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Bootstrap:  
What is (im)possible in the Space of QFTs and Strings

| in > |out >

UV CFT

IR CFT

RG Flow

Typical QFT

Conformal 
Bootstrap

S-matrix Bootstrap

The S-matrix measures the 
probability of a scattering process 

𝒮in→out ≡ < in |out >

Use causality, crossing, and unitarity to constrain the space of physical observables



Distance between quarks R/ℓs → ∞

Bounds on “real world” confining strings
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[5] Caristo, Caselle, Magnoli, Nada, Panero ‘21
[4] Baffigo, Caselle ‘23
Lattice simulations agree with the bound!

Bounds on “real world” confining strings

Flux Tube ground state in 2+1 D



Spectrum from Bootstrap

Let’s now consider a toy model for  scatteringππ



Spectrum from Bootstrap

Scalar field  in 3+1 D with , Goldstone of spontaneously broken U(1)ϕ m = 0

s = (p1 + p2)2, t = (p1 − p4)2, s + t + u = 0

p1 p2

p3 p4

T(s, t, u) =

ℒ ⊃ (∂ϕ)4 + (∂ϕ)6 + ∂6ϕ4+g4∂8ϕ4 + …

Let’s now consider a toy model for  scatteringππ



Spectrum from Bootstrap

s = (p1 + p2)2, t = (p1 − p4)2, s + t + u = 0

p1 p2

p3 p4

T(s, t, u) =

ℒ ⊃ (∂ϕ)4 + (∂ϕ)6 + ∂6ϕ4+g4∂8ϕ4 + …

Consider the amplitude that minimizes the  coupling ∂8ϕ4 g4

Let’s now consider a toy model for  scatteringππ

Scalar field  in 3+1 D with , Goldstone of spontaneously broken U(1)ϕ m = 0



Vacuum trajectory (pomeron)

Normal Regge

t

Acanfora, AG, Haring, Karateev 2310.06027

α(t)

(Sister trajectory?)

Spectrum from Bootstrap

Half of the slope!

Let’s have a look at the amplitude that minimizes the  coupling g4

https://arxiv.org/abs/2310.06027


Vacuum trajectory (pomeron)

Normal Regge

t
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α(t)

αPomeron(t) = 1.08 + 0.25
t

GeV2

αρ(t) = 0.52 + 0.9
t

GeV2

Half of the slope!

Veneziano’s plot

Spectrum from Bootstrap

(Sister trajectory?)

Let’s have a look at the amplitude that minimizes the  coupling g4

https://arxiv.org/abs/2310.06027


Vacuum trajectory (pomeron)

Normal Regge

t

Acanfora, AG, Haring, Karateev 2310.06027

α(t)

αPomeron(t) = 1.08 + 0.25
t

GeV2

αρ(t) = 0.52 + 0.9
t

GeV2

Half of the slope!

Veneziano’s plot

Spectrum from Bootstrap

(Sister trajectory?)

See Jan’s Talk 

Let’s have a look at the amplitude that minimizes the  coupling g4

https://arxiv.org/abs/2310.06027


Plan of the Talk

1) D 9, Quantum Gravity S-matrix Bootstrap≥

2) Multi-particle scattering on confining Strings
AG, A. Homrich, P. Vieira 2404.10812

AG, J. Penedones, P. Vieira 2102.02847

AG, H. Murali, J. Penedones, P. Vieira 2212.00151



Supergravity amplitudes in D 9≥



AQG = ∫ −g(R + 0 × R2 + 0 × R3+αDR4 + …)Maximal Susy, turn off all couplings except GD

Supergravity amplitudes in D 9≥



AQG = ∫ −g(R + 0 × R2 + 0 × R3+αDR4 + …)Maximal Susy, turn off all couplings except GD

Supergravity amplitudes in D 9≥

A2!2 = R4A(s, t, u)
<latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit><latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit><latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit><latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit>

s4
<latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit>

s4 + t4 + u4
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Axi-dilaton
Dilaton

