f2 , (17)

LW
f1f2 =

✏f1,f2
p
2 sin ✓w

. (18)

In the formulas above, ↵ is the electroweak coupling con-
stant, ✓w is the Weinberg angle, I3 = ±1/2 is the third
component of the weak isospin and the charges ei are
measured in terms of the fundamental electric charge
e > 0. Moreover, ✏f1,f2 = 1 if f1 6= f2 but belonging
to the same isospin doublet, and zero otherwise.
In order to compute the (unrenormalized) corrections

to the helicity amplitude coe�cient, we use the same
unified workflow as for the tree-level, one- and two-loop
amplitudes for V qq̄g [14], whose agreement with older
results in the literature up to the finite part in ✏ pro-
vides an additional check on our method. In summary,
the relevant three-loop diagrams are generated using
QGRAF [32] and every manipulation including inser-
tion of Feynman rules, evaluation of Dirac and Lorentz
algebra and application of the projectors are performed
in FORM [33]. Once the helicity projectors have been
applied, all Feynman diagrams are expressed in terms of
scalar integrals, which can be written in terms of a single
planar auxilliary topology of the form

In1,...,n15 = e3�E✏

Z 3Y

i=1

ddki
i⇡d/2

1

Dn1
1 ...Dn15

15

(19)

with �E = 0.5772 . . . the Euler constant and propagators

D1 = k1 D6 = k3 � p1 D11 = k2 � p123
D2 = k2 D7 = k1 � p12 D12 = k3 � p123
D3 = k3 D8 = k2 � p12 D13 = k1 � k2
D4 = k1 � p1 D9 = k3 � p12 D14 = k1 � k3
D5 = k2 � p1 D10 = k1 � p123 D15 = k2 � k3

with pij(k) = pi + pj(+pk). The integrals can be re-
duced to a set of master integrals using integration-by-
parts (IBP) identities [34, 35]. For the actual reduction,
we use the implementation of the Laporta algorithm [36]
in the automated code Kira2 [37, 38] and express all
integrals directly in terms of the canonical basis for the
three-loop planar topology defined in [25]. Here it was
shown that, in line with the one- and two-loop results, the
three-loop planar integrals can be evaluated to arbitrary
orders in the dimensional regularization parameter ✏ in
terms of multiple polylogarithms (MPLs) [15, 19, 39, 40]
with alphabet {y, z, 1� y, 1� z, y + z, 1� y � z}.

The amplitude before reduction can be expressed in
terms of 95625 scalar integrals, which in turn are reduced
to 291 canonical basis elements and their crossings. The
size and complexity of intermediate expressions makes

Gehrmann, Jakubcık, Mella, Syrrakos, Tancredi [2023]

Three-loop helicity amplitudes for diphoton production in gluon fusion
Relevant for 𝛄𝛄 production at N3LO

Bargiela, Caola, von Manteuffel, Tancredi [2021]

Quark and Gluon Form Factors in Four-Loop QCD
Relevant for H/Z/W/𝛄* at N4LO

Lee, von Manteuffel, Schabinger, Smirnov, Smirnov, Steinhauser [2022]
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FIG. 1. Sample Feynman diagrams and color factors for the non-fermionic contributions to Fg and Fq at four-loop order.
Straight and curly lines denote quarks and gluons, respectively. Both planar and non-planar diagrams contribute.

been computed in [39, 40]. For Fq and Fg, all corrections
with three or two closed fermion loops have been calcu-
lated in [41, 42], respectively, including also the singlet
contributions. The complete set of poles of Fq and Fg

in the dimensional regulator has been obtained through
direct diagrammatic evaluation in [43]. Finally, the com-
plete fermionic corrections to Fq and Fg have been com-
puted in Ref. [35].

Calculation. The calculation of the four-loop form
factors presents two major challenges. The first one
is connected to a minimal representation of the form
factors. After generating the Feynman diagrams with
Qgraf [44], we apply the projectors and perform the
numerator and color algebra with Form 4 [45] and
Color.h [46]. In this way, we can write the form fac-
tors as a linear combination of a large number of scalar
Feynman integrals, each belonging to one of 100 twelve-
line top-level topologies or a subtopology thereof. Fixing
the twelve propagators and six irreducible numerators of
its top-level topology, a scalar integral can be described
by eighteen integers indicating the exponents of the prop-
agators and numerators. By choosing the irreducible nu-
merators as suitably defined inverse propagators, all top-
level topologies can be described in terms of the ten com-
plete sets of denominators described in [47]. Integration-
by-parts (IBP) reductions [48–50] systematically estab-
lish linear relations between the integrals, allowing us to

express the form factors as a linear combination of a min-
imal set of so-called master integrals. For our calculation
we use the setup described in [40] based on the program
Reduze 2 [51] and the in-house code Finred, employing
techniques from [52–58].

The second challenge is the computation of the mas-
ter integrals. Here we follow two complementary ap-
proaches. The first one is based on the construction of
finite master integrals [33, 59, 60], in d0 − 2ε dimensions
where d0 = 4, 6, . . .. Provided a linearly reducible [61, 62]
Feynman parametric representation can be found, the ε
expansions of such master integrals may be computed
analytically using the program HyperInt [63]. The di-
mensionally shifted integrals can be related to master
integrals in 4 − 2ε dimensions using IBP relations de-
rived with first- and second-order annihilators in the Lee-
Pomeransky representation [64]. We wish to point out
that in this approach, the integration can be performed
at the level of individual integrals. In practice, evaluating
higher orders of the ε expansion gets ever more demand-
ing due to the rise in algebraic complexity. To determine
the form factors Fq and Fg, we computed a number of
integrals to transcendental weight eight in this approach,
including computationally demanding non-planar inte-
grals with twelve different propagators. For one such
irreducible topology with a single twelve-line master in-
tegral we find

(6−2ε)

=
(

−
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48
ζ7 −

5

6
ζ5ζ2 −

53

10
ζ3ζ

2
2 + 3 ζ23 +
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)

+O(ε2)

(3)

in the conventions of Ref. [65]. In particular, the integral
is defined in 6 − 2ε and each dot indicates a squared
propagator. We would like to mention that no integral in
this topology was needed for the calculation of the N = 4
Sudakov form factor [47]. Our result above is expressed

in terms of regular zeta values, ζn (n = 2, . . . , 7), and

ζ5,3 =
∞
∑

m=1

m−1
∑

n=1

1

m5n3
≈ 0.0377076729848 (4)

is the only multiple zeta value involved.
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FIG. 1. Sample Feynman diagrams and color factors for the non-fermionic contributions to Fg and Fq at four-loop order.
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been computed in [39, 40]. For Fq and Fg, all corrections
with three or two closed fermion loops have been calcu-
lated in [41, 42], respectively, including also the singlet
contributions. The complete set of poles of Fq and Fg

in the dimensional regulator has been obtained through
direct diagrammatic evaluation in [43]. Finally, the com-
plete fermionic corrections to Fq and Fg have been com-
puted in Ref. [35].

Calculation. The calculation of the four-loop form
factors presents two major challenges. The first one
is connected to a minimal representation of the form
factors. After generating the Feynman diagrams with
Qgraf [44], we apply the projectors and perform the
numerator and color algebra with Form 4 [45] and
Color.h [46]. In this way, we can write the form fac-
tors as a linear combination of a large number of scalar
Feynman integrals, each belonging to one of 100 twelve-
line top-level topologies or a subtopology thereof. Fixing
the twelve propagators and six irreducible numerators of
its top-level topology, a scalar integral can be described
by eighteen integers indicating the exponents of the prop-
agators and numerators. By choosing the irreducible nu-
merators as suitably defined inverse propagators, all top-
level topologies can be described in terms of the ten com-
plete sets of denominators described in [47]. Integration-
by-parts (IBP) reductions [48–50] systematically estab-
lish linear relations between the integrals, allowing us to

express the form factors as a linear combination of a min-
imal set of so-called master integrals. For our calculation
we use the setup described in [40] based on the program
Reduze 2 [51] and the in-house code Finred, employing
techniques from [52–58].

The second challenge is the computation of the mas-
ter integrals. Here we follow two complementary ap-
proaches. The first one is based on the construction of
finite master integrals [33, 59, 60], in d0 − 2ε dimensions
where d0 = 4, 6, . . .. Provided a linearly reducible [61, 62]
Feynman parametric representation can be found, the ε
expansions of such master integrals may be computed
analytically using the program HyperInt [63]. The di-
mensionally shifted integrals can be related to master
integrals in 4 − 2ε dimensions using IBP relations de-
rived with first- and second-order annihilators in the Lee-
Pomeransky representation [64]. We wish to point out
that in this approach, the integration can be performed
at the level of individual integrals. In practice, evaluating
higher orders of the ε expansion gets ever more demand-
ing due to the rise in algebraic complexity. To determine
the form factors Fq and Fg, we computed a number of
integrals to transcendental weight eight in this approach,
including computationally demanding non-planar inte-
grals with twelve different propagators. For one such
irreducible topology with a single twelve-line master in-
tegral we find
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in the conventions of Ref. [65]. In particular, the integral
is defined in 6 − 2ε and each dot indicates a squared
propagator. We would like to mention that no integral in
this topology was needed for the calculation of the N = 4
Sudakov form factor [47]. Our result above is expressed

in terms of regular zeta values, ζn (n = 2, . . . , 7), and

ζ5,3 =
∞
∑

m=1

m−1
∑

n=1

1

m5n3
≈ 0.0377076729848 (4)

is the only multiple zeta value involved.

Frontier at two-loop: 2->3 with one external massive particle 
Frontier at three-loop: 2->2, planar 2->2 with one external massive particle 
Frontier at four-loop: 2->1

Three-loop helicity amplitudes for quark-gluon scattering in QCD
Relevant for jj at N3LO

Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi [2022]
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Figure 1. Sample three loop diagrams contributing to the process qq̄ → gg.

for λ = 1, . . . , 4, where Sε = (4π)εe−εγE . The normalization factor Sε absorbs constants in
the bare amplitude and matches the usual MS conventions in the renormalization of the
strong coupling performed below. In the expansion of the amplitude, H[i],(3)

λ is the three
loop contribution, which we compute here for the first time. We have also recomputed the
tree-level, one-loop and two-loop contributions using the form factor decomposition defined
in eq. (2.11).

We employ Qgraf [47] to produce Feynman diagrams and find 3 diagrams at tree level,
30 diagrams at one loop, 595 diagrams at two loops and 14971 at three loops. We give a few
representative samples of the three-loop diagrams contributing to the process in figure 1.

We use Form [48] to apply the Lorentz projectors of eq. (2.11) to the diagrams and
to perform the Dirac and color algebra. In this way, we obtain the form factors as linear
combinations of a large number (∼ 107) of scalar Feynman integrals with rational coefficients.
We parametrize the corresponding #-loop Feynman integrals according to

Itop
n1,n2,...,nN

= µ2$ε
0 e$εγE

∫ $∏

j=1

(
ddkj
iπ

d
2

)
1

Dn1
1 Dn2

2 . . . DnN
N

, (3.11)

where γE ≈ 0.5772 is Euler’s constant, µ0 is the scale of dimensional regularization, and
the denominators Dj are inverse propagators for the respective integral family “top”. More
details on the integral families can be found in ref. [32]. Using Reduze 2 [49, 50] and
Finred, an in-house implementation of the Laporta algorithm [51] based on finite field
arithmetic [52–55] and syzygy algorithms [56–61], we reduced these integrals to a linear
combination of 486 master integrals. Upon insertion of the recently computed solutions for
the master integrals [34, 44] we arrive at an analytical result for the helicity amplitudes in
terms of harmonic polylogarithms.

4 UV and IR subtractions

The bare helicity amplitudes (3.10) contain UV and IR divergences, which appear as poles
in the Laurent expansion in ε. The MS renormalized strong αs(µ) is defined through

ᾱs,b µ
2ε
0 Sε = ᾱs µ

2εZ[ᾱs] , (4.1)

– 6 –

All scattering amplitudes available for 𝛄𝛄 at N3LO 
All scattering amplitudes available for jj at N3LO



L International Meeting on Fundamental Physics and XV CPAN days     Leandro Cieri 38

Theoretical calculations

Cuales son las que tenemos y cuales faltan?


Scattering amplitudes - the frontier at NNLO and beyond
NEW All Two-Loop Feynman Integrals for Five-Point One-Mass Scattering
Relevant for H/Z/W production in association with two jets at NNLO, or in association with one jet at N3LO or H/Z/W at N4LO

Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia [2023]

2

nar penta-box (PB) families, three non-planar hexa-box
(HB) families and two non-planar double-pentagon (DP)
families that we depict in fig. 1, as well as a factorizable
planar topology. The factorizable, PB and HB families
have already been studied in the literature [2, 6, 8–10].
Here we define the DP families. Integrals in these families
can generically be written as

I[~⌫] = e2✏�E

Z
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⇢�⌫9
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, (1)

where we set D = 4�2✏, and ~⌫ is a vector of integers with
the restriction that ⌫9, ⌫10, ⌫11  0. Explicit expressions
for the ⇢i are given in ancillary files [50].

There are six independent variables sij = (pi + pj)2,
which we choose to be

~s = {p2
1 , s12 , s23 , s34 , s45 , s15} . (2)

Together with the parity-odd object

tr5 = 4i"↵��� p↵1 p�2p�3p�4 , (3)

they fully specify a point in the five-particle phase space.
Singularities of Feynman integrals are located at zeroes
of certain determinants, see e.g. refs. [51–55]. Three cases
play a special role here: the three and five-point Gram
determinants

�3 = � det G(p1, p2 + p3) ,

�5 = det G(p1, p2, p3, p4) ,
(4)

where G(q1, . . . , qn) = 2{qi · qj}i,j2{1,...,n}, and the poly-
nomial [9]

⌃5 = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2

� 4s23s34s45(s34 � s12 � s15) .
(5)

While �5 = tr25, relating tr5 to
p

�5 precisely is a subtle
issue. We adopt the convention of ref. [9] to only use
p

�5 in the pure integrals’ definitions.
Fig. 1 shows a fixed ordering of the massless legs, but

we consider the set of integrals closed under all permu-
tations of these legs. While �5 is invariant under these
permutations, there are three di↵erent permutations of

�3, denoted �(k)
3 , and six di↵erent permutations of ⌃5,

denoted by ⌃(k)
5 . Expressions for the �(k)

3 , ⌃(k)
5 and �5

are given in ancillary files [50].

Analytic Di↵erential Equations

We follow refs. [3, 4, 6, 9], where analytic DEs [14–
18] in canonical form [19] are obtained from numerical
samples. We focus on the DPmz and DPzz families, for
which we obtain canonical DEs for the first time. Any
integral in the DPmz (DPzz) family can be written as a
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FIG. 1: Two-loop five-point one-mass families. The
thick external line denotes the massive external leg.

linear combination of 142 (179) master integrals. The top
sectors, with 8 propagators and 9 master integrals each,
were previously unknown. All integration-by-parts (IBP)
reductions [56–58] are performed within FiniteFlow [59]
(interfaced to LiteRed [60, 61]), and checked with Kira
2.0 [62] and FIRE6 [63].

Let ~g⌧ denote a vector whose entries form a pure [13]
basis of master integrals for a family of integrals ⌧ . It
satisfies a DE in canonical form [19]

d~g⌧ = ✏M · ~g⌧ , M =
X

i

Mi d log Wi , (6)

where the Wi are the letters of the (symbol) alphabet [33]
associated with ~g⌧ . While the Wi are algebraic functions
of ~s, the matrices Mi are matrices of rational numbers.
Finding a pure basis is still the most challenging aspect in
obtaining DEs in canonical form. We construct educated
guesses for pure bases building on the ideas of refs. [4–
6, 9], and test candidate bases by evaluating their deriva-
tives at numerical points and verifying the factorization
of ✏. Once a pure basis is found, we follow the steps in
section 4 of ref. [6] to determine that the alphabet for the
DPmz and DPzz families is contained within the one ob-
tained in ref. [9]. DPmz and DPzz have 62 and 74 letters
respectively. As in ref. [6], we fit the matrices Mi from
numerical evaluations on a finite field. Our results for the
pure bases, the alphabet (closed under all permutations
of the massless legs), and the analytic DEs can be found
in ancillary files [50]. Some pure integrals were simplified
with ideas from ref. [64].

Construction of One-Mass Pentagon Functions

The (one-mass) pentagon functions are a basis of spe-
cial functions to express all one- and two-loop five-point
integrals with an external massive leg, up to the order

Two-Loop Helicity Amplitudes for Diphoton Plus Jet Production in Full Color
Relevant for 𝛄𝛄 production in association with one jet at NNLO, or 𝛄𝛄 production at N3LO

Agarwal, Buccioni, von Manteuffel, Tancredi [2021]

NEW Planar three-loop QCD helicity amplitudes for V +jet production at hadron colliders
Relevant for Z/W/𝛄* production in association with one jet at N3LO or Z/W/𝛄* at N4LO
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FIG. 1: Representative three-loop planar diagrams
which contribute to the three leading color layers.

of three in N and Nf and they correspond to ⌦j with
j = 1, 5, 8, 10. Importantly, the leading color factors only
receive contribution from planar diagrams, see Figure 1
for example diagrams. The contributions proportional to
N2

fNf,V vanish by Furry’s theorem. Eq. (12) is also valid
for any helicity amplitude coe�cient – bare, renormalized
or IR subtracted.

In the following, we fix the renormalization scale in
⌦ as µ2 = q2. The full scale dependence can then be
recovered through

⌦(3)(µ) =

✓
5

16
�3
0L(µ)

3 + �0�1L(µ)
2 +

1

2
�2L(µ)

◆
⌦(0)

+

✓
15

8
�2
0L(µ)

2 +
3

2
�1L(µ)

◆
⌦(1)

+
5

2
�0L(µ)⌦

(2) + ⌦(3) (13)

with L(µ) = log
�
µ2/q2

�
.

The helicity amplitudes for the decay of a Standard
Model vector boson V can finally be related to the he-
licity amplitudes obtained above by dressing with the
appropriate electroweak couplings

M
V
�q2�3�l5

=�
i
p
4⇡↵s(4⇡↵)LV

l5l6
LV
q1q2

D(p256,m
2
V )

⇥ Ta
ij M�q2�3�l5

, (14)

where p56 = p5 + p6, the vector boson propagator reads

D
�
q2,m2

V

�
= q2 �m2

V + i�V mV (15)

and the couplings for the bosons V = Z,W±, �⇤ are

L�
f1f2

= �ef1�f1f2 , (16)

LZ
f1f2 =

If13 � sin2 ✓wef1
sin ✓w cos ✓w

�f1f2 , (17)

LW
f1f2 =

✏f1,f2
p
2 sin ✓w

. (18)

In the formulas above, ↵ is the electroweak coupling con-
stant, ✓w is the Weinberg angle, I3 = ±1/2 is the third
component of the weak isospin and the charges ei are
measured in terms of the fundamental electric charge
e > 0. Moreover, ✏f1,f2 = 1 if f1 6= f2 but belonging
to the same isospin doublet, and zero otherwise.
In order to compute the (unrenormalized) corrections

to the helicity amplitude coe�cient, we use the same
unified workflow as for the tree-level, one- and two-loop
amplitudes for V qq̄g [14], whose agreement with older
results in the literature up to the finite part in ✏ pro-
vides an additional check on our method. In summary,
the relevant three-loop diagrams are generated using
QGRAF [32] and every manipulation including inser-
tion of Feynman rules, evaluation of Dirac and Lorentz
algebra and application of the projectors are performed
in FORM [33]. Once the helicity projectors have been
applied, all Feynman diagrams are expressed in terms of
scalar integrals, which can be written in terms of a single
planar auxilliary topology of the form

In1,...,n15 = e3�E✏

Z 3Y

i=1

ddki
i⇡d/2

1

Dn1
1 ...Dn15

15

(19)

with �E = 0.5772 . . . the Euler constant and propagators

D1 = k1 D6 = k3 � p1 D11 = k2 � p123
D2 = k2 D7 = k1 � p12 D12 = k3 � p123
D3 = k3 D8 = k2 � p12 D13 = k1 � k2
D4 = k1 � p1 D9 = k3 � p12 D14 = k1 � k3
D5 = k2 � p1 D10 = k1 � p123 D15 = k2 � k3

with pij(k) = pi + pj(+pk). The integrals can be re-
duced to a set of master integrals using integration-by-
parts (IBP) identities [34, 35]. For the actual reduction,
we use the implementation of the Laporta algorithm [36]
in the automated code Kira2 [37, 38] and express all
integrals directly in terms of the canonical basis for the
three-loop planar topology defined in [25]. Here it was
shown that, in line with the one- and two-loop results, the
three-loop planar integrals can be evaluated to arbitrary
orders in the dimensional regularization parameter ✏ in
terms of multiple polylogarithms (MPLs) [15, 19, 39, 40]
with alphabet {y, z, 1� y, 1� z, y + z, 1� y � z}.

The amplitude before reduction can be expressed in
terms of 95625 scalar integrals, which in turn are reduced
to 291 canonical basis elements and their crossings. The
size and complexity of intermediate expressions makes

Gehrmann, Jakubcık, Mella, Syrrakos, Tancredi [2023]

Three-loop helicity amplitudes for diphoton production in gluon fusion
Relevant for 𝛄𝛄 production at N3LO
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Quark and Gluon Form Factors in Four-Loop QCD
Relevant for H/Z/W/𝛄* at N4LO

Lee, von Manteuffel, Schabinger, Smirnov, Smirnov, Steinhauser [2022]
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FIG. 1. Sample Feynman diagrams and color factors for the non-fermionic contributions to Fg and Fq at four-loop order.
Straight and curly lines denote quarks and gluons, respectively. Both planar and non-planar diagrams contribute.

been computed in [39, 40]. For Fq and Fg, all corrections
with three or two closed fermion loops have been calcu-
lated in [41, 42], respectively, including also the singlet
contributions. The complete set of poles of Fq and Fg

in the dimensional regulator has been obtained through
direct diagrammatic evaluation in [43]. Finally, the com-
plete fermionic corrections to Fq and Fg have been com-
puted in Ref. [35].

