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Motivation.

Rapidity factorization for particle production in hadron-hadron
collisions.

@ Conformal invariance of TMD Operators.

TMD Rapidity-only evolution equation in Sudakov region with
running coupling.

Conclusions
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Particle production in hadron-hadron collisions

e.g. production of Higgs particle

o typical TMD region: s ~ ¢*> = m} > ¢4 ~ 1Gev
@ Sudakov region: s ~ ¢*> = m% > ¢% > 1Gev

e small-x region : s > ¢*> ~ ¢* > m}
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TMD factorization

do ;
——— = Z/dzbwl(q’bhpf/fx (xa,b1.m)Dysp(xp,br,n)o(ff — H)
dnd”q :
+ power corrections + Y —terms
@ rapidity: n

@ D;/4: TMD density of parton f in hadron A.

® o(ff — H): cross section of production of particle H of invariant
mass m2 = Q? from two partons scattering.

@ Power corrections: %

e Y-terms: for ¢> ~ ¢* allow transition to collinear factorization
formula.
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@ TMD evolution equation are analyzed by different methods at
moderate xz, CSS and SCET, and at small-xg resulting in different
evolution equations.

@ At the future Electron lon Collider, TMD will be probed from low to
high xp. It is then necessary to develop a formalism which is valid
in both limits.

@ In the region of moderate x5 TMD analysis is performed with a
combination of UV and rapidity cutoff which results in two
evolution equations, in ;% and ¢ (related to rapidity).

» Such evolution equations are known at two and three-loop, but their
relation to the conformal properties of TMD is not known.
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o |. Balitsky and A. Tarasov (2016): Evolution equation for gluon TMD valid
for all xg = B and all k. (> 1GeV).
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Limits of the

Light-cone limit
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Limits of the Equation

I. Balitsky and A. Tarasov (2016)

Light-cone limit =  DGLAP

d ay d7 1
d_nasD(xB70L777) - ?Nc - |:(

Low-x limit: p; ~ (x — y)f <s

«o
212

1 XB
1 — ZI)+ + Z -2 +ZI(1 _Zl):| aSD(770L7n)

non-linear evolution equation

Y — )2
Tr{ (—i0f + UF) [/dzz(f];; - 1)%(@@ - D]6Uy + v}

with U; = ;U and (@‘77‘)2 BK kernel
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Limits of the Equation

I. Balitsky and A. Tarasov (2016)

Light-cone limit =  DGLAP

d _ay dz 1 1 , , Xp
EQSD(X]%OL,"]) - ?NL‘ e [(TZ,)_'— + Z 247 (1 —<Z ):| aSD(770L7n)

Low-x limit: p; ~ (x — y)f < s non-linear evolution equation

« ~ . Y —v)2
_ _ﬁTr{(—iaf+U§‘)[/dzz(Ux - 1)%(@@ . 1)] (T + Uy

with U; = ;U and (@‘77‘)2 BK kernel
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Result is complicated and not unique. Conformal Invariance may help.
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Conformal properties of 6-point functions in A'=4 SYM

For TMD we need to study 6-point correlation functions in N'=4 SYM theory

S= %Tr{zz} (Z = J5(1 + i¢)) renorm-invariant chiral primary operator

(S(21)S8(22)S(23)S(24) S (25)S (z6))

8 (out of 9) conformal ratios will contribute.

Pa
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Conformal properties of 6-point functions in A'=4 SYM

For TMD we need to study 6-point correlation functions in N'=4 SYM theory

S= %Tr{zz} (Z = J5(1 + i¢)) renorm-invariant chiral primary operator

(S(21)S8(22)S(23)S(24) S (25)S (z6))

8 (out of 9) conformal ratios will contribute.