2->2 Graviton
2 dilaton->2 Graviton

…

Scattering amplitude of particles in the gravity multiplet



Sugra

A(s, t, u) = 8πGD ( 1
stu

+αDℓ6
P + 𝒪(s log s)){

First quantum correction αDR4

AQG = ∫ −g(R + 0 × R2 + 0 × R3+αDR4 + …)Maximal Susy, turn off all couplings except GD

At low energy and for D ≥ 9

Can  take any value?αD

Supergravity amplitudes in D 9≥

A2!2 = R4A(s, t, u)
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<latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit>

s4 + t4 + u4
<latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit><latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit><latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit><latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit>

Axi-dilaton
Dilaton

2->2 Graviton
2 dilaton->2 Graviton

…

Scattering amplitude of particles in the gravity multiplet



Sugra

A(s, t, u) = 8πGD ( 1
stu

+αDℓ6
P + 𝒪(s log s)){

First quantum correction αDR4

AQG = ∫ −g(R + 0 × R2 + 0 × R3+αDR4 + …)Maximal Susy, turn off all couplings except GD

At low energy and for D ≥ 9

Can  take any value?     αD

Supergravity amplitudes in D 9≥

A2!2 = R4A(s, t, u)
<latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit><latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit><latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit><latexit sha1_base64="JFIqE5b2MIHMkTuYExWbu3hyaKs=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoMQQcJuCOhFMHrxqGI0kI1hdtKJQ2YfzPQKsuw3+Al+hVc9eROv4sF/cXbNQRPrVFR109XlRVJotO1PqzAzOze/UFwsLS2vrK6V1zeudBgrDi0eylC1PaZBigBaKFBCO1LAfE/CtTc6yfzrO1BahMEl3kfQ9dkwEAPBGRqpV951fYa3npc0015SdzGk9fTwRxskF+lNgzareg/34t1euWLX7Bx0mjhjUiFjnPXKX24/5LEPAXLJtO44doTdhCkUXEJacmMNEeMjNoSOoQHzQXeT/KWU7sSamTARKCokzUX4vZEwX+t73zOTWVg96WXif14nxsFBNxFBFCMEPDuEQkJ+SHMlTFdA+0IBIsuSAxUB5UwxRFCCMs6NGJvySqYPZ/L7aXJVrzmGnzcqR8fjZopki2yTKnHIPjkip+SMtAgnD+SJPJMX69F6td6s95/RgjXe2SR/YH18A73WoTQ=</latexit>

s4
<latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit><latexit sha1_base64="YZPU2fgCr/Lf2hZae7YlWq4UJto=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUmOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6hanMfghGysxEpyhlW7M3emgWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxqDpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY7O/VSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lr09rjYuimTI5IIfkmHjkjDTIFWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbrYGSIg==</latexit>

s4 + t4 + u4
<latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit><latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit><latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit><latexit sha1_base64="ds6Kx780bbapaBLiAqshdYagd5Q=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMgCGFXAnoMevEYwTxgswmzk04cMvtgplcIS/ArvOrJm3j1Wzz4L86ue9DEgoaiqpvuLj+WQqNtf1qlldW19Y3yZmVre2d3r7p/0NFRoji0eSQj1fOZBilCaKNACb1YAQt8CV1/ep353QdQWkThHc5i8AI2CcVYcIZGcvWgcYamkkFjWK3ZdTsHXSZOQWqkQGtY/eqPIp4EECKXTGvXsWP0UqZQcAnzSj/REDM+ZRNwDQ1ZANpL85Pn9CTRDCMag6JC0lyE3xMpC7SeBb7pDBje60UvE//z3ATHl14qwjhBCHm2CIWEfJHmSpgsgI6EAkSWXQ5UhJQzxRBBCco4N2JiwqmYPJzF75dJ57zuGH7bqDWvimTK5Igck1PikAvSJDekRdqEk4g8kWfyYj1ar9ab9f7TWrKKmUPyB9bHN55llNU=</latexit>

