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CGC in a nutshell

DIS in QCD :

Three Lorentz invariant quantities :
electron

quark @ ¢? = —Q@? = virtuality of the incoming photon

Q x= 2320 = longitudinal momentum fraction carried by the parton

proton

Q s~ 2P - Q = energy of the colliding v — p system
X

increasing the energy (s = Q?/x) of the system:

Bjorken limit fixed x, Q% — oo Regge-Gribov limit fixed @2, x — 0

o density of partons decreases/DGLAP o density of partons increases/Saturation!

@ Qs = saturation scale

@ In the saturation regime, scattering processes
are described by an effective theory:
Color Glass Condensate:
o fast partons : kT > AT — color sources:
Ji(x) =0 p(x, x1)
o slow partons: : kT < AT — color fields
Alt(x)
o interaction: [ d*xJ/(x)A,(x)
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Motivation to go from LO to NLO in the CGC

Leading Order in s CGC calculations:

e N\

(pro) : CGC-based theoretical calculations are in (con): LO CGC lacks precision in order to
qualitative agreement with the experimental data determine unambiguously whether saturation is
from all types of collisions exhibited by the experimental data.

increasing precision of theory predictions in order to perform precise quantitative studies:
* relaxing the kinematical approximations performed at LO.

* going from LO to NLO in as:

There has been a lot activity to provide expressions of observables at NLO.

Ve pY

€A collisions pA collisions
e dipole factorization e hybrid factorization
e structure functions/ dijets e single inclusive hadron/jet

* Many developments on the NLO corrections to the rapidity evolution equations.
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Forward hadron production in pA collisions

[Dumitru, Hayashigaki, Jalilian-Marian - hep-ph/0506308]

Accepted calculation framework for forward production in pA collisions: Hybrid factorization

@ The wave function of the projectile proton is treated in the spirit of collinear factorization
(an assembly of partons with zero intrinsic transverse momenta) - DGLAP gives perturbative
corrections.

@ Target is treated as distribution of strong color fields which during the scattering event transfer
transverse momentum to the propagating partonic configuration. (CGC like treatment)

|
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|

|

|
Ik,
|
|
|
|
|
|

dod—H Ld¢ q (\XF rq [ XF " ko)
d2kdn XFFDI%(C)?CLS <?> / e (s(x0,x1))

dipole operator: s(xp, x1) = Nictr[U(XO)UT(xl)]

high transverse momentum in the produced hadron is acquired from the interaction with the target.
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Forward hadron production

Does LO "Hybrid” formula take into account all contributions at high k, ?
[TA, Kovner - arXiv:1102.5327]

For k| > Qs :
" Elastic Scattering” (LO) "Inelastic Scattering” (NLO)

by
—
Pr €k WA

kr pr < kr

—_———
[Chirilli, Xiao, Yuan - arXiv:1112.1061 / arXiv:1203.6139 | — Full NLO computation.

do do n do
o
d?kdn | d?kdn]. | d?kdn] ..

Real contributions at NLO.

4

Collinear divergences: absorbed into DGLAP evolution of PDFs and FFs.

Rapidity divergences: absorbed into evolution of the target.

[Stasto, Xiao, Zaslavsky - arXiv:1307.4057) — Numerical studies of full NLO result.

BRAHMS 5 =22,32

cross sections turn out to be negative at large transverse
momentum!

Several solutions proposed to fix the problem:

e kinematical constraints

o different choice of rapidity scales

o threshold/ Sudakov resummations

1077
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Revisiting NLO hybrid formula - kinematical constraints

[TA, Armesto, Beuf, Kovner, Lublinsky - arXiv:1411.2869]

e choice of frame:

(i) target moves fast and carries almost all the energy.

(ii) projectile moves fast enough: accommodates partons with momentum fraction x, but does not
develop a large low-x tail.

(iii) target is evolved to s from initial sy via BK.

e |offe time restriction: only pairs whose coherence time is greater than the propagation time through

the target can be resolved.
(1 - €)a,PH1,)

] 1 &)éx 1 (@,P*.0 W
coherent scattering — % > — = v (€x,P* k)
/L S0
2, P~

The restriction establishes itself through a modified definition of WW field:

Ap, (y—2)= —i/ L ivy-2)
G’ 12<€(1-E)apso (27) 12

= ’;ﬂ EZ:;)Z [1 —Jo (\7/ —zl\/e(1 - f)mpsoﬂ

Neglecting loffe time restriction: Modified WW field — standard WW field.

