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Mindset

Quantum computers
Comparison:

@ Quantum:

Classical computers
@ Classical: Honed over decades, extremely good at many tasks. Actually exist.

» Promise™ of substantial improved performance for certain (important!) tasks.
» Relatively early in hardware development
Sevag Gharibian (Paderborn University)
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With an eye on...

Computational Complexity Theory

@ What resources (e.g. time, space) required to solve a computational problem?
@ Complexity classes such as P, NP, BQP, QMA
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G A brief history of quantum algorithms
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Origins
Wiesner’s quantum money (late 1970’s): “Unforgeable” notion of money

@ Security: Proven via semidefinite programming [MVW12]
@ Adaptive attack: Scheme insecure if bank returns banknote after checking it! [BNSU14]

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms



Origins

Wiesner’s quantum money (late 1970’s): “Unforgeable” notion of money

@ Security: Proven via semidefinite programming [MVW12]

@ Adaptive attack: Scheme insecure if bank returns banknote after checking it! [BNSU14]

Encapsulates many traits of quantum computing:

@ Possible to do things which are impossible classically (due, e.g., to no-cloning theorem)
@ Such feats do not require a universal quantum computer
@ Beware the details hiding in quantum claims
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The 1990’s: The first “‘gamechangers”
Shor (1994)
@ Poly-time quantum algorithm for integer factorization

@ Breaks popular cryptosystem RSA, whose security assumes “classical hardness” of factoring
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The 1990’s: The first “‘gamechangers”

Grover (1996)
@ Finds marked item in unstructured database of N items with O(+~/N) queries
@ Generalized to amplitude amplification:

» Boosts any probabilistic algorithm with success probability p to success probability \/p
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The 1990’s: The first “‘gamechangers”

Grover (1996)
@ Finds marked item in unstructured database of N items with O(+~/N) queries
@ Generalized to amplitude amplification:
» Boosts any probabilistic algorithm with success probability p to success probability \/p

Lloyd’s Hamiltonian simulation algorithm (1996)
@ Efficiently simulates quantum systems governed by local Hamiltonians H = =, H; € £(C?)®"

@ Introduced use of Trotterization/Lie Product Formula:
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The 2000’s: The posterchild

Harrow-Hassadim-Lloyd (HHL) algorithm (2008)

@ Solves” linear systems of equations Ax = b with exponential speedup, i.e. time polylog(dim(x))
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The 2000’s: The posterchild

Harrow-Hassadim-Lloyd (HHL) algorithm (2008)

@ Solves” linear systems of equations Ax = b with exponential speedup, i.e. time polylog(dim(x))

@ Approach: “Eigenvalue surgery”

@ “: Returns quantum representation |ix) € (C?)®" of x = can’t read all entries of x!

@ Use Hamiltonian simulation to simulate unitary U = ™

Sevag Gharibian (Paderborn University)

@ Use Quantum Phase Estimation on U to “extract” eigenvalues of A and “manually” invert them
@ BQP-complete: Matrix inversion precisely captures the power of efficient quantum computation
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The 2010’s: A general quantum algorithms framework
Low-Chuang optimal Hamiltonian simulation algorithm (2016)

@ Simulate Hamiltonian H for time t and error ¢, i.e. unitary U = e

iHt

n time O(t + log(1/¢))
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The 2010’s: A general quantum algorithms framework
Low-Chuang optimal Hamiltonian simulation algorithm (2016)

@ Simulate Hamiltonian H for time t and error ¢, i.e. unitary U = e

iHt &
@ Introduced technique of qubitization or “block encodings”:

in time O(t + log(1/¢))
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Low-Chuang optimal Hamiltonian simulation algorithm (2016)
@ Simulate Hamiltonian H for time t and error ¢, i.e. unitary U = e
@ Introduced technique of qubitization or “block encodings”:

Htin time O(t + log(1/¢))
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» Use “qubitization” to map H — p(H) for some appropriate polynomial p such that p(H) ~ e
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The 2010’s: A general quantum algorithms framework
Low-Chuang optimal Hamiltonian simulation algorithm (2016)
@ Simulate Hamiltonian H for time t and error ¢, i.e. unitary U = € in time O(t + log(1/¢))
@ Introduced technique of qubitization or “block encodings”:

H Mgz - Mp p(H) Mgz - Min
Myy Moz - Moy ) Moy Mo - Moy

U= ) ) . - U= ) . .
Mm1 Mm2 e Mmm Mm1 Mm2 e Mmm

@ Idea:
» Want to map [) — e™|4)
» Embed H in top-left block of some unitary U
» Use “qubitization” to map H — p(H) for some appropriate polynomial p such that p(H) ~ e
» Use “post-selection” to probabilistically map

Uly) = p(H)[) ~ e™|y).

iHt
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The 2010’s: A general quantum algorithms framework

Quantum Singular Value Transformation (Gilyén, Su, Low, and Wiebe 2019)

@ Generalizes Low and Chuang’s qubitization approach to non-square matrices A

@ Given non-square A (embedded as block of unitary U), polynomial p, simulates mapping

) = p (VATA) [o).
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@ Generalizes Low and Chuang’s qubitization approach to non-square matrices A
@ Given non-square A (embedded as block of unitary U), polynomial p, simulates mapping
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The 2010’s: A general quantum algorithms framework

Quantum Singular Value Transformation (Gilyén, Su, Low, and Wiebe 2019)
@ Generalizes Low and Chuang’s qubitization approach to non-square matrices A
@ Given non-square A (embedded as block of unitary U), polynomial p, simulates mapping

) = p (VATA) [o).

@ Unified framework for a host of quantum algorithms:

» Hamiltonian simulation, linear systems, amplitude amplification, quantum machine learning
algorithms, and essentially all “quantum matrix linear algebra”

» [Martyn, Rossi, Tan and Chuang 2021] iteratively apply QSVT to simulate Fourier Transform
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© The computational model
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Which computing model?

Universal models:
@ Quantum Turing Machines
Quantum circuits
Quantum adiabatic computing

o
o
@ One-way measurement based computing
@ Quantum walks

o

Quantum Approximate Optimization Algorithm (QAOA)
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Which computing model?

Universal models:
@ Quantum Turing Machines
Quantum circuits
Quantum adiabatic computing

o
o
@ One-way measurement based computing
@ Quantum walks

o

Quantum Approximate Optimization Algorithm (QAOA)

Here: Work with poly(n)-size quantum circuit implementing n-qubit unitaries U, e.g.

|O>®n |0> W’) c (Cz)@m
)

= &
Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms



What counts as an efficient quantum algorithm?

Bounded-error quantum polynomial-time (BQP)

Promise problem A = (Ayes, Ano) € BQP if 3 P-uniform quantum circuit family {Q,} and polynomial g as

below. The first output qubit of Q, is measured in the standard basis and returned. For any input x € {0,1}":

@ (YES case) If x € Ay, then Q, outputs 1 with probability at least 2/3.
@ (NO case) If x € Ay, then Q, outputs 1 with probability at most 1/3.

input x

ancilla of q(n) qubits

Sevag Gharibian (Paderborn University)

Ix1) —

Xn) —
10) —

10) —

Qn
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below. The first output qubit of Q, is measured in the standard basis and returned. For any input x € {0,1}":

@ (YES case) If x € Ay, then Q, outputs 1 with probability at least 2/3.
@ (NO case) If x € Ay, then Q, outputs 1 with probability at most 1/3.

input x

ancilla of q(n) qubits

Ix1) —

Xn) —
10) —

10) —

Qn

Exercise: Why do we require a P-uniform quantum circuit family?
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Assumption

Sevag Gharibian (Paderborn University)

All quantum operations are noise-free, i.e. perfect
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e Matrix Inversion (M)
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The Pikachu of BQP

Linear system solving:

@ Input: Invertible A € CV*" and target vector b € CV
@ Output: x € C" such that Ax = b.

What is the complexity of linear system solving?
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The Pikachu of BQP

Linear system solving:

@ Input: Invertible A € CV*" and target vector b € CV
@ Output: x € C" such that Ax = b.

What is the complexity of linear system solving?

@ If Aand x given explicitly in matrix form = x = A~'b classically in time poly(N)
Sevag Gharibian (Paderborn University)

@ If Arepresented “succinctly” via query-access and b given via quantum circuit?
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Matrix inversion problem (Ml)
Input: O(1)-sparse row-computable invertible Hermitian matrix A € CV*V,

@ O(1)-sparse: At most O(1) non-zero entries per row.

@ Row-computable: 3 polylog(/N)-time classical algorithm which, given r € [N], outputs entries of row r.
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Matrix inversion problem (Ml)

Input: O(1)-sparse row-computable invertible Hermitian matrix A € CV*V,
@ O(1)-sparse: At most O(1) non-zero entries per row.

@ If (x|M|x) > 2/3, output YES.

