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In memoriam and honour of Staszek Jadach (06.08.1947 – 23.02.2023)
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”FCC is a HEP project of the XXI century” (Staszek, ∼2014)

17/30ECFA-LC, Santander June'16 David d'Enterria (CERN)

High-precision W, Z, top: FCC-ee uncertaintiesHigh-precision W, Z, top: FCC-ee uncertainties

■ Theoretical developments needed to match expected experimental uncertainties

■ Exp. uncertainties (stat. uncert. ~negligible) improved by factors ×3–100:

[D.d'E., arXiv:1602.05043]
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αQED(s), vacuum polarisation

A

A: αQED(0) ≃ 1/137B

B: αQED(M2
Z) ≃ 1/128

F. Jegerlehner, http://dx.doi.org/10.23731/CYRM-2020-003.9

The effective α(s) in terms of the photon vacuum polarization (VP)
self-energy correction ∆α(s) by

α(s) =
α

1−∆α(s)
; ∆α(s) = ∆αlep(s) +∆α

(5)
had(s) + ∆αtop(s) .

http://dx.doi.org/10.23731/CYRM-2020-003.9
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Input and calculated/measured parameters

SU(2)L ⊗U(1)Y
Higgs mechanism

g2,g1,v
yt, λ, . . .

Thomson
scattering e+e−, ep,p( )p̄

p( )p̄, e+e−

→ Z

p( )p̄, e+e−

→ H

e+e− → f f̄
e+e− → e+e−

νe, νN

µ-decay

e+e−

p( )p̄, e+e−

→ W+W−

e+e−

p( )p̄, e+e−

→ tt̄

α αs

MZ

MW

Gµ

Mtyt

MHλ

sin2 ΘW

vf , af

Fermilab, backup

Fig. from the FCC-ee report ‘αQED ’ by F. Jegerlehner in 1905.05078

https://arxiv.org/abs/1905.05078
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Input and calculated/measured parameters

δα
α ∼ 3.6 × 10−9

δGµ

Gµ
∼ 8.6 × 10−6

δMZ

MZ
∼ 2.4 × 10−5

δα(MZ)
α(MZ) ∼ 0.9÷ 1.6 × 10−4

δα(MZ)
α(MZ) ∼ 5 × 10−5 (FCC− ee/ILC requirement)

e

−→ δMW

MW
∼ 1.5× 10−4 , δMH

MH
∼ 1.3× 10−3 , δMt

Mt
∼ 2.3× 10−3 ,

Among the basic input parameters α(MZ), Gµ,MZ , α(MZ) is the least
precise and requires a major effort of improvement.
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Input, theoretical and parametric errors,

A. Freitas et al., ”Theoretical uncertainties for electroweak and Higgs-boson
precision measurements at FCC-ee”, https://arxiv.org/abs/1906.05379

Quantity FCC-ee Current intrinsic error Projected intrinsic error
(at start of FCC-ee)

MW [MeV] 0.5–1 ‡ 4 (α3, α2αs) 1

sin2 θℓ
eff [10−5] 0.6 4.5 (α3, α2αs) 1.5

ΓZ [MeV] 0.1 0.4 (α3, α2αs, αα
2
s ) 0.15

Rb [10−5] 6 11 (α3, α2αs) 5

Rl [10−3] 1 6 (α3, α2αs) 1.5
‡The pure experimental precision on MW is ∼ 0.5MeV.

Quantity FCC-ee future parametric unc. Main source

MW [MeV] 0.5 − 1 1 (0.6) δ(∆α)

sin2 θℓ
eff [10−5] 0.6 2 (1) δ(∆α)

ΓZ [MeV] 0.1 0.1 (0.06) δαs

Rb [10−5] 6 < 1 δαs

Rℓ [10−3] 1 1.3 (0.7) δαs

δMW

MW

∼ 1

2

sin2 ΘW

cos2 ΘW − sin2 ΘW

δ∆α ∼ 0.23 δ∆α ,

δ sin2 Θf

sin2 Θf

∼ cos2 Θf

cos2 Θf − sin2 Θf

δ∆α ∼ 1.54 δ∆α .

https://arxiv.org/abs/1906.05379
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R-data evaluation of α(M2
Z)

α(s) =
α

1−∆α(s)
; ∆α(s) = ∆αlep(s) +∆α

(5)
had(s) + ∆αtop(s) .