New BK-like terms arise due to loffe time restriction.
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Revisiting NLO hybrid formula - kinematical constraints

[Watanabe, Xiao, Yuan, Zaslavsky - arXiv:1505.05183] — exact kinematical constraint.
The relevant contribution:

asNe
2
2m% Jo

1 2 2 2
e / d lLd ?/Ld b e~k (zi—yL) [_S(T/LJ/L) +S(-75L-,bL)S(bL,yL)]

’ 2 /
. { [lfJo(uLA)} N [1*J0(;LA)} B Zujzj_ 1 Jo(urn)] [lfJo(u’LA)}}
u} uy ujuyp

with uy =x; —by and v, =y, —b,.
One can approximate:

R RN e | A R
[ [ oyt e)] [ (s z,,s(l,gﬂ

/ 2 /
TSt | U 1 kfuu
zln%:lanrln%
c z4 5

New terms (Lq + Lg) arise after the implementation of the exact kinematical constraint.
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Revisiting NLO hybrid formula - kinematical constraints

[Watanabe, Xiao, Yuan, Zaslavsky - arXiv:1505.05183]

GBW reBK Adycp, = 0.01

LO H
\ B9 4+NLO

> =L, L,
® BRAHMS |

1071

[Gev—2]

1073

2
hS

1077 \ r h

1077 1 1 —r al
10" |-

BRAHMS data with \/syn = 200 GeV.

The negativity problem is shifted to higher transverse momentum but not cured!
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hybrid formula

[Liu, Ma, Chao - arXiv:1909.02370]
e a new method to regularize rapidity divergence in the region £ — 1.

-1 0(1=9) 1 ,
(1-9 *"7777 +7(1777)++O(/)

[Kang, Liu - arXiv:1910.10166], [Liu, Kang, Liu - arXiv:2004.11990]
Soft-Collinear Effective Theory (SCET), threshold resummation

1 — z is the energy fraction carried by the soft radiation.
In the forward region z — 1 very quickly = logs need to be resummed.

e
3 — NLO+LLuy, 2

§ 103 :

% 4 charged hadron production p + Pb at LHC and
D B hadron productions at d + Au at RHIC.

3 -

§

107"
0

Pn. (GeV)
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Revisiting NLO hybrid formula

[Xiao, Yuan - arXiv:1806.0 , [Shi, Wang, Wei, Xiao - arXiv:2112.06975]
e extra logs from the kinematical constraint written in coordinate space

2 2 2
7 k

In —é , In % . In? —é

Uy r My

with g, = 2e77€ /r| . In the threshold region (ki or py >> u,) logs become large and needs to be
resummed.

e rewritten in momentum space

K2 12 ,K2
75 +h(A) 1nﬁ+/1(/\) o g b(N)

A is an auxilary scale in momentum space , A > Aqcp
2 2
e soft gluon emission — ln% and lnz% resummed into Sudakov factor
2
o collinear logs — In%; — threshold resummation (DGLAP of PDFs and FFs)

1072 3 10°
| o ATLAS pPb, —05<y <05 « ATLAS pPb, L5 <y <18 | © LHCb pPb, y = 40— 4.3
"_‘]“ CE pPb, 0.3 <y < 0.3 L0 - L0
L ¥ ~ Oneloop One-loop.
2 10- One-loop 210 B Resummed, A% = 20 G S Resummed, A% = 20 Gev?
o, Resummed, A? = 20 GeV? &10’
1077 - &
o w1076
S107
= <10
Z107 02 TeV' S 1070
‘1()"‘ 1= 0P (i + 1) a € [2.4] 1“,(, = P ae24] : 2 P ae24]
10 20 30 5 10 15 20 25 30 35 100
prlGev] pr(GeV) prlGeV)
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A new approach to forward pA scatterings

Common assumption in all these works: large logs can be resummed within the collinear factorization.

[TA, Armesto, Kovner, Lublinsky - arXiv: 2307.14922]
TMD-factorized framework is a natural choice to resum all large logs.

in [arXiv:1102.5327], the mechanisms that give rise to high transverse momentum hadrons:

"Elastic Scattering” (LO) "Inelastic Scattering” (NLO)

k1
-
Pr <k SIS

———

— It is more natural to think the inelastic contribution in the TMD framework:
produced high kt quark coming directly from quark TMD PDF.

