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Introduction
oce

~v*~* at lowest orders

o At LO, interaction is
mediated by fermion lines

q
(quark box + cross)
@ Spin j = 1/2 exchange
— op™* ~ 52071 = 1/s
9

@ Dominates at low energies

=
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Introduction
oce

~v*~* at lowest orders

o At LO, interaction is
mediated by fermion lines

(quark box + cross)
@ Spin j = 1/2 exchange -
fr— O'SOX ~ 52(.]_1) = 1/5

: : . |

@ Dominates at low energies |

q |

Perturbative corrections to this diagram 1
provide logarithmic corrections !
k |

0 = 0014 as log s+ (ag log s)%+- - -]

=
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BFKL approach
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BFKL approach to v* v* scattering

@ A constant cross section is

Qi
obtained by exchanging a gluon,
which couples to photons via
quark lines.
@ Spin j = 1 exchange o :

= 09 ~ 043 s2U-1) = const

=
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BFKL approach
©000

BFKL approach to v* v* scattering

@ A constant cross section is
obtained by exchanging a gluon,
which couples to photons via
quark lines.

@ Spin j = 1 exchange
= 09 ~ 043 s2U-1) = const

Perturbative corrections to this diagram
provide logarithmic terms

o~a? Z cnlaslog(s)]”
n=0

aglogs ~ 1 = all-order resummation

=
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BFKL approach for v*~*

@ The PT series of the leading log s can be
organized as the sum of effective ladder-like
diagrams with gluon exchanges in the
t-channel and real gluon emissions with
strongly ordered rapidities.

kl

K(k, k)

@ The effective vertex is the celebrated
Lipatov's vertex.

@ By squaring of the Lipatov's vertex and
including LL virtual terms (correction to the
gluon trajectory), each rung is described by
the so-called BFKL kernel K(k1,k’).
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BFKL approach for v*~*

@ The PT series of the leading log s can be
organized as the sum of effective ladder-like
diagrams with gluon exchanges in the
t-channel and real gluon emissions with
strongly ordered rapidities.

kl

K(k, k)

@ The effective vertex is the celebrated
Lipatov's vertex.

@ By squaring of the Lipatov's vertex and
including LL virtual terms (correction to the
gluon trajectory), each rung is described by
the so-called BFKL kernel K(k1,k’).

@ Due to the extreme Lorentz contraction, the dynamics is essentially transverse

Integrating over the (ordered) gluon rapidities generates the powers (logs)”
@ the GGF (the blob with 4 gluon legs) obeys the BFKL equation

G(s, k1, kz) = 62(ky — k2) + as/ko’ K(ki,k')G(s, k', k2)
Ologs
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BFKL approach
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BFKL approach for v*~*

High-energy factorization formula
(Mellin variables s <> w, Q2 k% v)

O—U’k)(sa Ql> QQ)

= / d?kd?ko U (Q1, k)G (s, k. ko)) (Qz, ko)

_ 1 di S w di g% vy 0 c W -
= QlQ2/27Ti(Q1Q2) /27ri <Q§ SV (7)G(w, 7)™ (1 =)
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BFKL approach for v*~*

High-energy factorization formula
(Mellin variables s <> w, Q2 k% v)

O—(j’k)(sa Ql> QQ)

= / A2kd%ko ¢V (Q1, k)G (s, k, ko)d'¥) (@2, ko)

_ 1 di S w di g% vy 0 c W -
= QlQ2/27Ti(Q1Q2) /27ri <Q§ SV (7)G(w, 7)™ (1 =)

BFKL equation and solution in LLA

G(s, k, ko) = 6%(k — ko) + o /ko K(k,k')G(s, k', ko)
Jdlogs

© Gwm = 1+ e X)) Gwn) = Glen)=



BFKL approach
0000

BFKL approach for v*~*

High-energy factorization formula
(Mellin variables s <> w, Q2 k% v)

O—U’k)(sa Ql> QQ)

= / d?kd?ko U (Q1, k)G (s, k. ko)) (Qz, ko)

_ 1 di S w di g% vy 0 c W -
= QlQ2/27ri(Q1Q2) /27ri <Q§ SV (7)G(w, 7)™ (1 =)

BFKL equation and solution in LLA

G(s, k, ko) = 6%(k — ko) + o /ko K(k,k')G(s, k', ko)

Jdlogs
1
w Gwy) = 1 + a x(v) 6wn) = Gw)=—"
o= aox()
X = X0 + asXx1 [BFKL, Camici, Ciafaloni]
¢ = asdo + ol are known at LO and NLO[Catani et al, Balitsky, Chirilli, Ivanov et al]
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BFKL approach for v*~*

LL kernel in Mellin space (y < k?)