Calculation. The calculation of the four-loop form
factors presents two major challenges. The first one
is connected to a minimal representation of the form
factors. After generating the Feynman diagrams with
Qgraf [44], we apply the projectors and perform the
numerator and color algebra with Form 4 [45] and
Color.h [46]. In this way, we can write the form fac-
tors as a linear combination of a large number of scalar
Feynman integrals, each belonging to one of 100 twelve-
line top-level topologies or a subtopology thereof. Fixing
the twelve propagators and six irreducible numerators of
its top-level topology, a scalar integral can be described
by eighteen integers indicating the exponents of the prop-
agators and numerators. By choosing the irreducible nu-
merators as suitably defined inverse propagators, all top-
level topologies can be described in terms of the ten com-
plete sets of denominators described in [47]. Integration-
by-parts (IBP) reductions [48–50] systematically estab-
lish linear relations between the integrals, allowing us to

express the form factors as a linear combination of a min-
imal set of so-called master integrals. For our calculation
we use the setup described in [40] based on the program
Reduze 2 [51] and the in-house code Finred, employing
techniques from [52–58].

The second challenge is the computation of the mas-
ter integrals. Here we follow two complementary ap-
proaches. The first one is based on the construction of
finite master integrals [33, 59, 60], in d0 − 2ε dimensions
where d0 = 4, 6, . . .. Provided a linearly reducible [61, 62]
Feynman parametric representation can be found, the ε
expansions of such master integrals may be computed
analytically using the program HyperInt [63]. The di-
mensionally shifted integrals can be related to master
integrals in 4 − 2ε dimensions using IBP relations de-
rived with first- and second-order annihilators in the Lee-
Pomeransky representation [64]. We wish to point out
that in this approach, the integration can be performed
at the level of individual integrals. In practice, evaluating
higher orders of the ε expansion gets ever more demand-
ing due to the rise in algebraic complexity. To determine
the form factors Fq and Fg, we computed a number of
integrals to transcendental weight eight in this approach,
including computationally demanding non-planar inte-
grals with twelve different propagators. For one such
irreducible topology with a single twelve-line master in-
tegral we find
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in the conventions of Ref. [65]. In particular, the integral
is defined in 6 − 2ε and each dot indicates a squared
propagator. We would like to mention that no integral in
this topology was needed for the calculation of the N = 4
Sudakov form factor [47]. Our result above is expressed

in terms of regular zeta values, ζn (n = 2, . . . , 7), and

ζ5,3 =
∞
∑

m=1

m−1
∑

n=1

1

m5n3
≈ 0.0377076729848 (4)

is the only multiple zeta value involved.
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FIG. 1. Sample Feynman diagrams and color factors for the non-fermionic contributions to Fg and Fq at four-loop order.
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been computed in [39, 40]. For Fq and Fg, all corrections
with three or two closed fermion loops have been calcu-
lated in [41, 42], respectively, including also the singlet
contributions. The complete set of poles of Fq and Fg

in the dimensional regulator has been obtained through
direct diagrammatic evaluation in [43]. Finally, the com-
plete fermionic corrections to Fq and Fg have been com-
puted in Ref. [35].

Calculation. The calculation of the four-loop form
factors presents two major challenges. The first one
is connected to a minimal representation of the form
factors. After generating the Feynman diagrams with
Qgraf [44], we apply the projectors and perform the
numerator and color algebra with Form 4 [45] and
Color.h [46]. In this way, we can write the form fac-
tors as a linear combination of a large number of scalar
Feynman integrals, each belonging to one of 100 twelve-
line top-level topologies or a subtopology thereof. Fixing
the twelve propagators and six irreducible numerators of
its top-level topology, a scalar integral can be described
by eighteen integers indicating the exponents of the prop-
agators and numerators. By choosing the irreducible nu-
merators as suitably defined inverse propagators, all top-
level topologies can be described in terms of the ten com-
plete sets of denominators described in [47]. Integration-
by-parts (IBP) reductions [48–50] systematically estab-
lish linear relations between the integrals, allowing us to

express the form factors as a linear combination of a min-
imal set of so-called master integrals. For our calculation
we use the setup described in [40] based on the program
Reduze 2 [51] and the in-house code Finred, employing
techniques from [52–58].

The second challenge is the computation of the mas-
ter integrals. Here we follow two complementary ap-
proaches. The first one is based on the construction of
finite master integrals [33, 59, 60], in d0 − 2ε dimensions
where d0 = 4, 6, . . .. Provided a linearly reducible [61, 62]
Feynman parametric representation can be found, the ε
expansions of such master integrals may be computed
analytically using the program HyperInt [63]. The di-
mensionally shifted integrals can be related to master
integrals in 4 − 2ε dimensions using IBP relations de-
rived with first- and second-order annihilators in the Lee-
Pomeransky representation [64]. We wish to point out
that in this approach, the integration can be performed
at the level of individual integrals. In practice, evaluating
higher orders of the ε expansion gets ever more demand-
ing due to the rise in algebraic complexity. To determine
the form factors Fq and Fg, we computed a number of
integrals to transcendental weight eight in this approach,
including computationally demanding non-planar inte-
grals with twelve different propagators. For one such
irreducible topology with a single twelve-line master in-
tegral we find
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in the conventions of Ref. [65]. In particular, the integral
is defined in 6 − 2ε and each dot indicates a squared
propagator. We would like to mention that no integral in
this topology was needed for the calculation of the N = 4
Sudakov form factor [47]. Our result above is expressed

in terms of regular zeta values, ζn (n = 2, . . . , 7), and

ζ5,3 =
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∑

m=1

m−1
∑

n=1

1
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≈ 0.0377076729848 (4)

is the only multiple zeta value involved.

Frontier at two-loop: 2->3 with one external massive particle 
Frontier at three-loop: 2->2, planar 2->2 with one external massive particle 
Frontier at four-loop: 2->1

Three-loop helicity amplitudes for quark-gluon scattering in QCD
Relevant for jj at N3LO

Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi [2022]
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Figure 1. Sample three loop diagrams contributing to the process qq̄ → gg.

for λ = 1, . . . , 4, where Sε = (4π)εe−εγE . The normalization factor Sε absorbs constants in
the bare amplitude and matches the usual MS conventions in the renormalization of the
strong coupling performed below. In the expansion of the amplitude, H[i],(3)

λ is the three
loop contribution, which we compute here for the first time. We have also recomputed the
tree-level, one-loop and two-loop contributions using the form factor decomposition defined
in eq. (2.11).

We employ Qgraf [47] to produce Feynman diagrams and find 3 diagrams at tree level,
30 diagrams at one loop, 595 diagrams at two loops and 14971 at three loops. We give a few
representative samples of the three-loop diagrams contributing to the process in figure 1.

We use Form [48] to apply the Lorentz projectors of eq. (2.11) to the diagrams and
to perform the Dirac and color algebra. In this way, we obtain the form factors as linear
combinations of a large number (∼ 107) of scalar Feynman integrals with rational coefficients.
We parametrize the corresponding #-loop Feynman integrals according to

Itop
n1,n2,...,nN

= µ2$ε
0 e$εγE

∫ $∏

j=1

(
ddkj
iπ

d
2

)
1

Dn1
1 Dn2

2 . . . DnN
N

, (3.11)

where γE ≈ 0.5772 is Euler’s constant, µ0 is the scale of dimensional regularization, and
the denominators Dj are inverse propagators for the respective integral family “top”. More
details on the integral families can be found in ref. [32]. Using Reduze 2 [49, 50] and
Finred, an in-house implementation of the Laporta algorithm [51] based on finite field
arithmetic [52–55] and syzygy algorithms [56–61], we reduced these integrals to a linear
combination of 486 master integrals. Upon insertion of the recently computed solutions for
the master integrals [34, 44] we arrive at an analytical result for the helicity amplitudes in
terms of harmonic polylogarithms.

4 UV and IR subtractions

The bare helicity amplitudes (3.10) contain UV and IR divergences, which appear as poles
in the Laurent expansion in ε. The MS renormalized strong αs(µ) is defined through

ᾱs,b µ
2ε
0 Sε = ᾱs µ

2εZ[ᾱs] , (4.1)

– 6 –

All scattering amplitudes available for 𝛄𝛄 at N3LO 
All scattering amplitudes available for jj at N3LO

Why did we not break the 2->1 barrier at N3LO?
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NEW Two-loop form factors for diphoton production in quark annihilation channel with heavy quark mass dependence
Relevant for 𝛄𝛄 production at NNLO with top and bottom quark mass dependence

solve the differential equations, along with a brief analysis on the geometry underlying the actual
analytic solution.

Moreover, as ancillary material attached to this paper, we furnish the analytic expressions of the
finite reminder for the form factors, alongside with Mathematica files which allows for a standalone
evaluation of the MIs with DiffExp.

2 Computational setup and amplitude structure

In this paper, we consider the two-loop form factors for diphoton production in the quark annihila-
tion channel with a heavy quark loop. At the partonic level, the scattering amplitude proceeds as
the Born subprocess:

q(p1) + q(p2) ! �(p3) + �(p4). (2.1)

The kinematics for this process is described by the Mandelstam variables3

s = �(p1 + p2)
2, t = �(p1 � p3)

2, u = �(p2 � p3)
2, with s+ t+ u = 0, (2.2)

where the external particles are on-shell, i.e. p2
i
= 0, and we indicate with m2

t
the heavy-quark

Figure 1: Representative set of two-loop diagrams with internal heavy-quark loops, which con-
tribute at NNLO QCD corrections to diphoton production in the quark annihilation channel. Thin
black lines represents light quarks, thick black lines heavy quarks, curly lines gluons and curby lines
photons.

squared mass4. In order to obtain the scattering amplitude, we generated the relevant Feynman
diagrams using the FeynArts package [108]. We found a total number of 14 diagrams contributing
to the amplitude, the representative ones are shown in fig. 1. We write the scattering amplitude
in terms of form factors, which are decomposed into a basis of 72 MIs exploiting IBPs reduction
[47–49, 51–57, 109], as implemented in the software Kira [57].

The MIs contributing to this process can be described by three different scalar integral topologies
(modulo exchange of the two final photons). Specifically, the MIs for the Feynman diagrams (a)
and (b) in fig. 1 are associated to the integral families PLA and NPL, respectively, as defined
in section 3. Similarly, the MIs for the diagrams (c), (d) and (e) can be grouped into one scalar
integral family, PLB, also defined in section 3. The MIs of the families PLA and PLB were already
known in the literature [67]. Regarding the non-planar topology NPL, while most of the MIs have
already been studied [67, 72, 73, 97, 110–112], the double-box top-sector have not been considered
in the literature yet, and therefore its computation represents an original result by itself.

For this project, we performed an independent calculation of all the MIs by means of the
differential equations method [59–66]. In particular we solved the system of differential equations

3For our computations we use the metric of [107].
4For the rest of this paper we will refer to the heavy quark as top quark. We note however that our formulas are

general and they can be evaluated with a different value of the heavy quark mass.

– 3 –

Becchetti, Bonciani, LC, Coro, Ripani [2023]

2→2

Exact top-quark mass dependence in hadronic Higgs production
H production at NNLO with top and bottom quark mass dependence

2→1

Czakon, Harlander, Klappert, Niggetiedt [2021]
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Inclusive Higgs : anatomy of precision  
requires more precise pdf/coupling
HL-LHC + TH developments

requires N3LO pdfs 
on the way, splitting functions

requires beyond N3LO calculation
Tough (ten years rule?)

Quark mass dependence 

mixed EWxQCD corrections

(a) gg double-Higgs fusion: gg → HH

H

H

H

g

g

Q

H

Hg

g

Q

(b) WW/ZZ double-Higgs fusion: qq′ → HHqq′
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(c) Double Higgs-strahlung: qq̄′ → ZHH/WHH
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(d) Associated production with top-quarks: qq̄/gg → tt̄HH

Figure 1: Some generic Feynman diagrams contributing to Higgs pair production at hadron
colliders.

where

t̂± = −
ŝ

2

(

1− 2
M2

H

ŝ
∓
√

1−
4M2

H

ŝ

)

, (5)

with ŝ and t̂ denoting the partonic Mandelstam variables. The triangular and box form
factors F#, F! and G! approach constant values in the infinite top quark mass limit,

F# →
2

3
, F! → −

2

3
, G! → 0 . (6)

The expressions with the complete mass dependence are rather lengthy and can be found
in Ref. [11] as well as the NLO QCD corrections in the LET approximation in Ref. [18].

The full LO expressions for F#, F! and G! are used wherever they appear in the
NLO corrections in order to improve the perturbative results, similar to what has been
done in the single Higgs production case where using the exact LO expression reduces the
disagreement between the full NLO result and the LET result [7, 19].

For the numerical evaluation we have used the publicly available code HPAIR [44] in
which the known NLO corrections are implemented. As a central scale for this process

6

2.19 ± 0.26 pb 2.37 ± 0.49 pbvs
New Old

Becchetti, Bonciani, Del Duca, Hirschi, Moriello, Scheweitzer (2020)

NLO QCDxEW (light quarks)
        50% improvement
     top on the way

α3
s α2

NNLO exact top mass dependence
   -0.26% effect at 13 TeV
    b and c on the way

Czakon, Harlander, Klapperty, Niggetiedt (2021)

HWG

Frontier at two-loop: 2->2  
Frontier at two-loop: 2->1 Results using semi analytical methods

Size: −0.16% at 8 TeV, and −0.32% at 13 TeV
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Three jet production at NNLO

4

denominator on the right hand side are evaluated at the
matching order. The scale dependence of the di↵eren-
tial cross sections is shown explicitly to emphasize that
the scale choices in the numerator and denominator are
correlated.

In the upper two panels of fig. 4 we show the ratio
R3/2(pT (j1)). The ratio changes drastically when going
from LO to NLO mostly due to the change in the two-jet
cross section. The NNLO correction stabilizes the ratio
and leads to a very small scale dependence. The K

NNLO

factor slightly decreases for large momenta, however, it
is always fully contained within the NLO scale band. An
important observation is that the NNLO scale band is
very small in comparison to NLO, reducing it from about
10% down to 3%.

Next we consider the lower two panels in fig. 4, where
we show the ratio R3/2(HT ) for a central scale µ0 =
HT /2. This observable behaves similarly to R3/2(pT (j1))
albeit with a slightly larger scale dependence. The re-
duction in the scale uncertainty when going from NLO
to NNLO is of particular importance since this observ-
able is used experimentally for measurements of ↵S [5].
The leading source of perturbative uncertainty in this
data–theory comparison is the scale dependence. The
pdf dependence, which is not computed in this work, is
expected to be reduced in the ratio.

Jet rates are typically measured in slices of jet rapidity.
To demonstrate how our calculation performs in this sit-
uation, we divide the phase space in slices of the rapidity
di↵erence between the two leading jets

y
⇤ = |y(j1) � y(j2)|/2 , (8)

and define the ratio of the two- and three-jet rates as

R3/2(HT , y
⇤) =

d2
�3/dHT /dy

⇤

d2�2/dHT /dy⇤ . (9)

The NNLO prediction for this cross section ratio can
be found in fig. 5 . The prediction is shown relative to the
NLO one. The NNLO correction is negative across the
full kinematic range and, overall, behaves very similarly
to the one for the rapidity-inclusive ratio R3/2(HT ). This
remains the case as y

⇤ increases, at least in the range of
rapidities considered here.

IV. CONCLUSIONS

In this work we present for the first time NNLO-
accurate predictions for three-jet rates at the LHC. We
compute di↵erential distributions for typical jet observ-
ables like HT and the transverse momentum of the ith
leading jet, i = 1, 2, 3, as well as di↵erential three-to-two
jet ratios. Scale dependence is the main source of theoret-
ical uncertainty for this process at NLO, and it gets sig-
nificantly reduced after the inclusion of the NNLO QCD
corrections. Notably, the three-to-two jet ratios stabilize
once the second-order QCD corrections are accounted for.
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FIG. 4: The top two panels show R3/2(pT (j1)) (in absolute
and as ratio to NLO) and the bottom two panels R3/2(HT ).
The colours are the same as in fig. 1.

A central goal of the present work is to demonstrate
the feasibility of three-jet hadron collider computations
with NNLO precision. With this proof-of-principle goal
attained, one can now turn one’s attention to the broad
landscape of phenomenological applications for three-
jet production at the LHC. Examples include studies of
event-shapes [6, 39, 40], determination of the running
of the strong coupling constant ↵s through TeV scales
and resolving the question of scale setting in multi-jet
production. Another major benefit from having NNLO–
accurate predictions is the reliability of the theory uncer-
tainty estimates.

On the technical side, the enormous computational
cost of the present calculation (⇠ 106 CPUh) makes it
clear that further refinements in the handling of real ra-
diation contributions to NNLO calculations are desirable.
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Figure 6. Gluons-only three-jet production cross section differential in HT (left) and m123 (right)
up to NNLO. The NNLO-LC band corresponds to the leading-colour only contributions at NNLO,
the NNLO-FC line includes subleading colour contributions except for the finite parts of the two-loop
virtual corrections.

The calculation is performed in full colour, however, the subleading colour contribution
to this process at NNLO has an exiguous numerical impact and the inclusion of the missing
subleading colour part of the finite reminder of the double virtual matrix element might
significantly affect the value of the subleading colour correction. For this reason, in the
plots presented here, we focus on the leading colour NNLO correction (NNLO-LC), which
is a well defined and complete quantity. We then superimpose the full colour result without
the finite two-loop remainder pieces (NNLO-FC) to provide an estimate of the impact of
the subleading colour contribution. The Monte Carlo integration error is reported for the
NNLO correction at leading colour. A consistent effort on the computational side would be
required to significantly reduce the statistical uncertainty on the presented results. Since
this computation serves as an assessment of the colourful antenna subtraction method at
NNLO more than a high-precision phenomenological study, we did not invest additional
resources in the reduction of the integration error.

Figures 6–9 show differential distributions related to gluons-only three-jet production
in terms of various variables derived from the three-jet system (figures 6 and 8), from
individual jets (figure 7) and from jet pairs (figure 9) at LO, NLO and NNLO. The
LO and NLO predictions are obtained at full colour and NNLO-LC corresponds to the
NNLO predictions at leading colour, which is our default prediction that is also used to
determine the scale uncertainty bands at NNLO. To estimate the potential impact of the
yet incomplete subleading colour contributions, these were computed discarding the finite
parts of the two-loop virtual corrections and added to the leading colour contributions
(only for the central scale setting), yielding the NNLO-FC lines. In most distributions,
the difference between NNLO-LC and NNLO-FC is at the per-cent level or below and can
hardly be resolved, thereby indicating the small numerical impact of subleading colour
effects at NNLO in gluonic jet production.
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Chen, Gehrmann, Glover, Huss, Marcoli [2022]Czakon, Mitov, Poncelet [2021]

  Two different subtraction methods: sector-improve residue (left) vs antenna (right) 
  NNLO corrections significantly reduces the dependence of those observables on the factorization and renormalization scales 
  Leading colour two-loop scattering amplitudes or only gluons assumption 
  Sizable reduction of the scale variation from NLO to NNLO (in the tail of pT from 10% to 3%)
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Figure 4. Differential cross sections w.r.t. the transverse energy of the photon E?(�) in the inclusive
(left plot) and direct-enriched (right plot) phase space at LO (green), NLO (blue) and NNLO (red) QCD
compared to data (black) and Sherpa (purple) prediction provided by ATLAS[37]. The top panels show
the absolute values for the HT scale choice. The middle (bottom) panel shows the ratio to NLO QCD using
the HT (E?(�)) scale. The coloured bands show scale variation and the vertical coloured bars indicate
statistical uncertainties.

corrections are significant in the TeV region, and can reach about ⇡ �10% for E?(�) > 1 TeV
in pp ! �j. Similar corrections can be expected for pp ! �jj and could alleviate the observed
discrepancy at high energies. The E?(�) distribution is not the only one affected by potentially
large EW corrections. In fact, for large invariant jet pair mass m(j1j2) and large rapidity separation
between the two jets, sizeable corrections are also expected. The inclusion of these corrections is,
however, left for future work.

A striking observation is that the description of the data by the purely perturbative QCD
(pQCD) calculation is noticeably better than by the Sherpa prediction which includes parton-
shower effects and higher jet multiplicities through merging. It appears that the Sherpa predictions
systematically overshoot the measurement at high energies, while pQCD predictions are closer to
data both in size and in shape. The uncertainties of the Sherpa predictions estimated using scale
variation are twice as large as those of the fixed order calculation. This is the reason why the
Sherpa predictions still agree with data. A possible explanation for the size of the uncertainties
despite the fact that both approaches have at least NLO accuracy could be the multi-jet merging
with the photon+4-jet sample, which is likely to come with a large scale dependence.

Jet transverse momentum p
jet
T . In this case, we make similar observations as for the transverse

energy of the photon. The differential cross section is presented in Fig. 5. For the HT scale, we find
small NNLO QCD corrections and small remaining scale dependence. The description of the data
is very clearly improved with respect to NLO QCD and Sherpa. The observable demonstrates
once more the sub-optimal properties of the E?(�) scale. Looking at the inclusive phase space, the
NNLO QCD scale dependence is much larger than in the case of HT , especially at high transverse
momentum. This is not the case in the direct-enriched phase space, where both scales behave
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First exact 2 → 3
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Figure 6. The same as Fig. 4 but for the m(j1j2) observable.
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Figure 7. The same as Fig. 4 but for the |��
��jet

| and |��
j1�j2 | observables in the inclusive phase space

only.

direct-enriched phase space suffer further from reduced statistics due to the additional cuts.

Azimuthal separation between the jets and photon |��
��jet| and |��

j1�j2 |. These are
the last two observables that we discuss in detail. We first focus on the inclusive phase space,
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 NNLO results improve the description of the data in the case of the photon transverse energy, the jet transverse momentum, and the di-jet invariant mass 
 Noticeable difference between theory and experiment in the case of the photon transverse energy starting around 1 TeV

Badger, Czakon, Hartanto, Moodie, Peraro, Poncelet, Zoia [2023]

Discrepancy could 
be missing EW 

corrections (it has 
the correct sign)
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Figure 2: NNLO invariant mass distribution with full top quark mass dependence. In the lower
panel we plot the ratio of the NNLO invariant mass distribution between the massive result and
that with only five light quark flavours. The bands are obtained (as explained in the text) using
the customary 7-point scale variation. The central scale is shown with a black dashed line.

box scattering amplitude (gg-channel) and the two-loop form factor (qq̄-channel) (see Fig. 3).
We postpone the discussion of the decreasing tail in the ratio between the massive and massless
result, to the end of this section. The e↵ect of the massive corrections is a deviation from the
massless result in the range of 0.4%-1%, depending on the kinematic region and the set of fiducial
cuts used.

