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a - Another approach to QML
b - Amplitude Encoding
c - Hamming Weight Preserving Circuits
d - Quantum Neural Networks Applications

2/ Quantum Fourier Neural Networks for solving PDEs
a - The Classical Fourier Neural Operator
b - Quantum FourierNN
c - Experimental Results
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1.a) Another Approach to QML

Pros

- Easy to implement

- Potentially universal

Cons

- Hard to prove speedup / scaling

- Hard to compare with Classical

- Classical Surrogates (Dequantisation)

- Trainability issues (BP)

- Hard to interpret Expressivity

Hamiltonian Encoding

𝑒!"𝒙$

Variational Circuit

Most QML Today

« Variational quantum algorithms » M.Cerezo et al.  Nature Reviews Physics Vol.3 (2021)
« Classically Approximating Variational Quantum Machine Learning  with Random Fourier Features » J.Landman et al. ICLR 2022
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1.a) Another Approach to QML

Most QML Before

Pros

- Provable Speedups

- Comparable to classical

- Rigorous & interpretable

- No Barren Plateaus etc.

Cons

- Long Term (FTQC)

- QRAM

- Dequantisation

Amplitude encoding Quantum Algorithms
Linear Algebra

Sing.	Val.	Transform
Phase	Estimation
Q-SVM,	Q-means

etc.

𝑥 = 𝐴!>𝑏

𝑥 ∈ ℝ? 𝑥 =
1
‖𝑥‖

%
!"#

$

𝑥!|𝑖⟩

« Quantum Algorithms for Unsupervised Machine Learning and Neural Networks » J.Landman arXiv:2111.03598
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1.a) Another Approach to QML

Pros

- Interpretable / Comparable to classical

- Provable Speedups

- Easy to implement

- No Barren Plateaus

- Modular

Cons

- Cost of non-linearities

- Depth depends on HW connectivity

The best of both worlds ?

Amplitude encoding Variational Circuit

In which basis ? What is it good for ?

𝑥 ∈ ℝ? 𝑥 =
1
‖𝑥‖

%
!"#

$

𝑥!|𝑖⟩
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1.a) Another Approach to QML
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1.a) Another Approach to QML
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1.b) Amplitude Encoding

Amplitude	encoding
A	vector 𝑥 ∈ ℝ! is encoded using the	amplitudes	of	a	quantum	superposition

𝑥 =
𝑥#
⋮
𝑥$

𝑥 = 𝑥# 𝑒# + 𝑥% 𝑒% +⋯+ 𝑥$|𝑒$⟩ =		∑! 𝑥! 𝑒! ‖𝑥‖! = 1
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1.b) Amplitude Encoding

Amplitude	encoding
A	vector 𝑥 ∈ ℝ! is encoded using the	amplitudes	of	a	quantum	superposition

𝑥 =
𝑥#
⋮
𝑥$

𝑥 = 𝑥# 𝑒# + 𝑥% 𝑒% +⋯+ 𝑥$|𝑒$⟩ =		∑! 𝑥! 𝑒! ‖𝑥‖! = 1

Amplitude EncodingInitial Space

ℝ$ ℝ%!

If	{|𝑒#⟩,⋯ , |𝑒$⟩} forms	an	ortho	basis,	this	encoding	preserves	the	metric

∥ 𝑥 − 𝑦 ∥% = ∥ |𝑥⟩ − |𝑦⟩ ∥%
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1.b) Amplitude Encoding

Amplitude	encoding

Basis	choice with n	qubits	?

𝑥 =
1
𝑥
%
!

𝑥! 𝑒!
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1.b) Amplitude Encoding

Amplitude	encoding

Basis	choice with n	qubits

- Computational basis	 00001 , 00010 , 00011 ,⋯ 2? in	total																		QRAM	

Maximum	
dimension	for	𝑥 MethodStates

𝑥 =
1
𝑥
%
!

