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Parton Distribution Function (PDF):

The probability fa/p(x,p.) that a parton a carries fraction x of the proton’s momentum

u: Factorization scale
X: momentum fraction
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Parton Distribution Function (PDF):

The probability fa/p(x,p.) that a parton a carries fraction x of the proton’s momentum

u: Factorization scale
X: momentum fraction

_~
Factorization Theorem: O-Py—>c — fP—>a ® O-ay—>c
Parton densities Parton interaction
(long-distance) (short-distance)
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Parton Distribution Function (PDF):

The probability fa/p(x,u) that a parton a carries fraction x of the proton’s momentum

W: Factorization scale
X: momentum fraction

_~
Factorization Theorem: O-Py—m' — fP—>a X Uay—m‘
Parton densities Parton interaction
(long-distance) (short-distance)

Universal ( independent of the process)

Constrained through momentum and number sum rules
PDF properties:

u>-dependence governed by DGLAP evolution equations
Non-perturbative: x-dependence of PDF is NOT calculable in pQCD

|—> extracting from a fit to experimental data
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Nuclear PDFs(nPDFs):

Bound nucleons
within a nucleus

Free nucleons

F () # ZF} (x) + NFy'(x)
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Motivations:

* Interpreting heavy-ion collision data
< ‘ S ‘ ) * Understanding Nuclear Structure

The accuracy of PDF(nPDF) determination plays
Nuclear PDFS(nPDFS): an important role in high-energy physics

F () # ZF} (x) + NF3'(z)
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QCD Global analysis:

~ theory({a;}) ) :




<15l

NCTEQ15 framework for nuclear PDF: ovarik et al, arXiv:1509.00792

Functional form for bound proton at Q_;:

:rff/A(:B, Qo) = cpx (1 —x)?e®*(1 4 e“x)
i =y, dy,g,u+d,s,3

Atomic number dependence is characterized in the c_coefficients as

Cr — Ck(A) =pr + ak(l — A_bk), k= {1, teny 5}

PDF of a nucleus (A — mass, Z — charge):
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PDF uncertainties estimation:

Hessian method: Common method for estimating uncertainties in PDFs.

l Shortcomings:
* Non-gaussian errors

* Global minima judgment
* Choice of Ax?

relying on the Gaussian approximation of Ax?
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PDF uncertainties estimation:

(eigen-vector direction) Z

Hessian method: Common method for estimating uncertainties in PDFs.

1 Shortcomings:
* Non-gaussian errors

* Global minima judgment
* Choice of Ax?

relying on the Gaussian approximation of Ax?

nPDE difficulties J Lacking data (need low-x & precise data, for several nuclei)
Complexity and nature of nuclear effects
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PDF uncertainties estimation:

Hessian method: Common method for estimating uncertainties in PDFs.

1 Shortcomings:
* Non-gaussian errors

* Global minima judgment
* Choice of Ax?

relying on the Gaussian approximation of Ax?

Complexity and nature of nuclear effects

1 B

Markov Chain Monte Carlo method

nPDE difficulties { Lacking data (need low-x & precise data, for several nuclei)

advanced statistical method as an alternative for Hessian
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Markov Chain Monte Carlo ( MCMC)

A sequence of random variables where the A technique for randomly sampling a
current value is dependent on the value of the  probability distribution and approximating a
prior variable ( Memory-less property) desired quantity.
.................................................... e

Posterior \ /

o data | 6) - p(6)
Bayes theorem: _ ol ;
p(0 | data) o(data) |

\

Normalization

Prior: initial belief about the parameter before considering the data.
Likelihood: probability of observing the data given a specific value of the parameter.
Posterior: updated belief about the parameter given the data.
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We aim to find the set of nPDF parameters that maximizes the posterior probability
distribution given the experimental data.