Pa

Simpler case has been studied: 4-point correlation functions in the Regge limit:

only two conformal ratios.
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Particle production in hadron-hadron collisions

. Balitsky and G.A.C. (2008),
|. Balitsky and A. Tarasov (2015)

Rapidity Factorization

Py = 5 Projectile
¢ % € fields
Py 4 g & Central
2 & fields
faaananegeoaaihagaassaeaocannnand
) Target
P 7l o ° [¢]
fields

@ Projectile fields: k= <0, = Projectile TMD
@ Central fields: coefficient functions

o Target fields: k™ < 0, = Target TMD
Aussois - 15 January 2024 10/36
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TMD factorization in coordinate space

Z+ —
F(zr,27) = gF " (2) [Peltl oot AT Tt e

(S(21)S(22)S (23)S (24) F* (1) F2(v))
= (S(21)S(22) Fila ™, x 1) F(v", v 1)) (S (23)S (ea) Filx™ 2 ) F (v, y1))

Sudakov region:
>ql & @-yTa-y <@x-yi
Small-x region:
s> gl & )Ty~ L oo and 5,7 - oo

Small-x and Sudakov region:

s>>Q2>>q2l & (x—y)+(x—y)_<<(x—y)2l zf,zj—)oo and z;,zj(—>—oo
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TMD factorization in coordinate space

(pa,PBIS*FS, F (21)8*F} ,F*(22)|pa. i)

1 - _ )
= 1 Pal0s(e 21052 2, )Ipa) ™ sl OV (& 21,523, 22 le) ™ s

c

Gluon TMD operator

— )
z) =z, =0

04z 21,35, 22,) = Fi(a)la — oon, 22 — con] F (22)

Oz 21,32 22,) = Fi(@)lar — oo’y 22 — oon'| F (22) ety
172 =

ia O — p—im igfiJr dzt A= (upy+x, )1ma
(FH(z1,27))" = gF """ (2) [Pe®) == ™
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TMD factorization in coordinate space

Gluon TMD operator

Ozl 21,34 22,) = Fizi)[z1 — oo, zo — oon]“b]-'b(zZ)

7 =2, ;=0"

Oy(z7 121,525 522, ) = Fi(m)lar — oon', 25 — 0on| F (z2)

)
?'=z;' =0

e N

T e

1674 "\ z1p

0\/5
212,

cutoff preserving conformal invariance

[x,y] = Peis/ dulx=y)"Apwxt-(1-u)y)
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TMD factorization in coordinate space

Gluon TMD operator

0y(zf 21,52, 22, ) = Fi(z)let — oon, 20 — oon]® Fl(z2)| o
7] =25 =

Oz 21,35 ,22,) = Fi(a)[z — oon', 22 — Oon/]“b]'}!’(zz)‘zhzho :
| =% =

TMDs are invariant under the inversion

FMzi,z0) = FzTz0)[z", 2" — oon)™
+ +
i Z Z Z Z
—F <Tv TL) —, 5 —oon]™ = F'(dy, )
ZJ_ Z 21 ZJ_

We need the full conformal group of TMD operators.
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Conformal SO(2,4) group

Conformal group has 15 generators: Poincare + Dilatation + Special
conformal trasformation (inversion + shift + inversion)

=
=

045] = g,uaMu,B + gu,BMua - guﬁMua - guaMuﬁ
iiMag, Pp) = gapPs — 8puPa

iiMag, Kp] = 8auKs — 8puKa

iiD,P,) =P,, iD,K,)=—K,, iK.P,)=2(guwD+M,)

Action on scalar field of canonical dimension A;

i[D’ (I)(x)] = (xaaa + A)(I)(x)
i[K*, ®(x)] = (2xHxDy — x*0H + 2Ax") B (x)

quantum correction: A — A + anomalous
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Conformal invariance of TMD operator

Conformal SO(2,4) group has 15 generators

TMD operator transform covariantly under 11 generators:

TMD Conformal group

P, P, M2 M7, D, K', K-, M—*

Generators P, K", M "' do not preserve the form of F—/.