γ γ
had ⇔

Π
′ had
γ (q2)

γ

had

2

∼ σhad
tot (q

2)

The non-perturbative hadronic piece from the five light quarks

∆α
(5)
had(s) = −

(
Π′

γ(s) − Π′
γ(0)

)(5)

had
can be evaluated in terms of σ(e+e− → hadrons) data

via the dispersion integral (s can be any, also negative!)

∆α
(5)
had(s) = −α s

3π

( E2
cut∫

m2
π0

ds
′ Rdata

γ (s′)

s′(s′ − s)
+

∞∫
E2
cut

ds
′ RpQCD

γ (s′)

s′(s′ − s)

)
,

a
had
µ =

(
αmµ

3π

)2
∞∫

4m2
π

ds
R(s) K̂(s)

s2
, K̂(s) ∈ 0.63 ÷ 1.

Rγ(s) ≡ σ
(0)

(e
+
e
− → γ

∗ → hadrons)/

(
4πα2

3s

)
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The compilation of R(s)-data utilized by F. Jegerlehner for ∆αhad.

Davier et al E.g. Parametrization used for Bhabha

Phys.Rev.D 78 (2008) 085019

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.78.085019
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Nontrivial contributions from different energy regions for ahad
µ and ∆α

(5)
had(M

2
Z)

and square uncertainties

0.0 GeV, ∞

ρ, ω

1.0 GeV

φ, . . . 2.0 GeV
3.1 GeV

ψ 9.5 GeVΥ
0.0 GeV, ∞

ρ, ω

1.0 GeV

φ, . . .
2.0 GeV

3.1 GeV

∆aµ (δ∆aµ)
2

contribution error2

0.0 GeV, ∞
ρ, ω

1.0 GeV

φ

2.0 GeV

5.2 GeV

3.1 GeV

ψ

9.5 GeV
Υ

13.GeV p-QCD

0.0 GeV, ∞ρ, ω
1.0 GeV

φ

2.0 GeV

3.1 GeV

ψ

5.2/9.5 GeV

Υ

13. GeV

∆αhad(MZ)
(
δ∆αhad(MZ)

)2

contribution error2

In contrast to the low energy dominated ahad
µ , ∆α

(5)
had(M

2
Z) is sensitive to data from much higher

energies. In order to achieve the required factor 5 improvement alternative methods to determine

∆α
(5)
had(s) at high energies have to be developed.
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Improvements towards smaller uncertainties: Adler function controlled pQCD

Euclidean split trick:

α(M
2
Z) = α

data
(−M

2
0 ) +

[
α(−M

2
Z) − α(−M

2
0 )
]pQCD

+
[
α(M

2
Z ) − α(−M

2
Z)
]pQCD

.

The non-perturbative offset αdata(−M2
0 ) may be obtained integrating R(s)

data, by choosing s = −M2
0 in DR ∆α

(5)
had(s).

The Adler function is defined as the derivative of the VP function:

R(s) −→ D(−s) ≡ 3π

α
s

d

ds
∆αhad(s) = −

(
12π2) s

dΠ′
γ(s)

ds

and can be evaluated in terms of -annihilation data by the dispersion integral

D(Q2) = Q2
( E2

cut∫
4m2

π

ds
R(s)data

(s + Q2)2
+

∫ ∞

E2
cut

ds
RpQCD(s)

(s + Q2)2

)
.