𝑥! 𝑒!
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1.b) Amplitude Encoding

Amplitude	encoding

Basis	choice with n	qubits

- Computational basis	 00001 , 00010 , 00011 ,⋯ 2? in	total																		QRAM	

- Unary	basis	 |00001⟩, |00010⟩, |00100⟩,⋯ 𝑛 in total

Maximum	
dimension	for	𝑥 MethodStates

Unary	
Data	Loaders

𝑥 =
1
𝑥
%
!

𝑥! 𝑒!
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1.b) Amplitude Encoding

Amplitude	encoding

Basis	choice with n	qubits

- Computational basis	 00001 , 00010 , 00011 ,⋯ 2? in	total																		QRAM	

- Unary	basis	 |00001⟩, |00010⟩, |00100⟩,⋯ 𝑛 in total

- Hamming Weight k	basis 00111 , 01101 , 11001 ,⋯ ?
J in total

k	=	3	

Maximum	
dimension	for	𝑥 MethodStates

HW-k	
Data	Loaders

Unary	
Data	Loaders

𝑥 =
1
𝑥
%
!

𝑥! 𝑒!
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Use	two-qubit	gates that preserve the	Hamming Weight

RBS	gates

1.b) Amplitude Encoding

Reconfigurable	Beam	Splitter



QTML 2023 – Jonas Landman / Natansh Mathur

Use	two-qubit	gates that preserve the	Hamming Weight

RBS	gates

1.b) Amplitude Encoding

Reconfigurable	Beam	Splitter

Easy	to	implement

Decomposition:

Native:
“Demonstrating a continuous set of two-qubit gates for near term quantum algorithms” 
B. Foxen et al. Physical Review Letters, Vol.125, n°12
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Use	two-qubit	gates that preserve the	Hamming Weight

RBS	gates FBS	gates

1.b) Amplitude Encoding

Reconfigurable	Beam	Splitter Fermionic	Beam	Splitter

« Quantum machine learning with subspace states » I.Kerenidis et al. arxiv:2202.00054



QTML 2023 – Jonas Landman / Natansh Mathur

Unary
Data	Loaders

parallel diag semi-diag

Vector

1.b) Amplitude Encoding

𝑥 ∈ ℝ?, 𝑛 qubits	

𝑥 =
1
𝑥
%
!

𝑥! 𝑒!

𝑛

diag

𝑂(log 𝑛 ) 𝑂(𝑛) 𝑂(𝑛/2)

« Nearest Centroid Classification on a Trapped Ion Quantum Computer »  S.Johri et al.  NPJ Quantum Information Vol.7,122 (2021) 
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Unary
Data	Loaders

parallel diag semi-diag

Vector Matrix

1.b) Amplitude Encoding

𝑥 ∈ ℝ?, 𝑛 qubits	

𝑥 =
1
𝑥
%
!

𝑥! 𝑒!

𝑛

X ∈ ℝ[×?, 𝑚 + 𝑛 qubits	

𝑋 =
1
𝑋

%
!

%
*

𝑋!* 𝑒! |𝑒*⟩
𝑚 𝑛

𝑂(log 𝑛 ) 𝑂(𝑛) 𝑂(𝑛/2) 𝑂(log 𝑚 + 2𝑚 log 𝑛 )

0 ⊗#

0 ⊗$

𝑋%% ⋯ 𝑋%$
⋮ ⋱ ⋮

𝑋#% ⋯ 𝑋#$

« Nearest Centroid Classification on a Trapped Ion Quantum Computer »  S.Johri et al.  NPJ Quantum Information Vol.7,122 (2021) 
« Quantum Vision Transformers » E.A.Cherrat et al. arxiv:2209.08167
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Hamming Weight k
Data	Loaders

Heuristic

1.b) Amplitude Encoding

𝑥 ∈ ℝ
+
, , 𝑛 qubits	

0 ⊗& 𝑥

Clifford	Loader

𝑋 ∈ ℝ?×J, 𝑛 qubits	

Trainable
With	guarantees

𝑋 = %
|.|"/

det(𝑋.)|𝑒.⟩𝑥 =
1
𝑥
%
!