@ Row-computable: 3 polylog(N)-time classical algorithm which, given r € [N], outputs entries of row r
Output: Let |x) oc A~'|0") be a unit vector, and M = |1)1| a projector onto the first qubit of |x). Then:
@ If (x|M|x) < 1/3, output NO.

Sevag Gharibian (Paderborn University)
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Matrix inversion problem (Ml)

Input: O(1)-sparse row-computable invertible Hermitian matrix A € CV*V,
@ O(1)-sparse: At most O(1) non-zero entries per row.

@ Row-computable: 3 polylog(/N)-time classical algorithm which, given r € [N], outputs entries of row r.

Output: Let |x) oc A~'|0") be a unit vector, and M = |1)1| a projector onto the first qubit of |x). Then:
@ If (x|M|x) > 2/3, output YES.
@ If (x|M|x) < 1/3, output NO.

Theorem [Harrow, Hassidim, Lloyd, 2008]
MI is BQP-complete under poly-time many-one reduction, i.e.:
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Matrix inversion problem (Ml)

Input: O(1)-sparse row-computable invertible Hermitian matrix A € CV*V,
@ O(1)-sparse: At most O(1) non-zero entries per row.

@ Row-computable: 3 polylog(/N)-time classical algorithm which, given r € [N], outputs entries of row r.

Output: Let |x) oc A~'|0") be a unit vector, and M = |1)1| a projector onto the first qubit of |x). Then:
@ If (x|M|x) > 2/3, output YES.
@ If (x|M|x) < 1/3, output NO.

Theorem [Harrow, Hassidim, Lloyd, 2008]

MI is BQP-complete under poly-time many-one reduction, i.e.:
@ Mlis in BQP i.e. can be efficiently solved in polylog(/N) time on a quantum computer,
@ Ml is BQP-hard, i.e. BQP computation can be reduced to an instance of M.
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Outline

e Matrix Inversion (M)
@ Ml € BQP
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Overview

Goal: Given sparse Hermitian A and poly-size circuit for |b), want to compute unit vector |x) oc A~'|b).
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Overview

Goal: Given sparse Hermitian A and poly-size circuit for |b), want to compute unit vector |x) oc A~'|b).

Idea: To compute A~", coherently invert each eigenvalue of A via Quantum Phase Estimation (QPE).
Notation: Spectral decomposition A = >, Ai|vi) ;|-
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Overview

Goal: Given sparse Hermitian A and poly-size circuit for |b), want to compute unit vector |x) oc A~'|b).

Idea: To compute A~", coherently invert each eigenvalue of A via Quantum Phase Estimation (QPE).
Notation: Spectral decomposition A = >, Ai|vi) ;|-

Framework: Eigenvalue surgery

@ Eigenvalue extraction (via Hamiltonian simulation and Quantum Phase Estimation (QPE))
@ Eigenvalue processing (done classically, coherently)

© Eigenvalue reinsertion (via postselection)

Sevag Gharibian (Paderborn University)
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Hamiltonian simulation

Question: Why is quantum dynamics unitary?
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Hamiltonian simulation

Question: Why is quantum dynamics unitary?
(Time-independent) Schrédinger equation

Time evolution of any n-qubit system governed by Hermitian matrix H € £(C?)®", called a Hamiltonian:

dly)
’7 = Hly)
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Hamiltonian simulation

Question: Why is quantum dynamics unitary?
(Time-independent) Schrédinger equation
Time evolution of any n-qubit system governed by Hermitian matrix H € £(C?)®", called a Hamiltonian:

i%zf‘)) = Hlp) =5 |pr) = ™|go) (+ unitary))
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Hamiltonian simulation

Question: Why is quantum dynamics unitary?

(Time-independent) Schrédinger equation
Time evolution of any n-qubit system governed by Hermitian matrix H € £(C?)®", called a Hamiltonian:

i% =Hlp) 28 |y =e Myo) (+ unitaryl)

Hamiltonian simulation [Low, Chuang 2017]
Given d-sparse H, simulation time t > 0, and € > 0, can simulate et
least 1 — 2¢ in time?
log(1/¢)
0 (1M1 + o1

2Query complexity. Gate complexity has O(n) overhead.

up to error e and success probability at

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms QTML 2023 20/66



Overview

Goal: Given sparse Hermitian A and poly-size circuit for |b), want to compute unit vector |x) oc A~'|b).

Idea: To compute A~", coherently invert each eigenvalue of A via Quantum Phase Estimation (QPE).
Notation: Spectral decomposition A = >, Aj|vi) ;|-

Framework: Eigenvalue surgery

@ Eigenvalue extraction (via Hamiltonian simulation and Quantum Phase Estimation (QPE))
@ Eigenvalue processing (done classically, coherently)

© Eigenvalue reinsertion (via postselection)
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Quantum Phase Estimation (QPE)

@ Hermitian H with spectral decomposition H = 3, A;|¢;)(¢;| acting on 1 qubits.
@ Spectral decomposition of corresponding Hamiltonian evolution/unitary:

U=e"=3 eyl
j

Sevag Gharibian (Paderborn University)
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Quantum Phase Estimation (QPE)

@ Hermitian H with spectral decomposition H = 3, A;|¢;)(¢;| acting on 1 qubits.
@ Spectral decomposition of corresponding Hamiltonian evolution/unitary:

U=e" =3 Ml
i

@ Goal: Given eigenvector |1;), precision parameter k, want to compute ), to k bits of precision.
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Quantum Phase Estimation (QPE)

@ Hermitian H with spectral decomposition H = 3, A;|¢;)(¢;| acting on 1 qubits.
@ Spectral decomposition of corresponding Hamiltonian evolution/unitary:

U=ée" =Y eMy)uyl.
j

@ Goal: Given eigenvector |1;), precision parameter k, want to compute ), to k bits of precision.

Quantum Phase Estimation (QPE)
Given precision k, and ability to compute controlled-U?* for 1 < K < k in time poly(n), map
0°) 145} = X))

in time poly(n), where J; is ); up to  bits.
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Quantum Phase Estimation (QPE)

@ Hermitian H with spectral decomposition H = 3, A;|¢;)(¢;| acting on 1 qubits.
@ Spectral decomposition of corresponding Hamiltonian evolution/unitary:

U=ée" =Y eMy)uyl.
i
@ Goal: Given eigenvector |1;), precision parameter k, want to compute ), to k bits of precision.
Quantum Phase Estimation (QPE)
Given precision k, and ability to compute controlled-U?* for 1 < K < k in time poly(n), map

10145} = 1%} 1¢)

in time poly(n), where J; is ); up to  bits.

Exercise: Given n-qubit unitary U, can we efficiently compute U?” in general?

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms QTML 2023 22/66



Overview

Goal: Given sparse Hermitian A and poly-size circuit for |b), want to compute unit vector |x) oc A~'|b).

Idea: To compute A~", coherently invert each eigenvalue of A via Quantum Phase Estimation (QPE).
Notation: Spectral decomposition A = >, Aj|vi) ;|-

Framework: Eigenvalue surgery

@ Eigenvalue extraction (via Hamiltonian simulation and Quantum Phase Estimation (QPE))
@ Eigenvalue processing (done classically, coherently)

© Eigenvalue reinsertion (via postselection)
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Step 1: Eigenvalue extraction

Recall spectral decomposition A =, i[9 )ti].

@ Prepare target state

N
b) =) ajlyy) € €,
j=1
for eigenvectors [¢;) of A. (Recall: Given circuit to prepare |b) as input.)
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Step 1: Eigenvalue extraction

Recall spectral decomposition A =, i[9 )ti].

@ Prepare target state

=1

N
b) = ajluy) € €V,

for eigenvectors [¢;) of A. (Recall: Given circuit to prepare |b) as input.)
@ Apply QPE to unitary e with an n-qubit ancilla:

N N
SNy = D el € (¢ @ eV,
=1 j=1

Sevag Gharibian (Paderborn University)
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Step 2: Eigenvalue processing

@ Conditioned on the first register, rotate a new single-qubit ancilla as follows:
N
> X))
j=1

N 1
- ;wmw( “W‘ >+(

L 2\®n N 2
A,K,(A)>|1>) € (C9)*"eC"xC
Key parameter: Condition number x(A) := [|[A~1]|_ || All .-

Sevag Gharibian (Paderborn University)
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Step 2: Eigenvalue processing

N
> o) |w)[0)

@ Conditioned on the first register, rotate a new single-qubit ancilla as follows:
j=1

N 1
= ;ajp‘j”@/’ﬁ( 1)‘/2""2(’4)0>+(

L 2\®n N 2
/\,H,(A)) |1>) € (C)*"eC"aC
Key parameter: Condition number x(A) := ||A~1]|  |1A]| -
Exercise:

Assume ||A|| = 1. Show

Thus, amplitudes above well-defined.