It is a finite object not subject to renormalization and it tends to a constant in

the high energies limit, where it is perfectly perturbative.
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Contributions and square errors from e+e− data ranges and form pQCD to ∆α
(5)
had(−M2

0 ) vs.

∆α
(5)
had(M

2
Z).
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(
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)2
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φ
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ψ
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Υ

13. GeV

∆αhad(MZ)
(
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)2
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ρ, ω
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2

contribution error2

▶ Profit gained from the Euclidean split trick: The profile of the offset α at
M0 for α much similar to the profile found for the hadronic contribution
to aµ.

▶ Thus, improving ahad
µ automatically lead to an improvement of

∆α
(5)
had(−M2

0 ).
▶ σ(e+e− → π+π−) cross section gives more than 50% to total HVP

contribution to aµ
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A piece of low energy mess: ρ− ω

The low energy tail of R is provided by π+π− production data.

R(s) =
1

4
β3
π |F (0)

π (s)|2 , βπ = (1− 4m2
π/s)

1/2
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The biggest difference between KLOE and BABAR measurements, amounts

there to about 2%. It goes even up to 10% around the narrow ω resonance For

higher π+π− invariant masses (at 0.9 GeV) the difference raises to 5%.

JHEP03(2018)173

https://link.springer.com/article/10.1007/JHEP03(2018)173
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http://ific.uv.es/∼rodrigo/phokhara

”Standard model radiative corrections in the pion form factor
measurements do not explain the aµ anomaly”,
F. Campanario et al, PRD100,076004(2019)

https://ific.uv.es/~rodrigo/phokhara
https://inspirehep.net/literature/1726528
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sQED + form factors: FSR at NLO and pentaboxes tested and
implemented to Phokhara10.0
http://ific.uv.es/∼rodrigo/phokhara

https://ific.uv.es/~rodrigo/phokhara
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NLO pentabox corrections, results for KLOE, BABAR and BESS

▶ Missing NLO radiative corrections cannot be the source of the
discrepancies between the different extractions of the pion form factor
performed by BaBar, BES and KLOE.

▶ They cannot be the origin of the discrepancy between the experimental
measurement and the SM prediction of aµ (too small).
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Phokhara, status
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Comment on BaBar arXiv:2308.05233

”Measurement of additional radiation in the initial-state-radiation
processes e+e− → µ+µ−γ and e+e− → π+π−γ at BABAR”

NNLO effects visible.
Comparisons with Phokhara, however
▶ The event selections used in arXiv:2308.05233 require to have at

least 2 hard photons in the final state
▶ The matrix elements in Phokhara for e+e− → π+π−γγ and

e+e− → µ+µ−γγ are calculated at LO , so no surprise the accuracy
is not high
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CMD3, new π+π− results, latice QCD, smaller tensions

CMD3: https://arxiv.org/abs/2302.08834
”The CMD-3 result reduces the tension between the experimental value
of the aµ and its Standard Model prediction.”

https://arxiv.org/abs/2302.08834
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KKMC-ee, Phokhara, ...

Staszek Jadach e-Print: hep-ph/0506180 [hep-ph]

▶ Agreement to within 0.3% with KKMC.

▶ Phokhara has no exponentiation, difference for high Q2

https://inspirehep.net/files/686afe1508585760a61445a05b0a1274
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Improvements: ∆αhad(−Q2) and the low energy α(t)

γ ↑ t

e−

e+

e−

e+

γ

→
se− e−

e+ e+

+ ;

γ ↑ t

e′

µ′

e

µ

▶ independent ∆αhad(−Q2) and α(−Q2) determination (the number at
Q ∼ 2.5 GeV);

▶ α(−Q2) via µ−e−-scattering in the MUonE project at CERN

▶ NNLO corrections mandatory (good progress)
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Summary on α

