
Christian Schneider

The AQTIVATE project receives funding from the European Union’s HORIZON MSCA Doctoral Networks programme, under Grant Agreement No. 101072344.

“Gradient flow scale 
setting with tree-level 

improvement”



Outline

• Scale setting

• Gradient flow and tree-level improvement

• Gradient flow measurements

• Analysis

• Conclusion and Outlook



Scale setting

• Matching lattice observables to their physical value.

• Example: 𝑎 =
𝑎𝑚𝑝

𝑚𝑝,𝑝ℎ𝑦𝑠

• High precision is required!

• Gradient flow scales : 
• Efficient to calculate and usually

very precise.

• Subject to cutoff effects!



Gradient flow and tree-level improvement

𝜕t𝐵𝜇 𝑥, 𝑡 = 𝐷𝜈𝐺𝜇𝜈 𝑥, 𝑡 , 𝐵𝜇 𝑥, 𝑡 ቚ
𝑡=0

= 𝐴𝜇(𝑥)

𝐺𝜇𝜈 = 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 + 𝐵𝜇 , 𝐵𝜈 , 𝐷𝜇 = 𝜕𝜇 + 𝐵𝜇 ,⋅

• Use two different versions: Wilson & Zeuthen flow.

• Zeuthen flow already 𝑂(𝑎2) improved!



ℰ 𝑡 = 𝑡2 𝐸 𝑥, 𝑡 = 0.3

𝑡
𝑑

𝑑𝑡
ℰ(𝑡) = 𝑊(𝑡/𝑎2) = 0.3

Gradient flow and tree-level improvement

[Lüscher 2010]

[Borsanyi, Fodor 2012]



Gradient flow and tree-level improvement

• Perturbative expansion:

𝑡2 𝐸 𝑥, 𝑡 = 𝑁𝑔0
2(𝐶(𝑎2/𝑡) + 𝑂(𝑔0

2))

• Replace 𝑡2 𝐸 𝑥, 𝑡 → 𝑡2 𝐸 𝑥, 𝑡 /𝐶(𝑎2/𝑡)

• Determine C(t, L, T) perturbatively for different 
[action][flow][operator] combinations.

• Notable improvement for determinations of the step-scaling β 
function for SU(3) with 𝑁𝑓 = 4, 6, 8, 10, 12.

[Fodor, Nogradi 2014]

[Hasenfratz, Rebbi, Witzel 2019 & 2020]



Gradient flow measurements

• RBC-UKQCD’s 2+1 flavor Shamir domain-wall fermion and 
Iwasaki gauge field ensembles.



Analysis

tln

tln



Analysis

Comparison of ratio w/ and w/o tln Chiral extrapolation



Analysis



Conclusion and Outlook

• tln reduces the spread between operators but cannot 
remove cutoff effects from the gauge action.

• Successfully computed tln coefficients, which can be used in 
future studies!

• Parts to improve on:
• Crude chiral extrapolation.

• Insufficient data at different bare gauge couplings.

• Next steps: Repeating this exercise using RBC-UKQCD’s three
physical point ensembles (C0, M0, F0) with Möbius DWF kernel.



Thank you
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