* another potential source to producing high transverse momentum hadron:
low k1 parton scatters softly, but subsequently fragments into a high transverse momentum hadron.
-Hadron arising from TMD FF.

* soft logs — we follow [arXiv:1411.2869]: most of the energy is carried by the target. Projectile wave

function does not contain many soft gluons and no large soft logs appear explicitly in the calculation.
All such logs implicitly resummed in the dipole scattering amplitude on a highly evolved target.
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The setup of the problem

[TA, Armesto, Kovner, Lublinsky - arXiv:2307.14922]

TMD-factorized parton model expression:

doLO+NLO s
do / T /G, ki 153)P(k1, 1) F(C. ps (ki + 01 ); i) + Gen. NLO
d?pydn Jkias
Dilute projectile, P
# k
'\ k +q, .#
X, = F qL XF = F

h Dense target, rapidity Y

T(xe/C = Xp, ki; %) — initial TMD PDF F(C.pi, (ki +q.) — TMD FF

P(k.,q.) — differential probability to produce a parton with momentum (k. + g, ) from a parton
with momentum k|
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The setup of the problem

The factorization scales:

2 2
43 = max {kiquf (%) } ~ max {(kL +q1)%, Q% (g) }

pie = [(gr + ko) = pr/C]* mmax{(qr +k1)? (pr/Q)} -

for the initial TMD pdf:

- if k| is the largest scale, then TMD is taken at this resolution scale , since the scale has to be at least
ki in order to resolve the parton.

-if g1 > ki, then g, defines the factorization scale since it is the highest scale.

-if g1, ki < Qs, then it means that the partner of the incoming quark is scattered with Qs and it this
scale that resolves quark from the rest of the wave function.

-if g1, ki < pyi /¢, then the momentum py /¢ is acquired during the fragmentation and it sets the
resolution scale.

for the fragmentation: fragmentation process proceeds in two steps

first: quark with momentum (p*, k; + g ) fragments perturbatively into a quark with momentum

(P, pL/C)-

second: the quark fragments nonperturbatively collineraly into a hadron with momentum (p™¢, p1)
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TMD distributions

Quark TMD PDF is defined as

(2 “?V(‘ 1 _ 2 P . r
o2, k2 K2 o) = (21)37/5 df% - fgfﬁz ( T ) 1

similarly, the quark TMD FF is

2 N —e? 1 .
Fh(¢, k%2 &) = g df% jDzIk (%) =

2m)3
9> N, 1+¢% 1
o2 BT e e W( )

For simplicity, let us only consider the quarks and assume no gluons (the inclusion of the gluons are
straight forward albeit tedious)

2y Y N
e = B Lo G ()

Tolga Altinoluk
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TMD distributions

e TMD PDFs are generated from the collinear ones (large k)

N (1- 1
XTalx I, Ki60) = 55 g / 5%1;&%(1;)@

— The soft divergence of the gluon emission is regulated by the cut off &y (longitudinal resolution scale).

— Partons with high longitudinal momentum are produced from partons with lower longitudinal
momentum by DGLAP splitting.

— Transverse resolution scale in these splittings is equal to the transverse momentum of the parton
2 2
(12 =k?).

The transverse resolution scale (or factorization scale) dependence of the TMD PDF is given by
DGLAP like equation

aTy(w, k25 1% &) = 0(u® — k?) [ To(a, k25 k5 €o)

@ N ad? [P 14 (12 )
Ty 2 / B /df%’m(m‘k%w&])

Increasing the transverse resolution = number of q at a fixed transverse momentum decreases due to
DGLAP splittings into gg pair with higher long. momentum given by the resolution scale.
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TMD distributions

With these definitions, collinear quark PDF and quark TMD PDF are related via

afta@) = [ Rl T ok o)

0

And it satisfies the DGLAP evolution equations...

dafl,(z) u? o d
ri‘;z = naTy(z, 12 1 &o) + /u ndk? d—uzz’n(z, k% 2 €&0)
. g* Ne '1d§1+(17§)2 T g z \ 1
@2m)3 2 J, 3 L—gm\1-¢) p2

o
: L S VA 2 o2, 2.
s e P [T )
2

g N b [14+(1-¢)? @ z \ 1
”<zﬂ>s7/&df[7e Lﬁfﬂz(lff);ﬂ’
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Forward pA - quark channel

— start from the expressions obtained in LCPT (with loffe time restriction) in [arXiv:1411.2869)
(no collinear subtraction and no + prescription)

— projectile contains quarks with transverse momentum smaller than pg, target sits at some rapidity
with no need of further evolution.