Precision in α(M2
Z):

present direct 1.7× 10−4

Adler 1.2× 10−4

future Adler QCD 0.2% 5.4× 10−5

Adler QCD 0.1% 3.9× 10−5

future via Aµµ
FB off Z 3 × 10−5 Janot:2015gjr

Hadronic uncertainty δ∆αhad(
√
t) †

√
s

√
t̄ 1996∗ present FCC–ee expected∗∗

MZ 3.5 GeV 0.040% 0.013% 0.610−4

350 GeV 13 GeV 1.210−4 2.410−4

∗ Jadach:1996gu,Arbuzov:1996eq, ∗∗ Jadach:2018jjo
† The estimates are based on expected improvements possible for
∆αhad(−Q2) in the appropriate energy ranges, centered at

√
t̄,

F. Jegerlehner, 1905.05078.

https://arxiv.org/abs/1905.05078
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e+e− → µ+µ−, Aµµ
FB and δα(s), Janot:2015gjr

The best accuracy is obtained for one year of running either just below or
just above the Z pole, at 87.9 and 94.3 GeV, respectively.
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Another aspects of high-low energy connections: rare processes
R
.
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https://doi.org/10.1007/JHEP02(2015)072
https://arxiv.org/abs/hep-ph/9502284
https://inspirehep.net/literature/1442385
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Complementarity: low energies, LFV: µ → eγ, conversion µ → e

mµ ∼ 200 me

Rµ→e < 7 · 10−13, expected precision improvement by four (!) orders

Sensitivity to new effects: ∼ 10 000 TeV!
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Another aspects of high-low energy connections: rare processes

Process Present Limits Expected Limits Experiments

µ+ → e+γ < 4.2 × 10−13 5 × 10−14 MEG II

µ+ → e+e−e+ < 1.0 × 10−12 10−16 Mu3e

µ−Al → e−Al < 6.1 × 10−13 10−17 Mu2e, COMET

µ−Si/C → e−Si/C − 5 × 10−14 DeeMe

τ → eγ < 3.3 × 10−8 5 × 10−9 Belle II, FC

τ → µγ < 4.4 × 10−8 10−9 Belle II, FC

τ → eee < 2.7 × 10−8 5 × 10−10 Belle II, FC

τ → µµµ < 2.1 × 10−8 5 × 10−10 Belle II, FC

τ → e had < 1.8 × 10−8 3 × 10−10 Belle II, FC

had → µe < 4.7 × 10−12 10−12 NA62

h → eµ < 3.5 × 10−4 3 × 10−5 HL-LHC, FC

h → τµ < 2.5 × 10−3 3 × 10−4 HL-LHC, FC

h → τe < 6.1 × 10−3 3 × 10−4 HL-LHC, FC
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Summary

From a bird’s view:

▶ Precision goals for SM theory high-energy studies at present and
future colliders need progress in precision low energy input.

▶ Improved input parameters by roughly one order of magnitude
needed (α, αs, mW ,mH ,mt,∆αhad, ...), e.g. αQED(MZ) roughly
five times, apparently ∆αhad (pions etc.).

▶ Such an approach, based on the SM theory, is independent of other
efforts based on global BSM studies and, in my opinion, is crucial for
spotting BSM effects.
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The progress is great!1

Thank you for your attention.

1‘At each meeting it always seems to me that very little progress is made.
Nevertheless, if you look ever any reasonable length of time, a few years say,
you find a fantastic progress and it is hard to understand how that can happen
at the same time that nothing is happening in anyone moment (Zeno’s
paradox).’ - R.P. Feynman
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Backup slides
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δαQED(0): 81 parts per trillion

Remarks:
(i) new result - deviation from SM in the same direction as in (g − 2)µ,
(ii) substantial disagrement with Cs (∼ 5.4σ).

Over 2 decades of improvements
https://www.nature.com/articles/s41586-020-2964-7 [02 December 2020]

https://www.nature.com/articles/s41586-020-2964-7
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αQED(0) and BSM

Substructure: αQED(0) −→ modification of δae ≃ me/m
∗

Excluded (light, states, weakly coupled):

m∗ < 520 GeV.