G. A. Chirilli (University of Salento)
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Conformal invariance of TMD operator

Action of conformal generators on TMD operators

SPE ) = OF I ), P F ) = S ),
—iM T FI(xtx ) = — ii]:fj( T ox1)
i X',x1) = x@x‘*’ X X)),

—iDF~(xt,x) = (xF 8—++xk—+2)]: it x0),

—iMIFk (xtxy) = (x’B’ x’(’)’) (x+ x1) + gk F- J(x ,X1) — g’"‘]:_i(x*',xJ_)7

—K'FI(T,xy) = 2 (xt %+f—+2)}' It xl)+xﬁ_%}'7j(x+,xl)

2 F i xt xy ) 4 280 F (et X)),

—iK~ F(xt,x,) =23 9

laxi]:ij(xtxl),

gt =i 9 —i
—iMTTF T (xt xy) = (xF 8_++1)]: (xt,x1)
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Conformal TMD group in the embedding formalism

Conformal TMD group in the 6-dim space; g > 2=1, g b7l =-1

Conf. Transf. are Lorentz transf. of light-rays (“2“‘2, #,xu) in 6-dim space

with metric (1,-1,1,—-1,—1,—1)

1 1
Ly=My,, Lo,,= E(PH —-K,)), Loi,= E(P“ +K,), Lo =D

i [Lab7 Lmn] = &maLnp + &nvLma — &mbLna — &nalmp
Define

Ly = M, L_,=DP, L, =D

with m,n,l = —2,—1, 1,2, get usual Poincare generators M,,,,, P, and the
“Dilatation” D in 4-dim sub-space orthogonal to the physical “+” and “~"
directions
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W (q) = Z ef/dsz ) /a ankL)D;i/)B(xBaQJ_ —k1)Cu(q,kL)

flavors
+power corrections + Y — terms

Dy/a(xa, k1) is the TMD density of a quark f in hadron A with fraction of
momentum x4 and transverse momentum k (similar for hadron B)

TMD £, for total DY cross section for unpolarized hadrons

1 +
Amks) = 1 / dzid’zy e VIR iz 20,z — conliy (0)pw)

unpolarized nucleon |py)

PN =Py, n= (\%,O, 0, %) light-like vector in “+” direction
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Quark and Gluon TMD Operators

[x,y] = Pes du ()" Au(ut(1-u)y)
Quark TMDs

(", x1)x,x £ oon] [£oon +x1, Foon + y JT[Eoon + y, yJ(y", y1 )

Gluon TMDs

F~'(x", x1 ) [x,x & oon][+oon + x 1, +oon + y, |[Foon + y, yJF 7 (y",y1)

single out “good” projections in the light-cone language

L = v, v, v L
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Rapidity-only cut-off

Rapidity divergences due to infinitely long gauge links

Rapidity-only cut-off: restrict the + component of emitted gluons by
Wilson lines

A° _ d4k 0 k+ —ik~xA k
;L(X) = 16:4 (0'9—’ ])e u()

0=+/3

Goal: find evolution of TMDs with respect to o in the Sudakov region
oxps > ki ~ ¢>
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Background field method

To find the evolution kernel:

O Integrate over gluons with o > k™ /p > o’
© temporarily freeze the fields with k* /o < o’

The result will be some kernel multiplied by TMD operators with
rapidity cutoff o/

(", xp ) [x", —ooTle[xL — oo™, yy — oo™ [0ty DY (T, y L)) wa

U and A are quarks and gluons with small k™ < oo

oyt = krn+zi,ytn+ 2]

G. A. Chirilli (University of Salento) Rapidity-only evolution of TMDs




@ Backgroundfield — A~ =0

» an extra background gluon line would mean an extra F,,,, . This
gives a higher-twist contribution which we neglect

@ Quantumfield — background-Feynman gauge

» |t reduces to the usual Feynman gauge in diagrams without
background gluons.