— assumptions: large N, factorization of the dipoles, and translationally invariant dipoles.

After Including the fragmentation and FT to momentum space:

H q—q—H H
dod—a—H B dog_)q_’ doi, d(r‘fv__)q_>

d?pdn ~  d2pdy + d?pdn d?pdn
LO term
dog 9" td¢ XF XF
9% "~ _ 98 pa (\XE e (XE
I A ( c)s“’ /o
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Forward pA - quark channel

NLO real corrections:

do q—q B g2 . 1% . zp " g & 1+(17£)2 s .
Epinlyo, @ L, @ D“3(<>//cz.q=>ug/ g () 3 [ s
1 gk 1 <1—s>2<qfk>2 .

* { WIe— P/~ T 2[pie- k]zw/c—u—f)q]z}”(’e NEO)

- first term contributes to the quark TMD PDF
- second term contributes to the quark TMD FF

o the leftover genuine NLO correction (no large logs) is given by

(Gen. NLO), = (2g2>f 5. [ @i //d§ s (( Ff>>£[1+(157§)15(k)5@

><[MC k) (p/¢— ][1’/<*f1 p/<¢
®/C—-k)? (/¢ k2] L/C-a)? (p/C—
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NLO real terms

The first term can be cast into

1 (g — k)? _ 1 k-q
E/k.q S(k)s(q)m = /M ps(*k +p/C) [1 - ?] s(=q+p/C)

Second term (after rescaling ((1 — &) — ¢’) can be acts into the same form.
Using the definition of TMD PDF (analogously TMD FF)

—&? x 4 X 1
/ et () w
quHqHH

Ir - d¢ XF { ~q 2.2 ¢ XF 20, K¢
d?pdn SL/XFC K22 C{Dﬂﬁ(C)T<( KK G 7xso)+fu§<(>]:q<<'k'k'Eoix,:so }

x [ skt /)1 = “5 s+ p/c) + (Gen. NLO)
Jq

XTq(x, K?, K21 &) =

The real contribution reads

— incoming quark with mom. k, scatters with mom exchange —k + p/(, outgoing quark with mom.
p/¢ collinearly fragments into a hadron with mom. p.

— (shift k = —g+ p/¢ and ¢ — —k + p/¢) incoming quark with vanishing mom., scatters with mom.
transfer g, first perturbatively fragments into a quark with mom p/¢, which then fragments into a
hadron with momentum p.
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NLO virtual contributions

Starting from the expressions in [arXiv:1411.2869], adopting the same assumptions:

daf_."’_’” _ gz s N, / / f (IF) 1+(1_£>2
d?pdn (2m) 2 Jop (2 H”” k2>p2 Jk2¢/ (ps0) 3 3

"y P I L T
X/f(? SR B [y it Il e e w5

¢

v N\ p

e incoming q — qg pair, pair Does not contain any large logs (a Gen.
scatters, recombines into q. NLO correction)

e NLO corr. to LO elastic q
scattering.

e qg loop that appears either
before or after the scattering.

e "proper” virtual diagram

in the first term one can perform the angular integration over the angle of vector k:

2k P-q—k & 1 (a=20)* g2p;
A TR R */Hg W
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NLO virtual contributions

The virtual NLO contribution can be split into two intervals

9 . b e ek er (“) 1+(-¢? (”)
- 55 — d§ —fl|— | ————=s|% | s
2oy , @ D¢ / / /, } = /kz</<“.su> RN € ¢)@

o the first term combines with LO to evolve the resolution scale of the TMD to 2.

e contribution from the pairs of the transverse size close to the resolution scale.
(no large logs & Gen. NLO correction)

LO + NLO virtual:

T dc P
IR LRGN
g2 . N. [ r]Q i dzk < ) 1+ (1-¢)? (p)
-2 =S L S VA i o
et J,, Pl /1/; /kc/muo < &\

1 u2 Lo . 2
o [ [ () ) 1)

TFSo # E
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NLO virtual contributions

o evolve the factorization scale in the collinear PDFs and FFs up to p?

