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Big picture of the work
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• Linear projected quantum kernels

• Global fidelity quantum kernels

Nat. Commun. 12, 2631 (2021)

• Gaussian projected quantum kernels
Nat. Commun. 12, 2631 (2021)

Nature 567, 209 (2019).
PRL 122 (4), 040504.

• Quantum neural tangent kernels
PRX Quantum 3, 030323 (2022). 
arXiv:2111.02951 (2021)

Our work: A unified framework for 
trace-induced quantum kernels.

Insight on how to choose the 
quantum kernels for a given task.

Part 1

• (Quantum) kernel methods
• Expressivity
• Trainability
• Generalization ability

• Unified framework
• Expressivity
• Generalization ability

• Practicality of the framework

Part 2

How are some of the existing quantum 
kernels related to each other?

• Quantum Fisher kernels
arXiv:2210.16581 (2022)

• Quantum topological kernel
arXiv:2307.07383 (2023)



Supervised Machine Learning
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Training:

Cost function

Minimize cost function 

to obtain 𝑏𝑜𝑝𝑡

Testing:

Goal: Extract patterns from labelled dataset to make accurate predictions on unknown and unseen data.

Cat, Dog, Cat 𝑡𝑎𝑟𝑔𝑒𝑡

, ,

ML model f𝑏

Cat, Dog, Dog 𝑝𝑟𝑒𝑑𝑖𝑐𝑡

,

Dog, Cat 𝑡𝑎𝑟𝑔𝑒𝑡

ML model f𝑏𝑜𝑝𝑡

Dog, Cat 𝑝𝑟𝑒𝑑𝑖𝑐𝑡

Scoring



Classical Kernel Methods
Mapping to feature space:

Φ

Data space Feature space

𝑓 𝒙 = 𝒑 ⋅ 𝒙 g 𝒙 = 𝒒 ⋅𝚽 𝒙

𝑘 𝒙, 𝒙′ = Φ 𝒙 ,Φ(𝒙′)Kernel trick:

• Symmetric for all 𝒙, 𝒙′ ∈ 𝒳
𝑘 𝒙, 𝒙′ = 𝑘 𝒙′, 𝒙

• Positive semi-definite

ඵ
𝒳×𝒳

𝑐 𝒙 𝑥 𝒙′ 𝑘 𝒙, 𝒙′ 𝑑𝒙𝑑𝒙′ ≥ 0

ℋ = 𝑓 𝒙 =෍

𝑖=1

∞

𝛼𝑖 𝑘 𝒙𝑖 , 𝒙 , 𝛼𝑖 ∈ ℝ

Space of functions:

Representer theorem: 𝑓𝑎 𝒙 =෍

𝑖=1

𝑁

𝑎𝑖 𝑘 𝒙𝑖 , 𝒙

Only depends on the number of training data points, 𝑁.
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Eigen-decomposition of kernels

𝑘 𝒙, 𝒙′ =෍

𝑗=1

∞

𝛾𝑗𝜙𝑗(𝒙)𝜙𝑗(𝒙′)Eigen-decomposition:

ℋ = 𝑓 𝒙 =෍

𝑗=1

∞

𝛽𝑗 𝛾𝑗𝜙𝑗(𝒙)

𝑘 𝒙, 𝒙′ =෍

𝑗=1

∞

𝑤𝑗 ⋅ 𝛾𝑗𝜙𝑗(𝒙)𝜙𝑗(𝒙′)

𝑤𝑗 ≥ 0, ∀𝑗

Generalized kernel:

Utilise multiple kernel learning 
algorithms to find optimal 𝑤𝑗

Gönen, M., et al (2011). Multiple kernel learning algorithms. The J. Mach. Learn. Res., 12, 2211-2268.

Base functions for the models Relative importance of the functions

One well-known construction is to express a feature map using its eigenbasis functions.

=෍

𝑗=1

∞

𝛾𝑗𝜙𝑗 𝒙 ⋅ 𝛾𝑗𝜙𝑗(𝒙
′) = 𝚿 𝒙 ,𝚿(𝒙′)

5

Given 𝒦 = {𝑘𝑖( Ԧ𝑥, Ԧ𝑥′)}, construct

𝑘𝑡𝑜𝑡 =෍

𝑖=1

|𝒦|

𝑤𝑖𝑘𝑖( Ԧ𝑥, Ԧ𝑥′)

with 𝑤𝑖 ≥ 0. 