We now comment on the contribution of the two-loop form factor to the NNLO invariant mass
distribution§. In Fig. 3 (upper panel) we show the ratio between the fully massive two-loop form
factor and the massless case. The ratio is performed explicitly using the hard virtual factors H(2)

defined in the hard resummation scheme as explained in ref. [69] and in our upcoming paper of
the two-loop massive form factors [53]. The bands are computed implementing the usual 7-point
scale variation as described at the beginning of this section. As in any massive loop contribution,
the ratio exhibits the typical peak around the top quark threshold. For invariant masses larger
than 2mt (and after a peak around M�� ⇠ 2.3 ⇥ 2mt), the tail decreases (in part) since the

§The representative Feynman diagram of this two-loop contribution is shown in Fig. 1 b).

5

Becchetti, Bonciani, LC, Coro, Ripani [2023] Full massive 2 → 2

  All massive contributions taken into account: two-loop, loop induced, one-loop-real and double real (pp→𝛄𝛄tt) 
  Loop induced gg channel and two-loop (qqbar) dominate the shape 

a) b) c) d)

Figure 1: Di↵erent types of contributions to the massive corrections at NNLO for diphoton
production in perturbative QCD. The explanation of the di↵erent features is given in the text.

All our massive corrections are encoded in a new version of the 2�NNLO code [21], which
has been cross-checked with the MATRIX [60] numerical code (version 2.0.0) (which includes the
massless NNLO QCD corrections to diphoton production). The new version of the 2�NNLO code
benefits from the fast integration routines of the DYTurbo framework [61, 62].

The double-real and real-virtual sub-processes (see Fig. 1 c) and d)) are not only finite in
four dimensions, but they are also finite after integration over the transverse momentum of the
diphoton pair. We have checked numerically that under qT integration these contributions are
finite and numerically stable in the whole qT range.

3 NNLO results with full top-quark mass dependence

In this section, we present our results for the diphoton production at NNLO in perturbative QCD,
taking into account the full top-quark mass dependence. We fix the pole mass mt of the top quark
to the value mt = 173 GeV. Our computational setup that was explained in Sec. 2, has been
encoded in a new version of the 2�NNLO code.

We consider isolated diphoton production in pp collisions at the centre–of–mass energy
p
s =

13 TeV. We apply the following kinematical cuts on photon transverse momenta and rapidities:
phardT� � 40 GeV, psoftT� � 30 GeV and the rapidity of both photons is limited in the range |y�| < 2.37,
excluding the rapidity interval 1.37 < |y�| < 1.52. The minimum angular separation between
the two photons is Rmin

�� = 0.4. These are essentially the kinematical cuts used in the ATLAS
Collaboration study of ref. [1].

In the perturbative calculation, the QED coupling constant ↵ is fixed at 1/↵ = 137.035999139.
We use the central set of the NNPDF3.1 PDFs [63] as implemented in the LHAPDF framework [64]
and the associated strong coupling with ↵S(MZ) = 0.118.

The central factorization and renormalization scale is chosen to be equal to the invariant mass
of the diphoton pair µ ⌘ µR = µF = M��. The theoretical uncertainty is estimated by vary-
ing the default scale choice for µR and µF independently by factors of {1/2, 2}, while omitting
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Figure 10. Distributions of the invariant mass of the two photons in the 8TeV data: (a) for the
selection optimized for the search of a spin-2 particle, (b) for the selection optimized for the search
of a spin-0 particle. The data are compared to the best background-only fit. There is no data event
with mγγ > 2000GeV.

predicted cross sections are computed at LO in QCD using Pythia8. The uncertainty

band represents the PDF uncertainty estimated from the variations of the NNPDF23LO

PDF set. Outside of the excess region, the observed limits on the cross section times

branching ratio range from 20 fb to 1 fb for an RS graviton mass between 500GeV and

5000GeV for small couplings and 60 fb to 1 fb for k/MPl = 0.3.

Figure 12 shows the limits on the signal fiducial cross section times branching ratio

to two photons for a spin-0 particle as a function of the hypothesized mass for various

assumptions about the width. Except near 750GeV, the observed limit is in agreement

with the expected limit assuming the background-only hypothesis. For a narrow decay

width, the limits on the fiducial cross section times branching ratio range from 35 fb near

200GeV to 1 fb at 2000GeV.

10 Conclusion

Searches for new resonances decaying into two photons in the ATLAS experiment at the

LHC are presented. The pp collision data corresponding to an integrated luminosity of

3.2 fb−1 were recorded in 2015 at a centre-of-mass energy of
√
s = 13TeV. Analyses

optimized for the search for spin-2 Randall-Sundrum graviton resonances with mass above

500GeV and for spin-0 resonances with mass above 200GeV are performed. The events

selected in the second analysis are a subset of the events selected for the spin-2 search.

Over most of the diphoton mass range, the data are consistent with the background-

only hypothesis and 95% CL limits are derived on the cross section for the production of
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Figure 2: NNLO invariant mass distribution with full top quark mass dependence. In the lower
panel we plot the ratio of the NNLO invariant mass distribution between the massive result and
that with only five light quark flavours. The bands are obtained (as explained in the text) using
the customary 7-point scale variation. The central scale is shown with a black dashed line.

box scattering amplitude (gg-channel) and the two-loop form factor (qq̄-channel) (see Fig. 3).
We postpone the discussion of the decreasing tail in the ratio between the massive and massless
result, to the end of this section. The e↵ect of the massive corrections is a deviation from the
massless result in the range of 0.4%-1%, depending on the kinematic region and the set of fiducial
cuts used.

We now comment on the contribution of the two-loop form factor to the NNLO invariant mass
distribution§. In Fig. 3 (upper panel) we show the ratio between the fully massive two-loop form
factor and the massless case. The ratio is performed explicitly using the hard virtual factors H(2)

defined in the hard resummation scheme as explained in ref. [69] and in our upcoming paper of
the two-loop massive form factors [53]. The bands are computed implementing the usual 7-point
scale variation as described at the beginning of this section. As in any massive loop contribution,
the ratio exhibits the typical peak around the top quark threshold. For invariant masses larger
than 2mt (and after a peak around M�� ⇠ 2.3 ⇥ 2mt), the tail decreases (in part) since the

§The representative Feynman diagram of this two-loop contribution is shown in Fig. 1 b).

5

Becchetti, Bonciani, LC, Coro, Ripani [2023] Full massive 2 → 2

  All massive contributions taken into account: two-loop, loop induced, one-loop-real and double real (pp→𝛄𝛄tt) 
  Loop induced gg channel and two-loop (qqbar) dominate the shape
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Figure 10. Distributions of the invariant mass of the two photons in the 8TeV data: (a) for the
selection optimized for the search of a spin-2 particle, (b) for the selection optimized for the search
of a spin-0 particle. The data are compared to the best background-only fit. There is no data event
with mγγ > 2000GeV.

predicted cross sections are computed at LO in QCD using Pythia8. The uncertainty

band represents the PDF uncertainty estimated from the variations of the NNPDF23LO

PDF set. Outside of the excess region, the observed limits on the cross section times

branching ratio range from 20 fb to 1 fb for an RS graviton mass between 500GeV and

5000GeV for small couplings and 60 fb to 1 fb for k/MPl = 0.3.

Figure 12 shows the limits on the signal fiducial cross section times branching ratio

to two photons for a spin-0 particle as a function of the hypothesized mass for various

assumptions about the width. Except near 750GeV, the observed limit is in agreement

with the expected limit assuming the background-only hypothesis. For a narrow decay

width, the limits on the fiducial cross section times branching ratio range from 35 fb near

200GeV to 1 fb at 2000GeV.

10 Conclusion

Searches for new resonances decaying into two photons in the ATLAS experiment at the

LHC are presented. The pp collision data corresponding to an integrated luminosity of

3.2 fb−1 were recorded in 2015 at a centre-of-mass energy of
√
s = 13TeV. Analyses

optimized for the search for spin-2 Randall-Sundrum graviton resonances with mass above

500GeV and for spin-0 resonances with mass above 200GeV are performed. The events

selected in the second analysis are a subset of the events selected for the spin-2 search.

Over most of the diphoton mass range, the data are consistent with the background-

only hypothesis and 95% CL limits are derived on the cross section for the production of

– 26 –

750 GeV not “very” 
affected by fiducial cuts

Example of the necessity of precise TH predictions

a) b) c) d)

Figure 1: Di↵erent types of contributions to the massive corrections at NNLO for diphoton
production in perturbative QCD. The explanation of the di↵erent features is given in the text.

All our massive corrections are encoded in a new version of the 2�NNLO code [21], which
has been cross-checked with the MATRIX [60] numerical code (version 2.0.0) (which includes the
massless NNLO QCD corrections to diphoton production). The new version of the 2�NNLO code
benefits from the fast integration routines of the DYTurbo framework [61, 62].

The double-real and real-virtual sub-processes (see Fig. 1 c) and d)) are not only finite in
four dimensions, but they are also finite after integration over the transverse momentum of the
diphoton pair. We have checked numerically that under qT integration these contributions are
finite and numerically stable in the whole qT range.

3 NNLO results with full top-quark mass dependence

In this section, we present our results for the diphoton production at NNLO in perturbative QCD,
taking into account the full top-quark mass dependence. We fix the pole mass mt of the top quark
to the value mt = 173 GeV. Our computational setup that was explained in Sec. 2, has been
encoded in a new version of the 2�NNLO code.

We consider isolated diphoton production in pp collisions at the centre–of–mass energy
p
s =

13 TeV. We apply the following kinematical cuts on photon transverse momenta and rapidities:
phardT� � 40 GeV, psoftT� � 30 GeV and the rapidity of both photons is limited in the range |y�| < 2.37,
excluding the rapidity interval 1.37 < |y�| < 1.52. The minimum angular separation between
the two photons is Rmin

�� = 0.4. These are essentially the kinematical cuts used in the ATLAS
Collaboration study of ref. [1].

In the perturbative calculation, the QED coupling constant ↵ is fixed at 1/↵ = 137.035999139.
We use the central set of the NNPDF3.1 PDFs [63] as implemented in the LHAPDF framework [64]
and the associated strong coupling with ↵S(MZ) = 0.118.

The central factorization and renormalization scale is chosen to be equal to the invariant mass
of the diphoton pair µ ⌘ µR = µF = M��. The theoretical uncertainty is estimated by vary-
ing the default scale choice for µR and µF independently by factors of {1/2, 2}, while omitting
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FIG. 2. Comparison between inclusive (left) and fiducial (right) predictions for the rapidity distribution of the Higgs boson up
to N3LO. Predictions are shown at LO (grey), NLO (green), NNLO (blue), N3LO (red), and for the NNLO prediction re-scaled
by the inclusive KN3LO-factor (orange).

1. The inclusive calculation at N3LO for the Higgs ra-
pidity distribution yH as computed in Ref. [20] and
implemented in the RapidiX library. This result is
based on techniques developed in Refs. [39, 40] and
is given by analytic formulae for the partonic rapid-
ity distribution computed by means of a threshold
expansion. We supplement this result by exploiting
the fact that the Higgs boson decays isotropically
in its rest frame to generate the inclusive N3LO cal-
culation di↵erential in the Higgs boson decay prod-
ucts.

2. The fully di↵erential NNLO calculation for the
H+jet process. This has been computed in Ref. [29]
using the antenna subtraction method [22, 40] and
is available within the parton-level Monte Carlo
generator NNLOJET.

We have implemented the P2B method for color-neutral
final states within the NNLOJET framework together
with an interface to the RapidiX library to access the
inclusive part of the calculation.

For our phenomenological results, we restrict ourselves
to the decay of the Higgs boson into a pair of photons
and closely follow the corresponding 13 TeV ATLAS
measurement [41] with the following fiducial cuts

p�1

T > 0.35⇥m�� , p�2

T > 0.25⇥m�� , (7)

|⌘� | < 2.37 excluding 1.37 < |⌘� | < 1.52,

where �1 and �2 respectively denote the leading and sub-
leading photon with m�� ⌘ MH = 125 GeV the invari-
ant mass of the photon-pair system. For each photon,

an additional isolation requirement is imposed where the
scalar sum of partons with pT > 1 GeV within a cone of
�R = 0.2 around the photon has to be less than 5% of the
pT of the photon. Note that this setup induces a highly
non-trivial interplay between the final-state photons and
QCD emissions, requiring a fully di↵erential description
of the process. Throughout this letter, we work in the
narrow width approximation to combine the production
and decay of the Higgs boson. To derive numerical pre-
dictions we use PDF4LHC15_nnlo_100 [42] parton distri-
bution functions and choose the value of the top quark
mass in the modified minimal subtraction scheme to be
mt(mt) = 162.7 GeV.

Figure 1 compares predictions for the fiducial rapidity
distribution of the Higgs boson yH based on two di↵er-
ent methods. This comparison serves as the validation
of the P2B implementation up to NNLO against an in-
dependent calculation based on the antenna subtraction
method. The lower panels in Fig. 1 show the ratio of the
two calculations, where the filled band and the error bars
correspond to the uncertainty estimates of the Monte
Carlo integration of the antenna- and P2B-prediction,
respectively. The ratios shown in the bottom two panels
reveal agreement within numerical uncertainties between
the two calculations at the per-mille and sub-per-cent
level for the coe�cients at NLO and NNLO, respectively.

Figure 2 compares the inclusive rapidity distribution of
the Higgs boson to the fiducial rapidity distribution of the
di-photon pair. It was already noted in Refs. [20, 21] that
the N3LO correction to the inclusive rapidity distribu-
tion is remarkably uniform and is well approximated by
rescaling the inclusive NNLO rapidity distribution with
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Figure 6. Rapidity distribution of the Higgs boson computed using the qT subtraction formalism
up to N3LO. The seven-point scale variation bands (as stated in table 1) of the LO, NLO, NNLO
and N3LO (CN3) results are as follows: LO (pale grey fill), NLO (green fill), NNLO (blue hatched)
and N3LO (CN3) (red cross-hatched). The central scale (µ = MH/2) at each perturbative order
(except LO) is shown with solid lines. In the lower panel, the ratio to the NNLO prediction is shown.
While the bands for the predictions at LO, NLO and NNLO are computed with the seven scales as
detailed in the text, the N3LO (CN3) band is obtained after considering also the uncertainties due
to the variation of the qcutT and the CN3 coefficient in the N3LO-only contribution.

Finally, we consider the uncertainty introduced by the statistical errors of the CN3

coefficient. The black band in figure 5 is obtained as the envelope of the seven-point scale

variation at qcutT = 2GeV now considering for each scale the two extremal CN3 coefficients

corresponding to its maximum and minimum statistical deviations: CN3 = {−1165,−721}.
The envelope is therefore taken from a total of 14 rapidity distributions (two extremal

predictions for each one of the seven scales). The net effect of this CN3 variation result in

an overall enlargement of the red band at qcutT = 2GeV. Our final uncertainty estimate in

the rapidity distribution of the Higgs boson at N3LO is computed as the envelope of three

bands: seven-point scale variation only, combined with qcutT variation, and combined with

CN3 variation.

4.3 The rapidity distribution of the Higgs boson at N3LO

In this section we present our predictions for the Higgs boson rapidity distributions at the

LHC, applying the N3LO qT subtraction method presented in section 2. The setup of the

calculation is summarised in section 3.2.
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LC, Chen, Gehrmann, Glover, Huss [2018] Chen, Gehrmann, Glover, Huss, Mistlberger, Pelloni [2021]

  Flat K factor over the entire kinematical range 
  Size of the N3LO corrections: 3.4% that can be further enhanced with fiducial cuts and certain kinematical regions 
  Reduction of the 50% of the size of the NNLO scale variation band at N3LO (+-3% ; +-5% )

Combination of H+jet at NNLO + rapidity distribution at N3LO: P2BCombination of H+jet at NNLO + qT-subtraction at N3LO
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Fig. 2. W boson charge asymmetry distribution from LO to N3LO at the LHC. The 
coloured bands represent theory uncertainties from 31 scale variations. The bottom 
panel is the ratio with respect to NNLO.

within the respective scale uncertainties. This feature at N3LO has 
already been observed for the total cross sections for neutral cur-
rent [57,58] and charged-current [13] Drell-Yan production and for 
the neutral-current Drell-Yan rapidity distribution [33] and fidu-
cial cross sections [59]. The relative size of scale variation remains 
comparable at NNLO and N3LO at about ±1% for central rapid-
ity and slightly increasing at large rapidity. We use three different 
qcut

T values (1, 1.5 and 2 GeV) to confirm the qcut
T -independence of 

the results within integration errors. A strong check on our results 
is provided by the rapidity-integrated charged current Drell-Yan 
cross section at N3LO, where our results for qcut

T = 1.5 GeV agree 
with [13] within our numerical integration error of 1.5 per-mille.

The W boson charge asymmetry AW at hadron colliders reveals 
details of the proton structure. It has been measured at the Teva-
tron [60,61] and the LHC [7,9,62] and is defined as

AW(|yW|) = dσ /d|yW+| − dσ /d|yW− |
dσ /d|yW+| + dσ /d|yW− | . (2)

In Fig. 2, we display the predictions of AW(|yW|) at 13 TeV cen-
tre of mass energy with up to N3LO corrections. We independently 
vary the scale choices between the numerator and the denomina-
tor of Eq. (2) while requiring 1/2 ≤ µ/µ′ ≤ 2 for any pair of scales, 
leading to 31 combinations. Their envelope is used to estimate the 
theoretical uncertainty. We observe positive N3LO corrections of 
about 2% relative to the NNLO predictions. The N3LO contribution 
is not flat in rapidity. In contrast to the individual rapidity distri-
butions, the charge asymmetry converges well from NLO to N3LO
with scale variation uncertainty reduced to about ±1.5% at N3LO.

Finally, we consider the transverse mass distribution in charged-
current Drell-Yan production. The transverse mass is constructed as

mW±
T =

√
2E"±

T Eν
T (1 − cos$φ), (3)

with E"±(ν)
T denoting the transverse energies of the final state 

charged lepton and neutrino and $φ being their azimuthal an-
gle difference. It is a characteristic observable in measurements of 
MW [3–5,10] and &W [63,64] at hadron colliders, since its distri-
bution peaks around MW and the shape of its tail is sensitive to 
&W. Precise predictions for the mW±

T distribution are vital for the 
measurement of W boson mass and width, which are based on 
fitting theory templates for the normalized distribution to data in 
the experimental analysis. The most recent measurement of MW
by CDFII collaboration reports ±9.4 MeV overall uncertainty among 

Fig. 3. Normalised W± transverse mass distribution from LO to N3LO accuracy at the 
Tevatron without (upper) and with (lower) CDFII fiducial cuts. The coloured bands 
represent theory uncertainties from 7-point scale variation. The bottom panel is the 
ratio with respect to NNLO, with different cutoff qcut

T .

which ±5.2 MeV arises from theoretical modelling [10]. The dif-
ferent sources of modelling uncertainties have subsequently been 
revisited [65,66], largely supporting the CDFII approach [10] while 
however not accounting for the state-of-the-art fixed-order predic-
tions in mixed QCD-EW [25] and fixed-order QCD corrections.

Fig. 3 presents the normalized W± boson transverse mass dis-
tribution at the Tevatron. With the newly computed N3LO correc-
tions, it establishes a new state-of-the-art in the precise descrip-
tion of this observable. The inclusive distribution without fiducial 
cuts is displayed in the upper frame, while the fiducial cuts on 
charged lepton and neutrino of the CDFII analysis [10] are ap-
plied in the lower frame: pT ,l, ET ,ν ∈ [30, 55] GeV, |ηl| < 1 and 
pT ,W ± < 15 GeV. For the N3LO coefficient, we compensate the 
linear qcut

T -dependence due to the fiducial cuts through a recoil 
prescription [67,68] where the unresolved contribution in Eq. (1) is 
active if all fiducial requirements are satisfied after boosting Born 
kinematics to finite qT below qcut

T . At N3LO, corrections are very 
uniform in the peak region for both inclusive and fiducial distribu-
tion, while displaying some kinematical dependence at low mW±

T
below 12 GeV in the inclusive distribution and below 68 GeV in 
the fiducial distribution. Starting from NNLO, we observe a stabi-
lization of scale uncertainties to the level of ±1%.

Our newly derived predictions for the mW±
T distribution allow 

us to compare different sources of theory uncertainty arising from 
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ferent sources of modelling uncertainties have subsequently been 
revisited [65,66], largely supporting the CDFII approach [10] while 
however not accounting for the state-of-the-art fixed-order predic-
tions in mixed QCD-EW [25] and fixed-order QCD corrections.

Fig. 3 presents the normalized W± boson transverse mass dis-
tribution at the Tevatron. With the newly computed N3LO correc-
tions, it establishes a new state-of-the-art in the precise descrip-
tion of this observable. The inclusive distribution without fiducial 
cuts is displayed in the upper frame, while the fiducial cuts on 
charged lepton and neutrino of the CDFII analysis [10] are ap-
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cross section at N3LO, where our results for qcut

T = 1.5 GeV agree 
with [13] within our numerical integration error of 1.5 per-mille.

The W boson charge asymmetry AW at hadron colliders reveals 
details of the proton structure. It has been measured at the Teva-
tron [60,61] and the LHC [7,9,62] and is defined as

AW(|yW|) = dσ /d|yW+| − dσ /d|yW− |
dσ /d|yW+| + dσ /d|yW− | . (2)

In Fig. 2, we display the predictions of AW(|yW|) at 13 TeV cen-
tre of mass energy with up to N3LO corrections. We independently 
vary the scale choices between the numerator and the denomina-
tor of Eq. (2) while requiring 1/2 ≤ µ/µ′ ≤ 2 for any pair of scales, 
leading to 31 combinations. Their envelope is used to estimate the 
theoretical uncertainty. We observe positive N3LO corrections of 
about 2% relative to the NNLO predictions. The N3LO contribution 
is not flat in rapidity. In contrast to the individual rapidity distri-
butions, the charge asymmetry converges well from NLO to N3LO
with scale variation uncertainty reduced to about ±1.5% at N3LO.

