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Linear projected quantum kernels
Nat. Commun. 12, 2631 (2021)

Big p|cture of the work

Global fidelity quantum kernels
Nature 567, 209 (2019).
PRL 122 (4), 040504.

arXiv:2111.02951 (2021)

How are some of the existing quantum
kernels related to each other?

Quantum neural tangent kernels * Quantum topological kernel
PRX Quantum 3, 030323 (2022).

arXiv:2307.07383 (2023)

e Gaussian projected quantum kernels * Quantum Fisher kernels
Nat. Commun. 12, 2631 (2021)

arXiv:2210.16581 (2022)

Part 1

Our work: A unified framework for
trace-induced quantum kernels.

(Quantum) kernel methods
* Expressivity
* Trainability
* Generalization ability

) 4

Part 2

Insight on how to choose the
guantum kernels for a given task.

* Unified framework
* Expressivity
* Generalization ability
* Practicality of the framework




Supervised Machine Learning

Goal: Extract patterns from labelled dataset to make accurate predictions on unknown and unseen data.

[ Training: ] [ Testing: ]

Minimize cost function
to obtain by,

Cost function ................ ; Scoring
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Classical Kernel Methods

Mapping to feature space:

Data space Feature space Kernel trick: k(x,x") = (P(x), P(x))
°, 20 mn gt . | sint i * Symmetric forall x,x" € X
N R k(%) = k(' )
OOO .-..I.OO T .....
oom " o7, 6 0:200%680.%c%0 * Positive semi-definite
i MR
o o  ©° =0 0= f f c(x)x(xNk(x, x")dxdx' = 0
" XXX
fx)=p-x - gx) =q- o(x)
Space of functions:
= N
I = {f(x) _ z a; k(x;, %), a; € ]R} Representer theorem: fa(x) = Z a; k(x;,x)
i=1 =1

[ Only depends on the number of training data points, N. ]




Eigen-decomposition of kernels

One well-known construction is to express a feature map using its eigenbasis functions.

co

_______

Figen-decomposition: k(x,x") = iyjfgbj(_{)_icl)j(x'): JYi®i () - [Jy;jd;(x') = (P(x), ¥ (x))
' =

Jj=1 J

Relative importance of the functions Base functions for the models

e

Generalized kernel: k(x, x') = 2 w; - Y (X);(x")

]:1 _____________________________________________

___________________
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Gonen, M., et al (2011). Multiple kernel learning algorithms. The J. Mach. Learn. Res., 12, 2211-2268.

Multiple kernel learning:

Given K = {k;(x,x")}, construct

| K|
keor = ) wiki(%, )
i=1
with Wi > 0.



Eigen-decomposition of kernels

One well-known construction is to express a feature map using its eigenbasis functions.

Eigen-decomposition: k(x,x") = z Vi (x)p;(x)= z JYi®i () - [Jy;jd;(x') = (P(x), ¥ (x))
=1 =1

= Multiple kernel learning:
H={f(x)= 2 ,Bj\/WjVijj(x) Given K = {k;(x,x")}, construct
j=1 ) |X|
keor = ) wiki(%, )
i=1
with Wi > 0.

Generalized kernel: k(x, x') = 2 w; - (X);(x")
j=1 """"""""""""""""""""""""""" !
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Gonen, M., et al (2011). Multiple kernel learning algorithms. The J. Mach. Learn. Res., 12, 2211-2268.



Expressivity, Trainability, Generalization error

Expressivity

Informs the complexity of the
model class.

H = {f(x) = Zaikm,x)}

1=1

Dependent on the kernel choice
Study kernel’s eigenbasis

H =100 = ) B ()
=1

Trainability

How easy to reach the optimal
solution in the optimization process

A(opt) == argming L;(S)

to find

N
Fane@ = ) @l k(s %)
i=1

Optimization become convex if
Lz is properly chosen
Kernel ridge regression

» Square loss function
Support vector machines

» Hinge loss function

Generalization error

* How well the trained model
predicts on the unseen dataset.