Sevag Gharibian (Paderborn University)
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Step 3: Eigenvalue reinsertion
@ Uncompute eigenvalues via inverse QPE:
N
>\l (
j=1

1

1

)\/2/-62(/4) 0
N
=Y a[0)|yy) (
j=1

11

x2(A) 0t
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Step 3: Eigenvalue reinsertion

@ Uncompute eigenvalues via inverse QPE

N
> ayl) ) (
j=1

, ) '”)
N 1
= Za/|0>|¢j>< 1 _TO
j=1 j

@ Measure third register in standard basis, postselect on outcome 1, discard third register

N
> q ( >|¢, Y o< A71|b) e CN.
j=1
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Step 3: Eigenvalue reinsertion

@ Uncompute eigenvalues via inverse QPE:

S~ e+ ()1
1 1
> j_210q'0>¢/‘>< 1_)\/?%2(A)|O>+()\jfi(A)>|1>>.

@ Measure third register in standard basis, postselect on outcome 1, discard third register:

ia( )w, ) A~1[b) € €V,

j=1
Exercise. Prove that probability of obtaining outcome 1 is at least 1/x2(A).
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Runtime

To compute unit vector proportional to A

|b) within error e

O(log(N)s®

x2(A)/e) where
@ N the dimension of A
@ s the sparsity of A

@ log N the number of qubits A acts on
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Runtime

To compute unit vector proportional to A~'|b) within error e:
O(Iog( )s?k2(A)/e) where

@ N the dimension of A,
@ s the sparsity of A,

@ log N the number of qubits A acts on.

Implication:
@ When x(A), s € polylog(N), exponentially faster than classically solving N x N system.

@ But this solves a different problem than classical linear systems solvers!
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Outline

e Matrix Inversion (M)

@ Ml is BQP-hard
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Matrix inversion problem (Ml)

Input: O(1)-sparse row-computable invertible Hermitian matrix A € ¢V*N
@ O(1)-sparse: At most O(1) non-zero entries per row.

@ Row-computable: 3 polylog(/N)-time classical algorithm which, given r € [N], outputs entries of row r.

Output: Let |x) oc A~'|0") be a unit vector, and M = |1)(1| a projector onto the first qubit of |x). Then:
@ If (x|M|x) > 2/3, output YES.
@ If (x|M|x) < 1/3, output NO.

Theorem [Harrow, Hassidim, Lloyd, 2008]

MI is BQP-complete under poly-time many-one reduction, i.e.:
@ Mlis in BQP, i.e. can be efficiently solved in polylog(/N) time on a quantum computer,
@ Ml is BQP-hard, i.e. BQP computation can be reduced to an instance of M.

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms QTML 2023 29/66



Ml is BQP-hard

Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Arbitrary BQP circuit
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Ml is BQP-hard

Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Arbitrary BQP circuit

Ml instance
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Ml is BQP-hard

Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Arbitrary BQP circuit

Moral: If you can solve MI, you can simulate any BQP circuit

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms



Ml is BQP-hard

Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Starting point: Let V = Vi, - -- V4 be a BQP circuit on n qubits, N = 2". Assume WLOG m is power of 2.
Problem: Need to tie matrix inverse with action of V.
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Ml is BQP-hard
Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Starting point: Let V = Vi, - -- V4 be a BQP circuit on n qubits, N = 2". Assume WLOG m is power of 2.
Problem: Need to tie matrix inverse with action of V.

Idea:

; ; 1 oo/
@ Recall Maclaurin series ;—;, = >/, x' for |x| < 1.
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Ml is BQP-hard
Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Starting point: Let V = Vi, --- V4 be a BQP circuit on n qubits, N = 2". Assume WLOG m is power of 2
Problem: Need to tie matrix inverse with action of V.
Idea:

@ Recall Maclaurin series 1 = Y7 x' for x| < 1.

@ We could apply this to any normal matrix U with ||U]|_, < 1 to get

(I-u)y'=>"U.

1=0
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Ml is BQP-hard
Goal: Show that any BQP computation V poly-time reducible to an instance A of MI.

Starting point: Let V = Vi, --- V4 be a BQP circuit on n qubits, N = 2". Assume WLOG m is power of 2
Problem: Need to tie matrix inverse with action of V.
Idea:

@ Recall Maclaurin series 1 = Y7 x' for x| < 1.

@ We could apply this to any normal matrix U with ||U]|_, < 1 to get

(I-U)"= i U

1=0

@ What would be great: Normal matrix U acting something like

U 0™ ~ Vi -+ V4]0").
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@ What would be great: Normal matrix U acting something like

U 0™ &~ Vi --- V4]0™).
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@ What would be great: Normal matrix U acting something like

U 0™ &~ Vi --- V4]0™).

@ Define:
m—1 2m—1
U= lt+ 100t @ Vigr + Y [t+1mod2m)it| ® VJ,_, € U(C?)®#" @ (C*)®"),
t=0 t=m

Exercise: Check that U is unitary.
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@ What would be great: Normal matrix U acting something like
@ Define:

m—1

U 0™ &~ Vi --- V4]0™).

t=0

2m—1
Exercise: Check that U is unitary.

t=m

U= 1t 15t @ Vi + > [t+ 1 mod2m)t| @ V4, € U((C*)*' =" @ (C€*)®"),
Exercise: Check that U™|0'°¢™)|0") = |m) V|0").

Implication: Measuring first qubit of second register of U™|0"°¢™)|0") simulates measuring output qubit of V!
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@ We could apply this to any normal matrix U with ||U|| , < Ttoget (/- U)~'=3,_, U"
@ Define U= Y70" [t + 1)t @ Viwr + 3

2m—1

21t + 1 mod 2m)t| ® V|

m

- c u((cz)@) log m ® ((D2)®n)7
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@ We could apply this to any normal matrix U with ||U|| , < Ttoget (/- U)~'=3,_, U"
@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1/— U. Then,

|X> o A—1 |0|0g m+n>
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@ We could apply this to any normal matrix U with ||U|| , < Ttoget (/- U)~'=3,_, U"
@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1/— U. Then,
|X> o A—1 |0|0g m+n>
_ (I— U)—1|0Iogm+n>
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@ We could apply this to any normal matrix U with ||U|| , < Ttoget (/- U)~'=3,_, U"

@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1/— U. Then,

A |0|og m+n>

= (1-U)jem

x f: U'10)"e™|0")

1=0

1X)

R
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@ We could apply this to any normal matrix U with ||U|| , < Ttoget (/- U)~'=3,_, U"
@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1/— U. Then,

1X)

R

A—1 |0|Ogm+n>
_ (I— U)—1|0Iogm+n>
x Z U/|0>Iogm‘0n>
1=0
o< [0)|07) + [1)V4]07) + -+ + [m) Vin - - V4]0).
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@ We could apply this to any normal matrix U with ||U||_ < 1 to get (/

@ Define U= 70" [t + 1)t @ Viur + 3271 |t + 1 mod 2m)(t] © Vi,
@ Define A=1/— U. Then,

|X> o A—1 |0|og m+n>
_ (I— U)—1|0Iogm+n>
x ZU/|O>IOgm‘On>
1=0

o [0)[0") + [1)V4[0") + -+ + |m) Vim
@ Implication:

» Measuring first register gives |m) with probability ~ 1/(m+ 1).

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms
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@ We could apply this to any normal matrix U with ||U|| , < Ttoget (/- U)~'=3,_, U"

@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1/— U. Then,

|X> o A—1 |0|og m+n>
_ (I— U)—1|0Iogm+n>
x ZU/|0>IOgm‘On>
1=0

o< [0)|07) + [1)V4]07) + -+ + [m) Vin - - V4]0).
@ Implication:
» Measuring first register gives |m) with probability ~ 1/(m+ 1).
» Postselecting on |m), measuring second register reveals BQP circuit V’s output.
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@ We could apply this to any normal matrix U with ||U||_ < 1toget (/- U)""' =3, U

@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1-U. Then,

|X> o A71 |0Iog m+n>
_ (I* U)—1|0|ogm+n>
x ZUI|0>IOgm‘On>
1=0

o< [0)|07) + [1)V4]07) + -+ + [m) Vin - - V4]0).
@ Implication:
» Measuring first register gives |m) with probability ~ 1/(m+ 1).
» Postselecting on |m), measuring second register reveals BQP circuit V’s output.

Exercise: | cheated slightly on one of the lines above (regarding |x)) — where did | cheat?
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@ We could apply this to any normal matrix U with ||U||_ < 1toget (/- U)""' =3, U

@ Define U= 315" [t +1Xt| @ Vit + X271 [t + 1 mod 2m)(t| @ Vi, , € U((CZ)®'e™ @ (C?)®"),
@ Define A=1-U. Then,

|X> o A71 |0|0g m+n>
_ (I* U)—1|0|ogm+n>
x ZUI|0>IOgm‘On>
1=0

o< [0)|07) + [1)V4]07) + -+ + [m) Vin - - V4]0).
@ Implication:
» Measuring first register gives |m) with probability ~ 1/(m+ 1).
» Postselecting on |m), measuring second register reveals BQP circuit V’s output.