Multiple kernel learning:



ℋ = 𝑓 𝒙 =෍

𝑗=1

∞

𝛽𝑗 𝑤𝑗𝛾𝑗𝜙𝑗(𝒙)

Eigen-decomposition of kernels

𝑘 𝒙, 𝒙′ =෍

𝑗=1

∞

𝛾𝑗𝜙𝑗(𝒙)𝜙𝑗(𝒙′)Eigen-decomposition:

𝑘 𝒙, 𝒙′ =෍

𝑗=1

∞

𝑤𝑗 ⋅ 𝛾𝑗𝜙𝑗(𝒙)𝜙𝑗(𝒙′)

𝑤𝑗 ≥ 0, ∀𝑗

Generalized kernel:

Utilise multiple kernel learning 
algorithms to find optimal 𝑤𝑗

Gönen, M., et al (2011). Multiple kernel learning algorithms. The J. Mach. Learn. Res., 12, 2211-2268.

One well-known construction is to express a feature map using its eigenbasis functions.

=෍

𝑗=1

∞

𝛾𝑗𝜙𝑗 𝒙 ⋅ 𝛾𝑗𝜙𝑗(𝒙
′) = 𝚿 𝒙 ,𝚿(𝒙′)
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Given 𝒦 = {𝑘𝑖( Ԧ𝑥, Ԧ𝑥′)}, construct

𝑘𝑡𝑜𝑡 =෍

𝑖=1

|𝒦|

𝑤𝑖𝑘𝑖( Ԧ𝑥, Ԧ𝑥′)

with 𝑤𝑖 ≥ 0. 

Multiple kernel learning:



Expressivity, Trainability, Generalization error
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Expressivity Trainability Generalization error

ℋ = 𝑓 𝒙 =෍

𝑗=1

∞

𝛽𝑗 𝛾𝑗𝜙𝑗(𝒙)

𝑓𝑎𝑜𝑝𝑡 𝒙 =෍

𝑖=1

𝑁

𝑎𝑖
(𝑜𝑝𝑡)

𝑘 𝒙𝑖 , 𝒙

• Optimization become convex if 
ℒ𝑎 is properly chosen

• Kernel ridge regression
➢ Square loss function

• Support vector machines
➢ Hinge loss function

• Informs the complexity of the 
model class.

• Dependent on the kernel choice
• Study kernel’s eigenbasis

• How easy to reach the optimal 
solution in the optimization process

റ𝑎(𝑜𝑝𝑡) ≔ argmin𝑎 ℒ𝑎 𝑆

to find

• How well the trained model 
predicts on the unseen dataset.

ℒ𝑎 − ℒ𝑎 𝑆 ≤ 𝐵(𝑁)

ℋ = 𝑓 𝒙 =෍

𝑖=1

∞

𝛼𝑖 𝑘 𝒙𝑖 , 𝒙



Quantum Kernel Methods

s-linear projected quantum kernels (LPQK)

𝑘𝒔 𝒙, 𝒙′ = tr𝒔(𝜌𝒔 𝒙 𝜌𝒔(𝒙′)) , |𝒔| = 𝑆

Mapping to quantum feature space:
𝑘 𝒙, 𝒙′ = tr(𝜌 𝒙 𝜌(𝒙′))

g 𝒙 = tr 𝑀𝜌 𝒙• Quantum model:

• Quantum kernel:
(Global fidelity
quantum kernels) 

𝑘𝒔 𝒙, 𝒙′ =
1

{𝒔}
෍

{𝒔}

tr𝒔(𝜌𝒔 𝒙 𝜌𝒔(𝒙′))

S-linear projected quantum kernels (LPQK)

, ∀ 𝒔 = 𝑆

𝜌𝒔 𝒙
𝜌𝒔𝟏 𝒙

𝜌𝒔𝒌 𝒙

𝑈(𝒙)… …𝜌0

Huang, H. Y., et al (2021). Power of data in quantum machine learning. Nat. Commun., 12(1), 2631.