Axi-dilaton
Dilaton

2->2 Graviton
2 dilaton->2 Graviton

…

Scattering amplitude of particles in the gravity multiplet

αD ∝ ∫
∞

0

ImA(s, t = 0)
s

ds ≥ 0



αD ∝ ∫
∞

0

ImA(s, t = 0)
s

ds ≥ 0

EFT behavior

Semiclassical at 
large impact 
parameter 

Black holes at  
small impact  
parameter

Im A(s, t = 0) ∝ σtotal

sℓ2
P1

QG regime: 
Strings? Other UV 
completions?

  knows about the theory at all scales αD

Supergravity amplitudes in D 9≥

We will only assume Maximal Susy, causality, crossing, and unitarity!



Non-perturbative S-matrix Bootstrap

•Consider an ansatz for the non-perturbative amplitude which is crossing symmetric and analytic



A(s, t, u) =
8πGD

stu
+ ∏

X=s,t,u

(ρX + 1)2 ∑
a+b+c≤N

ν(a,b,c)ρa
s ρb

t ρc
u

Crossing

Sugra

{ Analyticity

•Consider an ansatz for the non-perturbative amplitude which is crossing symmetric and analytic

Non-perturbative S-matrix Bootstrap



A(s, t, u) =
8πGD

stu
+ ∏

X=s,t,u

(ρX + 1)2 ∑
a+b+c≤N

ν(a,b,c)ρa
s ρb

t ρc
u

Crossing

0 s = 0s = − 1−1
ρ(s) =

1 − −s

1 + −s

Sugra

{ Analyticity

•Consider an ansatz for the non-perturbative amplitude which is crossing symmetric and analytic

Non-perturbative S-matrix Bootstrap

•When , this expansion covers all non-perturbative amplitudesN → ∞



A(s, t, u) =
8πGD

stu
+ ∏

X=s,t,u

(ρX + 1)2 ∑
a+b+c≤N

ν(a,b,c)ρa
s ρb

t ρc
u

Crossing

Sugra

{ Analyticity

•Consider an ansatz for the non-perturbative amplitude which is crossing symmetric and analytic

Non-perturbative S-matrix Bootstrap
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•When , this expansion covers all non-perturbative amplitudesN → ∞



•We must impose unitarity numerically on T(s, t, u) = s4A(s, t, u)

•No unitarity for generic ν(a,b,c)

Partial Wave Unitarity
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Example: 10D

Partial Wave Unitarity

 live inside the intersection of ellipsesν(a,b,c)
•Unitarity as an inequality is valid at all energies and spins

•We must impose unitarity numerically on T(s, t, u) = s4A(s, t, u)

•No unitarity for generic ν(a,b,c)
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Partial Wave Unitarity

ℓ < Lmax

|Sℓ(s) |2 ≤ 1, s > 0, ℓ = 0,2,…, ∞

S`(s) = 1 + i
s3
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T (s, x)
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Example: 10D

 live inside the intersection of ellipsesν(a,b,c)

•We must impose unitarity numerically on T(s, t, u) = s4A(s, t, u)

•No unitarity for generic ν(a,b,c)
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•Unitarity as an inequality is valid at all energies and spins



QG Bootstrap: the bounds

Existence of Universal lower bound depending on low energy SUGRA, analyticity, crossing, and unitarity



a) D=9, 10 String Theory almost saturates the allowed region for α
b)  for M-theory is close to the boundary of the allowed regionα

Existence of Universal lower bound depending on low energy SUGRA, analyticity, crossing, and unitarity

1. The Bound on αD

αmin
D < αD < ∞

String/M theory Bootstrap αmin
DDimension

0.1389
≥
≥

QG Bootstrap: the bounds



QG Bootstrap: the non-perturbative amplitude
The function that minimizes  has an intricate structures of zeros, some of those are resonances, 
others we don’t know!
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QG Bootstrap: the non-perturbative amplitude

Resonance spectrum organizes in 
(curved) Regge trajectories

Stringy Spectrum although there is no 
assumption about the UV completion

The function that minimizes  has an intricate structures of zeros, some of those are resonances, 
others we don’t know!