Finally, we consider the transverse mass distribution in charged-
current Drell-Yan production. The transverse mass is constructed as

mW±
T =

√
2E"±

T Eν
T (1 − cos$φ), (3)

with E"±(ν)
T denoting the transverse energies of the final state 

charged lepton and neutrino and $φ being their azimuthal an-
gle difference. It is a characteristic observable in measurements of 
MW [3–5,10] and &W [63,64] at hadron colliders, since its distri-
bution peaks around MW and the shape of its tail is sensitive to 
&W. Precise predictions for the mW±

T distribution are vital for the 
measurement of W boson mass and width, which are based on 
fitting theory templates for the normalized distribution to data in 
the experimental analysis. The most recent measurement of MW
by CDFII collaboration reports ±9.4 MeV overall uncertainty among 

Fig. 3. Normalised W± transverse mass distribution from LO to N3LO accuracy at the 
Tevatron without (upper) and with (lower) CDFII fiducial cuts. The coloured bands 
represent theory uncertainties from 7-point scale variation. The bottom panel is the 
ratio with respect to NNLO, with different cutoff qcut

T .

which ±5.2 MeV arises from theoretical modelling [10]. The dif-
ferent sources of modelling uncertainties have subsequently been 
revisited [65,66], largely supporting the CDFII approach [10] while 
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within the respective scale uncertainties. This feature at N3LO has 
already been observed for the total cross sections for neutral cur-
rent [57,58] and charged-current [13] Drell-Yan production and for 
the neutral-current Drell-Yan rapidity distribution [33] and fidu-
cial cross sections [59]. The relative size of scale variation remains 
comparable at NNLO and N3LO at about ±1% for central rapid-
ity and slightly increasing at large rapidity. We use three different 
qcut

T values (1, 1.5 and 2 GeV) to confirm the qcut
T -independence of 

the results within integration errors. A strong check on our results 
is provided by the rapidity-integrated charged current Drell-Yan 
cross section at N3LO, where our results for qcut

T = 1.5 GeV agree 
with [13] within our numerical integration error of 1.5 per-mille.

The W boson charge asymmetry AW at hadron colliders reveals 
details of the proton structure. It has been measured at the Teva-
tron [60,61] and the LHC [7,9,62] and is defined as

AW(|yW|) = dσ /d|yW+| − dσ /d|yW− |
dσ /d|yW+| + dσ /d|yW− | . (2)

In Fig. 2, we display the predictions of AW(|yW|) at 13 TeV cen-
tre of mass energy with up to N3LO corrections. We independently 
vary the scale choices between the numerator and the denomina-
tor of Eq. (2) while requiring 1/2 ≤ µ/µ′ ≤ 2 for any pair of scales, 
leading to 31 combinations. Their envelope is used to estimate the 
theoretical uncertainty. We observe positive N3LO corrections of 
about 2% relative to the NNLO predictions. The N3LO contribution 
is not flat in rapidity. In contrast to the individual rapidity distri-
butions, the charge asymmetry converges well from NLO to N3LO
with scale variation uncertainty reduced to about ±1.5% at N3LO.

Finally, we consider the transverse mass distribution in charged-
current Drell-Yan production. The transverse mass is constructed as

mW±
T =

√
2E"±

T Eν
T (1 − cos$φ), (3)

with E"±(ν)
T denoting the transverse energies of the final state 

charged lepton and neutrino and $φ being their azimuthal an-
gle difference. It is a characteristic observable in measurements of 
MW [3–5,10] and &W [63,64] at hadron colliders, since its distri-
bution peaks around MW and the shape of its tail is sensitive to 
&W. Precise predictions for the mW±

T distribution are vital for the 
measurement of W boson mass and width, which are based on 
fitting theory templates for the normalized distribution to data in 
the experimental analysis. The most recent measurement of MW
by CDFII collaboration reports ±9.4 MeV overall uncertainty among 

Fig. 3. Normalised W± transverse mass distribution from LO to N3LO accuracy at the 
Tevatron without (upper) and with (lower) CDFII fiducial cuts. The coloured bands 
represent theory uncertainties from 7-point scale variation. The bottom panel is the 
ratio with respect to NNLO, with different cutoff qcut

T .

which ±5.2 MeV arises from theoretical modelling [10]. The dif-
ferent sources of modelling uncertainties have subsequently been 
revisited [65,66], largely supporting the CDFII approach [10] while 
however not accounting for the state-of-the-art fixed-order predic-
tions in mixed QCD-EW [25] and fixed-order QCD corrections.

Fig. 3 presents the normalized W± boson transverse mass dis-
tribution at the Tevatron. With the newly computed N3LO correc-
tions, it establishes a new state-of-the-art in the precise descrip-
tion of this observable. The inclusive distribution without fiducial 
cuts is displayed in the upper frame, while the fiducial cuts on 
charged lepton and neutrino of the CDFII analysis [10] are ap-
plied in the lower frame: pT ,l, ET ,ν ∈ [30, 55] GeV, |ηl| < 1 and 
pT ,W ± < 15 GeV. For the N3LO coefficient, we compensate the 
linear qcut

T -dependence due to the fiducial cuts through a recoil 
prescription [67,68] where the unresolved contribution in Eq. (1) is 
active if all fiducial requirements are satisfied after boosting Born 
kinematics to finite qT below qcut

T . At N3LO, corrections are very 
uniform in the peak region for both inclusive and fiducial distribu-
tion, while displaying some kinematical dependence at low mW±

T
below 12 GeV in the inclusive distribution and below 68 GeV in 
the fiducial distribution. Starting from NNLO, we observe a stabi-
lization of scale uncertainties to the level of ±1%.

Our newly derived predictions for the mW±
T distribution allow 

us to compare different sources of theory uncertainty arising from 

3

Chen, Gehrmann, Glover, Huss, Yang, Zhu [2023] 

  Charge asymmetry relevant for determination of PDFs 
  Transverse mass relevant for MW determination 
  N3LO perturbative uncertainties estimated by scale variations are found to be about ±1% to ±1.5%  
  Distortions to the shape of the distributions are minimal at N3LO and only become visible outside the peak region of the mW± distribution

NEW Transverse mass distribution and charge asymmetry in W boson production to third order in QCD 
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Theoretical calculations

Claiming “true N3LO precision” → including mixed QCD+EW effects
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Theoretical calculations

Claiming “true N3LO precision” → including mixed QCD+EW effects
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↵2
s ⇠ ↵ Including all the effects that could compete with the size of the  NNLO or N3LO QCD corrections

Bonciani et al [2021]

  Effects typically at the level of the O(1%) 
  EW could be enhanced in certain kinematical regions

4

� [pb] �LO �(1,0) �(0,1) �(2,0) �(1,1)

qq̄ 809.56(1) 191.85(1) �33.76(1) 49.9(7) �4.8(3)

qg — �158.08(2) — �74.8(5) 8.6(1)

q(g)� — — �0.839(2) — 0.084(3)

q(q̄)q0 — — — 6.3(1) 0.19(0)

gg — — — 18.1(2) —

�� 1.42(0) — �0.0117(4) — —

tot 810.98(1) 33.77(2) �34.61(1) �0.5(9) 4.0(3)

Table I. The di↵erent perturbative contributions to the fidu-
cial cross section (see Eq. (2)). The breakdown into the vari-
ous partonic channels is also shown (see text).
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Figure 1. Complete O(↵S↵) correction to the di↵erential
cross section d�(1,1) in the anti-muon pT compared to the
corresponding result in the pole approximation and to the
factorised approximation d�(1,1)

fact
. The top panels show the ab-

solute predictions, while the central (bottom) panels display
the O(↵S↵) correction normalized to the LO (NLO QCD) re-
sult. For the full result the ratios also display our estimate
of the numerical uncertainties, obtained as described in the
text.

ject to large cancellations between the various partonic
channels. The NLO QCD corrections amount to +4.2%
with respect to the LO result, while the NLO EW cor-
rections contribute �4.3%. Also the NNLO QCD cor-
rections are subject to large cancellations, and give an
essentially vanishing contribution within the numerical
uncertainties. The newly computed QCD–EW correc-
tions amount to +0.5% with respect to the LO result.

In Fig. 1 we present our result for the O(↵S↵) correc-
tion as a function of the anti-muon pT . The left panels
depict the region around the Z peak, and the right pan-
els the high-pT region. In the main panels we show the
absolute correction d�(1,1)/dpT , while the central (bot-
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Figure 2. As Fig. 1, but for the di-muon invariant mass.

tom) panels display the correction normalised to the LO
(NLO QCD) result. Our results for the complete O(↵S↵)
correction are compared with those obtained in two ap-
proximations. The first approximation consists in com-
puting the finite part of the two-loop virtual amplitude
in the pole approximation, suitably reweighted with the
exact squared Born amplitude. This approach precisely
follows that adopted for the charged-current DY process
in Ref. [49] (see Eq. (14) therein for the precise defini-
tion). The pole approximation, which includes factoris-
able and non-factorisable [44] contributions, requires the
QCD–EW on-shell form factor of the Z boson [40]. The
second approximation is based on a fully factorised ap-
proach for QCD and EW corrections, where we exclude
photon-induced processes throughout (see Ref. [45, 49]
for a detailed description). We see that the result ob-
tained in the pole approximation is in perfect agreement
with the exact result. This is due to the small contri-
bution of the two-loop virtual to the computed correc-
tion, as observed also in the case of W production [49].
Our result for the O(↵S↵) correction in the region of
the peak is reproduced relatively well by the factorised
approximation. Beyond the Jacobian peak, this approx-
imation tends to overshoot the complete result, which is
consistent with what was observed in Refs. [45, 49]. As
pT increases, the (negative) impact of the mixed QCD–
EW corrections increases, and at pT = 500GeV it reaches
about �60% with respect to the LO prediction and �15%
with respect to the NLO QCD result. The factorised ap-
proximation describes the qualitative behaviour of the
complete correction reasonably well, also in the tail of
the distribution, but it overshoots the full result as pT
increases.

In Fig. 2 we show our result for the O(↵S↵) correction
as a function of the di-muon invariant mass mµµ. The
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� [pb] �LO �(1,0) �(0,1) �(2,0) �(1,1)

qq̄ 809.56(1) 191.85(1) �33.76(1) 49.9(7) �4.8(3)

qg — �158.08(2) — �74.8(5) 8.6(1)

q(g)� — — �0.839(2) — 0.084(3)

q(q̄)q0 — — — 6.3(1) 0.19(0)

gg — — — 18.1(2) —

�� 1.42(0) — �0.0117(4) — —

tot 810.98(1) 33.77(2) �34.61(1) �0.5(9) 4.0(3)

Table I. The di↵erent perturbative contributions to the fidu-
cial cross section (see Eq. (2)). The breakdown into the vari-
ous partonic channels is also shown (see text).
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Figure 1. Complete O(↵S↵) correction to the di↵erential
cross section d�(1,1) in the anti-muon pT compared to the
corresponding result in the pole approximation and to the
factorised approximation d�(1,1)

fact
. The top panels show the ab-

solute predictions, while the central (bottom) panels display
the O(↵S↵) correction normalized to the LO (NLO QCD) re-
sult. For the full result the ratios also display our estimate
of the numerical uncertainties, obtained as described in the
text.

ject to large cancellations between the various partonic
channels. The NLO QCD corrections amount to +4.2%
with respect to the LO result, while the NLO EW cor-
rections contribute �4.3%. Also the NNLO QCD cor-
rections are subject to large cancellations, and give an
essentially vanishing contribution within the numerical
uncertainties. The newly computed QCD–EW correc-
tions amount to +0.5% with respect to the LO result.

In Fig. 1 we present our result for the O(↵S↵) correc-
tion as a function of the anti-muon pT . The left panels
depict the region around the Z peak, and the right pan-
els the high-pT region. In the main panels we show the
absolute correction d�(1,1)/dpT , while the central (bot-
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Figure 2. As Fig. 1, but for the di-muon invariant mass.

tom) panels display the correction normalised to the LO
(NLO QCD) result. Our results for the complete O(↵S↵)
correction are compared with those obtained in two ap-
proximations. The first approximation consists in com-
puting the finite part of the two-loop virtual amplitude
in the pole approximation, suitably reweighted with the
exact squared Born amplitude. This approach precisely
follows that adopted for the charged-current DY process
in Ref. [49] (see Eq. (14) therein for the precise defini-
tion). The pole approximation, which includes factoris-
able and non-factorisable [44] contributions, requires the
QCD–EW on-shell form factor of the Z boson [40]. The
second approximation is based on a fully factorised ap-
proach for QCD and EW corrections, where we exclude
photon-induced processes throughout (see Ref. [45, 49]
for a detailed description). We see that the result ob-
tained in the pole approximation is in perfect agreement
with the exact result. This is due to the small contri-
bution of the two-loop virtual to the computed correc-
tion, as observed also in the case of W production [49].
Our result for the O(↵S↵) correction in the region of
the peak is reproduced relatively well by the factorised
approximation. Beyond the Jacobian peak, this approx-
imation tends to overshoot the complete result, which is
consistent with what was observed in Refs. [45, 49]. As
pT increases, the (negative) impact of the mixed QCD–
EW corrections increases, and at pT = 500GeV it reaches
about �60% with respect to the LO prediction and �15%
with respect to the NLO QCD result. The factorised ap-
proximation describes the qualitative behaviour of the
complete correction reasonably well, also in the tail of
the distribution, but it overshoots the full result as pT
increases.

In Fig. 2 we show our result for the O(↵S↵) correction
as a function of the di-muon invariant mass mµµ. The
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� [pb] �LO �(1,0) �(0,1) �(2,0) �(1,1)

qq̄ 809.56(1) 191.85(1) �33.76(1) 49.9(7) �4.8(3)

qg — �158.08(2) — �74.8(5) 8.6(1)

q(g)� — — �0.839(2) — 0.084(3)

q(q̄)q0 — — — 6.3(1) 0.19(0)

gg — — — 18.1(2) —

�� 1.42(0) — �0.0117(4) — —

tot 810.98(1) 33.77(2) �34.61(1) �0.5(9) 4.0(3)

Table I. The di↵erent perturbative contributions to the fidu-
cial cross section (see Eq. (2)). The breakdown into the vari-
ous partonic channels is also shown (see text).
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Figure 1. Complete O(↵S↵) correction to the di↵erential
cross section d�(1,1) in the anti-muon pT compared to the
corresponding result in the pole approximation and to the
factorised approximation d�(1,1)

fact
. The top panels show the ab-

solute predictions, while the central (bottom) panels display
the O(↵S↵) correction normalized to the LO (NLO QCD) re-
sult. For the full result the ratios also display our estimate
of the numerical uncertainties, obtained as described in the
text.

ject to large cancellations between the various partonic
channels. The NLO QCD corrections amount to +4.2%
with respect to the LO result, while the NLO EW cor-
rections contribute �4.3%. Also the NNLO QCD cor-
rections are subject to large cancellations, and give an
essentially vanishing contribution within the numerical
uncertainties. The newly computed QCD–EW correc-
tions amount to +0.5% with respect to the LO result.

In Fig. 1 we present our result for the O(↵S↵) correc-
tion as a function of the anti-muon pT . The left panels
depict the region around the Z peak, and the right pan-
els the high-pT region. In the main panels we show the
absolute correction d�(1,1)/dpT , while the central (bot-
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Figure 2. As Fig. 1, but for the di-muon invariant mass.

tom) panels display the correction normalised to the LO
(NLO QCD) result. Our results for the complete O(↵S↵)
correction are compared with those obtained in two ap-
proximations. The first approximation consists in com-
puting the finite part of the two-loop virtual amplitude
in the pole approximation, suitably reweighted with the
exact squared Born amplitude. This approach precisely
follows that adopted for the charged-current DY process
in Ref. [49] (see Eq. (14) therein for the precise defini-
tion). The pole approximation, which includes factoris-
able and non-factorisable [44] contributions, requires the
QCD–EW on-shell form factor of the Z boson [40]. The
second approximation is based on a fully factorised ap-
proach for QCD and EW corrections, where we exclude
photon-induced processes throughout (see Ref. [45, 49]
for a detailed description). We see that the result ob-
tained in the pole approximation is in perfect agreement
with the exact result. This is due to the small contri-
bution of the two-loop virtual to the computed correc-
tion, as observed also in the case of W production [49].
Our result for the O(↵S↵) correction in the region of
the peak is reproduced relatively well by the factorised
approximation. Beyond the Jacobian peak, this approx-
imation tends to overshoot the complete result, which is
consistent with what was observed in Refs. [45, 49]. As
pT increases, the (negative) impact of the mixed QCD–
EW corrections increases, and at pT = 500GeV it reaches
about �60% with respect to the LO prediction and �15%
with respect to the NLO QCD result. The factorised ap-
proximation describes the qualitative behaviour of the
complete correction reasonably well, also in the tail of
the distribution, but it overshoots the full result as pT
increases.

In Fig. 2 we show our result for the O(↵S↵) correction
as a function of the di-muon invariant mass mµµ. The

A lot of recent activity computing this kind of corrections (not complete list)
Dittmaier, Huss, Schwinn [2015]

LC, Ferrera, Sborlini [2018]

Dittmaier, Schmidt, Schwarz [2020]

Delto, Jaquier, Melnikov, Röntsch [2020]

LC, de Florian, Der, Mazzitelli [2020]

Buonocore, Grazzini, Kallweir, Savoini,Tramontano [2021]

Behring, Buccioni, Caola, Delto, Jaquier,Melnikov, Röntsch [2020] 

Dittmaier, Schmidt, Schwarz [2020]

Buccioni et al [2022]

Autieri, LC, Ferrera, Sborlini [2023]

Mixed QCD+EW(QED) effects

Subtraction prescriptions requieres splitting functions at the same level of accuracy
Mixed QCD+QED splitting functions known De Florian, Rodrigo, Sborlini [2016]
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3

group equations. The exact solution for the qT distribu-
tion is formally equivalent [67] to the canonical solution
in conjugate (bT ) space, which is the approach we follow
here; see Refs. [46, 67, 68] for details. At N3LL0 (N3LL)
we require the N3LO (NNLO) boundary conditions for
the hard [69–73] and beam and soft functions [49, 74–78],
the 3-loop noncusp anomalous dimensions [49, 74, 75, 79–
82], and the 4-loop � function [83–86] and gluon cusp
anomalous dimension [87–93]. At NNLL, all ingredients
enter at one order lower than at N3LL.

The 3-loop beam function boundary terms have been
computed only recently [77, 78]. They involve a plethora
of harmonic polylogarithms up to weight five with non-
trivial rational prefactors, which must be convolved
against the PDFs. This makes a naive implementation
too slow and numerically unstable. Instead, we obtain
fast numerical implementations for all kernels at close to
double precision using a dedicated algorithm that sepa-
rates an entire kernel into pieces with only single branch
cuts, which then admit suitable, fast-converging logarith-
mic expansions around z = 0 and z = 1.

The hard function H contains timelike logarithms
ln[(�m

2

H
� i0)/µ2)], which are resummed by using an

imaginary boundary scale µH = �imH . This signifi-
cantly improves the perturbative convergence compared
to the spacelike choice µH = mH [94–98]. It is advan-
tageous to apply this timelike resummation not just to
W

(0), which contains H naturally, but also to the full
W (qT , Y ), as demonstrated for the rapidity spectrum in
Ref. [73], or equivalently the nonsingular corrections, as
in similar contexts [81, 99]. To do so, we take [73]

W (qT , Y ) = H(m2

H
, µFO)


W (qT , Y )

H(m2

H
, µFO)

�

FO

, (11)

and analogously for d�nons
/dqT . The ratio in square

brackets is expanded to fixed order in ↵s(µFO), while
H(m2

H
, µFO) in front is evolved from µH to µFO at the

same order as in Eq. (10). This yields substantial im-
provements up to qT ⇠ 200GeV, which is not unex-
pected, as W

(2) will contain H in parts of its factor-
ization. (Beyond qT

>
⇠ 200GeV, a dynamic hard scale

⇠ qT becomes more appropriate and the heavy-top limit
breaks down, indicating that the hard interaction has be-
come completely unrelated to the H+0-parton process.)

The fixed-order coe�cients of d�nons
/dqT for qT > 0

are obtained as

d�nons

FO

dqT
=

d�FO1

dqT
�

d�sing

FO

dqT
. (12)

At NnLO (⌘ NnLO0), or O(↵n

s
) relative to the LO Born

cross section, we need the full spectrum at Nn�1LO1. At
LO1 and NLO1, we integrate our own analytic imple-
mentation of W (qT , Y ) against A(qT , Y ;⇥), allowing us
to reach 10�4 relative precision down to qT = 0.1GeV

0 10 20 30 40 50 60 70 80 100 150 200
0.0
0.1
0.2
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0.8

FIG. 1. The gg ! H qT spectrum up to N3LL0+N3LO com-
pared to preliminary ATLAS measurements [26].

at little computational cost. At NLO1, we implement re-
sults from Ref. [100] after performing the necessary renor-
malization. The implementation is checked against the
numerical code from Ref. [29]. At NNLO1, we use exist-
ing results [41, 42] from NNLOjet [30, 34] (see below).
The final resummed qT spectrum is then given by

d�

dqT
=

d�sing

dqT
+

d�nons

dqT
. (13)

While for qT ⌧ mH , the singular and nonsingular con-
tributions can be considered separately, this separation
becomes meaningless for qT ⇠ mH . To obtain a valid pre-
diction there, the qT resummation is switched o↵, only
keeping the timelike resummation, by choosing common
boundary scales µS,B = ⌫S,B = iµH = µFO, such that
singular and nonsingular exactly recombine at fixed or-
der into the full result. We use qT -dependent profile
scales [46, 99, 101] to enforce the correct qT resummation
for qT ⌧ mH and smoothly turn it o↵ toward qT ⇠ mH .
We identify several sources of perturbative uncertain-

ties, namely fixed-order (�FO), qT resummation (�qT ),
timelike resummation (�'), and matching uncertainties
(�match), which are estimated via appropriate scale vari-
ations as detailed in Refs. [46, 73]. They are consid-
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Figure 1: The qT spectrum of Z/�
⇤
bosons with lepton selection cuts at the LHC (

p
s = 13 TeV)

at various perturbative orders. Resummed component (see Eq. (3)) of the hadronic cross-section

with scale variation bands as defined in the text.

with input parameters GF = 1.1663787 ⇥ 10�5 GeV�2, mZ = 91.1876 GeV, �Z = 2.4952 GeV,
mW = 80.379 GeV. Our calculation implements the leptonic decays Z/�⇤ ! l

+
l
� and we include

the e↵ects of the Z/�⇤ interference and of the finite width �Z of the Z boson with the corresponding
spin correlations and the full dependence on the kinematical variables of final state leptons. This
allows us to take into account the typical kinematical cuts on final state leptons that are considered
in the experimental analysis. The resummed calculation at fixed lepton momenta requires a qT -
recoil procedure. We implement the general procedure described in Ref. [64] which is equivalent
to compute the Born level distribution d�

(0) of Eq. (4) in the Collins–Soper rest frame [113].