Gl = w — O?SX('Y)

xo(7) = 2¢(1) = ¥(v) — (1 —7)
Solution to the intercept (growth exponent for s > Q?)

G(s, Q% @) ~ 5P, wp = asx(1/2) ~ 2.7as
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BFKL approach for v*~*

LL kernel in Mellin space (y < k?)

Gl = W= O?SX('Y)

xo0(7) = 29(1) — (v) — (1 — )

Solution to the intercept (growth exponent for s > Q?)

G(s, @ @) ~ s*F | wp = asx(1/2) ~ 2.7ay
" —’"’} @ NLL correction s to BFKL are large and negative
o o causing instability of the BFKL expansion
” :',,:'I'I/I @ Improvement is needed
02 |t g LLBRKL [Ciafaloni, DC, Salam, Stasto]

= NLLBFKL

xo(w,7) =2¢(1) —y(v+%) — (1 —v+%)

005 01 015 02 025 03 03
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RGI approach
©0000

Structure of BFKL kernel

2 v
K(k, k) = klz/ij <,f2) x()

1
k>k <~y~0, ?Iog"’

K? 1
P

k<k &+y—1

1 . o(k—kK) Ok —k
Ko(k, k') = m + virt ~ P + 2 )
1

1
XO('Y) + f

Small x resummation of photon impact factors and the v*~™ high energy scattering Dimitri Colferai



RGI approach
©0000

Structure of BFKL kernel

2 v
K(k, k) = klz/ij <,f2) x()

1
k>k <~y~0, ?Iog"’

K? 1
P

k<k &+y—1

1 . o(k—kK) Ok —k
Ko(k, k') = m + virt ~ P + ( 2 )

1
XO(’Y) ~ = 5 + — Xil10
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RGI approach
0®000

Change of energy scale and w-shift

The presence of the cubic poles in 1 is due to a “wrong” choice of energy scale.
Consider the Mellin representation of the GGF

1 d w [y (K27 1
ok = A [d ()" [ (8) 1
k1ko 27 \ sg 27 \ k3 w — asx(v)
In collinear limit k1 > k» the “natural” energy scale sp = k%, because s/k% ~ 1/xp;j
However, if we adopt the symmetric scale s(’) = ki1k2

3 (D) - ) G () - Gy (8)

k? k2 kiko k1 k3 kiko k3
corresponding to an w-shift v — v + % in the integrand and thus in the eig. func. x.
The position of the w-pole in the factorization formula is given by

w = asx(7) = O (as)

In the collinear limit with so = k3 we have at LO x(v) ~
With symmetric sy = k1ko we find

w:asvi% ~ g (%—;}?—i—@(w?)) ~ ag (%_ Oés3+(9(a§))

1
5

Small x resummation of photon impact factors and the v*~™ high energy scattering Dimitri Colferai



RGI approach
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Renormalization group improvement

@ The functional form of the eigenvalue function (and also of the impact factors)
depends on the choice of the energy scale sy

@ In the collinear limit Q1 > @, the “physical” y-poles, i.e., the standard
single-logarithmic terms, of the cross section
ag’/'y’"‘*'l <~ o' log” Qf/Qg are found only for sp = Qf

@ In the anti-collinear limit @, > Q; the “physical” poles at v = 1 are found only
for sp = Q%

@ At symmetric scale sp = Q1 Q2 both x () and impact factors develop spurious
poles o /4?™*1 and /(1 — v)?™*1, i.e., double logarithmic terms