Error 4

~— _—

Underfitting Optimum Overfitting

La‘ (Generalization Error)

(Training Error)

Model complexity

Lz — <



Quantum Kernel Methods

Mapping to quantum feature space: + Quantum model: 8(*) = tr(Mp(x)) o
. . k(x x,) _ tr( (x) (x,)) (Global fidelity
Data space Quantum feature space Quantum kernel: ’ PP quantum kernels)
A p(x) = -
® TR | ] "
Embed into /
- i e BT Ps, (1)
© @ feature space/ / " : (x) -
© /B —
o 2% - L g (@)
|
‘ J
f} @ Project back s-linear projected quantum kernels (LPQK)
o classical space I} I
4 - i ks (%)) = try(ps(@ps(x)), |s] = S
® ®®
S-linear projected guantum kernels (LPQK)

Projected quantum kernel ) .
ke, ) = = > try(ps(0ps(x)), Vis| = S

1
\/E {S}

Huang, H. Y., et al (2021). Power of data in quantum machine learning. Nat. Commun., 12(1), 2631.



What’s going on in the field?

Complexity theory-based expressivity

nature
physics ARTICLES

https://doi.org/10.1038/541567-021-01287-z

M) Check for updates

A rigorous and robust quantum speed-up in
supervised machine learning

Yunchao Liu®"?, Srinivasan Arunachalam? and Kristan Temme ®2%

Quantum kernel for real world dataset

nature communications

Article https://doi.org/10.1038/s41467-023-36144-5

Universal expressiveness of variational
quantum classifiers and quantum kernels for
support vector machines

Connections to other QML candidates:

CPU

spectral analysis
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5000 x O(N?) experiments

E. Peters, et. al. npj Quantum Infor. 7, 1 (2021)

Linear models

Linear models

Explicit

Implicit

Explicit model Implicit model
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O fo Ll

mappings

S. Jerbi, et. al. Nat. Commun. 14, 517 (2023).



What’s going on in the field? (cont’d

Kernel concentrations:

S. Thanasilp, et. al. arXiv:2208.11060 (2022)

(a) Sources that lead to kernel concentration

Expressibility

i3

Entanglement

Global measurements

(b) Exponential concentration of

x(x, x") over input data x,x’

exponentially close to p

L - w
(¢) Implications on trainability E
1 J =3
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Results in a poorly
trained model

Training parameterized kernels:

Poor Classification

Improved Classification

“
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Target
Alignment

Training Step
T. Hubregtsen, et. al. Phys. Rev. A 106, 042431 (2022)

The Inductive Bias of Quantum Kernels

Jonas M. Kiibler*  Simon Buchholz*  Bernhard Schélkopf
Max Planck Institute for Intelligent Systems
Tiibingen, Germany

{jmkuebler, sbuchholz, bs}@tue.mpg.de

Kernel bandwidth:

=== Decision boundary
* Class0
= Class |

Bandwidth too small
(overfitting)

Bandwidth too large
(underfitting)

10
R. Shaydulin, et. al., Phys. Re. A 106, 042407 (2022)



What's going on in the field? (cont’d)

= r\lv > quant-ph > arXiv:2309.14419

Quantum Physics

[Submitted on 25 Sep 2023]
On the expressivity of embedding quantum kernels

Elies Gil-Fuster, Jens Eisert, VVedran Dunjko
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Kernel functions (f Efficient Embedding \ Efficient Quantum\
Quantum Kernels functions
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Unified framework for Trace-
induced Quantum Kernels



Generalized Trace-induced Quantum Kernels (GTQKs)

Lego kernels:

Given cﬂ = {4;}%, with tr(4;4;) = 611 Vi,j k (X%, x") = tr(p(XH)A;) tr(p(x")A4; )

| Y
Arb|trary Orthonormal Hermitian baS|S Compare p(x) and p(x ) |n the dlrectlon OfAl

Building up expressive power:

k(x, x')-Zznwl r(p(D)A) tr(p(X)A) = r(BEIPED) amomemany 0 Y wE =1

. w; = z_n Vi - tr(p(x)p(x")) (GFQK) | Regardless of basns

______________________________

. * Encompass GFQKs and LPQKs as subsets

1 T e | * Study expressivity and generalizability
W= 65 ’ otherwise trg(ps(x) pg(x')) (s-LPQKs) . under the same unified framework i




Generalized Trace-induced Quantum Kernels (GTQKs)

Space of functions:

4TL
471
k(x,x') = z 2Mw: - tr(p(X)Ay) tr(p(x)A;)
— l l l He=1f(x) = Z a;+/2"w; tr(p(x)A;)
i=1
471
, * p: Control model complexity (# of non-zero weights)
N Z V2w w(p(x)A;) -/ 20w tr(p(x)4;) w;: Control the inductive bias
= 1
= * Generalization bound: Léc) < + 0 (pZ)
4_11
= z Yi(x) - P (x)
i=1
________________________________________________________________________________________ § 0 (pz) Model complexity
f tr(p(x)4;) tr(P(x)Aj) u(dx) # oy e
_________ :)_(:____________________________________________“““__“““_“_““““““__ f:> Training error

Measure of capacity, p



Eigenbasis for GTQKs

Diagonalize f p(x) ® p(x) u(dx)
x

i

Ay, {A( X)}l 1with eigenvalues {yi}le

(Mercer basis)

Decomposition of space:
Space of GTQK: H"™) = 365/ @ - @ Hg X’

H(Ux) j{((;Ux)
2

GTQKs in Mercer basis:

47’1

U0 (x, x') = Z 2y, tr( (1) A" x)) tr(p(x’ )A<UX>)

i=1

k( Ux) wyith space 7—[( Ux)

{Note: q < r < 4" I/




Practical implications of the
unified framework



Practical strategy to select GTQKs
®

Choose the basis as Pauli basis: P; € {1,X,Y, Z}®"

471
k(e x) = ) wi- tr(p(OP) tr(p(x)Py)
_____________________ = | B (R
 Classical post-processing ! E_Measure the Pauli expectation value !
Systematic way to set non-zero weights, p
One Pauli: {¥ ® 1971y @ 1%¥"71, 7 @ 1971 ... 1971 ) 7}

Two Pauli: {xX ® 1972 xy ® 1®¥"2,... 1972 Q 77}

HPauli: {XX .. XX ® 1972, XX .. XY @ 1®"72,... 18""2 ® 77 ..ZZ} > H-body LPQKs
1 I I
H H H




Practical strategy to select GTQKs (cont’d)

A simple example: 8 qubits, H = 2
2 Pauli: P, = {X1X2 ® 196, X,7, ® 1%6,... 196 & Z7Zg} (|P,| = 252)

|0) ] —KP\ ftl'(p(CX) X Xy ® I®6)\
tr(p(cx) - X, Y, ® 19°) 1 p (2) (2)
1001 U(ex) D _ "| P, | —1>k(2)(cx, cx') = \/—52 tr (p(cx)Pi ) tr (p(cx’)Pi )
. wW; = — i=1
10) HyZi tr(p(cx) - 19 ® Z,Zg) VD
) ’ Measurement scaling
—e— GFQK
1071 —¢— H=1
0)- S — 1
‘T‘w 105] —e— H=4
1009 U(ex) [ Ut(ex)) ED 10){0| 5‘;103
|0) - - N 10t
N —y (2
tr(p(cx)p(cx’)) = |(0|UT (cx)U(cx")|0)] oo 1ot 102 10 1oe y

No of training data, N



Empirical study of H-body LPQK'’s performance

Circuit ansatz:

X 2

- - H # [ Rz (cxo) |

ZZ(c%xpxy)
ZZ(c?xpx3)

iy rwresy . 0) {Rete

1 U(ex) [

ZZ(c%x1x5)

— — LA [[Rz(exo) 1N -

8 qubits, binary classify fashion-mnist

> 0.8

Linear projected quantum kernels: L
1 p g 0.7

k@ (cx,cx’) = \/—52 tr (p (cx)Pi(z)) tr (p (cx’)Pi(z)) §

Pl(Z) € {X]_XZ ® 1®6;X1Y2 ® 1®6) R’ 1®6 ® Z7ZS} (|?2| = 252) 0-31

1073 102 101 109
Kernel bandwidth, ¢
Shaydulin, R. et al (2022). Importance of kernel bandwidth in quantum machine learning. Physical Review A, 106(4), 042407. 19
Canatar, A., et. al. (2022). Bandwidth enables generalization in quantum kernel models. arXiv:2206.06686 [quant-ph].



Conclusion

* Quantum neural tangent kernels * Quantum topological kernel
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How are some of the existing quantum | Generalized Trace-induced
kernels related to each other? Quantum Kernels!

Our work: A unified framework for
trace-induced quantum kernels.
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|nS|ght on hOW to Choose the ~Li (S) Training error
guantum kernels for a given task.

Model complexity

Error
-
-
=
S
N’

Measure of capacity, p
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