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I. Introduction to the EFT approach
to High-Energy QCD
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Warm-up: ¢> amplitudes at high energy

In the limit s ~ —u > —t (Regge limit) the ¢-channel diagram dominates
in the tree-level 2 — 2 amplitude:

P — — ki

lq

P2 = s ko

1 1 1.1
t’ s’ i s

. . py Py
Sudakov (light-cone) basis: pi = =-n’, ph = Z-nk,

ni =0, nyn_ =2

k“::%(k+ni-+k*ni)4-k;, P =kTk™ — k>

(Multi-)Regge Kinematics (s = pp; — oo,

lar|-fixed):

ik <ki, py ~ky <k3, g

2 ~ —q%
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Matrix element of the T-matrix (modulo 27’s):

p1— —k
N + - -
Ty T~ q_za(pl — k1 )0(py — kg )o(kr1 + kr2)
I T
' ir? ) P
ta e dgydg-d’ar §(pi — ki)d(ky + q-)d(kr1 + ar)
T
I
! x8(py —k2)3(k3 —gq-)é(kr2 —qr)
T2 )
2 4 4 izy(p1—k1) jiza(pa—ko)
P2 = 5k *A/dxld“e PTG (2, w),
Where

+ - AT _iqr(ers —xra)
G(x1,x2) = 6(x7 )0(xy ) [ —5—e I 7512,
ar
So fields of the target ¢(x) ~ é(x+) and independent of z_ from the point
of view of the projectile and vice versa (shockwave approximation).
Consequence of the Lorentz contraction (rapidity y — 00):

(/}u4dk_expﬁ(k+x_-+k_x+n¢mk+,k_)

—
Sy k) o(kyeV k_e~v)

/d/@rdk, expli(ky(z—e ¥) + k_(z+e¥))]op(k4, k)
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¢3 amplitudes at high energy, LLA

Experimental plots of pp and

pp scattering cross sections as  The LLA terms o< (A%Ins)™ come from ladder
function of energy: diagrams and exponentiate [Eden, Landshofr, Olive,

P (QeVior Polkinghorne “The Analytic S-matrix”]

;‘K — R el - | | ZA2 2
tohih Z | ~ 5 exp[MS(qT)ln S]v
! ar
e 0 where
S N SN L 2 -2 d?1r
= ws(ar) =

(4m)? ) 17+ m(ar —17)* +m?]

is the one-loop Regge trajectory of a scalar in this
theory.

Py drettd Vs Gevy

This éeggé? -poie ) behaviour of the amplitude is remeniscent of the actual
behaviour of the pp and pp elastic cross sections at high energy, due to the
Pomeron exchange.

But asymptotics o ~ s*F with wp > 0 contradicts Froissart bound, stating
that o < ng In?(s/s0), what is the unitarization mechanism at high energy?
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Reggeon Field Theory

The idea of RFT had been proposed by Gribov [cribov, *6s] . We introduce
Reggeon fields which depend on rapidity y (~ Ins) and transverse
coordinates xr: R+ (y,x7). Then the “Reggeized” t-channel exchange
follows from the Lagrangian:

in. 6
L3 = R, (y, xr) (a—y - ws<x%>) R (y,xr)

= (R_(y1,d7)R+ (y2,q7)) = éﬂyl — y2) exp[(y1 — y2)ws (a7 ).

Reggeons also can
interact: In phenomenological RFT the local interactions of
Pomerons, Odderons etc is assumed, e.g.:

Ly = g[R+ (y, x7) R (y,x1) R (y,x7)+(Ry & R+,
which is probably a crude approximation.
Our goal is to construct RFT from QCD and use it to do

perturbative resummations for various observables.
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Reggeized gluon
Studying tree-level amplitudes one quickly finds that t-channel gluon
exchanges dominate at the leading power at s — co. Often (e.g. for
qq' — qq’), just the replacement of the ¢-channel gluon propagator
(Gribov’s trick) extracts the LP contribution:

v 1 v v
g — §(n‘in+ +nfn?).