@ Such spurious poles can be resummed to all orders by allowing both eigenvalue
function and impact factors to be w-dependent with collinear (anti-collinear)
polesare at y = —w/2 (y=1+4+w/2)

@ The RGI LO eigenv. function is Xo(w,v) = 2¢(1) — (v+%) — (1 —v+%)

In momentum space K(z, k, k") has kinematical constraints k1z < k» < k1/z
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RGI approach
00000

Renormalization group improvement

Standard high-energy ( RGI formulation '\
I

— #9) )

1 1
—_— > Gw,7) = o= an() > G(w,7) = o aX(@)
— ¢®(y) 1, oWy

N

Consistency conditions at w = 0 x1(7) = X1(0,v) + x0(7)0w X0(0, )
o601 = 1) + 6P 1 - 7) = 600, 7) [#07(0,1 = 1) + xo(1 = o0 0.1 - )]
+ [o9 0.7 + xo(maw o) 0.7 #§2(0,1 - )

+ 090, 1090, 1 — 7)., X0 (0, 7)

Dimitri Colferai
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RGI approach
[eJeTeYe) )

Renormalization group improvement

@ Compute cross section in (anti-)collinear limit, according to
standard DGLAP evolution at leading log Q?/Q3, so as to
determine the ~y-pole structure of the cross section in Mellin
space

@ Factorize such cross section in RGI impact factors and GGF.
This determines their (anti)-collinear poles.

@ Expand impact factors in w ~ a5 so as to reproduce spurious
and physical poles of standard BFKL impact factors

@ Complete the RGI impact factor with the “regular” remainder
of the BFKL ones

@ Use RGI factorization formula to compute the cross section
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RGI Impact factors
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Transverse impact factor

Consider LO cross section for transverse ijf Iy k lo LLLEQ
virtual photons with one gluon exchange

U(()TT)(

47’ 5 0 >
5, Q1> @) ~ —Fr(xpj, Q1: Q) , xBj ~ Qi/s

1

! dz; dz, dz XBj
:/ dadacdz g, <zk<zQ)5( —E>qu( )qu( )qu(zz)
xBj zZ1 Zx 22 71 Zy

% 4P ak? an as(i?)

2 2 2 s as(k ) a

></QZ T2 v OB < k <k1)a(Zeq) P (Z e2)
2

q
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RGI Impact factors
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Transverse impact factor

Consider LO cross section for transverse ijf Iy k lo LLLEQ
virtual photons with one gluon exchange

U(()TT)(

47’ 5 0 >
5, Q1> @) ~ —Fr(xpj, Q1: Q) , xBj ~ Qi/s

1

! dz; dz, dz XBj
:/ dadacdz g, <zk<zQ)5( —E>qu( )qu( )qu(zz)
xBj zZ1 Zx 22 71 Zy

% 4P ak? an as(i?)

2 2 2 s as(k ) a

></QZ T2 v OB < k <k1)a(Zeq) P (Z e2)
2

q
Mellin transform xgj — w, Q%/Q% — 7 (with fixed coupling)

(TT) ~ 2 1 . %qu(w) . %qu(w) Lo 2\ Pgvy(w)
% (W:V)—O‘(Zeq>7 2~ 2r on Zeq ~

qEA qEB
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RGI Impact factors
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Transverse impact factor

2
5 K
Pgg(w) = CrwAgg(w Agg(0) = = — —
Use exact LO DGLAP anomalous dimensions 9q() FeAgq () aq(0) 4 3
2CF 3
Pgg(w) = — [1 + "-’qu(“’)] Agq(0) = ——
w 4
2 13
Pag(w) = ETR [1 + WAqg(W)] Aqg(0) = o
2C, 1
Pgg(w) = - [1 + “’Agg(w)] Agg(0) = B b
N _ 11 TrNf
P, w) = — Pge(w b= — —
a7 () Tk a(+) 12 3G,

=

* high energy scattering Dimitri Colferai
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RGI Impact factors
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Transverse impact factor