αD

Leading Regge

Daughter Regge



Is String Theory the only consistent theory of QG?
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 increases if we add inelasticity: α η = 1 − Prob(2 → 2)

Can we close the gap with Black-Holes Production?



Is String Theory the only consistent theory of QG?

1. The Bound on αD

αmin
D < αD < ∞

String/M theory Bootstrap αmin
DDimension

0.1389
≥
≥

α String Theory

The Desert

More exotic UV completions?

If we use a crude model:  when a BH 
is produced with spin 

η ∼ 1
ℓ > ℓ*

 increases if we add inelasticity: α η = 1 − Prob(2 → 2)

Can we close the gap with Black-Holes Production?



To understand inelasticity we have to step in the multi-particle world
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Dubovsky, Gorbenko, Flauger 1205.6805
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World-sheet
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Flux-Tube σ ≡ XD

Physical Degrees of freedom:  
  with i=2,…,D massless Goldstones  Xi

SO(1,D − 1) → SO(1,1) × O(D − 2)



The simplest non-integrable S-matrix
The simplest theory of quantum gravity

Dubovsky, Gorbenko, Flauger 1205.6805

t ≡ X0

World-sheet

R

Flux-Tube σ ≡ XD

In D=3 we have a single Goldstone X

In , infinite correctionsD ≠ 26

𝒜EFF = ∫ d2σ −h ( 1
ℓ2

s
+ γ2ℓ2

s R+γ3ℓ4
s R2 + …)

Physical Degrees of freedom:  
  with i=2,…,D massless Goldstones  Xi

SO(1,D − 1) → SO(1,1) × O(D − 2)

 parametrizes the leading violation from String universalityγ3

The theory of the confining strings in 2+1 dimensions



The simplest non-integrable S-matrix
The simplest theory of quantum gravity

Dubovsky, Gorbenko, Flauger 1205.6805

t ≡ X0

World-sheet

R

Flux-Tube σ ≡ XD

In D=3 we have a single Goldstone X

In , infinite correctionsD ≠ 26

𝒜EFF = ∫ d2σ −h ( 1
ℓ2

s
+ γ2ℓ2

s R+γ3ℓ4
s R2 + …)

Physical Degrees of freedom:  
  with i=2,…,D massless Goldstones  Xi

SO(1,D − 1) → SO(1,1) × O(D − 2)

 parametrizes the leading violation from String universalityγ3

X X

XX

Analytic S-matrix Bootstrap: γ3 ≥ −
1

768
=

s2

4
+ i

s3

16
+ (2γ3−

1
192 ) + …

The theory of the confining strings in 2+1 dimensions
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= SRR′ 

= 1

In 1+1 dimensions particles can be Left or Right movers



Jet-Basis for multi-particle amplitudes
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Jet-Basis for multi-particle amplitudes

Consider an  processn → m

Consider a jet of  collinear particles n
α1 + … + αn = 1

Such a state is stable because collinear scattering is trivial at all energies  SLL′ 
= SRR′ 

= 1

Goal: find an orthonormal basis of functions in  on the unit simplex, such that jet-states are 
normalized as single particle states