!
"

𝑥!|𝑒!⟩

𝑂(𝑘 log 𝑛 )
« Trainability and Expressivity of Hamming-Weight Preserving Quantum 
Circuits for Machine Learning » L.Monbroussou et al. arxiv:2309.15547 « Quantum machine learning with subspace states » I.Kerenidis et al. arxiv:2202.00054
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1.c) Hamming Weight Preserving Circuits
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Quantum	Orthogonal	Layers
Pyramid Block

X	CircuitV	Circuit Butterfly

1.c) Hamming Weight Preserving Circuits

~2𝑛 ~𝑛 ~log(𝑛)
« Quantum Vision Transformers » E.A.Cherrat et al. arxiv:2209.08167
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Properties of	Hamming Weight (HW)	Preserving Quantum	Circuits

Unary	basis

HW	k	basis
If	we load 𝑥 in	HW	𝑘 basis

The	output	state	 𝑦 is in	the	same basis

𝒚 = |𝑾𝒌𝒙⟩

𝑛 qubits

𝒚

1.c) Hamming Weight Preserving Circuits
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Properties of	Hamming Weight (HW)	Preserving Quantum	Circuits

SO(n)	:	Orthogonal	matrices (with Det =	+1)

𝟏

$ $(%
) Free	parameters

Quantum:	O(𝑛)

Classical: 𝑂(𝑛))

Orthogonal	Neural	Nets

« Orthogonal Deep Neural Networks », K.Jia IEEE transactions on pattern analysis and machine intelligence, 43(4)
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Properties of	Hamming Weight (HW)	Preserving Quantum	Circuits

𝟏

Quantum:	O(log 𝑛 )

Butterfly Neural	Nets
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Properties of	Hamming Weight (HW)	Preserving Quantum	Circuits

𝑾𝒌 = ?

Quantum:	O(𝑛)

Classical: 𝑂(𝑛)*)

How	many degrees of	freedom?	

DLA	dimension?
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Properties of	Hamming Weight (HW)	Preserving Quantum	Circuits

𝑾𝒌 = 𝒌-Compound	matrix	of	𝑾𝟏

Using nearest neighbour connectivity
(or	FBS	gates)

𝑾𝒌 𝑰𝑱 = det(𝑾[𝐼𝐽])
where I and	J are	subsets of	rows/col	with size	k

Quantum:	O(𝑛)

Classical: 𝑂(𝑛)*)

« Quantum machine learning with subspace states » I.Kerenidis et al. arxiv:2202.00054

Compound	Neural	Nets	?
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Absence of Barren Plateaus

For	LASA circuits (Lie	Algebraic Supported Ansatz)	:

𝕍 𝜕,C = O
1

𝑝𝑜𝑙𝑦 dim 𝑔*

For	RBS/FBS circuits	(≠LASA)	:

𝕍 𝜕,C = O
1

𝑝𝑜𝑙𝑦 𝑑*
= O

1
n*

≠ O
1
2$

𝑑* ≠ dim(𝑔*)

1.c) Hamming Weight Preserving Circuits

𝒅𝒌:	dimension	of	subspace 𝑘,	𝑑* = $
*

𝐝𝐢𝐦(𝒈𝒌):	dimension	of	Lie	Algebra of	subspace 𝑘

« The Adjoint Is All You Need: Characterizing Barren Plateaus in Quantum Ansätze » E.Fontana et al. arxiv:2309.07902

« Trainability and Expressivity of Hamming-Weight Preserving Quantum Circuits for Machine Learning »
L.Monbroussou et al. arxiv:2309.15547
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Absence of Barren Plateaus

𝑑* ≠ dim(𝑔*)