» in such a gauge the contribution of the gauge link at infinity
[x1 — ocon,y, — oon] does not contribute.
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Fourier transform of background field

U (BB, pB.) = g/dz+dzL \II(Z—F,ZJ_)eiQ/BBZ_‘_—i(pB,Z)L

\ij(ﬁg?plBL) = Q/dZ+dZJ_ \TJ(Z+’ZJ_)ei‘Q/Béz+_i(p/BaZ)L

Background field not on the mass shell
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Diagrams with no time ordering

9) h) i)
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Cancellation of IR divergences

IR divergences in diagrams (a), (b) and (c) should cancel

p.—0 & x—y

([, =00 L[—oo  y L, Tw (v, v e = (T YL v ))w

The use of naive rigid cut-off

7 d 1
/_a c=—>0
0 « 00~

The use of naive rigid cut-off does not allow IR cancellation
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Rigid cut-off with point splitting regulator

= Use rigid cut-off with point splitting

7 da > da _ia
— = —e o
0o « 0o @

Rapidity-regularized operators

_ - 1
¢U(x+3xl) = w(x+7xJ_7 _p_O') [X+, _Oo]x

VI(yTyL) = [—oo,yﬂyw(y*,yl,—p%)
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Evolution equations for quark TMDs in momentum space

d |, dN -y
(02 + 0" ) (B )T (Bpay)

- —g—;cF&U' (B> x)T97 (B, y1) [ln ( - %(5;3 n ie)a’sAiﬁ)

. 2 2
_ ; 2 v my oy
—Hn( 4(5B+le)osALe )} +0 <ﬁBas’ ﬂ,’p’s)

mi ~ AIZ ~PpL
The solution of the evolution equation reads

07 (B, x )T (Bp,y1)
—% In Z—: [ln o'o(+21n (—A“—'(,Bé+is)sAﬁ_e'Y)]

= e 0 11_)06 (Blliaxl)

ASCF 1 "’10 [ln oop+21n (—%(,@g—&—ie)sAie’Y)]

XY (Bg,yL)e *

In the Sudakov approximation each operator evolve independently.
Beyond Sudakov this is no longer true.
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Evolution equations for quark TMDs in coordinate space

d — ,dN\-y, 4 -
(70 + 0/ )87 @ )T (7% 3)

2
. Ino(—x" + 2" +ie) — In 22 _y
= 7CF{ /dZ+ |:l Q( ) * +C~C-:|¢o- (Z+axl)rwo—(y+ayl)

—x+—|—z++ie

112
—|—/dw+ [_ln o(—yT +wT +ie) —In %e’y

i TR +ee o7 (¢ )Y (v )

Note “causality”: z < x* and w < y*:

The evolved v, ¥ operators lag behind the original ones,
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Evolution equations for quark TMDs in coordinate space

Solution

ascp

o7 (x* )Fw”( o) =e 7

— asCF In /) iT(1 — &CE |p o
/ —+c.c. /dw+ ( 2 OZSF) — +c.c.
— L In Z ( 1— In
0

(zF —xt +ie)

wt—yt4ie) @ "=
ascF
y m(bieﬂy\/s/—g) (ln /+ln ) _
V2

ol gt x TP (why )
Conformal invariance SO(2,4): choose o = ¢’ = X
¢ is an evolution parameter.

(1n Z—(,; Ino’ ‘70+1" < In oao)

Sudakov evolution: transverse separation between the gluon operators ¢ and v
does not change while the longitudinal one increases.

1. Balitsky, G. A. C. (2022)
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Running coupling

BLM procedure:

1 Calculate quark loop diagrams

2 Promote —ny to full by = SEN, — Lny

1 1 i?
- 1+b In———
p? +ie - pr+ ie( + boos () In —p?— ie)
1 1 i?
- (1 s(p)In———
p* —ie - pr— ie( + bocrs (1) In —p2+ is)
> i0(po B\ i8(po) 7
206(*)0(py)  — p2+i€(1 + boas (1) In —p2—i5> s (1 + by (1) In — 2+l€)

where ji2 = i25e’/3.
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Evolution with running coupling

d d - !
(U% + O'/w>'¢a (ﬂg,XJ_)FZbU(BBJJ_)

