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“Data Assimilation 
Techniques for a Shell Model 

of Turbulence”



Overview on the thesis

Ø Fully Developed Turbulence and 
Richardson Cascade

ØDynamical system for Energy 
cascade : The Shell Model

ØData Assimilation Techniques:
     Nudging 
     Ensemble Kalman Filter (EnKF) 

∼ 𝟏𝟎𝟎 𝒌𝒎 ∼ 𝟏𝟎!𝟑 − 𝟏𝟎!𝟔𝒎



Turbulence

Navier-Stokes equation for incompressible flow: Reynolds Number

𝑅& = 0
Laminar Flow

𝜕!𝒗 + ∇ % 𝒗⊗ 𝒗 = −∇𝑃 + 𝒇 +
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Transition Regime
𝑅& → ∞

Fully Developed Turbulence



Phenomenology of Turbulence

Inertial range

Energy Injection

Dissipation

Injection Cascade
Dissipation

Inertial Range
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𝜹𝒗 = 𝒗 𝒙 + 𝒓 − 𝒗(𝒙)

Recovered Homogeneity 
and Isotropy (Kolmogorov 
1941)

∼ 𝒌!𝟓/𝟑

Non-Gaussian 
statistics



Shell Models

Navier–Stokes equation in Fourier Space: 

Dynamical system mimics the energy cascade:

To solve numerically the 
dissipative scale:

To solve numerically 
the dissipative scale:

Sum over all wave vector triads

Sum over the first and second neighbors



Shell Model Results

∼ 𝒌!𝟓/𝟑

Non-Gaussian statistics at the small scalesEnergy Spectrum

Pd
f



Ensemble Kalman Filter (EnKF)

Is a data Assimilation Technique optimized for system with : • Linear dynamics
• Gaussian statistics

Prior Ensemble
Updating through 

the measurements

Posterior Ensemble

Observation

Forecast Updating
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Nudging (Newtonian Relaxing)

𝑑"𝑢& 𝑡
𝑑𝑡

= 𝑓& "𝑢 𝑡 + 𝛼 𝐻&'(𝑢&
()* − "𝑢&)

Coupling coefficent

Reference solution + gaussian 
error

System state 
Estimation

Measurement 
operator

𝐻 𝑢)"*𝑢)"* 3𝑢



Simulation Setup

We want to test the assimilation techniques on a simulation time 𝑇 = 200 𝑇% , where
𝑇% = 0.5 is the characteristic time of the slowest mode. 

The measurement error of a mode is a 
percentage of its own energy.

• 𝜏 = 0.002 𝑇% (measurement every 100 

time steps) 

• 𝜏 = 0.02 𝑇% (every 1000 time steps)

• 𝜏 = 0.2 𝑇% (every 10000 time step)

Different measurement frequencies:

ℇ& ∼ 𝑁(0, 𝜎&2)

Different sets of measured shells:
x

x x x



EnKF VS Nudging
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Measuring shell 1,2,3,4 
with 𝛕 = 𝟎. 𝟎𝟎𝟐 𝐓𝟎



Statistical Reconstruction

Measuring shell 1, 2, 3, 4      𝝉 = 𝟎. 𝟎𝟎𝟐



Istantaneus Reconstruction: various measurement cadences

𝑢'() − 8𝑢 * = 8𝑢 * + 𝑢'() * − 𝑢'():𝑢∗ + 8𝑢 𝑢'()∗ = 𝐸 𝑢'() + 𝐸 8𝑢 − 𝐶(8𝑢, 𝑢'())

IF :
• 𝐸 𝑢!"# = 𝐸 $𝑢
• 𝐶 $𝑢, 𝑢!"# = 0

𝑢!"# − $𝑢
$
= 2 E(u%&')

The presence of factor 2 means that we 
are assimilating but not altering the 
statistic

𝝉 = 𝟎. 𝟎𝟎𝟐 𝑻𝟎

Measuring
shells: 1, 2, 3, 4 

𝝉 = 𝟎. 𝟎𝟐 𝑻𝟎 𝝉 = 𝟎. 𝟐 𝑻𝟎



Conclusions (in red suggestions for improving the work)

ü We have optimized the Nudging process by selecting the average coupling coefficient.

ü We could use different coupling coefficients for the different shells.

ü The EnKF provides the best assimilation performance in the analyzed cases.

ü We could do better by implementing inflation and localization techniques to improve the 

filtering performance.

ü If we measure n shells through EnKF, we can assimilate up to n+6, while with Nudging, we can 

assimilate up to n+2. The results are limited to the measurement of the first shells; measuring 

faster modes, the code becomes unstable (presence of NaN).

ü We need to understand the reason for it.



References

[1] U. Frisch;  Turbulence: The Legacy of A.N.Kolmogorov, Cambridge University Press (1995). 

[2] V. S. L’vov, E. Podivilov, A. Pomyalov, I. Procaccia, D. Vandembroucq; Improved shell model of turbulence, 
Physical Review E, Vol. 58, Issue 2, pp. 1811-1822 (1998).

[3] L. Biferale; Shell Models of Energy Cascade in Turbulence, Annual Review of Fluid Mechanics, Vol. 35, pp. 441-

468 (2003).

[4] R. Benzi, L. Biferale, M. Sbragaglia, F. Toschi; Intermittency in turbulence: Computing the scaling exponents in 

shell models, Physical Review E, Vol. 68, Issue 4, (2003).

[5] G. Evensen; The Ensemble Kalman Filter: Theoretical Formulation and Practical Implementation, Ocean 

Dynamics, Vol. 53, Issue 4, pp. 343-367 (2003).

[6] P. C. Di Leoni, A. Mazzino, L. Biferale; Synchronization to Big Data: Nudging the Navier-Stokes Equations for Data 

Assimilation of Turbulent Flows, Physical Review X, Vol. 10, Issue 1, pp. 011023 (2020).



Optimizing Nudging Coefficient 
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The optimal alpha is the average point at 
which the four measured shells present the 
minimum of their own mean squared error

Measuring shell 1, 2, 3, 4      𝝉 = 𝟎. 𝟎𝟎𝟐



Istantaneus Reconstruction: various set of measured shells

Measuring shells: 1, 2, 3 Measuring shells: 1, 2, 3, 4 Measuring shells: 1, 2, 3, 4, 5 

The measurement cadence used is 𝝉 = 𝟎. 𝟎𝟎𝟐 𝑻𝟎