1.c) Hamming Weight Preserving Circuits

𝒅𝒌:	dimension	of	subspace 𝑘,	𝑑* = $
*

𝐝𝐢𝐦(𝒈𝒌):	dimension	of	Lie	Algebra of	subspace 𝑘
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Quantum	Fully Connected Neural	Networks

One	layer =	1	loader	+	1	ortho	circuit	+	1	measurement +	1	classical non	linearity

1.d) - Quantum Neural Networks Applications

« Quantum Methods for Neural Networks and Application to Medical Image Classification » J.Landman et al. Quantum, 2022-12-22 Vol.6
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Quantum	Convolutional Neural	Networks

1.d) - Quantum Neural Networks Applications

A	convolution	product	can	be	rewritten	as	a	(larger)	matrix	multiplication

𝑌MN# = 𝐹M ⋅ 𝐴M

↦ |𝑎⟩ = ∑- 𝑎- 𝑒-

𝑦 = 𝐹𝑎

↦�
-

𝐹𝑎- 𝑒- =�
-

𝑦- 𝑒- = |𝑦⟩

0

𝐿𝑜𝑎𝑑 |𝑎⟩ 𝐹
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1.d) - Quantum Neural Networks Applications

Quantum	Transformers

« Quantum Vision Transformers » E.A.Cherrat et al. arxiv:2209.08167
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Papers !

« Nearest Centroid Classification on a Trapped Ion Quantum Computer » 
S.Johri et al. NPJ Quantum Information Vol.7,122 (2021)
- Data	Loader	(unary)

« Quantum machine learning with subspace states » 
I.Kerenidis et al. arxiv:2202.00054 
- Data	Loader	(Clifford)
- Quantum	Subspace Learning,	Compound	Matrix

« Quantum Vision Transformers » E.A.Cherrat et al. arxiv:2209.08167
- Data	Loader	(Matrix),	Quantum	Tranformers

« Trainability and Expressivity of Hamming-Weight Preserving Quantum 
Circuits for Machine Learning » L.Monbroussou et al. arxiv:2309.15547
- No	Barren	Plateaus in	HW	Preserving QML
- Data	Loader	(Heuristic HW-k)

« Quantum Methods for Neural Networks and Application to 
Medical Image Classification » J.Landman et al. Quantum, 2022-12-22 Vol.6
- Quantum	Fully connected NN

« The Adjoint Is All You Need: Characterizing Barren 
Plateaus in Quantum Ansätze » E.Fontana et al. arxiv:2309.07902 

« Showcasing a Barren Plateau Theory Beyond the 
Dynamical Lie Algebra » NL.Diaz et al. arxiv:2310.11505
- No	Barren	Plateaus « Beyond	LASA »

« Quantum Fourier Networks for Solving Parametric PDEs »  
N.Jain et al. arxiv 2306.15415
- Unary	Q	Fourier	Transform
- PDE	solver with Quantum	NN

Poster

Qtml 22

Now !

QTML 23

https://www.nature.com/articles/s41534-021-00456-5
https://arxiv.org/abs/2202.00054
https://arxiv.org/abs/2209.08167
https://arxiv.org/abs/2309.15547
https://quantum-journal.org/papers/q-2022-12-22-881/
https://arxiv.org/abs/2309.07902
https://arxiv.org/abs/2310.11505
https://arxiv.org/abs/2306.15415


From Theory to Application
Quantum Fourier Neural Operator for

Partial Differential Equations



QTML 2023 – Jonas Landman / Natansh Mathur

Introduction to Partial Differential Equations (PDEs)

Burgers’	Equation:	

𝜕T𝑢 𝑥, 𝑡 + 𝜕U
𝑢V 𝑥, 𝑡

2 = 𝜈𝜕UV𝑢 𝑥, 𝑡 for 𝑥 ∈ (0, 1), 𝑡 ∈ (0, 1]

𝑢 𝑥, 0 = 𝑢W 𝑥 , for 𝑥 ∈ (0, 1)

Goal:	Learn 𝒖 𝒙, 𝟎 ↦ 𝒖 𝒙, 𝒕
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Classical Fourier Neural Operator (FNO)

ICLR 2021

1

1 ... K

K

1 ... K

x =

...