We have applied the resummation formalism to the production of l+l� pairs from Z/�
⇤ decay

at the LHC (
p
s = 13TeV) with the following fiducial cuts: the leptons are required to have

transverse momentum pT > 25GeV, pseudo-rapidity |⌘| < 2.5 while the lepton pair system, is
required to have invariant mass 66 < M < 116GeV and transverse momentum qT < 100 GeV �.

In Fig. 1 we show the resummed component (see Eq. (9)) of the transverse-momentum distri-
bution in the small-qT region. In order to estimate the size of yet uncalculated higher-order terms
and the ensuing perturbative uncertainties we present the dependence of the resummed component
on the auxiliary scales µF , µR and Q. The scale dependence band is obtained through indepen-
dent variations of µF , µR and Q in the range M/2  {µF , µR, 2Q}  2M with the constraints
0.5  {µF/µR, Q/µR, Q/µF}  2 ∗∗. The lower panel shows the ratio of the distribution with

�
In order to match with the NNLO numerical results at large-qT we follow the kinematical selection cuts applied

in Ref. [67].
∗∗
In order to estimate the Q scale dependence of the resummed component we set the logarithmic expansion

parameter to be L = ln(Q2b2/b20) which is equivalent to L̃ in the small-qT region.

5

Camarda, LC, Ferrera [2021] Billis, Dehnadi, Ebert, Michel, Tackmann [2021] 

Combination of Z+jet at NNLO + qT-subtraction (QCD) Combination of Z+jet at NNLO + SCET-subtraction

  In the small-qT limit large logarithmic terms spoil the convergence of the perturbative series 
  Transverse momentum resummation recover the reliability of the calculation in that kinematical region 
  Differences between prime and unprimed version of resummation: exponentiate the finite part of the multi-loop scattering amplitudes, etc 
  Size N3LO: percent corrections contained in the previous order variation of the scales

DYTurbo
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Figure 1: The qT spectrum of Z/�
⇤
bosons with lepton selection cuts at the LHC (

p
s = 13 TeV)

at various perturbative orders. Resummed component (see Eq. (3)) of the hadronic cross-section

with scale variation bands as defined in the text.

with input parameters GF = 1.1663787 ⇥ 10�5 GeV�2, mZ = 91.1876 GeV, �Z = 2.4952 GeV,
mW = 80.379 GeV. Our calculation implements the leptonic decays Z/�⇤ ! l

+
l
� and we include

the e↵ects of the Z/�⇤ interference and of the finite width �Z of the Z boson with the corresponding
spin correlations and the full dependence on the kinematical variables of final state leptons. This
allows us to take into account the typical kinematical cuts on final state leptons that are considered
in the experimental analysis. The resummed calculation at fixed lepton momenta requires a qT -
recoil procedure. We implement the general procedure described in Ref. [64] which is equivalent
to compute the Born level distribution d�

(0) of Eq. (4) in the Collins–Soper rest frame [113].

We have applied the resummation formalism to the production of l+l� pairs from Z/�
⇤ decay

at the LHC (
p
s = 13TeV) with the following fiducial cuts: the leptons are required to have

transverse momentum pT > 25GeV, pseudo-rapidity |⌘| < 2.5 while the lepton pair system, is
required to have invariant mass 66 < M < 116GeV and transverse momentum qT < 100 GeV �.

In Fig. 1 we show the resummed component (see Eq. (9)) of the transverse-momentum distri-
bution in the small-qT region. In order to estimate the size of yet uncalculated higher-order terms
and the ensuing perturbative uncertainties we present the dependence of the resummed component
on the auxiliary scales µF , µR and Q. The scale dependence band is obtained through indepen-
dent variations of µF , µR and Q in the range M/2  {µF , µR, 2Q}  2M with the constraints
0.5  {µF/µR, Q/µR, Q/µF}  2 ∗∗. The lower panel shows the ratio of the distribution with

�
In order to match with the NNLO numerical results at large-qT we follow the kinematical selection cuts applied

in Ref. [67].
∗∗
In order to estimate the Q scale dependence of the resummed component we set the logarithmic expansion

parameter to be L = ln(Q2b2/b20) which is equivalent to L̃ in the small-qT region.
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A precise determination of the strong-coupling

constant from the recoil of ` bosons with the ATLAS

experiment at
p
s = 8 TeV

The ATLAS Collaboration

The coupling constant of the strong force is determined from the transverse-momentum
distribution of / bosons produced in 8 TeV proton–proton collisions at the LHC and recorded
by the ATLAS experiment. The /-boson cross sections are measured in the full phase space
of the decay leptons using 15.3 million electron and muon pairs, in a dataset collected in
2012 and corresponding to an integrated luminosity of 20.2 fb�1. The analysis is based on
predictions evaluated at third order in perturbative QCD, supplemented by the resummation
of logarithmically enhanced contributions in the low transverse-momentum region of the
lepton pairs. The determined value of the strong coupling at the reference scale corresponding
to the /-boson mass is Us(</ ) = 0.1183 ± 0.0009. This is the most precise experimental
determination of Us(</ ) achieved so far.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Another example of the necessity of  precise TH predictions
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Figure 3: Determination of Us (</ ) at various different orders in the QCD perturbative expansion, using the MSHT20
PDF set. The filled area represents missing higher-order uncertainties estimated through scale variations, and the
vertical error bars include experimental and PDF uncertainties.

5 Determination of "s(m`)

The determination of Us(</ ) with central values of the QCD scales and using Eq. (1) yields Us(</ ) =
0.11847±0.00067, with contributions to the fit uncertainty from the experimental sources and from the PDFs
estimated as ±0.00044 and ±0.00051 respectively.6 Uncertainties arising from missing higher orders, due
to truncation of the perturbative series, are estimated through independent variations of `r, `f and & in the
range 0.5 ·

q
<

2
✓✓

+ ?
2
T  {`r, `f ,&}  2 ·

q
<

2
✓✓

+ ?
2
T with the constraints 0.5  {`f/`r,&/`r,&/`f}  2,

leading to 14 variations.

The fit is repeated for each scale variation, and the determined values of Us(</ ) range from a minimum of
0.11786 to a maximum of 0.11870. The midpoint of this range of Us(</ ) values, Us(</ ) = 0.11828, is
taken as the nominal result, and the range’s envelope of ±0.00042 is used as an estimate of the uncertainties
due to missing higher orders, henceforth referred to as ‘missing higher-order uncertainties’.

The procedure is repeated at lower orders, starting from next-to-leading-logarithm accuracy matched to
next-to-leading order (NLL+NLO). The MSHT20 PDF set is used throughout, and the order of the PDFs is
matched to the order required by the logarithmic terms included in the ?T-resummation, i.e. NNLO at
N3LL and NLO at NNLL.7 The results are shown in Figure 3. At every order, the estimate of missing
higher-order uncertainties obtained from the scale variations overlaps with determinations of Us(</ ) at
higher orders, giving confidence in the robustness and gradual convergence of these estimates.

6 The non-perturbative QCD parameters are left free in the fit, and, due to their correlation with Us (</ ), the experimental
uncertainties are significantly larger here than in the pseudo-fit, where they are kept fixed to assess the experimental sensitivity
to Us (</ ).

7 At NLL the NLO PDF set is used because the LO PDF set does not have Us (</ ) variations.
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using the MSHT20 PDF set [37]. The impact of changing Us (</ ) on the PDFs is included.

2 ATLAS detector and data sample

The ATLAS experiment [46] at the LHC is a multipurpose particle detector with a forward–backward
symmetric cylindrical geometry and a near 4c coverage in solid angle.3 It consists of an inner tracking
detector surrounded by a thin superconducting solenoid providing a 2 T axial magnetic field, electromagnetic
and hadron calorimeters, and a muon spectrometer. The inner tracking detector covers the pseudorapidity
range |[ | < 2.5. It consists of silicon pixel, silicon microstrip, and transition radiation tracking detectors.
Lead/liquid-argon (LAr) sampling calorimeters provide electromagnetic (EM) energy measurements
with high granularity. A steel/scintillator-tile hadron calorimeter covers the central pseudorapidity range
(|[ | < 1.7). The endcap and forward regions are instrumented with LAr calorimeters for both the EM and
hadronic energy measurements up to |[ | = 4.9. The muon spectrometer surrounds the calorimeters and is
based on three large superconducting air-core toroidal magnets with eight coils each. The field integral of
the toroids ranges between 2.0 and 6.0 T m across most of the detector. The muon spectrometer includes a
system of precision chambers for tracking and fast detectors for triggering. A three-level trigger system is
used to select events. The first-level trigger is implemented in hardware and uses a subset of the detector
information to accept events at a rate of at most 75 kHz. This is followed by two software-based trigger
levels that together reduce the accepted event rate to 400 Hz on average depending on the data-taking
conditions during 2012. An extensive software suite [47] is used in data simulation, in the reconstruction
and analysis of real and simulated data, in detector operations, and in the trigger and data acquisition
systems of the experiment. The data were collected by the ATLAS detector in 2012 at a centre-of-mass

3 ATLAS uses a right-handed coordinate system with its origin at the nominal interaction point (IP) in the centre of the
detector and the I-axis along the beam pipe. The G-axis points from the IP to the centre of the LHC ring, and the H-axis
points upwards. Cylindrical coordinates (A, q) are used in the transverse plane, q being the azimuthal angle around the I-axis.
The pseudorapidity is defined in terms of the polar angle \ as [ = � ln tan(\/2). Angular distance is measured in units of
�' ⌘

p
(�[)2 + (�q)2.

4

NEW Most precise experimental determination of 𝛼s (𝑚𝑍 ) achieved
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  PS Monte Carlos constitute an essential tool for LHC analyses  
  The majority of these tools are LL accurate → could introduce limitation in precision 
  Several efforts trying to reach NLL for general observables and even higher accuracy 
  PS Monte Carlos matched in general to 2 → 2 processes at NNLO 
  PS Monte Carlo fully automated at NLO 

Very CPU demanding 
Dasgupta, Dreyer, Hamilton, Monni, Salam [2018]
Nagy-Soper, Holguin-Forshaw-Platzer, PanScales, 
Herren-Höche-Krauss-Reichelt-Schönherr + ...

PanScales: Ravasio, Hamilton, Karlberg, Salam, Scyboz, Soyez [2023]

The PanGlobal showers already reproduce terms up to NDL  
The addition of the double-soft corrections and matching is expected to bring NNDL accuracy
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non-trivial ⌘̄ dependence in Eq. (2) and the way in which
it connects with the overall event momentum Q. There-
fore we need to generalise Kcmw ! K(�1̃,ab), where the

full K is a function of the kinematics of 1̃ and of the
opening angle of the ab dipole. In the same vein as the
MC@NLO [65] and POWHEG [66, 67] methods and their
MINLO [68, 69] extension, the correct NLO normalisa-
tion for the emission is given by

K(�1̃,ab) = V (�1̃,ab) +

Z
d�ps

12/1̃|M
(ps)

12/1̃
|
2
��(ps,1)

1̃
. (5)

Here, V is the exact QCD 1-loop contribution for a
single soft emission, renormalised at scale µ = kt,1̃;

d�ps
12/1̃

|M
(ps)

12/1̃
|
2 is the product of shower phase space and

matrix element associated with real 1̃ ! 12 branching,

including double-soft corrections; and �(ps,1)

1̃
is the co-

e�cient of ↵s/(2⇡) in the fixed-order expansion of the
shower Sudakov factor. To aid in the evaluation of
K(�1̃,ab) we make use of two main elements: firstly, in
the soft-collinear limit,K(�1̃,ab) ! Kcmw; secondly, both

V (�1̃,ab) and �(ps,1)

1̃
are independent of the rapidity of

1̃, as long as 1̃ is soft and (for �(ps,1)

1̃
) kept at some fixed

value of the evolution scale. We can therefore reformulate
Eq. (5) as K = Kcmw +�K, with

�K =

Z

r
d�(ps)

12/1̃
|M

(ps)

12/1̃
|
2
�

Z

rsc

d�(ps)

12/1̃sc
|M

(ps)

12/1̃sc
|
2
. (6)

In the second term, 1̃sc is at the same shower scale v

as 1̃, but shifted by a constant in rapidity with respect
to ab so as to be in the soft-collinear region, wherein
K(�1̃sc,ab

) ! Kcmw. The labels r and rsc indicate a reg-
ularisation of the phase space, which should be equivalent
between the two terms. Specifically, we separate MDS in
Eq. (3) into correlated and uncorrelated parts, respec-
tively those involving CFCA versus C2

F colour factors for
the q̄ggq matrix element. For the correlated part, we cut
on the relative transverse momentum of 1 and 2, while for
the uncorrelated part, we cut on the transverse momen-
tum with respect to the ab dipole and impose |�y12| <

�ymax. In practice we tabulate �K as a function of
✓ab, ⌘̄1̃, and �1̃, though one could also envisage on-the-
fly evaluation. We incorporate �K in Eq. (2), through
a multiplicative factor 1 + tanh[↵s

2⇡ �K(1� ak)(1� bk)].
This form keeps the correction positive and bounded. It
also leaves the shower unmodified in the hard-collinear
region.

We study the above approach with several variants of
the PanGlobal shower. All have been adapted relative
to Ref. [2] with regards to the precise way in which they
restore momentum conservation after the map of Eq. (1).
This was motivated by the discovery that in higher-order
shower configurations involving three similarly collinear
hard particles, the original recoil prescription could lead
to unwanted long-distance kinematic side e↵ects. Details
are given in the supplemental material [60], § 1.

FIG. 2. The result of Eq. (7) for three variants of the Pan-
Global shower without double-soft corrections (left) and with
them (right). The latter are consistent with NNDL accuracy.
The bands represent statistical errors in an ↵s ! 0 extrapo-
lation based on four finite ↵s values.

We will consider three variants of the PanGlobal
shower: two choices of the ordering variable, ⇠ kt✓

� with
� = 0 (PG�=0) and 1/2 (PG�=1/2), and also a “split-
dipole-frame” � = 0 variant (PGsdf

�=0), which replaces

f(±⌘̄) ! f(±⌘) in Eq. (2), with ⌘ = 1
2 log ak/bk. The

⌘ = 0 transition region bisects the dipole in its rest frame
rather than the event frame. This makes the 1̃ ! 12
branching independent of the 1̃ rapidity in the dipole
frame, resulting in �K = 0. Illustrative plots of �K

and its impact are given in Ref. [60], § 2 c.
All results, both with and without double-soft correc-

tions, include NLO 2-jet matching [70], which is required
for the NNDL/NSL accuracy that we aim for. Spin cor-
relations [71, 72] are turned o↵, because we have yet
to integrate them with the double-soft corrections. The
double-soft corrections are implemented at large-Nc, in
such a way as to preserve the full-Nc NLL/NDL accu-
racies obtained in Ref. [73] for global observables and
multiplicities. All events have (positive) unit weight.
To test the enhanced logarithmic accuracy of the

shower, the first observable that we consider is the Lund
subjet multiplicity [43] in e

+
e
�

! qq̄ events. This is
a perturbatively calculable observable that is conceptu-
ally close to the experimentally important total charged-
particle multiplicity. For a centre-of-mass energy Q and
a transverse momentum cuto↵ kt, the subjet multiplicity
has a double-logarithmic resummation structure ↵

n
sL

2n

with L = ln kt/Q. The PanGlobal showers already re-
produce terms up to NDL ↵

n
sL

2n�1. The addition of the
double-soft corrections and matching [70] is expected to
bring NNDL accuracy, ↵n

sL
2n�2. To test this, in Fig. 2,

we examine

lim
↵s!0

Nps �Nnndl

↵sNdl

����
fixed ↵sL

2

, (7)

where Nps is the parton-shower result and Nnndl (Ndl) is
the known analytic NNDL (DL) result [43]. The ↵s ! 0
limit follows the procedure from earlier work [2]. Eq. (7)
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to Ref. [2] with regards to the precise way in which they
restore momentum conservation after the map of Eq. (1).
This was motivated by the discovery that in higher-order
shower configurations involving three similarly collinear
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�=0), which replaces

f(±⌘̄) ! f(±⌘) in Eq. (2), with ⌘ = 1
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⌘ = 0 transition region bisects the dipole in its rest frame
rather than the event frame. This makes the 1̃ ! 12
branching independent of the 1̃ rapidity in the dipole
frame, resulting in �K = 0. Illustrative plots of �K

and its impact are given in Ref. [60], § 2 c.
All results, both with and without double-soft correc-

tions, include NLO 2-jet matching [70], which is required
for the NNDL/NSL accuracy that we aim for. Spin cor-
relations [71, 72] are turned o↵, because we have yet
to integrate them with the double-soft corrections. The
double-soft corrections are implemented at large-Nc, in
such a way as to preserve the full-Nc NLL/NDL accu-
racies obtained in Ref. [73] for global observables and
multiplicities. All events have (positive) unit weight.
To test the enhanced logarithmic accuracy of the

shower, the first observable that we consider is the Lund
subjet multiplicity [43] in e
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! qq̄ events. This is
a perturbatively calculable observable that is conceptu-
ally close to the experimentally important total charged-
particle multiplicity. For a centre-of-mass energy Q and
a transverse momentum cuto↵ kt, the subjet multiplicity
has a double-logarithmic resummation structure ↵
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where Nps is the parton-shower result and Nnndl (Ndl) is
the known analytic NNDL (DL) result [43]. The ↵s ! 0
limit follows the procedure from earlier work [2]. Eq. (7)

NEW towards general NNLL precision
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Valid for differential cross sections obtained 

with a numerical precision below 1% in the whole 

kinematical range

Table showing lowest CPU consumption. For 
some applications (i.e. angular coefficients 
in pp → W/Z NNLO) CPU time ~ 60 years. 
LHC and TH groups spend essentially almost 
all of their yearly generator CPU budgets.

57 CPU years is equivalent to run the code in 
1000 cores continuously for 21 days.

Not realistic scenario to perform  
phenomenological analysis at the Run III of 
the LHC an in the HL-LHC and in future 
colliders.

Great inequality between theoretical groups 
which have (or not) access to this super 
clusters. Roughly 50k€/year  (2017) in 
Switzerland → exclusive use of 2000 cores. 

It is not a green way to perform calculations.

CPU cost at the frontier
Theoretical calculations

It is clear that we need something new

Process NLO (CPU years) NNLO (CPU years) N3LO (CPU years)

pp → W/Z 0.6 160

pp → H 0.6 160

pp →𝛄𝛄 4.6 Process not available

pp → tt 20 Process not available

pp → 𝛄𝛄+2jets 2.4 Process not available

pp →2 jets 10 Process not available

pp → H+jet 57 Process not available

pp →𝛄𝛄𝛄 31 Process not available

pp → Z+jet 57 Process not available

pp →3 jets > 114 Process not available

do
n’

t w
or

ry

Fixed order tools without resummation or PS, etc.
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Process NLO (CPU years) NNLO (CPU years) N3LO (CPU years)

pp → W/Z 0.6 160

pp → H 0.6 160

pp →𝛄𝛄 4.6 Process not available

pp → tt 20 Process not available

pp → 𝛄𝛄+2jets 2.4 Process not available

pp →2 jets 10 Process not available

pp → H+jet 57 Process not available

pp →𝛄𝛄𝛄 31 Process not available

pp → Z+jet 57 Process not available

pp →3 jets > 114 Process not available

Valid for differential cross sections obtained 

with a numerical precision below 1% in the whole 

kinematical range

Table showing lowest CPU consumption. For 
some applications (i.e. angular coefficients 
in pp → W/Z NNLO) CPU time ~ 60 years. 
LHC and TH groups spend essentially almost 
all of their yearly generator CPU budgets.

57 CPU years is equivalent to run the code in 
1000 cores continuously for 21 days.

Not realistic scenario to perform  
phenomenological analysis at the Run III of 
the LHC an in the HL-LHC and in future 
colliders.

Great inequality between theoretical groups 
which have (or not) access to this super 
clusters. Roughly 50k€/year  (2017) in 
Switzerland → exclusive use of 2000 cores. 

It is not a green way to perform calculations.

CPU cost at the frontier
Theoretical calculations

It is clear that we need something new

do
n’

t w
or

ry

Fixed order tools without resummation or PS, etc.

For pT𝛄𝛄 ~ M𝛄𝛄
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Process NLO (CPU years) NNLO (CPU years) N3LO (CPU years)

pp → W/Z 0.6 160

pp → H 0.6 160

pp →𝛄𝛄 4.6 Process not available

pp → tt 20 Process not available

pp → 𝛄𝛄+2jets 2.4 Process not available

pp →2 jets 10 Process not available

pp → H+jet 57 Process not available

pp →𝛄𝛄𝛄 31 Process not available

pp → Z+jet 57 Process not available

pp →3 jets > 114 Process not available

Valid for differential cross sections obtained 

with a numerical precision below 1% in the whole 

kinematical range

Table showing lowest CPU consumption. For 
some applications (i.e. angular coefficients 
in pp → W/Z NNLO) CPU time ~ 60 years. 
LHC and TH groups spend essentially almost 
all of their yearly generator CPU budgets.

57 CPU years is equivalent to run the code in 
1000 cores continuously for 21 days.

Not realistic scenario to perform  
phenomenological analysis at the Run III of 
the LHC an in the HL-LHC and in future 
colliders.

Great inequality between theoretical groups 
which have (or not) access to this super 
clusters. Roughly 50k€/year  (2017) in 
Switzerland → exclusive use of 2000 cores. 

It is not a green way to perform calculations.

CPU cost at the frontier
Theoretical calculations

It is clear that we need something new

do
n’

t w
or

ry

Fixed order tools without resummation or PS, etc.

Why did we not break the 2->1 barrier at N3LO?