5 K
Use exact LO DGLAP anomalous dimensions qu(w) - CFquq(w) Aqq(O) - Z - ?
2CF 3
Pgg(w) = — [1 + "-’qu(“’)] Agq(0) = ——
w 4
P, = 2T 1 A Agg(0) = 13
qg (W) = 37TR [ +w qg(w)] qg(0) = o
2C, 1
Pgg(w) = — [1 + “’Agg(w)] Agg(0) = —— +b
w 6
o N, p_ 1 Tei
gy (W) = ?R g (w) =5 3C,
TT T T
s (w,) = & Goo |
2
~ 2) 2Py (w)y/2(N2 — 1) L x L« 1+ wAgg(w)
~ | aag o qg (W & 2 o WAgq(W
q
Double poles of BNP impact factors with exact kinematics Go additional term

Possible choice of RGl: (T (w,v) = &(T:BNP) (4, ~) x (1 + gqu(w))
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RGI Impact factors
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Transverse impact factor

5 K
Use exact LO DGLAP anomalous dimensions qu(w) - CFquq(w) Aqq(O) - Z - ?
2CF 3
Pgg(w) = — [1 + "-’qu(“’)] Agq(0) = ——
w 4
P, = 2T 1 A Agg(0) = 13
qg (W) = 37TR [ +w qg(w)] qg(0) = o
2C, 1
Pgg(w) = — [1 + “’Agg(w)] Agg(0) = —— +b
w 6
o N, p_ 1 Tei
gy (W) = ?R g (w) =5 3C,
TT T T
o5 D (w,7) = o) Goo ()
2
1 1 1
2
~ s e ) 2P, 20N2 - 1)) [ = 4+ —M— ><7><<1+wA w)
aab(z q) ag(w)\/ 2(N2 )(72+(1+w—7)2) " gq(w)
q
Double poles of BNP impact factors with exact kinematics Go additional term

Possible choice of RGl: (T (w,v) = &(T:BNP) (4, ~) x (1 + gqu(w))
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RGI Impact factors
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Transverse impact factor

Having the w-dependent LO impact factor,
we can predict the spurious (quartic + cubic) poles of the NLO BFKL impact factor

1 3 1

. 1
() =~ ¢E)T)('y) [ 220 with  ¢p ~ o

Compatibility between BFKL and RGI factorization formula yields

61(7) + ¢1(1 = 7) = ©1(0,7) + ¢1(0,1 - 9)
+ Xx0(7)[0.%P0(0,7) 4+ 0w Po(0,1 — ¥)] + ¢o(7)9Xo(0,7)

For the highest v~ 0 poles (quartic in this case)

wo)[-3%] = Lo x2] + o015
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RGI Impact factors
0000

Transverse impact factor at NLO

Collinear analysis at O provndes the remaining physical cubic poles
(b) 4 sym

s P P
AT ) = o D) x [ 5275 4252 00— 92 1 0 ()

2y 2Ty ¥
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RGI Impact factors
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Transverse impact factor at NLO

Collinear analysis at O provndes the remaining physical cubic poles
(b) 4 sym

(T7) = o™ s Peg | 50 Pag _asbo o]
01 (wa’Y) UO (w,’y)x 27r v + 271_ 'Y ’Y + (’Y)

(a) Can attribute it to GGF
(b) Can attribute it to the impact factor
@ Running coupling term: can attribute it to either or both
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RGI Impact factors
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Transverse impact factor at NLO

Collinear analysis at O provndes the remaining physical cubic poles
(b) 4 sym

. P P,
AT ) = o D) x [ 5275 4252 00— 92 1 0 ()
T oy 2m vy o

(a) Can attribute it to GGF

(b) Can attribute it to the impact factor
@ Running coupling term: can attribute it to either or both
@ Determine the pole structure of d> (w ) (reproducing cubic poles of ¢1)
@ Add “regular” part of ¢ accordlng to compatibility condition

91(0,7) = 5 [61(2) + 6100 = %) = 60(1)Xo(0,7) — x0(3) (9 0(0, 7) + 0 0(0, 1 = )
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RGI Impact factors
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Longitudinal impact factor

LO cross section for longitudinal (Q1) NLO cross section in collinear limit
against transverse (Q2) virtual photons
with one gluon exchange