Bayesian inference =) MCMC algorithms

/N
Sampling based on statistics/estimations
the distribution From the sample
» * l-l J 0} J oee
> @ «e e e 0@ O
Posterior distribution samples



. Initial sample (6(?)
max QQ/ Y \accepted
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Metropolis algorithm: 5 86 /‘
0,.in rejected :’ Posterior
* Initialize parameters Prior distribution p(6) distribution

) . p(@]y)
* fori=1to i=N:

Propose a new sample
Generate proposed parameters via proposition function: 0 *~q(0 * | 01i)
Sample from uniform distribution: u ~ U(0,1)
Compute acceptance ratio:a=p(0 * | D)/ p(6i | D)

- —y ¥
If u< mm(l' a ) then X =X Judgment of proposed sample

* Elsex  =xi
Metropolis-Hasting: 11 = N (x4, Cp)

Adaptive Metropolis-Hasting:  Tt+1 = BN (z¢, Co) + (1 — B)N (w4, én)
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PDF Global analysis:

o
j | 4

Hessian method
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PDF Global analysis:

o
j | 4

MCMC method




Parametrization: SCff/A (x,Qo) = cox™ (1 —x)?e®"(1 + e“x)

:
< ‘ S ‘ ) ek = cx(A) = pi +ap(1 — A7),

Generating the Markov Chain of nPDF parameters:

Each point of the chain is representing a set of nPDF parameters DIS and W/Z boson data:
(parameter a_for 6 valances, 2 sea quarks and 2 gluon) 436 data points

random walk
Burning

|>0.00

aiv

uy r—0.05
r—0.10

F—0.15

F 2.5
F 2.0
1.5

r 0.00
F—0.05

F0.25
r 0.00
r—0.25

0.2

0.0

r 0.05

- 0.00

acc rate:0.151 | 2

0 25000 50000 75000 100000 125000 150000 175000
proposed states




<15

Pairwise plot

diagonal: histogram
of each parameter
off-diagonal: 2D
correlation plots
between parameters

MCMC can reveal non-Gaussian features of the underlying distribution

A
|
ﬁ' |

x?/dof
0.70 0.71 0.72 0.73 0.74 0.75 0.76 0.77
] * ] * T - - —
 — 2_fit
0.10 I X -
mmm x?-values
0.08 X
Ax2go, : 8.38
0.06
0.04
315 320 325 330 335

Histogram of x? value which
is fitted via x?function

***ﬁﬁﬁﬁ»

k | -{ Yy

000

0.05 01—5)1—6005 15 20 2.5 —005000

af" ag as

—0.26.000.25 —0.10.0 0.1 0.00 0.05

ag+d




<15l

Error estimation:

Monte Carlo error estimation MCMC error estimation
(uncorrelated) (correlated)
ot = — i(x — p)? 2 2
ME T n—1 TMcMC = 2 Tint TMC
Cov(k) 14
Autocorrelation function (ACF) p( k ) = Cov ( 0) Cov(k) = n Z(Xf+k — X)(xt — %),
t=1
1 +o0
Autocorrelation time Tint = 5 Z p(k)



Autocorrelation function versus time interval
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0.8 A

0.6 -
Thinning method: 0.4
keep only every k-th sample in the 02
Markov chain and discard the rest 0.0 -

—

0 50 0 50

Thinning by rate 40

Why Thinning?
* |t provides an uncorrelated chain so we can use Monte-Carlo error estimation:
n
2

1
Themc = 2Tint Thc > e = 7 > (X —p)?

t=1

* We aim to generate a set of PDF grids corresponding chain’s units. Thinning the
chain makes it more applicable.




MCMC approach:
Generating the Markov Chain

< ‘ S ‘ ) * Thinning the chain
* Construct nPDF corresponding to each unit of the thinned chain

and perform standard MC error estimation (Saving them in the
standard LHAPDF format so that anyone can use such nPDFs)

0.8
Hessian error

standard MC error

Pb2°® PDF(u-valence)
resulting from MCMC o.7
and Hessian methods
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Conclusion:

@ Despite the MCMC challenges (mainly computational cost), this method has
become a powerful tool for determining nPDFs.

® The implementation of this alternative method hasn't finished yet, but so far we
have obtained promising results (comparing with Hessian).
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Functional form for bound protons at Q.

zfP4(z,Q0) = cor (1 — 2)2(1 + c3v/T + cu)
i =y, dy,g,u+d,s,3

Atomic number dependence is characterized in the c_coefficients as

cr — i+ apIn(A) + b In*(A).  k={1,..5}.

PDF of a nucleus (A — mass, Z — charge):

149w, = 2 @)+ AL )
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