Exercise: | cheated slightly on one of the lines above (regarding |x)) — where did | cheat?

Exercise: | cheated less slightly somewhere else on this slide. Where did | make a bigger boo boo?
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Final exercises for Ml

Construction almost works, but for 3 issues to check:

@ A must be O(1)-sparse (by def of Ml).

Exercise: Check that U, and thus A, are O(1)-sparse.
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Final exercises for Ml

Construction almost works, but for 3 issues to check:

@ A must be O(1)-sparse (by def of Ml).
Exercise: Check that U, and thus A, are O(1)-sparse.

@ Mi needs YES case and NO case thresholds of 2/3 vs 1/3 for BQP. The current construction will give
2/(3(m+1))vs 1/(3(m+ 1)).

Exercise: Modify the construction to boost the YES/NO thresholds to 2/3 and 1/3, respectively.
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Final exercises for Ml

Construction almost works, but for 3 issues to check:
@ A must be O(1)-sparse (by def of Ml).
Exercise: Check that U, and thus A, are O(1)-sparse.

@ Mi needs YES case and NO case thresholds of 2/3 vs 1/3 for BQP. The current construction will give
2/(3(m+1))vs 1/(3(m+ 1)).

Exercise: Modify the construction to boost the YES/NO thresholds to 2/3 and 1/3, respectively.

© Our current choice of A is not necessarily invertible, since ||U|| _ = 1. (Maclaurin series does not apply.)

Exercise: Consider first A= | — JU. Show that A is invertible and has x(A) € O(1). Where will this
construction nevertheless fail in the analysis?
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Final exercises for Ml

Construction almost works, but for 3 issues to check:

@ A must be O(1)-sparse (by def of Ml).
Exercise: Check that U, and thus A, are O(1)-sparse.

@ Mi needs YES case and NO case thresholds of 2/3 vs 1/3 for BQP. The current construction will give
2/(3(m+1))vs 1/(3(m+ 1)).

Exercise: Modify the construction to boost the YES/NO thresholds to 2/3 and 1/3, respectively.
© Our current choice of A is not necessarily invertible, since ||U||__ = 1. (Maclaurin series does not apply.)

Exercise: Consider first A= | — JU. Show that A is invertible and has x(A) € O(1). Where will this
construction nevertheless fail in the analysis?

Exercise Consider finally A =/ — e~"/™U. Show that A is invertible, has x(A) € O(m) € polylog(N).
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Final exercises for Ml

Construction almost works, but for 3 issues to check:
@ A must be O(1)-sparse (by def of Ml).
Exercise: Check that U, and thus A, are O(1)-sparse.

@ Mi needs YES case and NO case thresholds of 2/3 vs 1/3 for BQP. The current construction will give
2/(3(m+1))vs 1/(3(m+ 1)).

Exercise: Modify the construction to boost the YES/NO thresholds to 2/3 and 1/3, respectively.
@ Our current choice of A is not necessarily invertible, since ||U||, = 1. (Maclaurin series does not apply.)

Exercise: Consider first A= | — JU. Show that A is invertible and has x(A) € O(1). Where will this
construction nevertheless fail in the analysis?

Exercise Consider finally A =/ — e~"/™U. Show that A is invertible, has x(A) € O(m) € polylog(N).

@ | cheated again. There is a 4th issue — A must be Hermitian. But | will spare you these details.
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Outline

e Quantum Singular Value Transform (QSVT)
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Open season
Observation: For linear systems, given as input Hermitian A, we:
@ Showed how to simulate A~' by “manually” inverting eigenvalues, i.e. A™"

@ Used Quantum Phase Estimation (QPE) and post-selection.

> il
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Open season

Observation: For linear systems, given as input Hermitian A, we:

@ Showed how to simulate A~' by “manually” inverting eigenvalues, i.e. A™"
@ Used Quantum Phase Estimation (QPE) and post-selection.

> il

Question: What other operator functions f(A) can we efficiently simulate?

e
(UPEN]

Sevag Gharibian (Paderborn University)

Tutorial: Quantum algorithms



Open season

Observation: For linear systems, given as input Hermitian A, we:

@ Showed how to simulate A~' by “manually” inverting eigenvalues, i.e. A™"
@ Used Quantum Phase Estimation (QPE) and post-selection.

> il

Question: What other operator functions f(A) can we efficiently simulate?

e
(UPEN]

Recall:

@ BQP-hardness of Ml used Taylor series f(x) = - = >7° x' for [x| < 1.
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Open season
Observation: For linear systems, given as input Hermitian A, we:

@ Showed how to simulate A~ by “manually” inverting eigenvalues, i.e. A™' = 3", - [0l
@ Used Quantum Phase Estimation (QPE) and post-selection

Question: What other operator functions f(A) can we efficiently simulate?

;Xh- -

Recall:

@ BQP-hardness of Ml used Taylor series f(x) =

» |dea: Try to simulate polynomials applled t
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Open season
Observation: For linear systems, given as input Hermitian A, we:

@ Showed how to simulate A~ by “manually” inverting eigenvalues, i.e. A™' = 3", - [0l
@ Used Quantum Phase Estimation (QPE) and post-selection

Question: What other operator functions f(A) can we efficiently simulate?

;Xh- -

Recall:

@ BQP-hardness of Ml used Taylor series f(x) =

» |dea: Try to simulate polynomials applled t
@ A not unitary — post-selection still needed
Sevag Gharibian (Paderborn University)
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Remember this?

Quantum Singular Value Transformation (Gilyén, Su, Low, and Wiebe 2019)
@ Generalizes Low and Chuang’s qubitization approach to non-square matrices A

) = p (VATA) [v).

@ Given non-square A (embedded as block of unitary U), polynomial p, simulates mapping

@ Unified framework for a host of quantum algorithms:

» Hamiltonian simulation, linear systems, amplitude amplification, quantum machine learning
algorithms, and essentially all “quantum matrix linear algebra”

» [Martyn, Rossi, Tan and Chuang 2021] iteratively apply QSVT to simulate Fourier Transform
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Challenges

@ How to apply non-unitary (or perhaps not even square) A?

@ Given polynomial p and ability to apply A, how to apply p(A)?
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Challenges

@ How to apply non-unitary (or perhaps not even square) A?

@ Given polynomial p and ability to apply A, how to apply p(A)?

Solutions:

@ Use block encodings of A (more generally, projected unitary encodings).
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Challenges

@ How to apply non-unitary (or perhaps not even square) A?

@ Given polynomial p and ability to apply A, how to apply p(A)?

Solutions:

@ Use block encodings of A (more generally, projected unitary encodings).
@ Use Quantum Signal Processing (QSP), i.e. qubitization.
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Step 1: Block encodings

Recall key step of HHL algorithm (A = 3= Aj[)e]:

N N 1
> al0)aM\) ) = Za/( -2
J=1 Jj=1

0
A2k2(A)

1
— | 1 ).
0+ () | >> X))
R
Postselecting on |1) in register R simulated application of A~", i.e. eigenvector |¢;) hit with coefficient )\j“.
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Step 1: Block encodings

Recall key step of HHL algorithm (A = 3= Aj[)e]:

N N
> al0)aM\) ) = Za/( 1
J=1 Jj=1

1 1
~seaa®+ (g )11 Wt
A2k2(A) ik (A) . 1
Postselecting on |1) in register R simulated application of A~", i.e. eigenvector |¢;) hit with coefficient )\j“
Effective unitary HHL implements (before measuring R):

AY 2
UZ( 77

? ) =[0)0]r ® A™" + |0)X1|a®7? + [1X0|a®? + [1X(1]#®?
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Step 1: Block encodings

Recall key step of HHL algorithm (A = 3= Aj[)e]:

N N
1 1

> a0l > za,( -+ (e ) 1>> M)
j= J=1 / R
Postselecting on |1) in register R simulated application of A~", i.e. eigenvector |¢;) hit with coefficient )\j“
Effective unitary HHL implements (before measuring R):
1 2
u;(ﬁ ;
So, we may view HHL as doing:

? ) = [0)0]r @ A" +10X1]r®? + [1)}0[a&? + [1X1]a©?
@ Prepare initial state: |0)z|b)
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Step 1: Block encodings

Recall key step of HHL algorithm (A = 3= Aj[)e]:

]
0
A2k2(A)

1
—— 1 D).
0+ () | >> X))
R
Postselecting on |1) in register R simulated application of A~", i.e. eigenvector |¢;) hit with coefficient )\j“
Effective unitary HHL implements (before measuring R):

N N
> al0)aM\) ) = Za/( 1
j=1 Jj=1

A71
u- (4,
So, we may view HHL as doing:

? ) = [0)0]r @ A" +10X1]r®? + [1)}0[a&? + [1X1]a©?
@ Prepare initial state: |0)z|b)

@ Use QPE to simulate U|0)g|b).
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Step 1: Block encodings

Recall key step of HHL algorithm (A = 3= Aj[)e]:

N N
1 1
> a0l > za,( -+ (e ) 1>> M)
j=1 = i ! R
Postselecting on |1) in register R simulated application of A~", i.e. eigenvector |¢;) hit with coefficient )\j“
Effective unitary HHL implements (before measuring R):
Al -
U= ( ) ) = [0)0]r @ A" +10X1]r®? + [1)}0[a&? + [1X1]a©?
So, we may view HHL as doing:
@ Prepare initial state: |0)z|b)
@ Use QPE to simulate U|0)g|b).