For pT𝛄𝛄 ~ M𝛄𝛄
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Stefano Camarda 27

Ai at O(as
3)

Accurate modelling of W Ai is very important for 
the W mass measurement

Recently achieved ⇤s
3 accuracy with

NNLOJET

STRIPPER

MCFM/NJETTI

However no public code yet available for W

Computing Ai coefficients for the W mass is 
very expensive ATLAS measurement used 
O(⇤s

2) predictions, and took about 500K CPU 
hours

Is it possible to have these predictions 
available for the next round of W mass 
measurements?

What is the preferred and more efficient 
way of providing these calculations to 
the experiments?

Is HighTea an option?

Analytic calculations a-la Mirkes 
[Nucl.Phys.B 387 (1992) 3-85], if 
feasible, would be extremely useful

~ 60 years!!!!At NNLO!!
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Outlook

56

Possible paths to the (immediate) Future

 more precise TH tools → N3LO (or even N4LO) 
We are looking for 

Beware of strict collinear factorization violation at N3LO! (and beyond)
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We consider Drell–Yan lepton pairs produced in hadronic collisions. We present high-accuracy QCD 
predictions for the transverse-momentum (qT ) distribution and fiducial cross sections in the small 
qT region. We resum to all perturbative orders the logarithmically enhanced contributions up to the 
next-to-next-to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual 
coefficient at the next-to-next-to-next-to-leading order (N3LO) (i.e. O(α3

S )) with an approximation of 
the N4LO coefficients. The massive axial-vector and vector contributions up to three loops have also 
been consistently included. The resummed partonic cross section is convoluted with approximate N3LO 
parton distribution functions. We show numerical results at LHC energies of resummed qT distributions 
for Z/γ ∗, W ± production and decay, including the W ± and Z/γ ∗ ratio, estimating the corresponding 
uncertainties from missing higher orders corrections and from incomplete or missing perturbative 
information coefficients at N4LL and N4LO. Our resummed calculation has been encoded in the public 
numerical program DYTurbo.

 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

The production of high invariant mass (M) lepton pairs in hadronic collision, through the Drell–Yan (DY) mechanism [1,2], is extremely 
important for physics studies at hadron colliders and attracted a great deal of attention from the experimental and theory communities. 
Since the early days of QCD remarkable efforts have been devoted to detailed calculations of the dominant QCD higher-order radiative 
corrections of fiducial cross sections and kinematical distributions.

A sufficiently inclusive cross section can be perturbatively computable as an expansion in the QCD coupling αS = αS(µ2
R) where 

the renormalization scale µR is of the order of the invariant mass M . However the bulk of experimental data lies in the small trans-
verse momentum (qT ) region qT " M where the fixed-order expansion is spoiled by the presence of enhanced logarithmic corrections, 
αn

S lnm(M2/q2
T ) of soft and collinear origin. In order to obtain reliable predictions, these logarithmic terms have to be systematically re-

summed to all orders in perturbation theory [3–5] (resummed calculation and studies applying different formalism and various levels of 
theoretical accuracy have been performed in Refs. [6–33].

In this paper we consider the Drell–Yan lepton pair production in the small qT region and we apply the QCD transverse-momentum 
resummation formalism developed in Refs. [6,8,17]. We resum all the logarithmically enhanced contributions up to the next-to-next-
to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual coefficient at the next-to-next-to-next-to-leading 
order (N3LO) (i.e. O(α3

S)) with an estimate of the N4LO effects.
In the Z boson case, because of the axial coupling, Feynman diagrams with quark loops contribute to the cross-section at O(α2

S )

and O(α3
S ). These contributions, also known as singlet contributions, cancel out for each isospin multiplet when massless quarks are 

considered. The effect of a finite top-quark mass in the third generation has been considered at O(α2
S ) in Refs. [34,35] and has been found 

extremely small compared to the NNLO corrections. However these effects are not completely negligible when compared to the N3LO 
corrections [30]. We have considered the effect of a finite top-quark mass including in our calculation the singlet contributions up to 
O(α3

S ) by using the calculation of the quark axial form factor in QCD up to three loops [36]. We consistently included also the quark-loop 
mediated three-loop singlet corrections which contribute, via vector coupling, both to Z and γ ∗ production at O(α3

S ) [37,38]
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SCOAP3.
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Extraction of unpolarized transverse momentum

distributions from fit of Drell-Yan data at N4LL
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Abstract: We present an extraction of unpolarized transverse momentum dependent parton
distributions functions and Collins-Soper kernel from the fit of Drell-Yan and weak-vector boson
production data. The analysis is done at the N4LL order of perturbative accuracy, using a flavor
dependent non-perturbative ansatz. The estimation of uncertainties is done with the replica method
and, for the first time, includes the propagation of uncertainties due to the collinear distributions.
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Planar three-loop QCD helicity amplitudes for V +jet production at hadron colliders
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2
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We compute the planar three-loop Quantum Chromodynamics (QCD) corrections to the helicity
amplitudes involving a vector boson V = Z,W±, �⇤, two quarks and a gluon. These amplitudes
are relevant to vector-boson-plus-jet production at hadron colliders and other precision QCD ob-
servables. The planar corrections encompass the leading colour factors N3, N2Nf , NN2

f and N3
f .

We provide the finite remainders of the independent helicity amplitudes in terms of multiple poly-
logrithms, continued to all kinematic regions and in a form which is compact and lends itself to
e�cient numerical evaluation.

INTRODUCTION

Scattering amplitudes provide the connection between
the Lagrangian formulation of the Standard Model of
particle physics and observable quantities at particle col-
lider experiments. Their pertubation theory expansion
amounts to the computation of loop corrections, enabling
increasingly accurate predictions. Multi-loop amplitudes
in QCD provide moreover an important gateway for new
mathematical ideas to enter particle physics.

The helicity amplitudes for processes involving a vector
boson and three partons have been of pivotal importance
to QCD precision physics. In their di↵erent kinematical
crossings, these amplitudes describe three-jet production
in e+e� annihilation [1], (2+1)-jet production in deep
inelastic ep scattering, and V+jet production at hadron
colliders. Measurements of all three types of processes
allowed establishing QCD as the correct theory of the
strong interactions. Precision data on these benchmark
reactions continue to play a key role in enabling accurate
determinations of the QCD coupling constant and of the
partonic content of the proton.

On the theoretical side, these processes are also a
testing ground for the development of new calculational
methods in perturbative QCD. e+e� ! 3 jets was the
first jet production process to be computed to next-to-
leading order (NLO, [2]) and next-to-next-to-leading or-
der (NNLO, [3, 4]), thereby driving the development of
systematic formulations of both subtraction and phase-
space slicing methods for handling infrared singularities
and their implementation in flexible parton-level event
generation programs [5–8]. It is likely that e+e� ! 3
jets will be among the first processes to be tackled at
third order (N3LO) in perturbative QCD.

At the LHC, leptonic decays of produced vector bosons
leave clear signatures in the detectors, allowing observ-
ables such as the transverse momentum distribution of
the lepton pair to be measured to a precision well be-
low the percent level. To match this level of accu-
racy requires going beyond the currently available NNLO
predictions [9–11] for vector-boson-plus-jet production,

which relates directly to the vector boson transverse mo-
mentum spectrum.
The Born-level helicity amplitudes for these processes

couple the vector boson to a quark-antiquark pair and
a gluon: V qq̄g. QCD corrections to these amplitudes
were computed previously up to one loop [6] and two
loops [12], recently extended to include singlet axial vec-
tor coupling terms [13] and higher orders in the dimen-
sional regulator [14].
The extension of scattering amplitudes to the next

loop order is always associated with conceptual advances.
More than twenty years ago, the calculation of the two-
loop master integrals for four-point functions with one
o↵-shell leg [15, 16] served as the first advanced example
of the use of the method of di↵erential equations [17, 18],
now ubiquitous in multiloop calculations. It also neces-
sitated the study of a new class of functions, general-
ized harmonic polylogarithms (multiple polylogarithms,
MPLs) [15, 19].
The concept of a canonical basis of master inte-

grals [20, 21] has facilitated the extension of the two-loop
V qq̄g master integrals to transcendental weight six [22].
At three loops, the ladder-box topology was considered
some time ago [23], while the more challenging ten-
nis court topologies have only been addressed more re-
cently [24, 25]. Interestingly, all planar integrals can be
expressed in terms of MPLs with the same alphabet as at
two loops. On the other hand, the first results for non-
planar topologies [25, 26] indicate an extended alphabet
with the appearance of square roots. The increasing com-
plexity at intermediate stages of amplitude calculations
has also led to the adoption of methods based on finite-
field arithmetic in particle physics [27, 28], allowing the
reconstruction of analytic results for the scattering am-
plitudes from multiple numerical evaluations.
This combination of conceptual and technical devel-

opments enables us to derive the planar three-loop QCD
V qq̄g helicity amplitudes, which we present in this letter.
These amplitudes constitute the virtual N3LO QCD cor-
rections to e+e� ! 3 jets and processes related to it by
kinematical crossing, and are the stepping stone to reach
a new level of precision in QCD studies at colliders.
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Abstract: We compute the three-loop correction to the universal single-soft emission

current for the case of scattering amplitudes with two additional color-charged partons. We

present results valid for QCD and N = 4 super-symmetric Yang-Mills theory. To achieve

our results we develop a new integrand expansion technique for scattering amplitudes in

the presence of soft emissions. Furthermore, we obtain contributions from single final-

state parton matrix elements to the Higgs boson and Drell-Yan production cross section at

next-to-next-to-next-to-next-to leading order (N4LO) in perturbative QCD in the threshold

limit.

Catani, de Florian, Rodrigo [2012]

These are only few 2023 papers (together with all the splitting papers) already working towards the N4LO
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We consider Drell–Yan lepton pairs produced in hadronic collisions. We present high-accuracy QCD 
predictions for the transverse-momentum (qT ) distribution and fiducial cross sections in the small 
qT region. We resum to all perturbative orders the logarithmically enhanced contributions up to the 
next-to-next-to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual 
coefficient at the next-to-next-to-next-to-leading order (N3LO) (i.e. O(α3

S )) with an approximation of 
the N4LO coefficients. The massive axial-vector and vector contributions up to three loops have also 
been consistently included. The resummed partonic cross section is convoluted with approximate N3LO 
parton distribution functions. We show numerical results at LHC energies of resummed qT distributions 
for Z/γ ∗, W ± production and decay, including the W ± and Z/γ ∗ ratio, estimating the corresponding 
uncertainties from missing higher orders corrections and from incomplete or missing perturbative 
information coefficients at N4LL and N4LO. Our resummed calculation has been encoded in the public 
numerical program DYTurbo.

 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

The production of high invariant mass (M) lepton pairs in hadronic collision, through the Drell–Yan (DY) mechanism [1,2], is extremely 
important for physics studies at hadron colliders and attracted a great deal of attention from the experimental and theory communities. 
Since the early days of QCD remarkable efforts have been devoted to detailed calculations of the dominant QCD higher-order radiative 
corrections of fiducial cross sections and kinematical distributions.

A sufficiently inclusive cross section can be perturbatively computable as an expansion in the QCD coupling αS = αS(µ2
R) where 

the renormalization scale µR is of the order of the invariant mass M . However the bulk of experimental data lies in the small trans-
verse momentum (qT ) region qT " M where the fixed-order expansion is spoiled by the presence of enhanced logarithmic corrections, 
αn

S lnm(M2/q2
T ) of soft and collinear origin. In order to obtain reliable predictions, these logarithmic terms have to be systematically re-

summed to all orders in perturbation theory [3–5] (resummed calculation and studies applying different formalism and various levels of 
theoretical accuracy have been performed in Refs. [6–33].

In this paper we consider the Drell–Yan lepton pair production in the small qT region and we apply the QCD transverse-momentum 
resummation formalism developed in Refs. [6,8,17]. We resum all the logarithmically enhanced contributions up to the next-to-next-
to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual coefficient at the next-to-next-to-next-to-leading 
order (N3LO) (i.e. O(α3

S)) with an estimate of the N4LO effects.
In the Z boson case, because of the axial coupling, Feynman diagrams with quark loops contribute to the cross-section at O(α2

S )

and O(α3
S ). These contributions, also known as singlet contributions, cancel out for each isospin multiplet when massless quarks are 

considered. The effect of a finite top-quark mass in the third generation has been considered at O(α2
S ) in Refs. [34,35] and has been found 

extremely small compared to the NNLO corrections. However these effects are not completely negligible when compared to the N3LO 
corrections [30]. We have considered the effect of a finite top-quark mass including in our calculation the singlet contributions up to 
O(α3

S ) by using the calculation of the quark axial form factor in QCD up to three loops [36]. We consistently included also the quark-loop 
mediated three-loop singlet corrections which contribute, via vector coupling, both to Z and γ ∗ production at O(α3

S ) [37,38]
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Extraction of unpolarized transverse momentum

distributions from fit of Drell-Yan data at N4LL
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Abstract: We present an extraction of unpolarized transverse momentum dependent parton
distributions functions and Collins-Soper kernel from the fit of Drell-Yan and weak-vector boson
production data. The analysis is done at the N4LL order of perturbative accuracy, using a flavor
dependent non-perturbative ansatz. The estimation of uncertainties is done with the replica method
and, for the first time, includes the propagation of uncertainties due to the collinear distributions.
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Planar three-loop QCD helicity amplitudes for V +jet production at hadron colliders
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We compute the planar three-loop Quantum Chromodynamics (QCD) corrections to the helicity
amplitudes involving a vector boson V = Z,W±, �⇤, two quarks and a gluon. These amplitudes
are relevant to vector-boson-plus-jet production at hadron colliders and other precision QCD ob-
servables. The planar corrections encompass the leading colour factors N3, N2Nf , NN2

f and N3
f .

We provide the finite remainders of the independent helicity amplitudes in terms of multiple poly-
logrithms, continued to all kinematic regions and in a form which is compact and lends itself to
e�cient numerical evaluation.

INTRODUCTION

Scattering amplitudes provide the connection between
the Lagrangian formulation of the Standard Model of
particle physics and observable quantities at particle col-
lider experiments. Their pertubation theory expansion
amounts to the computation of loop corrections, enabling
increasingly accurate predictions. Multi-loop amplitudes
in QCD provide moreover an important gateway for new
mathematical ideas to enter particle physics.

The helicity amplitudes for processes involving a vector
boson and three partons have been of pivotal importance
to QCD precision physics. In their di↵erent kinematical
crossings, these amplitudes describe three-jet production
in e+e� annihilation [1], (2+1)-jet production in deep
inelastic ep scattering, and V+jet production at hadron
colliders. Measurements of all three types of processes
allowed establishing QCD as the correct theory of the
strong interactions. Precision data on these benchmark
reactions continue to play a key role in enabling accurate
determinations of the QCD coupling constant and of the
partonic content of the proton.

On the theoretical side, these processes are also a
testing ground for the development of new calculational
methods in perturbative QCD. e+e� ! 3 jets was the
first jet production process to be computed to next-to-
leading order (NLO, [2]) and next-to-next-to-leading or-
der (NNLO, [3, 4]), thereby driving the development of
systematic formulations of both subtraction and phase-
space slicing methods for handling infrared singularities
and their implementation in flexible parton-level event
generation programs [5–8]. It is likely that e+e� ! 3
jets will be among the first processes to be tackled at
third order (N3LO) in perturbative QCD.

At the LHC, leptonic decays of produced vector bosons
leave clear signatures in the detectors, allowing observ-
ables such as the transverse momentum distribution of
the lepton pair to be measured to a precision well be-
low the percent level. To match this level of accu-
racy requires going beyond the currently available NNLO
predictions [9–11] for vector-boson-plus-jet production,

which relates directly to the vector boson transverse mo-
mentum spectrum.
The Born-level helicity amplitudes for these processes

couple the vector boson to a quark-antiquark pair and
a gluon: V qq̄g. QCD corrections to these amplitudes
were computed previously up to one loop [6] and two
loops [12], recently extended to include singlet axial vec-
tor coupling terms [13] and higher orders in the dimen-
sional regulator [14].
The extension of scattering amplitudes to the next

loop order is always associated with conceptual advances.
More than twenty years ago, the calculation of the two-
loop master integrals for four-point functions with one
o↵-shell leg [15, 16] served as the first advanced example
of the use of the method of di↵erential equations [17, 18],
now ubiquitous in multiloop calculations. It also neces-
sitated the study of a new class of functions, general-
ized harmonic polylogarithms (multiple polylogarithms,
MPLs) [15, 19].
The concept of a canonical basis of master inte-

grals [20, 21] has facilitated the extension of the two-loop
V qq̄g master integrals to transcendental weight six [22].
At three loops, the ladder-box topology was considered
some time ago [23], while the more challenging ten-
nis court topologies have only been addressed more re-
cently [24, 25]. Interestingly, all planar integrals can be
expressed in terms of MPLs with the same alphabet as at
two loops. On the other hand, the first results for non-
planar topologies [25, 26] indicate an extended alphabet
with the appearance of square roots. The increasing com-
plexity at intermediate stages of amplitude calculations
has also led to the adoption of methods based on finite-
field arithmetic in particle physics [27, 28], allowing the
reconstruction of analytic results for the scattering am-
plitudes from multiple numerical evaluations.
This combination of conceptual and technical devel-

opments enables us to derive the planar three-loop QCD
V qq̄g helicity amplitudes, which we present in this letter.
These amplitudes constitute the virtual N3LO QCD cor-
rections to e+e� ! 3 jets and processes related to it by
kinematical crossing, and are the stepping stone to reach
a new level of precision in QCD studies at colliders.
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Abstract: We compute the three-loop correction to the universal single-soft emission

current for the case of scattering amplitudes with two additional color-charged partons. We

present results valid for QCD and N = 4 super-symmetric Yang-Mills theory. To achieve

our results we develop a new integrand expansion technique for scattering amplitudes in

the presence of soft emissions. Furthermore, we obtain contributions from single final-

state parton matrix elements to the Higgs boson and Drell-Yan production cross section at

next-to-next-to-next-to-next-to leading order (N4LO) in perturbative QCD in the threshold

limit.

Catani, de Florian, Rodrigo [2012]

These are only few 2023 papers (together with all the splitting papers) already working towards the N4LO

more precise PDFs → New fitting techniques and more data and N3LO PDFs
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Abstract

We have computed the first 30 even-N moments for the double fermionic (n2
f ) part of the quark-

to-gluon splitting function Pgq at the fourth order of perturbative QCD via the renormalization of

off-shell operator matrix elements. From these results we have determined the all-N form, and

hence the exact x-space expression, using systems of Diophantine equations for its coefficients.

The dominant and subdominant leading small-x n2
f contributions to P

(3)
gq (x) are of the form x−1 lnx

and ln4x, respectively; the leading large-x term is ln4(1−x). The coefficient of the first of these is

new, the other two agree with results obtained before and thus provide checks of our results.

Approximate N3LO Parton Distribution Functions
with Theoretical Uncertainties:

MSHT20aN3LO PDFs

J. McGowana, T. Cridgea, L. A. Harland-Langb, and R.S. Thornea

a Department of Physics and Astronomy, University College London, London, WC1E 6BT,

UK
b Rudolf Peierls Centre, Beecroft Building, Parks Road, Oxford, OX1 3PU, UK

Abstract

We present the first global analysis of parton distribution functions (PDFs) at approx-

imate N3LO in the strong coupling constant ↵s, extending beyond the current highest

NNLO achieved in PDF fits. To achieve this, we present a general formalism for the

inclusion of theoretical uncertainties associated with the perturbative expansion in the

strong coupling. We demonstrate how using the currently available knowledge surround-

ing the next highest order (N3LO) in ↵s can provide consistent, justifiable and explainable

approximate N3LO (aN3LO) PDFs. This includes estimates for uncertainties due the the

currently unknown N3LO ingredients, but also implicitly some missing higher order un-

certainties (MHOUs) beyond these. Specifically, we approximate the splitting functions,

transition matrix elements, coe�cient functions and K-factors for multiple processes to

N3LO. Crucially, these are constrained to be consistent with the wide range of already

available information about N3LO to match the complete result at this order as accurately

as possible. Using this approach we perform a fully consistent approximate N3LO global

fit within the MSHT framework. This relies on an expansion of the Hessian procedure

used in previous MSHT fits to allow for sources of theoretical uncertainties. These are

included as nuisance parameters in a global fit, controlled by knowledge and intuition

based prior distributions. We analyse the di↵erences between our aN3LO PDFs and the

standard NNLO PDF set, and study the impact of using aN3LO PDFs on the LHC pro-

duction of a Higgs boson at this order. Finally, we provide guidelines on how these PDFs

should be be used in phenomenological investigations.
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We consider Drell–Yan lepton pairs produced in hadronic collisions. We present high-accuracy QCD 
predictions for the transverse-momentum (qT ) distribution and fiducial cross sections in the small 
qT region. We resum to all perturbative orders the logarithmically enhanced contributions up to the 
next-to-next-to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual 
coefficient at the next-to-next-to-next-to-leading order (N3LO) (i.e. O(α3

S )) with an approximation of 
the N4LO coefficients. The massive axial-vector and vector contributions up to three loops have also 
been consistently included. The resummed partonic cross section is convoluted with approximate N3LO 
parton distribution functions. We show numerical results at LHC energies of resummed qT distributions 
for Z/γ ∗, W ± production and decay, including the W ± and Z/γ ∗ ratio, estimating the corresponding 
uncertainties from missing higher orders corrections and from incomplete or missing perturbative 
information coefficients at N4LL and N4LO. Our resummed calculation has been encoded in the public 
numerical program DYTurbo.

 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

The production of high invariant mass (M) lepton pairs in hadronic collision, through the Drell–Yan (DY) mechanism [1,2], is extremely 
important for physics studies at hadron colliders and attracted a great deal of attention from the experimental and theory communities. 
Since the early days of QCD remarkable efforts have been devoted to detailed calculations of the dominant QCD higher-order radiative 
corrections of fiducial cross sections and kinematical distributions.

A sufficiently inclusive cross section can be perturbatively computable as an expansion in the QCD coupling αS = αS(µ2
R) where 

the renormalization scale µR is of the order of the invariant mass M . However the bulk of experimental data lies in the small trans-
verse momentum (qT ) region qT " M where the fixed-order expansion is spoiled by the presence of enhanced logarithmic corrections, 
αn

S lnm(M2/q2
T ) of soft and collinear origin. In order to obtain reliable predictions, these logarithmic terms have to be systematically re-

summed to all orders in perturbation theory [3–5] (resummed calculation and studies applying different formalism and various levels of 
theoretical accuracy have been performed in Refs. [6–33].

