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Trainability

Variational Quantum Algorithms (VQA) are among the most promising NISQ algorithms.

Ansatz: U(θ) =
∏L

l=1 WlSl(θl) where S(θl) =
⊗

k exp(iθklPkl)

Initial state: ρin

Cost function: C(θ) = Tr
[
ρinU

†(θ)OU(θ)
]

Observable: O =
∑

j cjoj

Barren Plateau

A VQA is said to suffer from barren plateau if the scaling of Varθ [∂kC ] with respect to number of qubits q is
exponentially decreasing, i.e.

Varθ [∂kC ] ∈ O

(
1

bq

)
b > 1, ∀k

Most common causes include locality of O (Cerezo 21), high expressivity (Hölmes 22) and noise (Wang 21)
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Why Residual Networks?

Classical ResNets have many desirable properties

Figure 1: Regular and Residual blocks

A shift in the bias:

The use of skip connections in classical
Neural Networks (NN) allow to shift the bias
of the model:

Improve trainability (better ”gradient
flow”)

Ease transferability between shallow and
deep models
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QResNet

Critical points:

No cloning of quantum states

Unitarity of the transformation

Quantum residual block

Classical skip-connection

f (x) → g(x) = x + f (x) ⇒
Quantum skip-connection

W → W̃ = α1+ βW

Example of a paramterization of the quantum skip connection for each layer l :

W̃l = α1+ βWl → W̃l(ϕ) ≡ W †
l exp(iϕHl)Wl = cos(ϕ)1+ i sin(ϕ)W †

l HlWl (1)

This leads to the ansatz

G(θ,ϕ) =
L∏

l=1

Gl(θl , ϕl) , Gl(θl , ϕl) = W̃l(ϕl)S(θl) (2)
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Initialization strategy

Furthermore, Eq. 1 can be readily generalized to W̃l(ϕl) ≡ W †
l

[⊗q
j=1 exp(iϕjlPjl)

]
Wl

In general, the model G(θ,ϕ) can be very expressive, especially for large L

How does this help with vanishing gradients?

⇒ The expressive power can be easily adjusted by controlling the parameter

αl =
1

2q
Tr

[
W̃l(ϕl)

]
=

q∏
j=1

cos(ϕjl) ≈ 1− 1

2

q∑
j=1

ϕ2
jl + ...

It is easy to identify an initialization strategy that ensures trainability:

If ||ϕl ||22 = 0, then G(θ, 0) =
∏L

l=1 S(θl) which is separable at initialization regardless of the scaling L(q)

If ||ϕl ||22 but small enough, we may have a low enough entanglement initialization to avoid concentration
phenomena. Intuitively (and empirically), one expects ||ϕl ||22 ∈ O(log(q)/L) to suffice for this.
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A practical example

(a) Single layer of the considered models. (b) Entanglement capability measure.

Figure 2: Setting of the numerical tests.
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ANNNI model ground state energy estimation

Hκ,h =
N∑
i=1

σi
xσ

i+1
x − κσi

xσ
i+2
x + hσi

z (3)

(a) q = 6 (b) q = 12 (c) Gradient norm scaling

Figure 3: ANNNI VQE, numerical results.
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Thank you for your attention!

Any questions?

Contact: giulio.crognaletti@phd.units.it
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