α1, …, αn−1

E.g: 2-jet state of species n

In 1+1 dimensions particles can be Left or Right movers



Unitarity and Analyticity in the Jet Basis

Call 1 the branon state, and 2 the 2-jet state with n = 0



Unitarity and Analyticity in the Jet Basis

Call 1 the branon state, and 2 the 2-jet state with n = 0

1 − |S11→11 |2 ≥ 0



Unitarity and Analyticity in the Jet Basis

Call 1 the branon state, and 2 the 2-jet state with n = 0

1 − |S11→11 |2 ≥ 0
1 − |S11→11 |2 − |S11→22 |2 ≥ 0



Unitarity and Analyticity in the Jet Basis

Call 1 the branon state, and 2 the 2-jet state with n = 0

1 − |S11→11 |2 ≥ 0
1 − |S11→11 |2 − |S11→22 |2 ≥ 0

We argue that  is an analytic function of  in the upper half-planeSnm→jk(s) s

Physically, this follows from the fact that a jet is indistinguishable from a single particle state

AG, A. Homrich, and P. Vieira 2404.10812



Unitarity and Analyticity in the Jet Basis

Call 1 the branon state, and 2 the 2-jet state with n = 0

1 − |S11→11 |2 ≥ 0
1 − |S11→11 |2 − |S11→22 |2 ≥ 0

We argue that  is an analytic function of  in the upper half-planeSnm→jk(s) s

Physically, this follows from the fact that a jet is indistinguishable from a single particle state

Crossing is also satisfied thanks to SLL′ 
= SRR′ 

= 1

AG, A. Homrich, and P. Vieira 2404.10812
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The Matrioska
(X,Y,Z) space imposing leading Nambu-Goto behaviour , S11→11 = S22→22 = S12→12 = 1 + is/4 + …
S11→22 = S12→21 = 𝒪(s2)
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The Matrioska

(X,Y,Z) space imposing NLNG behaviour and γ3 × 768 < 0.7

All physical confining 
flux-tube theories must 
satisfy this bound!



Possible future directions

Extend the bounds on  for . In  we expect loop effects to be so strong that !αD D ≤ 8 D ≤ 7 αD < 0

Bound also !βD

Study multi-particles on confining strings in 4 dimensions where particle production is universal 
and there is an axion on the world-sheet!

Bossard, Loty 2308.02847

Extend the multi-particle Bootstrap to more complicated cases.



Backup Slides



Effective multi-particle couplings

The observables we Bootstrap are effective 4, 6, and 8 particles couplings

This is clear in terms of dispersion relations

Phenomenologically not useful, so we introduce a set of dispersion relations for the same quantity



Positivity in the Sky

Subtracted Positivity in the Sky

ImT(s, 0) ≥ 0

50 100 150

0.1

0.2

New Data Asymptotic 
at L=60 vs L=200

Positivity (Unitarity) in the Sky

Consider D random momenta with  and , and define the angle p2
i = 0 | ⃗pi | =

s
2

cos θij =
pi ⋅ pj

|pi | | |pj |

ImTℓ,ℓ′ =

Imt0(s) 0 0 . . .
0 Imt2(s)0 0 . . .
0 0 Imt4(s) . . .

. . . . . . . . . . . .

⪰ 0

Im(T )ij =

ImT(s,1) ImT(s, cos θ12) ImT(s, cos θ13) . . .
ImT(s, cos θ12) ImT(s,1) ImT(s, cos θ23) . . .
ImT(s, cos θ13) ImT(s, cos θ23) ImT(s,1) . . .

. . . . . . . . . . . .

⪰ 0

T (s, t = −
s
2

(1 − cos θ), u = −
s
2

(1 + cos θ))
In the centre of mass frame, to each  we associate a 2-particle state depends on θij



More Bounds in D=3

Elias-Miró, ALG, Hebbar, Penedones, and Vieira, ’21 
Elias-Miró, ALG ‘21 
Gaikwad, Gorbenko, ALG ’23 (axionic strings in 4D)
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ℓ2
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s +γ7s7ℓ14
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81γ2
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Elias-Miró, ALG, Hebbar, Penedones, and Vieira, ’21 
Elias-Miró, ALG ‘21 
Gaikwad, Gorbenko, ALG ’23 (axionic strings in 4D)

1
2i

log S(s) =
s
4

ℓ2
s +γ3s3ℓ6

s +γ5s5ℓ10
s +γ7s7ℓ14

s + i
81γ2

3s8ℓ16
215 × 72 × π2

+ …

To go beyond we need to include particle production!

