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Gaussian processes
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Gaussian processes

Definition (Gaussian process)

A collection of random variables {X1,X2, . . . } is a GP if and only if, for
every finite set of indices {1, 2, . . . ,m}, the vector (X1,X2, . . . ,Xm)
follows a multivariate Gaussian distribution, N (µ⃗,Σ).
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GPs in classical ML
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GPs in classical ML

Theorem (Central limit theorem)

Let {X1,X2, . . . ,XS} be i.i.d. random variables. The sum
X1 + X2 + · · ·+ XS converges to a Gaussian distribution when S → ∞.

The input of the network is x ∈ R,
and the output is given by

f (x) = b +

Nh∑
l=1

vlhl(x)

where hl(x) = ϕ(al + ulx) models
the action of each neuron in the
hidden layer.
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GPs in QML
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GPs in QML

Quantum neural network (i.e. variational circuit) U

Set of initial pure states {ρi}i

Traceless observable from a set {Oj}j such that O2
j = 1 ∀j

Cost function of the form Cj(ρi ) = Tr[UρiU
†Oj ]

C = (Cj(ρi ), . . . ,Cj(ρi ′), . . .)
d→∞−−−−→ GP
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GPs in QML

We cannot leverage the central limit theorem (or its variants) because of
the unitarity constraint.

Cj(ρi ) =
d∑

k,k ′,r ,r ′=1

ukk ′ρk ′ru
∗
r ′ror ′k

The entries of Haar random unitaries over the unitary group U(d) are i.d.,
but correlated as −1

d−1 (same row) or 1
(d−1)2

(different row).
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GPs in QML

Strategy

i) Computing all the moments over the Haar measure of certain groups
(unitary and orthogonal).

ii) Showing they match those of a multivariate Gaussian.
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GPs in QML

First moments

EU(d)[Cj(ρi )] = EO(d)[Cj(ρi )] = 0

Second moments

ΣU
i ,i ′ =

d

d2 − 1

(
Tr[ρiρi ′ ]−

1

d

)

ΣO
i ,i ′ =

2(d + 1)

(d + 2)(d − 1)

(
Tr[ρiρi ′ ]

(
1− 1

d + 1

)
− 1

d + 1

)
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GPs in QML
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Corollary

For any ρi and Oj , we have P(Cj(ρi )) = N (0, σ2) , where σ2 = 1
d ,

2
d when

U is Haar random over U(d) and O(d), resp.
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GPs in QML

Corollary

Assuming that there exists a parametrized gate in U of the form e−iθH for
some Pauli operator H, then

P(|Cj(ρi )| ≥ c), P(|∂θCj(ρi )| ≥ c) ∈ O
(

1

cedc2
√
d

)
.

Concentration of measure is doubly-exponential
in the number of qudits!
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GPs in QML

Corollary

Let U be drawn from a t-design. Then, under the same conditions for
which Theorems 1, 2 and 3 hold, the vector C matches the first t
moments of a GP.

An extension of Chebyshev’s inequality to higher order moments leads to

P(|Cj(ρi )| ≥ c), P(|∂θCj(ρi )| ≥ c) ∈ O

( (
2
⌊
t
2

⌋)
!

2⌊
t
2⌋ (⌊ t

2

⌋)
!(dc2)⌊

t
2⌋

)

New and tighter bounds for t-designs.
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GPs in QML

Theorem

Given the set of observations y(ρ1), . . . , y(ρm) obtained from
N ∈ O(poly(log d)) measurements, then the predictive distribution of the
GP is trivial:

P(Cj(ρm+1)|Cj(ρ1), . . . ,Cj(ρm)) = N (0, σ2)

We cannot use the GPs to efficiently predict new outputs of
the QNN using Bayesian statistics.
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Proof technique
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Proof technique

We need to compute quantities of the form (for arbitrary k)

EG

[
Tr
[
U⊗kΛ (U†)⊗kO⊗k

]]
= Tr

[
EG

[
U⊗kΛ (U†)⊗k

]
O⊗k

]
,

where Λ = ρi1 ⊗ · · · ⊗ ρik and G = U(d),O(d).