© Measure R and postselect on outcome 0:

Sevag Gharibian (Paderborn University)
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Block encoding

A block encoding of matrix A on n qubits is any unitary U s.i.

U= (A : ):|O>(0\®"®A+...
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Block encoding
A block encoding of matrix A on n qubits is any unitary U s.i.

U= (A : >:|O>(O\®"®A+...

Assumptions:
@ We have efficient implementation of U.
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Block encoding

A block encoding of matrix A on n qubits is any unitary U s.i.

Assumptions:

U= (A : >:|O>(O\®”®A+...

@ We have efficient implementation of U.

@ Probability of post-selecting on |0)®” depends on A and state we apply it to.
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Block encoding
A block encoding of matrix A on n qubits is any unitary U s.t.

U= <A : ):\O)<O\®”®A+...

Assumptions:
@ We have efficientimplementation of U.
@ Probability of post-selecting on |0)®” depends on A and state we apply it to.

More generally:

Projected Unitary Encoding
A projected unitary encoding of matrix A on n qubits is (M., U, Mg) s.t.

A=N.UMg for projectors I, Mg and unitary U.
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Block encoding
A block encoding of matrix A on n qubits is any unitary U s.t.

U= <A : ):\O)<O\®”®A+...

Assumptions:
@ We have efficientimplementation of U.
@ Probability of post-selecting on |0)®” depends on A and state we apply it to.

More generally:

Projected Unitary Encoding
A projected unitary encoding of matrix A on n qubits is (M., U, Mg) s.t.

A=N.UMg for projectors I, Mg and unitary U.

Exercise. What are N, and Mg in case of block encoding?
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Step 2: Quantum Signal Processing

Have projected unitary encoding A = I, Ul g for efficiently implementable U.
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Step 2: Quantum Signal Processing

Have projected unitary encoding A = I, Ul g for efficiently implementable U.
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Step 2: Quantum Signal Processing

@ Want to map:

@ Have projected unitary encoding A = N, Ul g for efficiently implementable U.
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Step 2: Quantum Signal Processing

@ Want to map:

@ Have projected unitary encoding A = N, Ul g for efficiently implementable U.

(1) = o ()

@ Postselecting on |0)®" simulates application of p(A).
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Step 2: Quantum Signal Processing

@ Have projected unitary encoding A = N, Ul g for efficiently implementable U.

oo(A1) ()

@ Postselecting on |0)®" simulates application of p(A).

@ Want to map:

Tool: Quantum Signal Processing (QSP), in two steps:
@ QSP on single qubit system
@ Embed into QSP on larger systems
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QSP on single qubit system

@ Consider following block encoding of 1 x 1 Hermitian matrix [x] with x € [—1,1]:

( X ‘/1_‘72 ) € £(C?).

R(x) := Wopuy
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QSP on single qubit system

@ Consider following block encoding of 1 x 1 Hermitian matrix [x] with x € [—1,1]:

R(x) := ( X
@ Want: Given polynomial p, induce map

V1 —x2

e ) € £(C?).

R(x) ( P ) € £(C?).
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QSP on single qubit system

@ Consider following block encoding of 1 x 1 Hermitian matrix [x] with x € [—1,1]:
X

Vv1-—x
V1 —x2

R(x) := (
@ Want: Given polynomial p, induce map

_X ) € L(C?).

@ Question:

R(x) ( P ) € £(C?).

» Suppose we can apply R, R', and €'%4 for Pauli Z and any 6 € [0, 2x].

» For which polynomials p can the mapping above be done, and what is the cost?
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.

Alternatively, for all x € R, p(—x) = —p(x).
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.
Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections
Let p € C[x] be odd polynomial of degree d, s.t.
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.
Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections

Let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| < 1, and
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.
Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections

Let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| <1, and
@ forall x € [-oo, —1]U[1,00], |p(x)| > 1.
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.
Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections
Let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| <1, and
@ forall x € [-oo, —1]U[1,00], |p(x)| > 1.
There exists sequence of d angles ® := (¢1,...,¢s) € R? s.t.

(0 )-
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.

Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections
Let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| <1, and
@ forall x € [-oo, —1]U[1,00], |p(x)| > 1.
There exists sequence of d angles ® := (¢1,...,¢s) € R? s.t.

( P > — & ZR(x)e*2R(x) .- €2 R(x).
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.

Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections
Let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| <1, and
@ forall x € [-oo, —1]U[1,00], |p(x)| > 1.
There exists sequence of d angles ® := (¢1,...,¢s) € R? s.t.

( P > — & ZR(x)e*2R(x) .- €2 R(x).

Exercise: Why do we need condition (1)?
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QSP on single qubit system

A polynomial p € C[x] is odd if all coefficients corresponding to even powers of x are 0.
Alternatively, for all x € R, p(—x) = —p(x).

QSVT using reflections
Let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| <1, and
Q@ forall x € [~o0, —1] U [1, 0], |p(x)| > 1.
There exists sequence of d angles ® := (¢1,...,¢s) € R? s.t.

( P > — & ZR(x)e*2R(x) .- €2 R(x).

Exercise: Why do we need condition (1)?

Exercise: Why do we prefer low-degree polynomials?
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W gan Do It!

On to the general case: A acting on n qubits
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Singular Value Decomposition

Question: Thus far, mapped real x € [-1, 1] to p(x). What is high-dimensional analogue of this?
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Singular Value Decomposition

Question: Thus far, mapped real x € [—1, 1] to p(x). What is high-dimensional analogue of this?

Singular Value Decomposition (SVD)

Any matrix A € £(C?) has singular value decomposition

d
A= "s|h)n], for
i=1

@ s; > 0 are singular values,
@ {|/))} are orthonormal set of left singular vectors,
@ {|r;)} are orthonormal set of right singular vectors.
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Singular Value Decomposition

Question: Thus far, mapped real x € [—1, 1] to p(x). What is high-dimensional analogue of this?

Singular Value Decomposition (SVD)

Any matrix A € £(C?) has singular value decomposition

d
A= Z si|l)(ri|, for
i=1
@ s; > 0 are singular values,
@ {|/))} are orthonormal set of left singular vectors,

@ {|r)} are orthonormal set of right singular vectors.

Goal: Given projected unitary encoding A = M, UMNgz and odd polynomial p € C[x], simulate

d

PA) = 5" p(s Il

i=1
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Singular Value Decomposition

Question: Thus far, mapped real x € [—1, 1] to p(x). What is high-dimensional analogue of this?

Singular Value Decomposition (SVD)

Any matrix A € £(C?) has singular value decomposition

d
A= Z si|l)(ri|, for
i=1
@ s; > 0 are singular values,
@ {|/))} are orthonormal set of left singular vectors,

@ {|r)} are orthonormal set of right singular vectors.

Goal: Given projected unitary encoding A = M, UMNgz and odd polynomial p € C[x], simulate

d
P(A) = > p(s)h)ril.
i=1
Exercise. Why does this generalize our single-qubit setup? (i.e. previously we had x € [—1,1])
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@ forall x € [-1,1], |p(x)| < 1, and

QSVT by alternating phase modulation (Gilyén, Su, Low, and Wiebe 2018)
Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.

Q@ forall x € [-o0, —1] U [1, 0], |p(x)| > 1.
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QSVT by alternating phase modulation (Gilyén, Su, Low, and Wiebe 2018)

Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.

@ forall x € [-1,1], |p(x)| < 1, and
@ forall x € [-oo, —1] U [1,00], [p(x)| > 1.
There exists sequence of d angles ® := (¢1,...,ds) € R? s.t.

p(A) = I'ILU¢FIR
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@ forall x € [-1,1], |p(x)| < 1, and

QSVT by alternating phase modulation (Gilyén, Su, Low, and Wiebe 2018)
Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.