Data space Quantum feature space
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What’s going on in the field?
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Complexity theory-based expressivity

S. Jerbi, et. al. Nat. Commun. 14, 517 (2023).

Connections to other QML candidates:Quantum kernel for real world dataset

E. Peters, et. al. npj Quantum Infor. 7, 1 (2021)



What’s going on in the field? (cont’d)
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Kernel concentrations: S. Thanasilp, et. al. arXiv:2208.11060 (2022)

Training parameterized kernels:

T. Hubregtsen, et. al. Phys. Rev. A 106, 042431 (2022)

Kernel bandwidth:

R. Shaydulin, et. al., Phys. Re. A 106, 042407 (2022)



What’s going on in the field? (cont’d)
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Unified framework for Trace-
induced Quantum Kernels
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Generalized Trace-induced Quantum Kernels (GTQKs)

Given 𝒜 = 𝐴𝑖 𝑖=1
4𝑛 with tr 𝐴𝑖𝐴𝑗 = 𝛿𝑖𝑗 ∀ 𝑖, 𝑗
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Lego kernels: 

Compare 𝜌 Ԧ𝑥 and 𝜌 Ԧ𝑥′ in the direction of 𝐴𝑖 .

𝑘𝑖 Ԧ𝑥, Ԧ𝑥′ = tr 𝜌 Ԧ𝑥 𝐴𝑖 tr(𝜌 Ԧ𝑥′ 𝐴𝑖)

𝑘 𝒙, 𝒙′ =෍

𝑖=1

4𝑛

2𝑛𝑤𝑖 ⋅ tr 𝜌 𝒙 𝐴𝑖 tr(𝜌 𝒙′ 𝐴𝑖) = tr( ෤𝜌(𝒙) ෤𝜌(𝒙′)) ෍

𝑖=1

4𝑛

𝑤𝑖
2 = 1

Building up expressive power:

(Generalized trace-induced 
quantum kernels) 

• Encompass GFQKs and LPQKs as subsets
• Study expressivity and generalizability 

under the same unified framework

Arbitrary orthonormal Hermitian basis

, if 𝒯 = True
• 𝑤𝑖 = ൝

1

2𝑆

0
→ tr𝒔(𝜌𝒔 𝒙 𝜌𝒔(𝒙′)) (s-LPQKs)

, otherwise

With Pauli basis

• 𝑤𝑖 =
1

2𝑛
∀𝑖 → tr(𝜌 𝒙 𝜌(𝒙′)) (GFQK) Regardless of basis



Er
ro

r

Generalized Trace-induced Quantum Kernels (GTQKs)
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න
𝒳

tr 𝜌 𝒙 𝐴𝑖 tr 𝜌 𝒙 𝐴𝑗 𝜇(𝑑𝑥) ≠ 𝛿𝑖𝑗

𝑘 𝒙, 𝒙′ =෍

𝑖=1

4𝑛

2𝑛𝑤𝑖 ⋅ tr 𝜌 𝒙 𝐴𝑖 tr(𝜌 𝒙′ 𝐴𝑖)

=෍

𝑖=1

4𝑛

2𝑛𝑤𝑖 tr 𝜌 𝒙 𝐴𝑖 ⋅ 2𝑛𝑤𝑖 tr(𝜌 𝒙′ 𝐴𝑖)

=෍

𝑖=1

4𝑛

𝜓𝑖 𝒙 ⋅ 𝜓𝑖 𝒙′

ℋ𝐺 = 𝑓 𝒙 =෍

𝑖=1

4𝑛

𝛼𝑖 2𝑛𝑤𝑖 tr 𝜌 𝒙 𝐴𝑖

Space of functions:

• 𝑝 ∶ Control model complexity (# of non-zero weights)
• 𝑤𝑖: Control the inductive bias

• Generalization bound:

Measure of capacity, 𝑝

ℒ
𝑎
𝐶

𝑆

ℒ
𝑎
(𝐶)

𝑆

𝑂 𝑝
1
4

+ 𝑂 𝑝
1
4ℒ

𝑎
(𝐶)

≤ ℒ𝑎
𝐶

𝑆

Training error

Model complexity

Real error



Eigenbasis for GTQKs
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Diagonalize න
𝒳

𝜌 𝒙 ⊗ 𝜌 𝒙 𝜇(𝑑𝒙)
𝑘(𝑈𝒳) 𝒙, 𝒙′ =෍

𝑖=1

4𝑛

2𝑛𝑤𝑖 ⋅ tr 𝜌 𝒙 𝐴𝑖
𝑈𝒳 tr(𝜌 𝒙′ 𝐴𝑖

(𝑈𝒳))

GTQKs in Mercer basis:

𝒜𝑈𝒳 = 𝐴𝑖
(𝑈𝒳)