Future δae improvement by an order of magnitude in next years,
sensitivity similar as for (g − 2)µ.
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Science 376 (2022) 6589, 170-176

SM : MW = 80357± 6 MeV, (PDG2020)

Global : MW = 80379± 12 MeV, (PDG2020)

CDFII : MW = 80433.5± 9.4 MeV

ATLAS 2023∗ : MW = 80360± 16 MeV

FCC-ee forecast : MW = X ± 0.4− 1 MeV!

∗
CDF-II data on W mass are in contradiction with global electroweak e+e− fits and recent

ATLAS LHC analysis, with systematic uncertainty improved by 15% ATLAS:2023fsi and

optimised reconstruction of the W-boson transverse momentum ATLAS:2023llf.

https://inspirehep.net/literature/2064224
https://inspirehep.net/literature/2646678
https://inspirehep.net/literature/2667898
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Input and calculated/measured parameters

Experimental values:

α̂ = 1/137.0359895(61), γ∗ → e+e−

ĜF = 1.16639(1)× 10−5 GeV−2 muon decay

m̂Z = 91.1875± 0.0021GeV

m̂W = 80.426± 0.034GeV

ŝ2eff = 0.23150± 0.00016, effective sin2 θW, ALR ≡ (1/2− ŝ2eff)
2 − ŝ4eff

(1/2− ŝ2eff)
2 + ŝ4eff

Γ̂l+l− = 83.984± 0.086MeV


g(= e/sW ) SU(2)

g′(e/cW ) U(1)Y

v VEV,

−→



α̂ = e2

4π

ĜF = 1√
2v2

m̂2
Z = e2v2

4s2c2

m̂2
W = e2v2

4s2

ŝ2eff = s2

Γ̂l+l− = v
96π

e3

s3c3

[(
− 1

2 + 2s2
)2

+ 1
4

]
Introduction to Precision Electroweak Analysis by J. Welss, 0512342

https://arxiv.org/abs/0512342
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Shaping the SM, tree level estimates

In terms of α̂, ĜF and m̂Z

m̂2
W = π

√
2Ĝ−1

F α̂

(
1−

√
1− 4πα̂√

2ĜF m̂2
Z

)−1

ŝ2eff ĉ
2
eff =

πα̂√
2ĜF m̂2

Z

≡ ŝ2eff =
1

2
− 1

2

√
1− 4πα̂√

2ĜF m̂2
Z

Γ̂l+l− =

√
2ĜF m̂

3
Z

12π

{(
1

2
−
√

1− 4πα̂√
2ĜF m̂2

Z

)2

+
1

4

}

Prediction : m̂W = 80.939± 0.003GeV 15σ away

Prediction : ŝ2eff = 0.21215± 0.00003 120σ away

Prediction : Γ̂l+l− = 84.843± 0.012MeV 10σ away
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Shaping SM, oblique corrections also not sufficient

τ−1
µ =

Ĝ2
Fm

5
µ

192π3
K(α,me,mµ,mW )

(ĜF )
th

√
2

=
g2

8m2
W

[
1 + iΠWW (q2)

( −i

q2 −m2
W

)]

q→0

=
1

2v2

[
1− ΠWW (0)

m2
W

]
.
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Primary role of SM radiative corrections, F. Jegerlehner, in 1905.05078

sin2 Θi cos
2 Θi =

π α√
2Gµ M2

Z

1

1−∆ri
∆ri = ∆ri(α,Gµ,MZ ,mH ,mf ̸=t,mt) ,

∆ri = ∆α− c2W
s2W

∆ρ+∆ri reminder ,

∆ρ =
3m2

t

√
2Gµ

16π2

α̂(mZ) =
α̂

1−∆α(mZ)
=

e2

4π

[
1 +

Πγγ(mZ)

m2
Z

]
∼ 128 (137 at the Thomson limit)

Still, well visible disagreement between SM prediction and

experiment for EWPOs without subleading SM corrections,

and only with the leading corrections ∆α(mZ) and ∆ρ.