© forall x € [-o0, —1] U [1,00], |p(x)| > 1.
There exists sequence of d angles ¢ := (¢,

., ¢q) € R st

P(A) = M, UsMp = N, (eim(znr/) Ug/®2@Ma=N 1 . ,em(znm)U) MNA.
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QSVT by alternating phase modulation (Gilyén, Su, Low, and Wiebe 2018)

Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| < 1, and
Q@ forall x € [-o0, —1] U [1, 0], |p(x)| > 1.

There exists sequence of d angles ® := (¢1,...,ds) € R? s.t.

p(A) = N UsMNg =T, (ei‘p‘(ZHL*/) Ue'#2@Mr=Dyt ... gi¢a@Ni=D U) Mg.

What is the cost of implementing Us?
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QSVT by alternating phase modulation (Gilyén, Su, Low, and Wiebe 2018)

Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| < 1, and
Q@ forall x € [-o0, —1]U[1, o0], |p(x)| > 1.

There exists sequence of d angles ® := (¢1,...,ds) € R? s.t.

p(A) = N UsMNg =T, (ei‘p‘(ZHL*/) Ue'#2@Mr=Dyt ... gi¢a@Ni=D U) Mg.

What is the cost of implementing Us?
@ O(m) uses of U and Ut

Sevag Gharibian (Paderborn University) Tutorial: Quantum algorithms QTML 2023 47/66



QSVT by alternating phase modulation (Gilyén, Su, Low, and Wiebe 2018)

Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| < 1, and
Q@ forall x € [-o0, —1]U[1, o0], |p(x)| > 1.

There exists sequence of d angles ® := (¢1,...,ds) € R? s.t.

p(A) = N, UsMg = N, (eim(ZI'ILf/)Uefc‘)g(Zl'lgfl)U'(' o efo‘d(znﬁ/)u) MNA.

What is the cost of implementing Us?
@ O(m) uses of U and Ut

@ O(m) uses of following circuit which implements map |b)(b| @ e(~"¢@n-).
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Sanity check

We said that for projected unitary encoding A = N, UMMz and polynomial p € C[x],
p(A) = M, (efwznﬁl) Uei®2@Na=1) T ... gita(@i—1) U) Mg
Exercise: What happens if A= U, i.e. N, = Mg = I, meaning no block encoding necessary?
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Sanity check

We said that for projected unitary encoding A = N, UMMz and polynomial p € C[x],

(¢1,

p(A) = M, (efwznﬁl) Uei®2@Na=1) T ... gita(@i—1) U) Mg
Exercise: What happens if A= U, i.e. N, = Mg = I, meaning no block encoding necessary?
-y 0d).)

Exercise: Aren’t you forgetting to ask a very important question? (Hint: The sequence
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Proof intuition

Key insight: Can decompose all operators into direct sum of 1- and 2-dimensional subspaces.
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Proof intuition

Recall: Given A=, UNg = Z,L si|li)ri|. Order singular values:

=1

Key insight: Can decompose all operators into direct sum of 1- and 2-dimensional subspaces.
S§1 28 > - 28> 8k41 > 28 >S4 > >8d

0<- <1
r = rank(A)

=0
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Proof intuition
Key insight: Can decompose all operators into direct sum of 1- and 2-dimensional subspaces.
Recall: Given A=, UNg = ZL si|li)ri|. Order singular values:

$1 >8> 28 >8> 282841284

=1

0< - <1 =0
r = rank(A)
Theorem (Invariant subspaces)
H;
si 1-—s?
u=Disly e D - o @ he @ el
i€kl i€[n\[k] 1-s =5 S CING i€la\[r]
i Hi ) L
gHen=n _ e 0 i ig] ™ H
~@“e @ [% J2e] o @ [#ne & [ el
i€kl i€[n\[k] Hiield\I1] e /
— — o
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Proof intuition

Hi
H Si 1-— 12
v- Do @ | S
i€tk ew [ VTS -S|

o @ e @ el
i€[d]\[r] i€[d]\[r]
Recall: k largest index with s, = 1, r largest index with s, > 0 (i.e. r = rank (A) for A= N, UMNg)
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Proof intuition

Hi
Si 1—s? , ,
U=@Plsite @ o @ e @ el

i€lk] iel\[k 1-sf —Si RS TG IS FIVG

Recall: k largest index with s, = 1, r largest index with s, > 0 (i.e. r = rank (A) for A= N, UMNg).

Question: What are the spaces #; and H?
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Proof intuition

Hi
1— g2
U= [s”'@ '
Dot & [W ]

H
S g reﬁm [1]H’R®:e§%[rl mHL@[ '
Recall: k largest index with s, = 1, r largest index with s, > 0 (i.e. r = rank (A) for A= N, UMNg)
Question: What are the spaces #; and H,?
1<i<k H,; := Span (|r;)) Hi = Span (|1;))
k<i<r n —Span(|l’,'),|r,-l>) Ity = ||8:2;Z:I2§” _ (1= Ul
A = span (11).11"))

iy = U=
7)==
Sevag Gharibian (Paderborn University)

mulr)

_ (=mUuln)
H(/— ﬁ)U|r;>)

Tutorial: Quantum algorithms



Proof intuition

Theorem (Invariant subspaces)

, Si 1— g2
U-Pisite @ VT e @ e @ mhern
iclk] €[N [K] 1-s —S;

1

1, i€[d]\[r] i€[d]\[r]
go@n-1) _ er o0 1™ i® e
@ e @ [7 %] e @ [#0e @ [ e,
il T iel\K Wi T el '
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Proof intuition

Theorem (Invariant subspaces)

Hi
Si 12
H; b
U=Qlslze @ | — | @ @ e & el
i€lk] iElr\[K =5 =Si |4 i€\ iE[d\[1]
@ e @ (G O] e @ [Fhe @ o] e
H; 0 e , j MY ’
i€[K] i€[r\[K] Hiie[d\I1] ur i€[d\[r] i )
Alternating these two yields:
H; P(s . Hi
Us =D IPEIE & D e @ []lhe @ ]l et
i€[K] i€[r\[K] Hiie[d\I1 a7 i€[d\[r] i
Nona = PP e @ | 7 0 " o P e @ o @[O]HL—ZP(SW Wil
LYellR = i % 0 0 HF HL i) li /
i€[k] i€[r\[K] Hi e\ i€[d\[r]
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QSVT by alternating phase modulation

Consider projected unitary encoding A = M, UMg, and let p € C[x] be odd polynomial of degree d, s.t.
@ forall x € [-1,1], |p(x)| < 1, and
Q@ forall x € [-o0, —1]U[1, o0], |p(x)| > 1.

There exists sequence of d angles ® := (¢1,...,ds) € R? s.t.

p(A) = N UsMNg =T, (ei‘p‘(ZHL*/) Ue'#2@MR=Dyt ... gi¢a@Ni=D U) Mg.

What is the cost of implementing Us?
@ O(m) uses of U and Ut

@ O(m) uses of following circuit which implements map |b)(b| @ e(~"¢@n-):
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Example 1: Linear systems via QSVT

Goal: Given projected unitary encoding of A = M, UMNRg, want to apply Moore-Penrose pseudoinverse A*.
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Example 1: Linear systems via QSVT

Goal: Given projected unitary encoding of A = M, UMNRg, want to apply Moore-Penrose pseudoinverse A*.

Recall: For SVD A= Y_{_, sil)(ri| € £(C?), pseudoinverse is
N
T L . . '
AT = Z S [riXh|  (for clarity, we invert only s; > 0).

i=1 7

Algorithm sketch

@ Pick singular value cutoff § > 0, i.e. we will invert only s; > 6.
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Example 1: Linear systems via QSVT

Goal: Given projected unitary encoding of A = M, UMNg, want to apply Moore-Penrose pseudoinverse A*

Recall: For SVD A= Y_{_, sil)(ri| € £(C?), pseudoinverse is
N
T L . . '
AT = Z S [riXh|  (for clarity, we invert only s; > 0).

i=1 7

Algorithm sketch

@ Pick singular value cutoff § > 0, i.e. we will invert only s; > 6.
@ Design low-degree polynomial p which e-approximates f(x) = }
Degree d € O (3 log(2)) suffices.
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Example 1: Linear systems via QSVT

Goal: Given projected unitary encoding of A = M, UMNg, want to apply Moore-Penrose pseudoinverse A*

Recall: For SVD A= Y_{_, sil)(ri| € £(C?), pseudoinverse is
N
T L . . '
AT = Z S [riXh|  (for clarity, we invert only s; > 0).

i=1 7

Algorithm sketch

@ Pick singular value cutoff § > 0, i.e. we will invert only s; > 6.
@ Design low-degree polynomial p which e-approximates f(x) = }
Degree d € O (3 log(2)) suffices.
© Apply QSVT to compute p(A) ~ A*.
Costs O(d) uses of U, U, and Controlled-IT gates
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Example 1: Linear systems via QSVT

Goal: Given projected unitary encoding of A = M, UMNRg, want to apply Moore-Penrose pseudoinverse A*.