𝑖=1

4𝑛

with eigenvalues 𝛾𝑖 𝑖=1
4𝑛

(Mercer basis)

𝑘𝑖
𝑈𝒳 with space ℋ𝐺𝑖

𝑈𝒳

ℋ𝐺𝑖

𝑈𝒳 and ℋ𝐺𝑖

𝑈𝒳 are orthogonal to each other

Decomposition of space: Expressivity hierarchy:



Practical implications of the 
unified framework
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Systematic way to set non-zero weights, 𝑝
2

Practical strategy to select GTQKs
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Choose the basis as Pauli basis: 𝑃𝑖 ∈ 1, 𝑋, 𝑌, 𝑍 ⊗𝑛

𝑘 𝒙, 𝒙′ =෍

𝑖=1

4𝑛

𝑤𝑖 ⋅ tr 𝜌 𝒙 𝑃𝑖 tr(𝜌 𝒙′ 𝑃𝑖)

𝑋⊗ 1⊗𝑛−1, 𝑌 ⊗ 1⊗𝑛−1, 𝑍 ⊗ 1⊗𝑛−1, ⋯ , 1⊗𝑛−1⊗𝑍One Pauli:

𝑋𝑋⊗ 1⊗𝑛−2, 𝑋𝑌 ⊗ 1⊗𝑛−2, ⋯ , 1⊗𝑛−2⊗𝑍𝑍Two Pauli: 

Classical post-processing Measure the Pauli expectation value

1

…

𝑋𝑋…𝑋𝑋⊗ 1⊗𝑛−2, 𝑋𝑋…𝑋𝑌⊗ 1⊗𝑛−2, ⋯ , 1⊗𝑛−2 ⊗𝑍𝑍…𝑍𝑍𝐻 Pauli: 

𝐻 𝐻 𝐻

𝑯-body LPQKs



Practical strategy to select GTQKs (cont’d)
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𝒫2 = 𝑋1𝑋2⊗1⊗6, 𝑋1𝑌2⊗1⊗6, ⋯ , 1⊗6⊗𝑍7𝑍82 Pauli: 

A simple example: 8 qubits, 𝐻 = 2

(|𝒫2| = 252)

𝑘(2) 𝑐𝒙, 𝑐𝒙′ =
1

𝑝
෍

𝑖=1

𝑝

tr 𝜌 𝑐𝒙 𝑃𝑖
(2)

tr 𝜌 𝑐𝒙′ 𝑃𝑖
2

𝑤𝑖 =
1

𝑝

tr 𝜌 𝑐𝒙 𝜌 𝑐𝒙′ = 0 𝑈†(𝒄𝒙)𝑈(𝑐𝒙′) 0
2



Empirical study of H-body LPQK’s performance
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𝑐
Shaydulin, R. et al (2022). Importance of kernel bandwidth in quantum machine learning. Physical Review A, 106(4), 042407.
Canatar, A., et. al. (2022). Bandwidth enables generalization in quantum kernel models. arXiv:2206.06686 [quant-ph].

Circuit ansatz:

8 qubits, binary classify fashion-mnist

𝑘(2) 𝑐𝒙, 𝑐𝒙′ =
1

𝑝
෍

𝑖=1

𝑝

tr 𝜌 𝑐𝒙 𝑃𝑖
(2)

tr 𝜌 𝑐𝒙′ 𝑃𝑖
2

𝑃𝑖
(2)

∈ 𝑋1𝑋2⊗1⊗6, 𝑋1𝑌2 ⊗1⊗6, ⋯ , 1⊗6⊗𝑍7𝑍8 (|𝒫2| = 252)

Linear projected quantum kernels:



Conclusion
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• Linear projected quantum kernels

• Global fidelity quantum kernels

Nat. Commun. 12, 2631 (2021)

• Gaussian projected quantum kernels
Nat. Commun. 12, 2631 (2021)

Nature 567, 209 (2019).
PRL 122 (4), 040504.

• Quantum neural tangent kernels
PRX Quantum 3, 030323 (2022). 
arXiv:2111.02951 (2021)

Our work: A unified framework for 
trace-induced quantum kernels.

Insight on how to choose the 
quantum kernels for a given task.

How are some of the existing quantum 
kernels related to each other?

• Quantum Fisher kernels
arXiv:2210.16581 (2022)

• Quantum topological kernel
arXiv:2307.07383 (2023).

Generalized Trace-induced 
Quantum Kernels!

arXiv:2311.13552


