Quantum Algorithm for Robust
Optimizaiton via Stochastic-
Gradient Online Learning

Debbie Lim, Joao F. Doriguello, Patrick Rebentrost

* Funded by
3 the European Union

NextGenera tionEU

Latvian

* Quantum
Initiative

aaaaaaaa
eeeeeeeeeeeeeee



Outline




Outline

 Robust convex optimization




Outline

 Robust convex optimization

e Motivation




Outline

 Robust convex optimization
 Motivation

 Ben-Ial et.al’s dual-subgradient robust optimizaiton algorithm




Outline

Robust convex optimization
Motivation
Ben-Tal et.al’s dual-subgradient robust optimizaiton algorithm

Achieving a speedup




Outline

Robust convex optimization

Motivation

Ben-Tal et.al’s dual-subgradient robust optimizaiton algorithm
Achieving a speedup

Applications




Outline

Robust convex optimization

Motivation

Ben-Tal et.al’s dual-subgradient robust optimizaiton algorithm
Achieving a speedup

Applications

Conclusion




a' e o
.Q‘.‘.c‘.
0..00.




Convex optimization

minimize fo(x)
subject to fix,u;) <0, Vi € [m]
xXEY
* Uy, U, E R4 are fixed parameters.

* f0, ***».J,,, @re convex in Xx.

e Domain & C R" is convex.



Robust convex optimization

minimize fo(x)
subjectto  f(x,u) <0, Vu. € %, Vi e [m]
xXE YD

* o, ***, J,,, @are convex in x.

*f1, -+, [, are concave in uy, --, u,,.
e Domain & C R" and uncertainty set % C | 4 are convex.
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Why robust optimization

Addresses the issue of data inaccuracy
First introduced by Ben-Tal and Nemirovski in 1998
Computational cost for large scale problems can be highly prohibitive

A meta-algorithm to approximately solve the robust counterpart of a
convex optimisation problem, using only an algorithm for the original
optimization formulation
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Oracles

Noise memory: |i)|7)|0) — |i)|j)] (;);)
Subgradient oracle Oy : i) |j)]|0) = i) ]j)|(V, f(x, ;));)
Projection oracle O 4 : u — argmian%Hq — ul|,

Optimization oracle O, : Takes u, -+, u,, € % as input. Outputs x € & such that
f; (x, ul-) <eVie|m]
or returns “INFEASIBLE” if Ax € & such that

f: (x, ul-) <0,Vi € [m]



Ben-Tal et al.’s algorithm

. Initialize noise parameters <u1(0), ey u(0)> e U andxV e @ arbitrarily;

e Fort=0to7—1,do

Noise parameters

Subgradient oracle Optimization

ﬁ
+ Projection oracle +-—

Solution

-\b'\\'\w
o nted®
Return “INFEASIBLE” Ao‘a‘/

A
Output: x = — Y x@
. =53
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. Initialize noise parameters <u1(0), oo u,%”) € U™ and xY € D arbitrarily;

e Fort=0to7—1,do
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EndFor
. Subgradient oracle Oy : |i)|j)|0) — |i)|j) | (V f(x, 1;));)

] m
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If oracle declares infeasibility

e Return “INEEASIBLE” » Optimization oracle O, : Takes uy, -+, u,, € % as input. Outputs x € & such that
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Quantum computational model

Quantum circuit model

* An application of a quantum gate is equivalent to performing an elementary operation
Quantum arithmetic model

* Arithmetic operations take constant time

* |gnores issues from fixed-point representation of real numbers

Query complexity: maximum number of queries the algorithm makes on any input

Given states |x;), -+, | x,), where x; € [0,1] for i € [n], we can do

6)10) = 1) (/% 10y +T=%11))

on a superposition of | x;) in O(1) time
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Achlevmg a speedup

_Insteadof === & 000 Wedo 0000

» Perform £ -multi-sampling

Querying the subgradient oracle on the subgradients.

on all the entries of every

subgradient * Query the subgradient

Updating the noise parameters Update the noise parameters
i | using stochastic subgradients.



Algorithm 3 Quantum online sampling-based dual subgradient robust optimization a,lgorithm

Input: Target accuracy € > 0, failure probability J € (0, 1), parameters D, G1, Gs, Goo,

1: SetT' = [ % max {4F log(%), 225D° (G3H 61G0=G; 2)}] and n®) =

\/m(GZ , GlGo;) ) 1/2,

)

16

S

2: Initialize (u( ). (O)) e U™ and 2% e D arbitrarily;
3: fort—OtoT—ldo

4: Sample s pairs S = ((i1,71),. .., (is,4s)) € ([m] x [d])® with probability at least 1 —¢§/T
by measuring s copies of the quantum state >, Z?:l A/ p® (3, 5|05 (Fact [1), where
2 k=1 ”Vufk(x > U )Hl

5: Compute an estimate I'®) € R of 317", |V, Fro(z®, ulgf))”1 with relative error 1/4 (Fact 2);

6: Query the oracle Oy with inputs (i,5) € S, z® and u( ). to prepare g( ) e RY as
o0y, 100 € 89 1k = ir0 = 5} sign [(Vufi(a®, u?));]
gi J S (F(t)) y

7. for i in S® do

8. ’(t+1) - u( ) o 77(t)g( ).

9: (Hl) — Puy(u, /(1) ); > Update noise memory

10: end for

11 20— o @Y, W)

12: if oracle declares infeasibility then return INFEASIBLE;

13: end if

14: end for

Output: = = %Zle z®);
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)

S [ Vafe(@®,uP)

pW(,j) =
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(9,”); =

7: for : in S® do

3: ’(t+1) - u( ) 1 77(t)g( ).
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10: end for

11: ) — O (u (t+1), .. ,ugffl));
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13: end if

14: end for

Output: = = %Zle z®);
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0
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Quantum norm estimation
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7: for i in S® do
N BN CRONC)

9: (tH) — Py (u /(Hl)), O 1] o] [SleRlale[[of=1) = Update noise memory

10: end for

11: 20D — O (uy . um );
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13: end if

14: end for
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Global Maximum Return
Portfolio Optimization
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Global maximum return portfolio (GMVP)

e n assets, m markets,

n
Portfolio vector: x € RS, such that Z x, = 1.
i=1

» Expected return of assets in market i: r; € R”, Vi € [m].

Find a portfolio that maximizes the return (without considering the variance)
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* Find the right geometry, topology and size of
a truss structure to withstand external loads.

© truss

ftras/

noun

1. a framework, typically consisting of rafters, posts, and struts, supporting a roof, bridge, or other ® Inform atiOn on eXternaI IOad iS not perfeCtly
structure. .
Sracure. kKnown, assumed to belong to an uncertainty

Similar:  support buttress joist brace prop strut stay stanchion v g et

e Can be cast as a robust SDP.

Runtime dependent on the Frobenius, £ -nhorm of the matrices that control the
shape of the ellipsoid.
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