Recall: For SVD A= Y_{_, sil)(ri| € £(C?), pseudoinverse is
N
T L . . '
AT = Z S [riXh|  (for clarity, we invert only s; > 0).

i=1 7

Algorithm sketch

@ Pick singular value cutoff § > 0, i.e. we will invert only s; > 6.

@ Design low-degree polynomial p which e-approximates f(x) = }
Degree d € O (3 log(2)) suffices.

© Apply QSVT to compute p(A) ~ A*.

Costs O(d) uses of U, U, and Controlled-IT gates
More generally, cost is O(||A|| /9) (i.e. if we don’t assume ||A|| < 1).
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Example 2: Amplitude Amplification via QSVT

Goal:
@ Given BQP circuit U which outputs 1 with probability > p.
@ Compile new circuit U’ which outputs 1 with probability = 1.

) —
input x - — —
) = g,
0 =
ancilla of q(n) qubits D —
0) 1 —

u]
o)
I
l
it
N
£
?
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Example 2: Amplitude Amplification via QSVT

Goal:

@ Given BQP circuit U which outputs 1 with probability > p.
@ Compile new circuit U’ which outputs 1 with probability = 1.

1) —

input x -

Xn) —

10) —

ancilla of q(n) qubits D
10) —

Qn

How to setup QSVT:
@ Set Mg := |x)x| ® [0X0|®9™ and N, := [1){1| ® /.
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Example 2: Amplitude Amplification via QSVT

Goal:
@ Given BQP circuit U which outputs 1 with probability > p.
@ Compile new circuit U’ which outputs 1 with probability = 1.

) —
input x - — —
) = g,
) —  —
ancilla of q(n) qubits D —
0) 1 —

How to setup QSVT:
@ Set Mg := |x)x| ® [0X0|®9™ and N, := [1){1| ® /.
@ Then, A= N,UMNg is rank 1 with singular value the square root of acceptance probability of U.

u]
o)
I
l
it
<
P
¢
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Example 2: Amplitude Amplification via QSVT
Goal:

@ Given BQP circuit U which outputs 1 with probability > p.

@ Compile new circuit U’ which outputs 1 with probability = 1.

)
input x - — —
) = g,
0= —
ancilla of q(n) qubits D —
0) 1 —

How to setup QSVT:
@ Set Mg := |x)x| ® [0X0|®9™ and N, := [1){1| ® /.

@ Then, A= N,UMNg is rank 1 with singular value the square root of acceptance probability of U.

@ Pick a polynomial p which is ¢/2-close to 1 on [/p, 1].
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Example 2: Amplitude Amplification via QSVT
Goal:

@ Given BQP circuit U which outputs 1 with probability > p.

@ Compile new circuit U’ which outputs 1 with probability = 1.

) —
input x - — —
) = g,
) —  —
ancilla of q(n) qubits D —
0) 1 —

How to setup QSVT:
@ Set Mg := |x)x| ® [0X0|®9™ and N, := [1){1| ® /.
@ Then, A= N,UMNg is rank 1 with singular value the square root of acceptance probability of U.
@ Pick a polynomial p which is ¢/2-close to 1 on [/p, 1].
@ Apply QSVT with p to Ato get p(A) = N, U'MNg s..t U accepts with probability > 1 — e.
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Example 2: Amplitude Amplification via QSVT
Goal:

@ Given BQP circuit U which outputs 1 with probability > p.

@ Compile new circuit U’ which outputs 1 with probability = 1.

)
input x - — —
) = g,
0= —
ancilla of q(n) qubits D —
0) 1 —

How to setup QSVT:
@ Set Mg := |x)x| ® [0X0|®9™ and N, := [1){1| ® /.

@ Then, A= N,UMNg is rank 1 with singular value the square root of acceptance probability of U.

@ Pick a polynomial p which is ¢/2-close to 1 on [/p, 1].
@ Apply QSVT with p to Ato get p(A) = N, U'MNg s..t U accepts with probability > 1 — e.

@ Suffices to choose p of degree O (% |og(%)).
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Outline

e Dequantization
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The story of dequantization

Quantum recommendation systems (Kerenidis, Prakash, 2016)
@ Recommendation system (used by, e.g., Netflix):

» Use ratings of n products by m users to provide personalized recommendations to users
» Modelled as m x n preference matrix, assumed to have good rank-k approximation
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The story of dequantization

Quantum recommendation systems (Kerenidis, Prakash, 2016)
@ Recommendation system (used by, e.g., Netflix):

» Use ratings of n products by m users to provide personalized recommendations to users
» Modelled as m x n preference matrix, assumed to have good rank-k approximation

@ Quantum machine learning algorithm which runs in time poly(k, log(mn)).
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The story of dequantization

Conversation between Scott Aaronson and his 18-year old undergrad student, Ewin Tang:

@ Scott: | like this paper of lordanis and Anupam. Can you prove it can’t be simulated classically?
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The story of dequantization

Conversation between Scott Aaronson and his 18-year old undergrad student, Ewin Tang:
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The story of dequantization

Conversation between Scott Aaronson and his 18-year old undergrad student, Ewin Tang:

@ Scott: | like this paper of lordanis and Anupam. Can you prove it can’t be simulated classically?
@ Ewin: What do you mean?

@ Scott: Maybe it's BQP-complete like the linear systems problem?

A quantum-inspired classical algorithm for recommendation systems (Tang, STOC 2019):

We give a classical analogue to Kerenidis and Prakash’s quantum recommendation system,
previously believed to be one of the strongest candidates for provably exponential speedups in
quantum machine learning. Our main result is an algorithm that, given an m x n matrix in a
data structure supporting certain (>-norm sampling operations, outputs an (>-norm sample
from a rank-k approximation of that matrix in time O(poly(k)log(mn)), only polynomially
slower than the quantum algorithm. As a consequence, Kerenidis and Prakash’s algorithm
does not in fact give an exponential speedup over classical algorithms. Further, under strong
input assumptions, the classical recommendation system resulting from our algorithm
produces recommendations exponentially faster than previous classical systems, which run in
time linear in mand n.

The main insight of this work is the use of simple routines to manipulate ¢>-norm sampling
distributions, which play the role of quantum superpositions in the classical setting. This
correspondence indicates a potentially fruitful framework for formally comparing quantum

machine learning algorithms to classical machine learning algorithms.
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There’s more...
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There’s more...

Dequantizing QSVT in low-rank settings (Chia, Gilyén, Li, Lin, Tang, Wang, STOC 2020)

@ Idea: -norm sampling approximates matrix products in time independent of dimension
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There’s more...

Dequantizing QSVT in low-rank settings (Chia, Gilyén, Li, Lin, Tang, Wang, STOC 2020)
@ Idea: -norm sampling approximates matrix products in time independent of dimension
@ Dequantizes many quantum machine learning algorithms, including:

» recommendation systems

» principal component analysis
> low-rank regression

» supervised clustering

» support vector machines
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Tang’s dequantization of quantum recommender systems

The quantum recommendation system algorithm relies on the following classical data structure.
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Tang’s dequantization of quantum recommender systems
The quantum recommendation system algorithm relies on the following classical data structure
Lemma ((Kerenidis, Prakash 2017), as stated in (Tang 2019))

J data structure storing v € R" with w nonzero entries in O(w log(n)) space, which supports:
@ Reading and updating an entry of v in O(log n) time;
@ Finding || v|® in O(1) time;

@ Sampling from distribution v?/ ||v||? in O(log n) time.
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Tang’s dequantization of quantum recommender systems
The quantum recommendation system algorithm relies on the following classical data structure.
Lemma ((Kerenidis, Prakash 2017), as stated in (Tang 2019))

J data structure storing v € R" with w nonzero entries in O(w log(n)) space, which supports:
@ Reading and updating an entry of v in O(log n) time;
@ Finding || v|® in O(1) time;

@ Sampling from distribution v?/ ||v||? in O(log n) time.

Observation: Precisely conditions for randomized linear algebra techniques! (Frieze, Kannan, Vempala 2004)
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Tang’s dequantization of quantum recommender systems
The quantum recommendation system algorithm relies on the following classical data structure
Lemma ((Kerenidis, Prakash 2017), as stated in (Tang 2019))

J data structure storing v € R" with w nonzero entries in O(w log(n)) space, which supports:
@ Reading and updating an entry of v in O(log n) time;
@ Finding || v|® in O(1) time;

@ Sampling from distribution v?/ ||v||? in O(log n) time.

Observation: Precisely conditions for randomized linear algebra techniques! (Frieze, Kannan, Vempala 2004)
Upshot:

@ Any quantum algorithm with input encoded as above can, in principle, be attacked via dequantization.
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Tang’s dequantization of quantum recommender systems
The quantum recommendation system algorithm relies on the following classical data structure.
Lemma ((Kerenidis, Prakash 2017), as stated in (Tang 2019))

J data structure storing v € R" with w nonzero entries in O(w log(n)) space, which supports:
@ Reading and updating an entry of v in O(log n) time;
@ Finding || v|® in O(1) time;

@ Sampling from distribution v?/ ||v||? in O(log n) time.