In this paper we consider the Drell–Yan lepton pair production in the small qT region and we apply the QCD transverse-momentum 
resummation formalism developed in Refs. [6,8,17]. We resum all the logarithmically enhanced contributions up to the next-to-next-
to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual coefficient at the next-to-next-to-next-to-leading 
order (N3LO) (i.e. O(α3

S)) with an estimate of the N4LO effects.
In the Z boson case, because of the axial coupling, Feynman diagrams with quark loops contribute to the cross-section at O(α2

S )

and O(α3
S ). These contributions, also known as singlet contributions, cancel out for each isospin multiplet when massless quarks are 

considered. The effect of a finite top-quark mass in the third generation has been considered at O(α2
S ) in Refs. [34,35] and has been found 

extremely small compared to the NNLO corrections. However these effects are not completely negligible when compared to the N3LO 
corrections [30]. We have considered the effect of a finite top-quark mass including in our calculation the singlet contributions up to 
O(α3

S ) by using the calculation of the quark axial form factor in QCD up to three loops [36]. We consistently included also the quark-loop 
mediated three-loop singlet corrections which contribute, via vector coupling, both to Z and γ ∗ production at O(α3

S ) [37,38]
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Abstract: We present an extraction of unpolarized transverse momentum dependent parton
distributions functions and Collins-Soper kernel from the fit of Drell-Yan and weak-vector boson
production data. The analysis is done at the N4LL order of perturbative accuracy, using a flavor
dependent non-perturbative ansatz. The estimation of uncertainties is done with the replica method
and, for the first time, includes the propagation of uncertainties due to the collinear distributions.
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We compute the planar three-loop Quantum Chromodynamics (QCD) corrections to the helicity
amplitudes involving a vector boson V = Z,W±, �⇤, two quarks and a gluon. These amplitudes
are relevant to vector-boson-plus-jet production at hadron colliders and other precision QCD ob-
servables. The planar corrections encompass the leading colour factors N3, N2Nf , NN2

f and N3
f .

We provide the finite remainders of the independent helicity amplitudes in terms of multiple poly-
logrithms, continued to all kinematic regions and in a form which is compact and lends itself to
e�cient numerical evaluation.

INTRODUCTION

Scattering amplitudes provide the connection between
the Lagrangian formulation of the Standard Model of
particle physics and observable quantities at particle col-
lider experiments. Their pertubation theory expansion
amounts to the computation of loop corrections, enabling
increasingly accurate predictions. Multi-loop amplitudes
in QCD provide moreover an important gateway for new
mathematical ideas to enter particle physics.

The helicity amplitudes for processes involving a vector
boson and three partons have been of pivotal importance
to QCD precision physics. In their di↵erent kinematical
crossings, these amplitudes describe three-jet production
in e+e� annihilation [1], (2+1)-jet production in deep
inelastic ep scattering, and V+jet production at hadron
colliders. Measurements of all three types of processes
allowed establishing QCD as the correct theory of the
strong interactions. Precision data on these benchmark
reactions continue to play a key role in enabling accurate
determinations of the QCD coupling constant and of the
partonic content of the proton.

On the theoretical side, these processes are also a
testing ground for the development of new calculational
methods in perturbative QCD. e+e� ! 3 jets was the
first jet production process to be computed to next-to-
leading order (NLO, [2]) and next-to-next-to-leading or-
der (NNLO, [3, 4]), thereby driving the development of
systematic formulations of both subtraction and phase-
space slicing methods for handling infrared singularities
and their implementation in flexible parton-level event
generation programs [5–8]. It is likely that e+e� ! 3
jets will be among the first processes to be tackled at
third order (N3LO) in perturbative QCD.

At the LHC, leptonic decays of produced vector bosons
leave clear signatures in the detectors, allowing observ-
ables such as the transverse momentum distribution of
the lepton pair to be measured to a precision well be-
low the percent level. To match this level of accu-
racy requires going beyond the currently available NNLO
predictions [9–11] for vector-boson-plus-jet production,

which relates directly to the vector boson transverse mo-
mentum spectrum.
The Born-level helicity amplitudes for these processes

couple the vector boson to a quark-antiquark pair and
a gluon: V qq̄g. QCD corrections to these amplitudes
were computed previously up to one loop [6] and two
loops [12], recently extended to include singlet axial vec-
tor coupling terms [13] and higher orders in the dimen-
sional regulator [14].
The extension of scattering amplitudes to the next

loop order is always associated with conceptual advances.
More than twenty years ago, the calculation of the two-
loop master integrals for four-point functions with one
o↵-shell leg [15, 16] served as the first advanced example
of the use of the method of di↵erential equations [17, 18],
now ubiquitous in multiloop calculations. It also neces-
sitated the study of a new class of functions, general-
ized harmonic polylogarithms (multiple polylogarithms,
MPLs) [15, 19].
The concept of a canonical basis of master inte-

grals [20, 21] has facilitated the extension of the two-loop
V qq̄g master integrals to transcendental weight six [22].
At three loops, the ladder-box topology was considered
some time ago [23], while the more challenging ten-
nis court topologies have only been addressed more re-
cently [24, 25]. Interestingly, all planar integrals can be
expressed in terms of MPLs with the same alphabet as at
two loops. On the other hand, the first results for non-
planar topologies [25, 26] indicate an extended alphabet
with the appearance of square roots. The increasing com-
plexity at intermediate stages of amplitude calculations
has also led to the adoption of methods based on finite-
field arithmetic in particle physics [27, 28], allowing the
reconstruction of analytic results for the scattering am-
plitudes from multiple numerical evaluations.
This combination of conceptual and technical devel-

opments enables us to derive the planar three-loop QCD
V qq̄g helicity amplitudes, which we present in this letter.
These amplitudes constitute the virtual N3LO QCD cor-
rections to e+e� ! 3 jets and processes related to it by
kinematical crossing, and are the stepping stone to reach
a new level of precision in QCD studies at colliders.
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Abstract: We compute the three-loop correction to the universal single-soft emission

current for the case of scattering amplitudes with two additional color-charged partons. We

present results valid for QCD and N = 4 super-symmetric Yang-Mills theory. To achieve

our results we develop a new integrand expansion technique for scattering amplitudes in

the presence of soft emissions. Furthermore, we obtain contributions from single final-

state parton matrix elements to the Higgs boson and Drell-Yan production cross section at

next-to-next-to-next-to-next-to leading order (N4LO) in perturbative QCD in the threshold

limit.

Catani, de Florian, Rodrigo [2012]

These are only few 2023 papers (together with all the splitting papers) already working towards the N4LO

more precise PDFs → New fitting techniques and more data and N3LO PDFs
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Abstract

We have computed the first 30 even-N moments for the double fermionic (n2
f ) part of the quark-

to-gluon splitting function Pgq at the fourth order of perturbative QCD via the renormalization of

off-shell operator matrix elements. From these results we have determined the all-N form, and

hence the exact x-space expression, using systems of Diophantine equations for its coefficients.

The dominant and subdominant leading small-x n2
f contributions to P

(3)
gq (x) are of the form x−1 lnx

and ln4x, respectively; the leading large-x term is ln4(1−x). The coefficient of the first of these is

new, the other two agree with results obtained before and thus provide checks of our results.
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MSHT20aN3LO PDFs
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a Department of Physics and Astronomy, University College London, London, WC1E 6BT,

UK
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Abstract

We present the first global analysis of parton distribution functions (PDFs) at approx-

imate N3LO in the strong coupling constant ↵s, extending beyond the current highest

NNLO achieved in PDF fits. To achieve this, we present a general formalism for the

inclusion of theoretical uncertainties associated with the perturbative expansion in the

strong coupling. We demonstrate how using the currently available knowledge surround-

ing the next highest order (N3LO) in ↵s can provide consistent, justifiable and explainable

approximate N3LO (aN3LO) PDFs. This includes estimates for uncertainties due the the

currently unknown N3LO ingredients, but also implicitly some missing higher order un-

certainties (MHOUs) beyond these. Specifically, we approximate the splitting functions,

transition matrix elements, coe�cient functions and K-factors for multiple processes to

N3LO. Crucially, these are constrained to be consistent with the wide range of already

available information about N3LO to match the complete result at this order as accurately

as possible. Using this approach we perform a fully consistent approximate N3LO global

fit within the MSHT framework. This relies on an expansion of the Hessian procedure

used in previous MSHT fits to allow for sources of theoretical uncertainties. These are

included as nuisance parameters in a global fit, controlled by knowledge and intuition

based prior distributions. We analyse the di↵erences between our aN3LO PDFs and the

standard NNLO PDF set, and study the impact of using aN3LO PDFs on the LHC pro-

duction of a Higgs boson at this order. Finally, we provide guidelines on how these PDFs

should be be used in phenomenological investigations.
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Di↵Exp, a Mathematica package for computing Feynman
integrals in terms of one-dimensional series expansions
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Abstract

Di↵Exp is a Mathematica package for integrating families of Feynman integrals order-by-

order in the dimensional regulator from their systems of di↵erential equations, in terms of one-

dimensional series expansions along lines in phase-space, which are truncated at a given order

in the line parameter. Di↵Exp is based on the series expansion strategies that were explored

in recent literature for the computation of families of Feynman integrals relevant for Higgs

plus jet production with full heavy quark mass dependence at next-to-leading order. The main

contribution of this paper, and its associated package, is to provide a public implementation

of these series expansion methods, which works for any family of integrals for which the user

provides a set of di↵erential equations and boundary conditions (and for which the program is

not computationally constrained.) The main functions of the Di↵Exp package are discussed,

and its use is illustrated by applying it to the three loop equal-mass and unequal-mass banana

graph families.
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Abstract. We present an application of the major new features of pySecDec, a program
designed to numerically calculate multi-loop integrals. One important new feature is the ability
to integrate weighted sums of integrals in a way which is optimised to reach a given accuracy
goal on the sums rather than on the individual integrals. Another feature is the option to
perform asymptotic expansions. These new assets of the program represent an important step
towards the e�cient evaluation of multi-loop amplitudes in a largely automated way. We will
illustrate them in a pedagogical example, through the calculation of the one-loop amplitude
for Higgs plus jet production in the gluon channel, mediated by a top quark loop. Numerical
results in the heavy top limit, compared to their analytic counterparts, are shown as well.

1. Introduction

Precision calculations are essential for testing and advancing our knowledge of high energy

physics. Theoretical predictions need to be precise enough to match the increasing experimental

precision and to look for discrepancies hinting towards new physics directions. In light of the data

expected at the Large Hadron Collider and potential future colliders, higher order corrections for

relevant processes must be evaluated. However, with higher numbers of loops and mass scales,

the complexity of such problems increases substantially. Thus, opting for numerical evaluations

of the integrals, as well as approximations in certain limits, can often be an e�cient way to

provide su�ciently accurate phenomenological results.

The program pySecDec[1, 2] has been further developed towards this goal [3], a detailed

description can be found in the contribution of V. Magerya [4]. The purpose of these proceedings

is to present two new features resulting from this development with a concrete example. We

will describe an explicit demonstration of how to evaluate weighted sums of integrals and how

to perform expansion by regions [5, 6]. The implementation of these features represents a

step towards the automation of multi-loop calculations. Here we illustrate the methodology by

considering the example gg ! gH at 1-loop, which is part of the amplitude for Higgs plus jet

production at the LHC. Full code for this example is available in the secdec respository, see

nodist_examples/gggH1L.

Slow evaluation of 2 → 3 two-loop contribution
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We consider Drell–Yan lepton pairs produced in hadronic collisions. We present high-accuracy QCD 
predictions for the transverse-momentum (qT ) distribution and fiducial cross sections in the small 
qT region. We resum to all perturbative orders the logarithmically enhanced contributions up to the 
next-to-next-to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual 
coefficient at the next-to-next-to-next-to-leading order (N3LO) (i.e. O(α3

S )) with an approximation of 
the N4LO coefficients. The massive axial-vector and vector contributions up to three loops have also 
been consistently included. The resummed partonic cross section is convoluted with approximate N3LO 
parton distribution functions. We show numerical results at LHC energies of resummed qT distributions 
for Z/γ ∗, W ± production and decay, including the W ± and Z/γ ∗ ratio, estimating the corresponding 
uncertainties from missing higher orders corrections and from incomplete or missing perturbative 
information coefficients at N4LL and N4LO. Our resummed calculation has been encoded in the public 
numerical program DYTurbo.

 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

The production of high invariant mass (M) lepton pairs in hadronic collision, through the Drell–Yan (DY) mechanism [1,2], is extremely 
important for physics studies at hadron colliders and attracted a great deal of attention from the experimental and theory communities. 
Since the early days of QCD remarkable efforts have been devoted to detailed calculations of the dominant QCD higher-order radiative 
corrections of fiducial cross sections and kinematical distributions.

A sufficiently inclusive cross section can be perturbatively computable as an expansion in the QCD coupling αS = αS(µ2
R) where 

the renormalization scale µR is of the order of the invariant mass M . However the bulk of experimental data lies in the small trans-
verse momentum (qT ) region qT " M where the fixed-order expansion is spoiled by the presence of enhanced logarithmic corrections, 
αn

S lnm(M2/q2
T ) of soft and collinear origin. In order to obtain reliable predictions, these logarithmic terms have to be systematically re-

summed to all orders in perturbation theory [3–5] (resummed calculation and studies applying different formalism and various levels of 
theoretical accuracy have been performed in Refs. [6–33].

In this paper we consider the Drell–Yan lepton pair production in the small qT region and we apply the QCD transverse-momentum 
resummation formalism developed in Refs. [6,8,17]. We resum all the logarithmically enhanced contributions up to the next-to-next-
to-next-to-next-to-leading logarithmic (N4LL) accuracy and we include the hard-virtual coefficient at the next-to-next-to-next-to-leading 
order (N3LO) (i.e. O(α3

S)) with an estimate of the N4LO effects.
In the Z boson case, because of the axial coupling, Feynman diagrams with quark loops contribute to the cross-section at O(α2

S )

and O(α3
S ). These contributions, also known as singlet contributions, cancel out for each isospin multiplet when massless quarks are 

considered. The effect of a finite top-quark mass in the third generation has been considered at O(α2
S ) in Refs. [34,35] and has been found 

extremely small compared to the NNLO corrections. However these effects are not completely negligible when compared to the N3LO 
corrections [30]. We have considered the effect of a finite top-quark mass including in our calculation the singlet contributions up to 
O(α3

S ) by using the calculation of the quark axial form factor in QCD up to three loops [36]. We consistently included also the quark-loop 
mediated three-loop singlet corrections which contribute, via vector coupling, both to Z and γ ∗ production at O(α3

S ) [37,38]

* Corresponding author.
E-mail address: giancarlo.ferrera@mi.infn.it (G. Ferrera).

https://doi.org/10.1016/j.physletb.2023.138125
0370-2693/ 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
SCOAP3.
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Extraction of unpolarized transverse momentum

distributions from fit of Drell-Yan data at N4LL
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Abstract: We present an extraction of unpolarized transverse momentum dependent parton
distributions functions and Collins-Soper kernel from the fit of Drell-Yan and weak-vector boson
production data. The analysis is done at the N4LL order of perturbative accuracy, using a flavor
dependent non-perturbative ansatz. The estimation of uncertainties is done with the replica method
and, for the first time, includes the propagation of uncertainties due to the collinear distributions.
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Planar three-loop QCD helicity amplitudes for V +jet production at hadron colliders
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We compute the planar three-loop Quantum Chromodynamics (QCD) corrections to the helicity
amplitudes involving a vector boson V = Z,W±, �⇤, two quarks and a gluon. These amplitudes
are relevant to vector-boson-plus-jet production at hadron colliders and other precision QCD ob-
servables. The planar corrections encompass the leading colour factors N3, N2Nf , NN2

f and N3
f .

We provide the finite remainders of the independent helicity amplitudes in terms of multiple poly-
logrithms, continued to all kinematic regions and in a form which is compact and lends itself to
e�cient numerical evaluation.

INTRODUCTION

Scattering amplitudes provide the connection between
the Lagrangian formulation of the Standard Model of
particle physics and observable quantities at particle col-
lider experiments. Their pertubation theory expansion
amounts to the computation of loop corrections, enabling
increasingly accurate predictions. Multi-loop amplitudes
in QCD provide moreover an important gateway for new
mathematical ideas to enter particle physics.

The helicity amplitudes for processes involving a vector
boson and three partons have been of pivotal importance
to QCD precision physics. In their di↵erent kinematical
crossings, these amplitudes describe three-jet production
in e+e� annihilation [1], (2+1)-jet production in deep
inelastic ep scattering, and V+jet production at hadron
colliders. Measurements of all three types of processes
allowed establishing QCD as the correct theory of the
strong interactions. Precision data on these benchmark
reactions continue to play a key role in enabling accurate
determinations of the QCD coupling constant and of the
partonic content of the proton.

On the theoretical side, these processes are also a
testing ground for the development of new calculational
methods in perturbative QCD. e+e� ! 3 jets was the
first jet production process to be computed to next-to-
leading order (NLO, [2]) and next-to-next-to-leading or-
der (NNLO, [3, 4]), thereby driving the development of
systematic formulations of both subtraction and phase-
space slicing methods for handling infrared singularities
and their implementation in flexible parton-level event
generation programs [5–8]. It is likely that e+e� ! 3
jets will be among the first processes to be tackled at
third order (N3LO) in perturbative QCD.

At the LHC, leptonic decays of produced vector bosons
leave clear signatures in the detectors, allowing observ-
ables such as the transverse momentum distribution of
the lepton pair to be measured to a precision well be-
low the percent level. To match this level of accu-
racy requires going beyond the currently available NNLO
predictions [9–11] for vector-boson-plus-jet production,

which relates directly to the vector boson transverse mo-
mentum spectrum.
The Born-level helicity amplitudes for these processes

couple the vector boson to a quark-antiquark pair and
a gluon: V qq̄g. QCD corrections to these amplitudes
were computed previously up to one loop [6] and two
loops [12], recently extended to include singlet axial vec-
tor coupling terms [13] and higher orders in the dimen-
sional regulator [14].
The extension of scattering amplitudes to the next

loop order is always associated with conceptual advances.
More than twenty years ago, the calculation of the two-
loop master integrals for four-point functions with one
o↵-shell leg [15, 16] served as the first advanced example
of the use of the method of di↵erential equations [17, 18],
now ubiquitous in multiloop calculations. It also neces-
sitated the study of a new class of functions, general-
ized harmonic polylogarithms (multiple polylogarithms,
MPLs) [15, 19].
The concept of a canonical basis of master inte-

grals [20, 21] has facilitated the extension of the two-loop
V qq̄g master integrals to transcendental weight six [22].
At three loops, the ladder-box topology was considered
some time ago [23], while the more challenging ten-
nis court topologies have only been addressed more re-
cently [24, 25]. Interestingly, all planar integrals can be
expressed in terms of MPLs with the same alphabet as at
two loops. On the other hand, the first results for non-
planar topologies [25, 26] indicate an extended alphabet
with the appearance of square roots. The increasing com-
plexity at intermediate stages of amplitude calculations
has also led to the adoption of methods based on finite-
field arithmetic in particle physics [27, 28], allowing the
reconstruction of analytic results for the scattering am-
plitudes from multiple numerical evaluations.
This combination of conceptual and technical devel-

opments enables us to derive the planar three-loop QCD
V qq̄g helicity amplitudes, which we present in this letter.
These amplitudes constitute the virtual N3LO QCD cor-
rections to e+e� ! 3 jets and processes related to it by
kinematical crossing, and are the stepping stone to reach
a new level of precision in QCD studies at colliders.
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Single-soft emissions for amplitudes with two

colored particles at three loops

Franz Herzog,a Yao Ma,b Bernhard Mistlberger,c Adi Sureshc
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Abstract: We compute the three-loop correction to the universal single-soft emission

current for the case of scattering amplitudes with two additional color-charged partons. We

present results valid for QCD and N = 4 super-symmetric Yang-Mills theory. To achieve

our results we develop a new integrand expansion technique for scattering amplitudes in

the presence of soft emissions. Furthermore, we obtain contributions from single final-

state parton matrix elements to the Higgs boson and Drell-Yan production cross section at

next-to-next-to-next-to-next-to leading order (N4LO) in perturbative QCD in the threshold

limit.

Catani, de Florian, Rodrigo [2012]

more precise PDFs → New fitting techniques and more data and N3LO PDFs
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The double fermionic contribution to the

four-loop quark-to-gluon splitting function

G. Falcionia,b, F. Herzogc, S. Mochd , J. Vermaserene and A. Vogt f
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The University of Edinburgh, Edinburgh EH9 3FD, Scotland, UK

dII. Institute for Theoretical Physics, Hamburg University
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f Department of Mathematical Sciences, University of Liverpool
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Abstract

We have computed the first 30 even-N moments for the double fermionic (n2
f ) part of the quark-

to-gluon splitting function Pgq at the fourth order of perturbative QCD via the renormalization of

off-shell operator matrix elements. From these results we have determined the all-N form, and

hence the exact x-space expression, using systems of Diophantine equations for its coefficients.

The dominant and subdominant leading small-x n2
f contributions to P

(3)
gq (x) are of the form x−1 lnx

and ln4x, respectively; the leading large-x term is ln4(1−x). The coefficient of the first of these is

new, the other two agree with results obtained before and thus provide checks of our results.