But in a generic gauge, all 3 diagrams contribute to qg — gg amplitude:
—

AN

The R+tgg vertex reads:

R e [ T
2
—&—n;fl (2k1 + k2)puy + nj[Q (2k2 + k1) g —;j—+n:f1 n:;] .
1
» The vertex satisfies Slavnov-Taylor identity:
e (k1 )KG2 TG, — = 0 = ki1 e™2 (ko) Ty, -

» It contains nonlocal “induced’ term
» Terms in the second row are zero in the gauge Ay =0
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Action of the Rg interaction

Suw. > [ dy [ ' sz {R-(xr)ge Al @)}
where 1 < 77 < Y. The j4 in the gauge A = 0 is given by the
leicug— = Jcabc(kl+ - k;)gm#z “ J+ [Au] =1igs [Zl—h a+zu}
== muvau-&-] - auaﬁ-zuz

where the first term can be dropped (at tree level) due to equations of
motion [EH,EM =0.

The field in the gauge A4 = 0 can be obtained from the field in arbitrary
gauge A, by the following gauge transformation:

A= WA @) DLW A4 (0),

where D, = 0, +1igs A, and
. I:F
WALl (@) = Pexp | T2 [ def, As (s, ol x)

—0o0

= (14ig.05 Ax) 1= 1 —ig, (07" Ax) — (igs)* (01" Ax0T AL) + ...,
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Action of the Rg interaction

The interaction term can be further simplified:
JlA@) = 0,03 = 20,0, WA @D A ()
- immﬁ+m¢xmg+uﬂy+mﬁﬂwmm@
- éj¥a+qu+ux)—a+aL«a;RAi)+.“)D“qu+KxL
the last term gives the vanishing contribution due to the conservation of the

k., -momentum component and 92 — 92. Finally the interaction term takes
the form

Sint. D gi/d,y/d4x 0(x4)2tr {R_ (y,xT)a%a.‘.W[ABI_“w"]]},
clearly it is non-Hermitian, which does not cause problems at tree level.

Beyond tree level, the simplest Hermitian form, compatible with negative
signature of R-exchange iS [Lipatov '97; Bondarenko, Zubkov, '18] :

Sint. D gi/dy/d4x 8(xy)tr {R_ (y,x7)0704 (W[A[Jf’y+'7]] — WT[A[J’rJ’y+'7]])}.
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» Induced interactions of particles and Reggeons [Lipatov *95,

’97; Bondarenko, Zubkov ’18]:

L= gistr [Rmi& (W [A]-w' [Afl) +(+ e —)] ,

ige OF
with qu:[:ci,xT,Ai]:Pexp [_gg“z_/ocd“”/;Ai(mi’ml;'xT) =
_ -1
(1+'i958i1Ai) .

» Expansion of the Wilson line generates induced vertices:
tr [R107 A + (—ig.) (07 Ry)(A_9-"A_)
+(—ig)? (0T Ry )(A_0"TA_OT ALY + O(g2) + (+ < —)] -
» The Eikonal propagators 93" — —i/(ki) lead to rapidity
divergences, which are regularized by tilting the Wilson

lines frOm the hght-COne [Hentschinski, Sabio Vera, Chachamis et. al.,

’12-°13; M.N. ’19]:

nf = af =nl +ral, r <1 k= ntk.