Non-convex!  
Elastic unitarity is a non-convex constraint

γ̄7

γ̄3

γ̄5

Convex Non-convex
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22
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PS term induces universal particle production at 1 Loop:  
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Gaikwad, Gorbenko, ALG ’23

Lattice results show the presence of an axion resonance with the 
correct coupling, but massive at large  Nc

The Hadronic String in 4D
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PS term induces universal particle production at 1 Loop:  
no hope for large  integrability, unless we add massless degrees of freedom to the world-sheetNc
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Elias-Miró, ALG, Hebbar, Penedones, Vieira 1906.08098 
Elias-Miró, ALG 2106.07957

𝒜EFF = ∫ d2σ −h ( 1
ℓ2

s
+ …+α3ℓ6

s K4+β3ℓ6
s R2 + …)

γ3 = α3 − β3

Flux-Tube S-matrix Bootstrap in 4D

SU(3)SU(5)

As we 
move 
along the 
boundary

Integrability

Can we explain this triple coincidence?

Surprise! 
Extremal Bootstrap amplitudes contain an axion  
with integrable coupling!

https://arxiv.org/abs/1906.08098
https://arxiv.org/abs/2106.07957


Weak coupling

Green, Russo, Vanhove hep-th/0610299

String Theory and M-theory Expectations

D=9:  α9(τ, ν) =
1
26 (ν−3/7E3/2(τ, τ̄) +

2π2

3
ν4/7) ≥ 0.2417... ν = ( r

ℓs )
7/4

g9 = ( ℓP

r̃ )
7/4

α11 =
(2π)2

3 × 27
= 0.1028...D=11:  

 is one-loop exact up to non-perturbative correctionsαD

D=10 type IIB: 

α10 ≥ 31/4ζ( 3
2 )(ζ( 3

2 , 1
2 ) − ζ( 3

2 , 2
3 ))/ 2 ≃ 0.1389...

αIIB
10 =

1
26

E3/2(τ, τ̄) =
1
26 ∑

n,m∈ℤ′ 

(Imτ)3/2

|mτ + n |3

Alday, Bissi 1311.3215

αIIA
10 = αIIB

10 − (instantons) =
ζ3

32g3/2
s

+
g1/2

s π2

96
≥ 0.1403...D=10 type IIA: 

Binder, Chester, Pufu 1906.07195

Obtained from the IIA decompacifying one dimension gs = (R/l11)3/2

Green, Vanhove hep-th/9701093

D  8 ≤  mixes with the one-loop non analytic terms and can be even negative!αD Bossard, Loty 2308.02847

Green, Gutperle hep-th/9701093 
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Cutoff , no small parameters!Λ ∼ m
Stable Glueballs spectrum

Athenodorou, Teper 2007.06422, 
2106.00364

Bounds on Glueball couplings

s = (p1 + p2)2, t = (p1 − p4)2, s + t + u = 4m2

p1 p2

p3 p4

T(s, t, u) =

Consider the  scatteringGG → GG



SU(3) Yang-Mills glueballs in 3+1 D

Cutoff , no small parameters!Λ ∼ m
Stable Glueballs spectrum

Athenodorou, Teper 2007.06422, 
2106.00364

gX

GG GG

X
Given the spectrum, how big couplings can be?

Bounds on Glueball couplings

To each stable Glueball we associate a pole in the amplitude

T ⊃
−g2

X

s − m2
X

Pℓ (1 +
2t

m2
X − 4 ) + (t − channel) + (u − channel)…
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Bounds on Glueball couplings

AG, Hebbar, van Rees 2312.00127