Approximate N3LO Parton Distribution Functions
with Theoretical Uncertainties:

MSHT20aN3LO PDFs

J. McGowana, T. Cridgea, L. A. Harland-Langb, and R.S. Thornea

a Department of Physics and Astronomy, University College London, London, WC1E 6BT,

UK
b Rudolf Peierls Centre, Beecroft Building, Parks Road, Oxford, OX1 3PU, UK

Abstract

We present the first global analysis of parton distribution functions (PDFs) at approx-

imate N3LO in the strong coupling constant ↵s, extending beyond the current highest

NNLO achieved in PDF fits. To achieve this, we present a general formalism for the

inclusion of theoretical uncertainties associated with the perturbative expansion in the

strong coupling. We demonstrate how using the currently available knowledge surround-

ing the next highest order (N3LO) in ↵s can provide consistent, justifiable and explainable

approximate N3LO (aN3LO) PDFs. This includes estimates for uncertainties due the the

currently unknown N3LO ingredients, but also implicitly some missing higher order un-

certainties (MHOUs) beyond these. Specifically, we approximate the splitting functions,

transition matrix elements, coe�cient functions and K-factors for multiple processes to

N3LO. Crucially, these are constrained to be consistent with the wide range of already

available information about N3LO to match the complete result at this order as accurately

as possible. Using this approach we perform a fully consistent approximate N3LO global

fit within the MSHT framework. This relies on an expansion of the Hessian procedure

used in previous MSHT fits to allow for sources of theoretical uncertainties. These are

included as nuisance parameters in a global fit, controlled by knowledge and intuition

based prior distributions. We analyse the di↵erences between our aN3LO PDFs and the

standard NNLO PDF set, and study the impact of using aN3LO PDFs on the LHC pro-

duction of a Higgs boson at this order. Finally, we provide guidelines on how these PDFs

should be be used in phenomenological investigations.
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NNLO TH calculations at higher multiplicities → New loop integral techniques required 
(analytical or numerical)?

TCDMATH 20-07

Di↵Exp, a Mathematica package for computing Feynman
integrals in terms of one-dimensional series expansions

Martijn Hidding

School of Mathematics, Trinity College Dublin, Dublin 2, Ireland

E-mail: hiddingm@tcd.ie

Abstract

Di↵Exp is a Mathematica package for integrating families of Feynman integrals order-by-

order in the dimensional regulator from their systems of di↵erential equations, in terms of one-

dimensional series expansions along lines in phase-space, which are truncated at a given order

in the line parameter. Di↵Exp is based on the series expansion strategies that were explored

in recent literature for the computation of families of Feynman integrals relevant for Higgs

plus jet production with full heavy quark mass dependence at next-to-leading order. The main

contribution of this paper, and its associated package, is to provide a public implementation

of these series expansion methods, which works for any family of integrals for which the user

provides a set of di↵erential equations and boundary conditions (and for which the program is

not computationally constrained.) The main functions of the Di↵Exp package are discussed,

and its use is illustrated by applying it to the three loop equal-mass and unequal-mass banana

graph families.
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 more efficient MC for fixed order tools (CPU cost) → techniques with no distinction 
between real and virtual corrections?
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A Tree–Loop Duality Relation at Two Loops
and Beyond

Isabella Bierenbaum (a)∗, Stefano Catani (b)†, Petros Draggiotis (a)‡ and Germán Rodrigo (a)§

(a) Instituto de Fı́sica Corpuscular, Universitat de València – Consejo Superior de Investigaciones
Cientı́ficas, Apartado de Correos 22085, E-46071 Valencia, Spain

(b) INFN, Sezione di Firenze and Dipartimento di Fisica, Università di Firenze,
I-50019 Sesto Fiorentino, Florence, Italy

Abstract

The duality relation between one–loop integrals and phase–space integrals, developed in a
previous work, is extended to higher–order loops. The duality relation is realized by a modi-
fication of the customary +i0 prescription of the Feynman propagators, which compensates
for the absence of the multiple–cut contributions that appear in the Feynman tree theorem.
We rederive the duality theorem at one–loop order in a form that is more suitable for its
iterative extension to higher–loop orders. We explicitly show its application to two– and
three–loop scalar master integrals, and we discuss the structure of the occurring cuts and the
ensuing results in detail.

October 25, 2010
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Open Loop Amplitudes and Causality to All Orders
and Powers from the Loop-Tree Duality
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Multiloop scattering amplitudes describing the quantum fluctuations at high-energy scattering processes
are the main bottleneck in perturbative quantum field theory. The loop-tree duality is a novel method aimed
at overcoming this bottleneck by opening the loop amplitudes into trees and combining them at integrand
level with the real-emission matrix elements. In this Letter, we generalize the loop-tree duality to all orders
in the perturbative expansion by using the complex Lorentz-covariant prescription of the original one-loop
formulation. We introduce a series of mutiloop topologies with arbitrary internal configurations and derive
very compact and factorizable expressions of their open-to-trees representation in the loop-tree duality
formalism. Furthermore, these expressions are entirely independent at integrand level of the initial
assignments of momentum flows in the Feynman representation and remarkably free of noncausal
singularities. These properties, that we conjecture to hold to other topologies at all orders, provide integrand
representations of scattering amplitudes that exhibit manifest causal singular structures and better
numerical stability than in other representations.

DOI: 10.1103/PhysRevLett.124.211602

Introduction.—Precision modeling of fundamental inter-
actions relies mostly on perturbative quantum field theory.
Quantum fluctuations in perturbative quantum field theory
are encoded by Feynman diagramswith closed loop circuits.
These loop diagrams are the main bottleneck to achieve
higher perturbative orders and therefore more precise
theoretical predictions for high-energy colliders [1,2].
Whereas loop integrals are defined in the Minkowski space
of the loop four-momenta, the loop-tree duality (LTD)
[3–22] exploits the Cauchy residue theorem to reduce the
dimensions of the integration domain by one unit in each
loop. In the most general version of LTD the loop momen-
tum component that is integrated out is arbitrary [3,4]. In
numerical implementations [7,8,10,11,13,14,16,21,22] and
asymptotic expansions [12,17], it is convenient to select the
energy component because the remaining integration
domain, the loop three-momenta, is Euclidean.

LTD opens any loop diagram to a forest (a sum) of
nondisjoint trees by introducing as many on-shell con-
ditions on the internal loop propagators as the number of
loops, and is realized by modifying the usual infinitesimal
complex prescription of the Feynman propagators. The new
propagators with modified prescription are called dual
propagators. LTD at higher orders proceeds iteratively,
or in the words of Feynman [23,24], by opening the loops
in succession. While the position of the poles of Feynman
propagators in the complex plane is well defined, i.e., the
positive (negative) energy modes feature a negative (pos-
itive) imaginary component due to the momentum inde-
pendent þ{0 imaginary prescription, the dual prescription
of dual propagators is momentum dependent. Therefore,
after applying LTD to the first loop, the position of the
poles in the complex plane of the subsequent loop momenta
is modified. The solution found in Refs. [4,5] was to
reshuffle the imaginary components of the dual propagators
by using a general identity that relates dual with Feynman
propagators in such a way that propagators entering the
second and successive applications of LTD are Feynman
propagators only. This procedure requires to reverse the
momentum flow of a few subsets of propagators in order to
keep a coherent momentum flow in each LTD round.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.
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FDR, an easier way to NNLO calculations: a two-loop case study
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Abstract In this paper we illustrate the simplifications pro-
duced by FDR in NNLO computations. We show with an
explicit example that—due to its four-dimensionality—FDR
does not require an order-by-order renormalization and that,
unlike the one-loop case, FDR and dimensional regulariza-
tion generate intermediate two-loop results which are no
longer linked by a simple subtraction of the ultraviolet (UV)
poles in ε. Our case study is the two-loop amplitude for
H → γ γ , mediated by an infinitely heavy top loop, in the
presence of gluonic corrections. We use this to elucidate how
gauge invariance is preserved with no need of introducing
counterterms in the Lagrangian. In addition, we discuss a
possible four-dimensional approach to the infrared problem
compatible with the FDR treatment of the UV infinities.

1 Introduction

Computing radiative corrections has become of uppermost
importance in particle phenomenology [1]. The present lack
of unexpected signals at the LHC pulls the effects of New
Physics in a domain where small discrepancies have to be
searched via detailed comparisons between experimental
results and precise calculations of the Standard Model back-
ground. Due to the large QCD coupling constant, precise pre-
dictions at the LHC often require NNLO accuracy. On the
other hand, calculations based on two or more loops in the
complete Electroweak (EW) model will be mandatory at the
future International Linear Collider to meet the experimental
accuracy foreseen, for example, in Higgs Physics [2].

While NLO techniques are very well established [3–8],
[9–15], work is ongoing to solve the NNLO problem in
its full generality [16]. As for the virtual sector, progress
has been recently achieved by extending generalized uni-
tarity techniques at two loops [17–21], while the antenna

a e-mail: adonati@ugr.es
b e-mail: pittau@ugr.es

subtraction [22,23] and sector decomposition [24–27] meth-
ods look promising tools to deal with IR divergences beyond
NLO [28].

In this paper we investigate the possibility of further sim-
plifying NNLO computations by abandoning dimensional
regularization [29]. Despite its known virtues, DR requires
a heavy analytic work aimed at subtracting powers of 1/ε

of UV or IR origin even before attacking the calculation of
the finite physical part. For instance, DR forces an order-
by-order iterative renormalization, which is especially cum-
bersome when computing loop corrections in the EW model
or in SUSY: the full set of one-loop counterterms has to be
determined and added in a two-loop computation, and so
on. Furthermore, loop functions used at a given perturba-
tive level must be further expanded in ε—when appearing at
higher orders—to include terms generating O(ε0) contribu-
tions when multiplied by the new poles. Such complications
arise in DR because constants needed to preserve the sym-
metries of the Lagrangian are often produced by εε terms,
which are kept under control by the iterative renormalization.

This has driven us to study the performances of FDR [30]
as a simpler four-dimensional approach beyond one loop.1

The key point of FDR is that the use of counterterms is
avoided by defining a four-dimensional and UV-free loop
integration in a way compatible with shift and gauge invari-
ance. Having done this, the correct results automatically
emerge once the theory is fixed in terms of physical observ-
ables by means of a finite renormalization relating the param-
eters of the Lagrangian to measured quantities. In addition,
IR infinities can be naturally accommodated within the same
four-dimensional framework used to cope with the UV diver-
gences. This is why we envisage in FDR a great potential to
reduce the complexity of the NNLO calculations, especially
when used together with numerical techniques.

In this paper we present, as the first example of a two-
loop FDR calculation, the QCD corrections to the top-

1 Other four-dimensional treatments are listed in [31–36].
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Four-dimensional unsubtraction with massive particles
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Abstract: We extend the four-dimensional unsubtraction method, which is based on the

loop-tree duality (LTD), to deal with processes involving heavy particles. The method

allows to perform the summation over degenerate IR configurations directly at integrand

level in such a way that NLO corrections can be implemented directly in four space-

time dimensions. We define a general momentum mapping between the real and virtual

kinematics that accounts properly for the quasi-collinear configurations, and leads to an

smooth massless limit. We illustrate the method first with a scalar toy example, and then

analyse the case of the decay of a scalar or vector boson into a pair of massive quarks.

The results presented in this paper are suitable for the application of the method to any

multipartonic process.

Keywords: NLO Computations

ArXiv ePrint: 1608.01584

Open Access, c© The Authors.

Article funded by SCOAP3.
doi:10.1007/JHEP10(2016)162

J
H
E
P
0
8
(
2
0
1
6
)
1
6
0

Published for SISSA by Springer

Received: April 27, 2016

Revised: July 13, 2016

Accepted: August 20, 2016

Published: August 29, 2016
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Abstract: We present a new algorithm to construct a purely four dimensional represen-

tation of higher-order perturbative corrections to physical cross-sections at next-to-leading

order (NLO). The algorithm is based on the loop-tree duality (LTD), and it is implemented

by introducing a suitable mapping between the external and loop momenta of the virtual

scattering amplitudes, and the external momenta of the real emission corrections. In this

way, the sum over degenerate infrared states is performed at integrand level and the cancel-

lation of infrared divergences occurs locally without introducing subtraction counter-terms

to deal with soft and final-state collinear singularities. The dual representation of ultravio-

let counter-terms is also discussed in detail, in particular for self-energy contributions. The

method is first illustrated with the scalar three-point function, before proceeding with the

calculation of the physical cross-section for γ∗ → qq̄(g), and its generalisation to multi-leg

processes. The extension to next-to-next-to-leading order (NNLO) is briefly commented.
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State of the art transverse momentum resummation at N3LO
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A precise determination of the strong-coupling

constant from the recoil of ` bosons with the ATLAS

experiment at
p
s = 8 TeV

The ATLAS Collaboration

The coupling constant of the strong force is determined from the transverse-momentum
distribution of / bosons produced in 8 TeV proton–proton collisions at the LHC and recorded
by the ATLAS experiment. The /-boson cross sections are measured in the full phase space
of the decay leptons using 15.3 million electron and muon pairs, in a dataset collected in
2012 and corresponding to an integrated luminosity of 20.2 fb�1. The analysis is based on
predictions evaluated at third order in perturbative QCD, supplemented by the resummation
of logarithmically enhanced contributions in the low transverse-momentum region of the
lepton pairs. The determined value of the strong coupling at the reference scale corresponding
to the /-boson mass is Us(</ ) = 0.1183 ± 0.0009. This is the most precise experimental
determination of Us(</ ) achieved so far.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Figure 3: Determination of Us (</ ) at various different orders in the QCD perturbative expansion, using the MSHT20
PDF set. The filled area represents missing higher-order uncertainties estimated through scale variations, and the
vertical error bars include experimental and PDF uncertainties.

5 Determination of "s(m`)

The determination of Us(</ ) with central values of the QCD scales and using Eq. (1) yields Us(</ ) =
0.11847±0.00067, with contributions to the fit uncertainty from the experimental sources and from the PDFs
estimated as ±0.00044 and ±0.00051 respectively.6 Uncertainties arising from missing higher orders, due
to truncation of the perturbative series, are estimated through independent variations of `r, `f and & in the
range 0.5 ·

q
<

2
✓✓

+ ?
2
T  {`r, `f ,&}  2 ·

q
<

2
✓✓

+ ?
2
T with the constraints 0.5  {`f/`r,&/`r,&/`f}  2,

leading to 14 variations.

The fit is repeated for each scale variation, and the determined values of Us(</ ) range from a minimum of
0.11786 to a maximum of 0.11870. The midpoint of this range of Us(</ ) values, Us(</ ) = 0.11828, is
taken as the nominal result, and the range’s envelope of ±0.00042 is used as an estimate of the uncertainties
due to missing higher orders, henceforth referred to as ‘missing higher-order uncertainties’.

The procedure is repeated at lower orders, starting from next-to-leading-logarithm accuracy matched to
next-to-leading order (NLL+NLO). The MSHT20 PDF set is used throughout, and the order of the PDFs is
matched to the order required by the logarithmic terms included in the ?T-resummation, i.e. NNLO at
N3LL and NLO at NNLL.7 The results are shown in Figure 3. At every order, the estimate of missing
higher-order uncertainties obtained from the scale variations overlaps with determinations of Us(</ ) at
higher orders, giving confidence in the robustness and gradual convergence of these estimates.

6 The non-perturbative QCD parameters are left free in the fit, and, due to their correlation with Us (</ ), the experimental
uncertainties are significantly larger here than in the pseudo-fit, where they are kept fixed to assess the experimental sensitivity
to Us (</ ).

7 At NLL the NLO PDF set is used because the LO PDF set does not have Us (</ ) variations.
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Figure 2: Transverse-momentum distribution of / bosons predicted with DYTurbo [36] at different values of Us (</ ),
using the MSHT20 PDF set [37]. The impact of changing Us (</ ) on the PDFs is included.

2 ATLAS detector and data sample

The ATLAS experiment [46] at the LHC is a multipurpose particle detector with a forward–backward
symmetric cylindrical geometry and a near 4c coverage in solid angle.3 It consists of an inner tracking
detector surrounded by a thin superconducting solenoid providing a 2 T axial magnetic field, electromagnetic
and hadron calorimeters, and a muon spectrometer. The inner tracking detector covers the pseudorapidity
range |[ | < 2.5. It consists of silicon pixel, silicon microstrip, and transition radiation tracking detectors.
Lead/liquid-argon (LAr) sampling calorimeters provide electromagnetic (EM) energy measurements
with high granularity. A steel/scintillator-tile hadron calorimeter covers the central pseudorapidity range
(|[ | < 1.7). The endcap and forward regions are instrumented with LAr calorimeters for both the EM and
hadronic energy measurements up to |[ | = 4.9. The muon spectrometer surrounds the calorimeters and is
based on three large superconducting air-core toroidal magnets with eight coils each. The field integral of
the toroids ranges between 2.0 and 6.0 T m across most of the detector. The muon spectrometer includes a
system of precision chambers for tracking and fast detectors for triggering. A three-level trigger system is
used to select events. The first-level trigger is implemented in hardware and uses a subset of the detector
information to accept events at a rate of at most 75 kHz. This is followed by two software-based trigger
levels that together reduce the accepted event rate to 400 Hz on average depending on the data-taking
conditions during 2012. An extensive software suite [47] is used in data simulation, in the reconstruction
and analysis of real and simulated data, in detector operations, and in the trigger and data acquisition
systems of the experiment. The data were collected by the ATLAS detector in 2012 at a centre-of-mass

3 ATLAS uses a right-handed coordinate system with its origin at the nominal interaction point (IP) in the centre of the
detector and the I-axis along the beam pipe. The G-axis points from the IP to the centre of the LHC ring, and the H-axis
points upwards. Cylindrical coordinates (A, q) are used in the transverse plane, q being the azimuthal angle around the I-axis.
The pseudorapidity is defined in terms of the polar angle \ as [ = � ln tan(\/2). Angular distance is measured in units of
�' ⌘

p
(�[)2 + (�q)2.

4

Most precise experimental determination of 𝛼s (𝑚𝑍 ) achieved

Figure 1: The qT spectrum of Z bosons at the Tevatron Run II: results at NLL+LO (left panel)
and NNLL+NLO (right panel) accuracy. Each result is compared to the corresponding fixed-order
result (dashed line) and to the finite component (dotted line) in Eq. (8).

kinematical peak at qT ∼ 2 GeV, and tends to the corresponding LO result at large values of qT .
The finite component smoothly vanishes as qT → 0 and gives a small contribution to the NLL+LO
result in the low-qT region.

The results in the right panel of Fig. 1 are analogous to those in the left panel, although
systematically at one order higher. The qT spectrum at NNLL+NLO accuracy (solid line) is
compared with the NLO result (dashed line) and with the NLO finite component of the spectrum
(dotted line). The NLO result diverges to −∞ as qT → 0 and, at small values of qT , it has an
unphysical peak (the top of the peak is above the vertical scale of the plot) that is produced by
the numerical compensation of negative leading and positive subleading logarithmic contributions.
The contribution of the NLO finite component to the NNLL+NLO result is smaller than 1% at
the peak and becomes more important as qT increases: it is about 8% at qT ∼ 20 GeV, about
20% at qT ∼ 30 GeV and about 53% at qT ∼ 50 GeV. A similar quantitative behaviour is
observed by considering the contribution of the NLO finite component to the NLO result; the
contribution is about 10% at qT ∼ 20 GeV, about 22% at qT ∼ 30 GeV and about 60% at
qT ∼ 50 GeV. In the region of intermediate values of qT (say, around 20 GeV), the difference
between the NNLL+NLO and NLO results is larger than the size of the NLO finite component.
This difference is produced by the logarithmic terms (at NNLO and beyond NNLO) that are
included in the resummed calculation at NNLL accuracy. At large values of qT the contribution of
the NLO finite component sizeably increases. This behaviour indicates that the logarithmic terms
are no longer dominant and that the resummed calculation cannot improve upon the predictivity
of the fixed-order expansion.

Comparing the left and right panels of Fig. 1, we see that the qT spectrum is slightly harder
at NNLL+NLO accuracy than at NLL+LO accuracy. The height of the peak at NNLL+NLO is
lower than at NLL+LO. This is mainly due to the fact that the NNLO total cross section, which
fixes the value of the qT integral of our NNLL+NLO result, is only about 3% larger than the NLO
total cross section, whereas in the region of intermediate values of qT the cross section at NLO

6

The size of the finite: Real+CT
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Theoretical calculations
New Splitting functions at N3LO (Pqg and contributions to Pgq)

Falcioni, Herzog, Moch, Vogt [2023]

 N(20) moments + available endpoint constraints → the four-loop Pqg(x) that should be sufficient for a 
wide range of collider-physics applications
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Figure 1: Two sets of 80 trial functions, one for a large and one for a small value of the unknown coefficient

of x−1 lnx, for the four-loop (N3LO) contribution to the gluon-to-quark splitting function at nf = 4. The two

cases selected for eq. (13) are shown by the solid (red) lines.
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Figure 2: Left: The perturbative expansion of the splitting functions Pqg to N3LO for nf = 4 and αs = 0.2,

using eq. (13) for the four-loop contribution. Right: The resulting N2LO and N3LO convolutions (17) with

the reference gluon distribution (18), normalized to the NLO result.
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Abstract

We have computed the first 30 even-N moments for the double fermionic (n2
f ) part of the quark-

to-gluon splitting function Pgq at the fourth order of perturbative QCD via the renormalization of

off-shell operator matrix elements. From these results we have determined the all-N form, and

hence the exact x-space expression, using systems of Diophantine equations for its coefficients.

The dominant and subdominant leading small-x n2
f contributions to P

(3)
gq (x) are of the form x−1 lnx

and ln4x, respectively; the leading large-x term is ln4(1−x). The coefficient of the first of these is

new, the other two agree with results obtained before and thus provide checks of our results.

Pgq

Pgg should be feasible soon
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Greatest Of All TheoriesSM
Everything looks SM-like at LHC

Motivation
EPS-2023
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Theory Highest perturbative 
order reached Typical uncertainty Final state 

multiplicity
Well under control 

at

QCD 

⨁ 


EW

Next-to-next-to-
leading order (NNLO)

8%-12% (inherited from QCD 
part)

2→(n=) 3 legs QCD NNLO (2→2 
processes)

QCD
Next-to-next-to-next-

to-leading order 
(N3LO)

3%-5% 2→(n=) 1 legs
Hard to obtain differential results in 
a short time (at least 2 months in 

2000 CPUs)

Theoretical calculations - State of the art
Perturbative QCD TH predictions & more
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Degree of complexity at NNLO
‣  2 loop
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“NLO complexity” :  loop 1

✏2

1

✏2
singular emission (extra)

Tree level a Hell of infrared singularities

1

✏4
poles

after integration over
 unresolved partons

Bottleneck for larger multiplicities
Many becoming available

Bottleneck for larger multiplicities: implementation 

‣  1 loop + single emission

‣  Double real emission

Anatomy of a NNLO calculation e.g. pp to JJ

✓ double real radiation matrix elements dσ̂RR
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✓ single radiation one-loop matrix elements dσ̂RV
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