» To keep the action Gauge-invariant at finite r one has to
substitute d(z+) — d(z+ — rzx) [MN, 2019)
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Feynman rules

Rg-transition vertex (“nonsense polarisation”):
{ B - a
LmD;ﬂplﬁm@%%Wij%Ai@ﬁ4ﬂqMﬁm

Rgg induced vertex:

" [R50 2y (phipb2 — pbapbi) gl Ab1g-1 A2 | = ifablbgRaaQAblaflA@
7r|:—p+(_gs)( - ) + Ay 0y +]—_ng 5 —0, AL

gs
2 fab1b2 fab2b1 fab1b2
N e T Oy o S a + —a.®(nt nt ) —
—H1u2(q 1) = 9s( 1 ug) 9 k;—‘ris k;r—i-is 959" ( ) [k;r}

Rggg and Rgggg induced vertices:

tr [T“ (TbilT%Tbis + TP T2 T )]

atitate | — —igPnni,ns) Y
—H1H2H13 s4 — . . 7
(i1,i2,i3)€S3 (k) + i)k} + ki +ie)
abibobsby  _ N
—pipop3 e —ngq (n n RO 3"#4)

tr [T“ (Tbil Tbig Tbiz biy _ iy pbig pbin by )]

<

(i11i2,i3.44) €54 (k’ + zzs)(k+ —+ k’+ —+ 7,5)(143Jr + k+ + k’+ + ig)

and so on...
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Signature of induced vertices

In the LLA the Reggeized gluon has negative signature w.r.t. s — —s :

" w(1)<7t> w(1)<7t>
aca s s g —8 g
Mir(gg = 99) < [ fazeas; L<_f> + <j> J5A1A25A3A4,

we want to keep this property to all orders in the EFT.
Signature p+ — —py :
Dy — — pt “— pt
........... ameeeo0e, Simple graph-theoretic arguments show that
the signature of Rg...g vertex with n-gluons
(O(gr ")) is (~1)" '
This property should be respected by
ie-prescriptions for Eikonal poles.

P+ —

[ 1

Signature of QCD part is

(_1)(# 3g vert.)
The vertices from Hermitian version of the EFT satisfy the
signature property.
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The sgn(e) independence

The induced vertices come from QCD diagrams like:

P+ — P+ —

x Y T ... T
(U +ie/k ) +15 +ie/k-) ..

perms.

ko — ko —

factorisation requires independence on the sign of k_ <> sign of e.
This property is automatically satisfied by the EFT vertices:

1o}
Srg D —/dQXT/dI tr{ XT)aTa [W(foo_,a:_)[A+] _ W(T—oo_,z_)[A+]j|}
= g_ /dQXTtI" {R,(xT)E)% [W(,oo_’+oo_)[A+] - W(+oo_,—oo_)[A+H } .

Additionally in [Hentschinski, '11] the mazimal anti-symmetry of the colour
factor in the induced vertices had been imposed. The physical motivation
for this choice is less clear for me.
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Relation with In W-definition

In [caron-Huot, 127 an alternative definition of the Reggeized gluon operator
had been proposed:

7 adj.
R e T S |
where the infinite lightlike adjoint Wilson line is:
adj.
W(*‘(‘)O_,«l»oo_,,,xT)[A""] =1+
oo +OC
3 (—go)npherer perezes | pen-rane /‘dw,8+(8;1Aj}...8;1AﬁP)
n=1 700

For tree-level Rg...g vertices (i.e. without i) all three definitions agree
(checked up to n = 4, MH has the all-order proof)

Three definitions differ if one takes into account ie prescriptions. For Rggg
vertex the difference between all three approaches is proportional to:

S(RD)S(ky) > [T T, T, Tyl
(i1,i2,i3)€S3

which does not contribute to 2-loop Regge trajectory but starts to
contribute at 3 loops.
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Regularisation by tilted Wilson lines

The Eikonal propagators 91" — —i/(k*) lead to rapidity divergences,
which are regularized by tilting the Wilson lines from the light-cone

[Hentschinski, Sabio Vera, Chachamis et. al., '12-’13; M.N. ’19]:

~+

nf — nh =nl 4l r <1 EE=atk.