= _;_;ZZUI (ﬂ;}v-xL)ng(/BB7yl)

i i
X [as(,ug/) In ( - Z(ﬂg + ie)a/sbﬁ_ey) + a5(po) In ( — A_L(BB + ie)asbﬁ_e’yﬂ
N%‘/ = UL,@z’f\s 'ug — o—fzj\s

by =A =(x—-y)L

The effective argument of a coupling constant is halfway in the logarithmic scale
between the transverse momentum and energy of TMD distribution.
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Solving evolution equation with running coupling

by = gz (3Ne — 3my)

. d
do da(po)

T = B0

(and similarly for o’ ;)

d d 7o' (nal o
( 2( )d ( ) (Na)da(ual)>¢ (5B,XL)FT/J (/837yL)
_ _2CF Qs (:u ) as(/‘o’) _
-l o

‘7170%2(%') In[—i(7 + i€)] - La;(””) In[—i(7 + ie)] }w (821 )07 (Ba,y1)

~ bZ - /
b =57 and 75 = @2‘ , Th= fi
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Solution with running coupling

&7 (B, x 1 )TY7 (Bp, 1)

B 2¢c 1 b o as(por) 1 1

_exp{— F[( Eoln[—l(TB—i—le)])ln i) + - ]}
(

by os(by') os(ior)  sliioy)

2cp 1 b . . 1 1
T exp {_W_b(z) [(Ozs([?I_l) - ?0 In[=i(7s + lE)]) tn as(#oo)) - os(io) - O‘s(#oo)] }
X% (B, x )TV (Bp.y1)

Like in LO, Sudakov evolution looks like two independent exponential factors
which describe two independent evolutions of operators

I. Balitsky, G. A. C. (2022)
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Quark loop contribution from light-cone expansion

Background field on the mass shell

() = / &5 0 0 (B)

the x* dependence is power-suppressed so we can take x™ = y* from the
beginning:

A NI 8 AR

_d _ \\Figla—
—07 == —oold oo, y T, v, —67)) e e

In this case, all relevant distances are space-like so we can replace product of
operators in the matrix element in the |.h.s. by T-product.

1 _d _\q\Figla—
paterd q5= (THO, —ocl[=00, 07T p(0%, 01, =67 i+
s
73
d 0 In £ P~
= 25——/ dzt (2T, x P rewt_|ot,—67,0,) — (x;. =0
| 4@ el D) = (= 0)]

I. Balitsky, G. A. C. (2022)
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Time-ordered product diagrams for quark TMD evolution
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Time-ordered product diagrams for gluon TMD evolution

N
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d d ia;0’ He
(UE + U/E)]:’ (B x 1) FT (BsyL)
Nc ia;0’ Hed
_%‘F7 ’ (51/37XJ_)‘Fa7i (ﬂB?.yJ_)
X [as(ual) In ( - i(ﬁg + ie)a'sbﬁ_e”) + a5(io) In ( - %(ﬁB + ie)asbﬁ_e’y)]

The solution of this equation is the same as for quark with ¢z — N, replacement

Fra (B x 1) F (Bg.y 1)
_2N¢ [ln as(pyr) ( 71 +ln[—t(TB+le)])

é_é]
as(u(,/) as(udé)

« = wbg as(p,, /)
2N, s(Ba)
o o el (Camm i)+ i) ot g )P g9)
B> i )

I. Balitsky, G. A. C. (2022)
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Conclusions

@ The conformal TMD group has been obtained: it is made out of 11
generators of the full conformal group.

@ We obtained conformal evolution of gluon and quark TMDs in the
Sudakov region.

@ quark and gluon TMD evolution equation with running coupling

» The effective argument of a coupling constant is halfway in the
logarithmic scale between the transverse momentum and energy of
TMD distribution.
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@ Conformal properties of TMD evolution in the small-x region.
@ Conformal evolution for all xz.