15 2 . 2 . 5
q 21a (72, 2.0 _ GH . q (TF 27, TF g2 2.0 Cp
Dy = [ iy (crutia = 25 ) [ (Tt - )

this introduces the term at O(a?) therefore legitimate in our O(as) calculation.
e alter the scattering amplitude

ke Ol s

(Ik + 11> S g < p?/¢? & ¢* ~ max(Q?, p?/¢?) & [,s(q) = 1) = this modification only adds
subleading power corrections of the order 12/Q?
LO + NLO virtual:

s &[]
TF 0
q 2. 0., _ CW\ TR 2. N (o P Ck+D-ql (P
T (CJ ke = fI?FSo> ¢ < ( ¢’ Ll ’FSU)(S( B+ + () [1 ¢ B Q+C
LO+NLO virtual+NLO real: Final TMD factorized expression
2
SL/ dc//dzl/dzk Fi (k Pip? &= o >7 4 (Il.k2;;L2;§0: e )
q TS ¢ TFSo

(o) fi- u} (-0 2) + Gmrto
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e The progress continues in order to provide full NLO results which will provide
the necessary precision for quantitive studies to determine whether saturation
is exhibited by experimental data.

o We have discussed the issues and the suggested solutions for pA collisions at
forward rapidities for NLO calculations.

e A new approach to forward pA scatterings is discussed.
Still have a lot of work to do:

- NLO calc. without TMD FFs, single jet production in forward pA collisions.

- NLO calc. without TMD PDFs, single inclusive hadron production in DIS.
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Back up - Rapidity balance

projectile Mp
2P;

produced hadron v
n P

EEEEEEEEEEEEEEER :1/7—
n-=JYr,
S0 \

EEEEEEEEEEEEEEEDN
2

target p
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Back up - Exact kinematical constraint

vs N, A2z A%y, d
aolNe [ Pos Py dby o) [5(a, —b,)S(, —b) — St - v1)]

L) =% | = omp

Ll kiuLJrilnki“E,Qui‘u/i |uLHuL|
u? c2 u'? c? u? u'? c?

1 E2\?

—21 d?1 et <ln 5 >

ug s

- 2

u—;l L = ZL("IL “L”—L In kz

ug 'L Uik
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Back up - All channels

,1(,-(1~>11~>H7 z . l+£ !
i = @ CF S <z / / deee I (*)[ E]*WS(G)

1 (g kP 1 (g h)? N
e T e ] ©n
#1 - quark TMD pdf 1 #2 - quark TMD ff 1
dgo—a—H.r 2 1
Zpdy) (227)32 /gzD/qLS(( Aq/dg u,( )) [52 a 5)2}5(/«)5(@
1 (k—q) 1 (1-¢7 [(fI*k) (g—1)° “en ) ;
X{2(1>/<—k)2(p/<fq> /()2[p/< —Oa-k]’p/c-0- )(q—t)}2}+((’e -NLO):  (G2)

#3 - quark TMD pdf 2 #4 - gluon TMD ff 1

do9—9—Hr d{ 11. Tp 1-¢ 13 Nl
i (2n> s [ G [ fag to i (casg) 6+ e 9] stwtantn

1 =k —(¢—1)? 1 (176)[(1*1?) (g -t
- + = + (Gen. NLO C3
X{ /¢ = (a=R) /¢~ (a -] 2[p/¢— (1= &g~ k] [p/¢ — (1&g —1)] } ( b
#5 - gluon TMD pdf 1 #6 - gluon TMD ff 2
dgteHr q 1+(1-9%] ..
L Y -G / Jae iz g (25) [FEE s
A sk [<q—k>— - 1 -k ,
{/ (t)z[p/C (a—8))’[p/¢ - (a-1)]° +2(z>/< &k)2(p/C — €q)? }HG - NLO). ©9
#7 - gluon TMD pdf 2 #8 - quark TMD ff 2
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Back up - quark channel

Defining the quark TMD PDF as

5 1 g? ; + &2 1 r \1 ) 1
Tt ) = 5 oo [ ae{ e (5) or [T )+ et () sl 0- 97

then (#1 + #3) can be written as

d(zp

(#1+#3) = ac.

[ oorm (L) s a0 [ [1- 2o caarc

After defining the quark TMD FF as

1 g , 1+&] 1., (= 1+(1-92\ 1
Attt e =y [ os{eets (5) oo [roe) 2o (5) o[ e

then (#2 + #8) can be written as

(#2+#8) =5, d“qu (T )/f (G2, K2, €0)s (— k+p/<)/[1fkq—"] (—q+p/0)
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Back up - quark channel

Finally, for the quark production we get
d x
G+ s = 5o [ 50 [onom (an0ne) + 1 (22) mcr )

(—k+p/C) /[17—] —q+p/C)
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