1

1 ... K

K

1 ... K

x =

...

1

1 ... K

K

1 ... K

x =

...

1

1 ... K

K

1 ... K

x =

...

1

1 ... K

K

1 ... K

x =

...

1

1 ... K

K

1 ... K

x =

...

Fourier Layer
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Quantum Toolbox Already Discussed!
HW-Preserving gates

Unary Data Loader for Matrix

Orthogonal Quantum Layers
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From Classical to Quantum FNO
1

1 ... K

K

1 ... K

x =

...
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From Classical to Quantum FNO

Unary Data Loader

Unary QFT 
(rows)

1

1 ... K

K

1 ... K

x =

...

Trainable Matrix Mult. (columns)
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Classical FFT algorithm

Unary Quantum Fourier Transform (QFT)

𝐹 =
𝑛%& square root of unity
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Unary Quantum Fourier Transform (QFT)

-π/4

-π/4

-π/4

-π/4

-ω0

-ω0

-ω2

-π/4

-π/4

-π/4

-π/4

-ω0

-ω0

-ω0

-ω0

-π/4

-π/4

-π/4

-π/4

-ω2

-ω0

-ω1

-ω2

-ω3

Classical Quantum

a

b

a + ωkb

ωk
a - ωkb

ω0

ω0

ω0

ω0

ω0

ω2

ω0

ω2

ω0

ω1

ω2

ω3

x0

x4

x2

x6

x1

x5

x3

x7

y0

y1

y2

y3

y4

y5

y6

y7

= -
𝑘

𝑥 ↦ 𝐹𝑥 |𝑥⟩ ↦ |𝐹𝑥⟩

-π/4

-π/4

-π/4

-π/4

-ω0

-ω0

-ω2

-π/4

-π/4

-π/4

-π/4
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-ω0

-ω0

-ω0

-π/4

-π/4

-π/4

-π/4

-ω2

-ω0

-ω1

-ω2

-ω3

𝑅𝐵𝑆
𝜋
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Sequential QFNO

Resource analysis:
#circuits = 1
#qubits = 𝑁𝐶 + 𝑁/
#gates = 𝐾𝑁0 log𝑁0 + 𝑁0𝑁/ log𝑁/
Depth = 𝑵𝑪 𝒍𝒐𝒈𝑵𝑺 + 𝐾log𝑁0 + 𝐾𝑁0
Classical Complexity = 𝑁𝐶 +𝑵𝑺 𝒍𝒐𝒈𝑵𝑺

Three Different Quantum Circuits
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Parallel QFNO

Resource analysis:
#circuits = K
#qubits = 𝑁0 + 𝑁/
#gates = 𝐾𝑁0 log𝑁0 + 𝐾𝑁0𝑁/ log𝑁/
Depth = 𝑁0 log𝑁/ + 𝒍𝒐𝒈𝑵𝑪 + 𝑁0
Classical Complexity = 𝑁𝐶 + 𝑁/ log𝑁𝑆

Three Different Quantum Circuits
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Composite QFNO

Resource analysis:
#circuits = 1
#qubits = 𝑁0 + 𝑁/
#gate = 𝐾 + 𝑁0 log(𝑁0+𝐾) + 𝑁0𝑁/ log𝑁/
Depth = 𝑁0 log𝑁/ + 𝒍𝒐𝒈(𝑵𝑪+𝑲) + 𝑁0 + 𝐾

Classical Complexity = 𝑁𝐶 + 𝑁/ log𝑁𝑆

||A||

A1 ANc QFT IQFT

Nc

Ns

K

Single
Parameterized

 Circuit

Three Different Quantum Circuits
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Experimental Results



Conclusion



Conclusion

Hamming Weight Preserving QML is cool

Thank you