@ The plan is to perform the calculation for 6 point function similarly
to the one done for the 4 point function in A’=4 and in in QCD.
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: n

y 2y
Y>n ®ZZ
— B et e
Y <n i i

|B) is the target state.

a2 2 d221d222 A A
(B|T{ju(x)jv()}B) = /T 1) (x,y; 21, 22) (Blur{ U2 ULV} |B) + . .
12
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High-Energy Operator Product Expansion

y 2 x

Z2
Y >n ®
—
Y <n

a 2 d2z1d222 A A
(B|T{ju(x)jv(y)}IB) = / = 12 (x,y;21,22) (Blue{ U2 UITY|B) + ..
12

Rapidity Regularization:

A(x) = / a*k0(e" — [+ )e A, (k)

ny — _d"
d"k = Qm)"
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Leading order: BK equation

d . . -
%tr{UxU;} = Kpotr{ U, U} + ... =

d PN oA
% <tr{ Ux U; })shockwave = <KLOtr{ Ux U; })shockwave
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Balitsky-Kovchegov equation

(xy) = 1 - 060 (1))

U(x.2) +U(zy) —Uxy) — U UG ) |

o LLA for DIS in pQCD = BFKL
» (LLA: oy < 1, a4m ~ 1): describes proliferation of gluons.

@ LLA for DIS in semi-classical-QCD = BK eqn
» background field method: describes recombination process.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
e}
[cop1 +x1, —oop; +x1] = Pexp {ig/ dx™ A_,_(x+,xJ_)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
e}
[cop1 +x1, —oop; +x1] = Pexp {ig/ dx™ A_,_(x+,xJ_)}
—0oQ
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(x*,x,)? = —x% = after the inversion x; — x, /x3 and x* — x*/x3.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
e}
[cop1 +x1, —oop; +x1] = Pexp {ig/ dx™ A_,_(x+,xJ_)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(x*,x,)? = —x} = after the inversion x; — x, /x3 and x* — x*/x3 =
L[ xT xtox, b x|
[oopi+x1, —oopi+x1] — Pexp {lg/ dTAJr(—,—Z)} = [oop1+—, —oop1+—-]
— 0 XJ_ xi_ XJ_ XJ_ XJ_
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
e}
[cop1 +x1, —oop; +x1] = Pexp {ig/ dx™ A_,_(x+,xJ_)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(x*,x,)? = —x} = after the inversion x; — x, /x3 and x* — x*/x3 =
L[ xT xtox, b x|
[oopi+x1, —oopi+x1] — Pexp {lg/ dTAJr(—,—Z)} = [oop1+—, —oop1+—-]
— 0 XJ_ xi_ XJ_ XJ_ XJ_

=The dipole kernel is invariant under the inversion V(x,) = U(x, /x})

, ay [d*z (x—v)?; ! .
Aa) = 2 [ T - N

22,
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

[So, 8] = £, %[3"+73—] = So,
[S_, U(Z, Z)] = 12620(172)7 [SO, U(sz)] = ZaZU(Z, Z)v [S+’ U(sz)] = _azf](zv Z) )

=7 +i2, z=7' —if, U(z1) =U(z,2)

G. A. Chirilli (University of Salento) Rapidity-only evolution of TMDs Aussois - 15 January 2024 5/14



Conformal invariance of the BK equation

SL(2,C) for Wilson lines

(K' +iK?), S ——(D+zM12), S, =L(P' —iP?)

N ~

[So,8+] = £84, %[SJMS—] = So,
[S_, f](zv Z)] = 12620(172)7 [SO’ U(Z,Z)] = Z@ZU(Z, 2)7 [S+’ U(sz)] = _azf](za Z) J

=7 +i2, z=7' —if, U(z1) =U(z,2)

Conformal invariance of the evolution kernel

asN dz K(x,y,2)[8_, Te{U U Te{U,U1)]

d
a7 — 8-, Tr{U.U}}] =

5 0 , 0 8
= |X 5+y §+Z 2 }K(x,y,Z) =0
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Conformal 4-point function in A’=4 SYM in the Regge limit