Observation: Precisely conditions for randomized linear algebra techniques! (Frieze, Kannan, Vempala 2004)
Upshot:

@ Any quantum algorithm with input encoded as above can, in principle, be attacked via dequantization.
@ Classical dequantized algorithms still typically polynomially slower than quantum algorithms
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Tang’s dequantization of quantum recommender systems
The quantum recommendation system algorithm relies on the following classical data structure.
Lemma ((Kerenidis, Prakash 2017), as stated in (Tang 2019))

J data structure storing v € R" with w nonzero entries in O(w log(n)) space, which supports:
@ Reading and updating an entry of v in O(log n) time;
@ Finding || v|® in O(1) time;

@ Sampling from distribution v?/ ||v||? in O(log n) time.

Observation: Precisely conditions for randomized linear algebra techniques! (Frieze, Kannan, Vempala 2004)
Upshot:

@ Any quantum algorithm with input encoded as above can, in principle, be attacked via dequantization.

@ Classical dequantized algorithms still typically polynomially slower than quantum algorithms
@ One has to be careful in assumptions about how the input is specified!
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Outline

e Dequantization
@ Example: Low-precision estimation of ground state energies
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Guided local Hamiltonian problem (GLH) [G, Le Gall 2022]
@ Input: sparse Hamiltonian H on n qubits, o < 3, samplable |) € (C?)®"
@ Promise: Apin(H) < a or Apin(H) > 8, [|NH[) |, > 6
@ Output: Decide whether Apin (H) < aor Apin(H) > 8
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Guided local Hamiltonian problem (GLH) [G, Le Gall 2022]
@ Input: sparse Hamiltonian H on n qubits, o < 3, samplable |) € (C?)®"
@ Promise: Amin(H) < & 0F Amin(H) > B, Myl ll, > &
@ Output: Decide whether Apin (H) < aor Apin(H) > 8

¢-samplable state for ¢ € [0, 1)

Have ¢-sampling-access to |¢) € c?" if all three hold:
@ (query access) For any i € [2"], can compute v; € C in poly(n) classical time
@ (sampling access) Can sample in poly(n) classical time from distribution p: [2"] — [0, 1] such that

|y [?
ll1w)1[2

@ (norm approximation) Have ms.t. [m — |||¥)||| < ¢ |l|¥)]]-

ly[?

vielRl  pU)e |(1-¢) TG

(1+9)

Note: When ¢ = 0, recover [Tang 2019]'s definition from dequantization of recommender systems
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n = # of qubits

Theorem: GLH “tractable” in O(1)-precision setting
V constants 4, a, 8 € (0, 1] and k € O(log n), GLH classically solvable in poly(n) time with probability 1 — 2‘".J
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n = # of qubits

Theorem: GLH “tractable” in O(1)-precision setting
V constants 4, a, 8 € (0, 1] and k € O(log n), GLH classically solvable in poly(n) time with probability 1 — 2‘".J

T

Theorem (informal)
The sparse “Guided Singular Value Estimation” problem is efficiently solvable to O(1) precision. J

T

choose constant-degree polynomial P in QSVT to “process” singular values
— possible in O(1)-precision setting

Theorem (informal)
The sparse Quantum Singular Value Transform (QSVT) can be “dequantized” for O(1) precision. J
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Dequantizing the QSVT in the sparse setting

Singular Value Transform (SVT)

Input: (1) query-access to s-sparse matrix A € C¥*N with || A|| < 1

(2) query-access to u € CV s.t. ||u|| < 1

(3) ¢-samplable v € CV sit. ||v| < 1

(4) even polynomial P € R[x] of degree d (even —> for all x € R, P(x) = P(—x))

Output: estimate 2 € C s.t. |2 — vIP(VATA)u| < ¢

Lemma: Dequantizing SVT

Ve € (0,1] and ¢ < ¢/8, SVT solvable classically with probability 1 — 1/ poly(N) in O*((s*?*')/¢?) time.
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Proof sketch for dequantizing SVT

SVT(s, €, ¢) (singular value transform)

Input: (1) query-access to s-sparse matrix A € CM*N with ||A|| < 1
(2) query-access to u € CN s.t. ||u]| < 1
(3) ¢-samplable v € CV s.t. ||v|| < 1
)

(4) even polynomial P € R[x] of degree d (recall: even —> for all x € R, P(x) = P(—x))

Output: estimate 2 € C s.t. |2 — vIP(VATA)u| < €

Proof sketch.

Idea (a la [Tang 2019]): Compute r random entries of (v, P(v/ AT A)u), take arithmetic mean:
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Proof sketch for dequantizing SVT

SVT(s, €, ¢) (singular value transform)

Input: (1) query-access to s-sparse matrix A € CM*N with ||A|| < 1
(2) query-access to u € CN s.t. ||u]| < 1
(3) ¢-samplable v € CV s.t. ||v|| < 1
)

(4) even polynomial P € R[x] of degree d (recall: even —> for all x € R, P(x) = P(—x))

Output: estimate 2 € C s.t. |2 — vIP(VATA)u| < €

Proof sketch.

Idea (a la [Tang 2019]): Compute r random entries of (v, P(v/ AT A)u), take arithmetic mean:
@ Setavg=0

© Repeat r € O(1/¢%) times:
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Proof sketch for dequantizing SVT

SVT(s, €, ¢) (singular value transform)

Input: (1) query-access to s-sparse matrix A € CM*N with ||A|| < 1
(2) query-access to u € CN s.t. ||u]| < 1
(3) ¢-samplable v € CV s.t. ||v|| < 1
)

(4) even polynomial P € R[x] of degree d (recall: even —> for all x € R, P(x) = P(—x))

Output: estimate 2 € C s.t. |2 — vIP(VATA)u| < €

Proof sketch.

Idea (& la [Tang 2019]): Compute r random entries of (v, P(v/Af A)u), take arithmetic mean:
@ Setavg=0
© Repeat r € O(1/¢%) times:

» Via ¢-sampling of v, sample index j € {1,..., N} (i.e. w.p. p(j) = |v;* / ||v|[%)
» Via query access, compute entry v;
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© Repeat r € O(1/¢%) times:

» Via ¢-sampling of v, sample index j € {1,..., N} (i.e. w.p. p(j) = |v;* / ||v|[%)
» Via query access, compute entry v;

» Via s-sparsity of A, compute entry j of w := P(VATA)u  (do this recursively)
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Proof sketch for dequantizing SVT

SVT(s, €, ¢) (singular value transform)

Input: (1) query-access to s-sparse matrix A € CM*N with ||A|| < 1
2) query-access to u € CN sit. |jul| < 1

3) ¢-samplable v € CN sit. ||v]| < 1
4)

even polynomial P € R[x] of degree d (recall: even —> for all x € R, P(x) = P(—x))

Output: estimate 2 € C s.t. |2 — vIP(VATA)u| < €

Proof sketch.

Idea (& la [Tang 2019]): Compute r random entries of (v, P(v/Af A)u), take arithmetic mean:
@ Setavg=0
© Repeat r € O(1/¢%) times:

» Via ¢-sampling of v, sample index j € {1,..., N} (i.e. w.p. p(j) = |v;* / ||v|[%)
» Via query access, compute entry v;

» Via s-sparsity of A, compute entry j of w := P(VATA)u  (do this recursively)
» Update avg = avg + (w;m?)/(vjr)
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Proof sketch for dequantizing SVT

SVT(s, €, ¢) (singular value transform)

Input: (1) query-access to s-sparse matrix A € CM*N with ||A|| < 1
2) query-access to u € CN sit. |jul| < 1

3) ¢-samplable v € CN sit. ||v]| < 1
4)

even polynomial P € R[x] of degree d (recall: even —> for all x € R, P(x) = P(—x))

Output: estimate 2 € C s.t. |2 — vIP(VATA)u| < €

Proof sketch.

Idea (& la [Tang 2019]): Compute r random entries of (v, P(v/Af A)u), take arithmetic mean:
@ Setavg=0
© Repeat r € O(1/¢%) times:

» Via ¢-sampling of v, sample index j € {1,..., N} (i.e. w.p. p(j) = |v;* / ||v|[%)
» Via query access, compute entry v;
» Via s-sparsity of A, compute entry j of w := P(VATA)u  (do this recursively)
» Update avg = avg + (w;m?)/(vjr)

Correctness: High probability bound obtained via Chebyshev’s inequality
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Summary

@ Overview of quantum algorithms over the decades
@ Quantum algorithm for solving linear systems

@ Quantum Singular Value Transform

@ Dequantization - beware the power of state preparation
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