O %82 GGF

Q1 b 1@

IF1
) ) . Q1 (03]
Collinear analysis reproduce simple poles
of BNP impact factors with exact kine-
matics, up to the same additional factor
from P,
& IF2
Q1 Q2

(L) w,y) = LBNP) o (1 + © Agg(w )
(. 7) (w:m) 2 sa(2) Second diagram provides a Cg term
which is absent in BFKL impact factor

Note: ¢(()L) ~ 1/~ while ¢>(()T) ~1/92 (stems from C; 4 coeff. function)
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Numerical results for v* — v* cross section

We compare BFKL results with RGI ones in various schemes for do/dY
Y =log(s/Q%), Q?=17 GeV?, N; =4 active flavours

o(nb)

@ NLL BFKL is much smaller than LL

@ Resummed curves are between them

Dimitri Colferai
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Numerical results for v* — v* cross section

We compare BFKL results with RGI ones in various schemes for do/dY
Y =log(s/Q%), Q?=17 GeV?, N; =4 active flavours

6

g band

—— Scheme Average

o(nb)

@ NLL BFKL is much smaller than LL @ Spread in resummation scheme
and renormalization scale choice

@ Resummed curves are between them
are of the same order

=

* high energy scattering Dimitri Colferai
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Numerical results for v* — v* cross section

We sum the "quark-box” and the RGI BFKL contributions
We compare with previous estimates [lvanov et al]
and with LEP data: L3 (@2 = 16 GeV?) and OPAL (Q? = 17.9 GeV?)

. L3 NLL RGI + LO Quark Box
1oL ¢OPAL  ==--- LO Quark Box
IMP's PMS

a(nb)
>

2

@ Quark box dominates at small Y, BFKL with RGI dominates at large Y

@ RGI results provide a fair description of data, compatible within uncertainties
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°

Conclusions and outlook

@ We have performed the RG improvement of transverse and longitudinal
impact factors for virtual photon scattering with NL BFKL and LO
DGLAP accuracy
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Conclusions
°

Conclusions and outlook

@ We have performed the RG improvement of transverse and longitudinal
impact factors for virtual photon scattering with NL BFKL and LO
DGLAP accuracy

@ We fully reproduce both spurious (y~*) and physical (y72) collinear poles
of the NLO transverse impact factor

@ We fully reproduce spurious poles (73) for the NLO transverse impact
factor; physical poles (7_2) are also reproduced, apart from a Cr term
stemming from C_ 4 which is absent in the BFKL impact factor
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Conclusions
°

Conclusions and outlook

@ We have performed the RG improvement of transverse and longitudinal
impact factors for virtual photon scattering with NL BFKL and LO
DGLAP accuracy

@ We fully reproduce both spurious (y~*) and physical (y72) collinear poles
of the NLO transverse impact factor

@ We fully reproduce spurious poles (73) for the NLO transverse impact
factor; physical poles (7_2) are also reproduced, apart from a Cr term
stemming from C_ 4 which is absent in the BFKL impact factor

@ We obtain fairly stable results for the impact factors and cross section,
the latter with ~ 20% uncertainty due to scheme ambiguity and
renormalization scale choice

@ Resummation gives result consistent with LEP data, lower than LL and
higher than NLL
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Conclusions
°

Conclusions and outlook

@ We have performed the RG improvement of transverse and longitudinal
impact factors for virtual photon scattering with NL BFKL and LO
DGLAP accuracy

@ We fully reproduce both spurious (y~*) and physical (y72) collinear poles
of the NLO transverse impact factor

@ We fully reproduce spurious poles (73) for the NLO transverse impact
factor; physical poles (7_2) are also reproduced, apart from a Cr term
stemming from C_ 4 which is absent in the BFKL impact factor

@ We obtain fairly stable results for the impact factors and cross section,
the latter with ~ 20% uncertainty due to scheme ambiguity and
renormalization scale choice

@ Resummation gives result consistent with LEP data, lower than LL and
higher than NLL

@ NLO DGLAP improvement

@ NLO and double log resummation in the quark box could slightly modify
the result, though not large energy behavior
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