In a conformal theory the amplitude of 4-point functions depends on
two conformal ratios which can be chosen as

y— ,)2 1 } 2 Regil;mit fixed

Aussois - 15 January 2024 6/14
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Conformal 4-point function in A’'=4 SYM in the Regge limit

Cornalba (2007)

Provides general structure of the 4-point function in the regge limit as
an integral over one real variable v

<{S(Zl_,ZlJ_)S(Zz_,sz_)S(x"',xJ_)S(y-f"yl)}) _ /du o(r, I/)F(I/)R%w(y)

S \/i Tr{Z?} (Z= \%((bl + i¢)) renorm-invariant operator

w(v) = w(0,v) is the pomeron intercept.
o F(v) is the “pomeron residue”.
@ ®(r,v) some function of v and the conformal ratio r.
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NLO Amplitude in N'=4 SYM I. Balitsky and G.A.C. (2009)

Explicit calculation of the 4-point function in the Regge limit at NLLO

=

Factorization in rapidity

4-point function at NLO in the Regge limit using conformal composite dipole in
Wilson line.

G. A. Chirilli (University of Salento)
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NLO Amplitude in N'=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity

A 4 ®

hr. o e

o F(v) Pomeron residue (Impact factor) at NLO in A'=4 SYM and QCD
. Balitsky and G.A.C. (2009)

o NLO Pomeron intercept w(v)
» QCD: Fadin-Lipatov (1998) and I|.Balitsky and G.A.C (2007)

» N=4: Lipatov-Kotikov (2000) and I. Balitsky and G.A.C. (2008)
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NLO Amplitude in N'=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity

A @

’ Yg<Y<Yp —-> E’”‘““%vv‘ +

Z ::E::::::::.:: :: :;-S
&
X~ y X <]>Y’ X @y’

(T{Sx)ST()S()ST()})
= / d*z1 1 d* 201 d*7) AP TR (x,y; 21, 22) [DD] ™™ (21, 223 21, ) IF (¥, Y 20, 20)

in QCD: NLO ~v*~* cross section  G.A.C. and Yu. Kovchegov (2015)
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Getting the interpolating evolution equation

Shock-wave with finite width

A (xe,xT,x1) = AAT(W g, AxT xy)
Y X A+(x..x+,xL) — )flAJr()flx.,/\er.xA)
Al (xe,xT,x1) — AJ()\flvx.,/\,ﬁ..x' )

M is the boost parameter

@ small k™ gluons are classical fields large k* gluons are quantum fields.

kt

@ Long. size classical fields: et ~ T with [, trans. mom. of classical fileds
1

e Distance traveled by quantum fields: z+ ~ ’;2—+ with &, trans. mom. of
1
quantum fields

@ Shock wave: [| ~ k|

@ Light-cone expansion: /| < k.
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Rapidity evolution of Gluon TMD operator

Gluon TMD F(z; |, x3) F (22 , x5)

hag,  AV\T o p—im g7 et A (upy )
(F(zL,27))7 = gF " () [Pe’®] - 1",

a0 = [ 0(22 ) oann

212,

Typical LO diagrams

@ Shock wave: [| ~ k,

e Light-cone expansion: /| < k.
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Rapidity evolution of Gluon TMD operator

my =q¢>=Q%  Sudakov region: 0 > q, > 1Gev
Sudakov region in coord. space:

22— — -+ 2
‘12| = 2219213 < T

Typical LO diagrams

ot
To calculate these diagrams the approximation is: k" > —~-
<121
Sudakov evolution:transverse separation between the gluon operators F; and 7;
does not change while the longitudinal one increases.
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Rapidity evolution at leading in Sudakov region

0‘2\/5

Zlh

ozSN

0%”(zf,55) =

112L

where the kernel K is given by

A

21 5%y

27,
KOG <) = -

+
Z) dz-‘r 2,7 2 dz
+ + e V2(z—2)T + +
e 2
o( )/ Tt +0(21712)_ +*Z+

0@ 3)

KOUI( <] azz)

P
\[(zl —)*

o0 ?q

— O(Zl ,Z+)