T (k)
G [Λ] ≡

∫
dµ(U)U⊗kΛ (U†)⊗k is called the twirl over G .

Recall that

the moments of C = (Cj(ρi ), . . . ,Cj(ρi ′), . . .) are of the form

EU(d)

[∏k
λ=1 Cj(ρiλ)

]
= EU(d)

[∏k
λ=1Tr[UρiλU

†Oj ]
]

Tr[A⊗ B] = Tr[A]Tr[B]
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Proof technique

The twirl belongs to the k-th order commutant.

The k-th order commutant of the tensor representation of U(d) is the set
of permutations, i.e. the symmetric group Sk (Schur-Weyl duality)
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Proof technique

We can expand the twirl as

T (k)
G [Λ] =

D∑
µ=1

cµ(Λ)Pµ , with Pµ a basis of C(k)(G )

The coefficients cµ(Λ) can be calculated using Weingarten calculus, i.e.

c⃗(Λ) = A−1 · b⃗(Λ) ,

where b⃗(Λ) = (Tr[ΛP1], . . . ,Tr[ΛPD ]) and (A)νµ = Tr[PνPµ] is the Gram
matrix.
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Proof technique

To compute higher moments, we need asymptotic Weingarten calculus
(the A matrix has size k!× k!).

A = dk(Ã+ 1
dB)

Ã =



1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 · · · 0 1︸ ︷︷ ︸

Ik×Ik

0

0 1
1 0

. . .

0
0 1
1 0
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Proof technique

Let the representation of the symmetric group Sk be

Pd(σ) =
d−1∑

i1,...,ik=0

|iσ−1(1), . . . , iσ−1(k)⟩⟨i1, . . . , ik |

We can prove that

EU(d)[U
⊗kΛ (U†)⊗k ] =

1

dk

∑
σ∈Sk

Tr[ΛPd(σ)]Pd(σ
−1)

+
1

dk

∑
σ,π∈Sk

cσ,πTr[ΛPd(σ)]Pd(π) ,

with cσ,π ∈ O( 1d ).
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Proof technique

The previous implies

EU(d)

[
Tr
[
U⊗kΛ (U†)⊗kO⊗k

]]
=

1

dk

∑
σ∈Sk

Tr[ΛPd(σ)]Tr[Pd(σ
−1)O⊗k ]

+
1

dk

∑
σ,π∈Sk

cσ,πTr[ΛPd(σ)]Tr[Pd(π)O
⊗k ]

Tr[Pd(σ)O
⊗k ] = 0 if σ contains a cycle of odd length.

Tr[Pd(σ)O
⊗k ] = d r if k is even and σ is a product of r disjoint cycles

of even length.

In particular, Tr[Pd(σ)O
⊗k ] = dk/2 if k is even and σ is the product

of k/2 disjoint transpositions.
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Proof technique

We find that the moments of C are

EU(d)

[
Tr
[
U⊗kΛ(U†)⊗kO⊗k

]]
=

1

dk/2

∑
σ∈Tk

∏
{t,t′}∈σ

Tr[ρtρt′ ] (1)

According to Wick’s theorem, the moments of a multivariate Gaussian are

E[Cj(ρi ), . . . ,Cj(ρi ′) . . . ] =
∑
σ∈Tk

∏
t,t′∈σ

Cov[Cj(ρt)Cj(ρt′)]

( Recall that asymptotically ΣU
i ,i ′ =

Tr[ρiρi′ ]
d )
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Conclusions
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Conclusions

Under certain conditions, the output distribution of deep Haar random
QNNs converges to a Gaussian process in the limit of large Hilbert
space dimension.

The situation is more nuanced that in classical NNs. We need to make
assumptions on the states processed by the QNN, as well as on the
measurement operator.

Our results may be useful in more general settings where Haar ran-
dom unitaries / t-designs are considered, such as quantum information
scramblers and black holes, or many-body physics.
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