ri reminder matters! (see a backup slide)

https://arxiv.org/abs/1905.05078
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F. Jegerlehner, in 1905.05078

Example: the W and Z mass from α(MZ), Gµ and sin2 Θℓ eff :
(i) sin2 ΘW = 1−M2

W /M2
Z ,

sin2 θℓ,eff(MZ) =
(
1 + cos2 ΘW

sin2 ΘW
∆ρ
)
sin2 ΘW ,

∆ρ =
3M2

t

√
2Gµ

16π2
; Mt = 173± 0.4 GeV

The iterative solution with input sin2 θℓ,eff(MZ) ≡ (1− vℓ/aℓ)/4 = 0.23148
(EXP!) is sin2 ΘW = 0.22426.
(ii) Mexp

W = 80.379± 0.012 GeV ; Mexp
Z = 91.1876± 0.0021 GeV,

−→ 1−M2
W/M2

Z = 0.22263.
Predicting then the masses we have

MW =
A0

sin2 ΘW
; A0 =

√
πα√
2Gµ

; MZ =
MW

cosΘW

where, including photon VP correction α−1(MZ) = 128.953± 0.016. For the
W,Z mass we then get

M the
W = 81.1636± 0.0346 GeV ; M the

Z = 92.1484± 0.0264 GeV .

Deviations (errors added in quadrature): W : 23σ ; Z : 36σ

https://arxiv.org/abs/1905.05078


Janusz Gluza

A few sample precision quantities of interest for the FCC-ee program

T
h
eo
ry
:
19
06
.0
53
79

,
21
06
.1
18
02

https://arxiv.org/abs/1906.05379
https://arxiv.org/abs/2106.11802
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1956, 1-loop, Behrends,

Finkelstein

Sirlin
43 y

?
1999, 2-loops, van Ritbergen,

22 y

Stuart

?
2021, 3-loops

? ?

Important (3-loop) step since 1999
(van Ritbergen & Stuart).

∆τµ(α
3) = (9± 1)× 108 µs,

τexpµ = 2.1969811± 0.0000022 µs.

M. Fael, K. Schönwald, and M. Steinhauser, Third order cor-
rections to the semileptonic b → c and the muon decays,
PRD’2021, arXiv:2011.13654
M. Czakon, A. Czarnecki, and M. Dowling, Three-loop correc-
tions to the muon and heavy quark decay rates, PRD’2021,
arXiv:2104.05804



Janusz Gluza

A
.
B
lo
n
d
el
,
P
.
Ja
n
ot
,
21
06
.1
38
85

https://arxiv.org/abs/2106.13885
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Future: W, t, H

▶ e+e− → W+W− at 161 GeV: δmexp
W = 0.5÷ 1 MeV.

Challenge to get the same TH error:
NNLO e+e− → 4f .

▶ e+e− → tt̄ at 350 GeV: δmt
exp = 17 MeV

Big challenge for theory, today > 100 MeV, future projection ≤ 50 MeV:
∼ 10 MeV unc. from mass def.;
∼ 15 MeV from αs unc. to threshold mass def.;
∼ 30 MeV - h. orders resummation

▶ e+e− → HZ at 240 GeV: Kinematic constraint fits with Z → ll and
H → bb, ...,
mH = 125.35 GeV ±150 MeV [link CMS], ΓH = 4.15.14.0 MeV, ΓH < 13
MeV at 95 % C.L., 1901.00174
δmexp

H = 10 MeV; Theory errors subdominant.

Monte Carlo generators (not discussed!) ‘QED challenges at FCC-ee precision measurements’,

S. Jadach and M. Skrzypek, Eur.Phys.J.C 79 (2019) 9, 756 1903.09895

https://cms.cern/news/cms-precisely-measures-mass-higgs-boson
https://arxiv.org/abs/1901.00174
https://arxiv.org/abs/1903.09895