Ot 5) -0 5) _ / it

-zt

dz+

/ .
—0o0

-zt
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Solution of the evolution equation

To solve the evolution equation, perform Fourier transform

Ke—ik i+~ _ [_21ngzl2L ~In(ik™)
+
— In(—iK") +1n2 — 4y + O(R2 )]e—”"zTJr”‘”z?
22,0
Result (@, = %) |. Balitsky and G.A.C (2019)
—26,In 22 _ —2a5In 22
0% .f) = ¢ "7 [morestar—in] / dzy"dzy" O (21", 27) 21,
1 [ i0(1-2a,n%) iT(1 - 2a,In 2)
O T e - Ll AP B oy tec.
(zf —z" +ie) g (z3 — 25 +ie) 71
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Solution of the evolution equation

Result (a, = 22) |. Balitsky and G.A.C (2019)

—2a51In 22 |In oy o2 +4v—In2 ’ ’ —2a,1In 22
Oaz(zl ,Z;r - s [ 1 ] dz +dzz+ OO (Zl ,Z+) leL 1

1 il'(1 —2a51n 2) il(1 —2a,1n 22)
+cc. o
:| [ 1- 2aslng—f

X +c.c.

m (Z+ ++ >1 2Ch1n

1 4 (7 — 25 +ie)

Result transform covariantly under the TMD-conformal group generators except
the Lorentz boost M+~ which is the generator of the evolution equation: The
Lorentz boost in z direction changes the cutoffs for the evolution.
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Conformal invariance of the TMD matrix element

Sudakov-region result is applicable in the region between:

+
2121 ZHV2
02 = 0B = —— and o1 =
Z]Z\/E 2121
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Conformal invariance of the TMD matrix element

Sudakov-region result is applicable in the region between:

0y =0p = 2L and o1 = ZTZ\/E
Z,V2 Z121
Lorentz boost: z+ — \z*, 7 — 1z~
-2
o (ps|Olps) — (ps|O|pr)exp{4Aa;In 2'—2”} Target
2,
) (pA|(’)|pA> — (17A|O|pA)exp{ 4\ In i Ly Projectile
H

So the amplitude is invariant:

(pas pB|& Fi, F* (21)8° F3 ,F" (22)|pas pB)
1
N1

c

(PalOy(zy 121,525 122, )lpa) " (P8l OY (2 21,523 . 22, ) IpB) ™
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Comparing with conventional TMD analysis

Evolution for generalized TMD ¢ = 722

V2s

N +
D () = [ e VA 107 (= T 5 )

From our result we get

D”(x,§) 2000 Z2nos01 (2 €5z, | +4y—21n2]
D7 (x,£)
For usual TMD at £ = 0 with the limits of Sudakov evolution one obtains
D™ (x,q.1) N efza\. In % [in %4»4"/5721“ 2]
Do1(x,q1)

@ Coincides with usual one-loop evolution of TMDs up to replacement
4vg —2In2 — 4yg — 41n 2.

@ constant depends on the way of cutting k™ -integration which should be
coordinated with the cutoffs in the “coefficient function” o (ff — H)
» The discrepancy is just like using two different schemes for usual
renormalization.
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Going beyond the Sudakov approximation

Sudakov: Q > ¢ ; in coord. space (x —y)% > (x — y)ﬁ

o xBNIanqume
» The relative energy between Wilson-line operators F and target
nucleon at the final point of the evolution is ~ m% so one should use

phenomenological models of TMDs with this low rapidity cutoff as a
starting point of the evolution.

OXB<<1

» This relative energy is within )’fi >0 > ’"N beyond Sudakov region
into the low-x region: the TMD' operator, known as
Weiczsacker-Williams distribution, will produce a of color dipoles as
a result of the non-linear evolution. The transition between Sudakov
region and small-x region is described by rather complicated
interpolation formula. In coordinate space this means the study of
the operator O at zj ~ 24 . Conformal invariance may help us obtain
the TMD evolution in that region.
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