To keep the action Gauge-invariant at finite » one has to substitute

6(1’i) — 5(1} — Tl’q:) [MN, 2019]

For real emissions this is equivalent to a smooth cutoff in rapidity (n = Inr):

Al ////#

/

The square of regularized Lipatov’s (R1R—g)
vertex:

1 2 2
Lyp-Tp P = 184t s [,

k7
1
<—f(y) = (Te_y 4 ey)Q(rey + e—y)27
+oo
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The pre-RFT action

S = /dy/d2xT2tr{R+(y,xT)872~(,;—)R,(y + T],XT)}
. Y
i 4 2 [.ytnly _ prtrglvsy+nl _
+ /dy/d v tr{8(z) R (v, x0)0705 (WAL = WA ) 4 (4 o )}

+/ dy (SQCD [AE"H"]] + Sip [R (v, x7), Rf(y,XT)]) ,

Integrating-out usual gluons (A,) and quarks we will obtain the RFT in
QCD.
Bare Reggeon
propagator:

- cab

(RO RY) = 2

ﬁﬁ(yl—yz—n)
T

Regulator:

IRG/ RO

Y ~In |s|

The dependence on the regulator 1 should cancel between integrations in y
and the dependence of vertices on n = Rapidity renormalization group. 16/ 44



Building the RFT

We construct the RFT interactions:

int. 0
S = [ Exndxe Ruyxn) (K#(XT,X’T)a—U - wg<xT,x’T>) Re(y + 1, %)
4 / X1 d Xy Xy Re (5, X1) Kt (X, X1, X ) Rt (3 1, X ) B (5 + 17, %)
+/d2xT1d2xT2d2X,T R_ (117 XTl)R— (yaXT2)K77+(XT17XT27X/T)R+(ZJ + T],X,T)

+/d2xT1d2xT2d2x/Tld2x/T2 R (y,xm)R—(y,x72) K Ry (y + 0, x71) Ry (y + 1, X72)
..

in such a way that the n-dependence cancels.
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2-point function

The quadratic part of the RFT action leads to the “Reggeized” propagator:

7 wo(q2 o —
(R-(y2,ar) R (2, ar)) = 5500 —ya —n)e o(a) (w1 =y2=m)
T

)

while the Reggeon self-energy contains a rapidity-divergent contribution:

P+

q¢€§

2 d%q (D2T(n+n—))2 o1 eln 2
QSCA5“b/ (2m)P q?(p—q)?[qﬂ[qfﬁ(” pRel q7>

= r]wél)(p%) (or wél)(p%)ln r in TWL regularization).

where @ =3 (q;‘_is + qil_is) and one-loop Regge trajectory of a gluon is:

prd” *qr

(1) 2N _ 2
w =Cag; | —F———.
g (pT) Ag / %(pT T)2

The cancellation of 7-dependence requires wy(p2) = wS" (p%) + O(a?)

18 /44



3-point function

o abe 2 [ dk”
_&_ =4gsf""pr =k
/ \
Two interpretations:
> Put integral [ ‘[i:—__] = 0 = all even-odd transitions are forbidden
(Gribov’s signature conservation rule).
» Put this vertex into RFT with the opposite sign, as the subtraction
term for ill-defined light-cone momentum integrals [Hentchinski PhD thesis;

M.N. 2019] .

“+oo 1
1 1
f‘“’c/dl_ 5 — + 5 —— .
- +15/Py —ie  1-+ (2lrary —13.)/Py +ie |- —ic |- +ic

—o0



4-point function, BFKL equation

Lead to the rapidity-divergent

Connected diagrams: contribution [Bartels, Lipatov, Vacca, 2012] :

(R (pr1) R (pr2) R (k1) R” (kr2))
= —iasn[f 202 Ko 4 (by > ba, kr1 ¢ ko))
k2 2 4 k2 2
Ko = T2PT1k2T T1PT2 — o2,

(i
| EE
B

S

Where kT = le — P71,

ar = krs — kr1.
Together with the disconnected part form Regge trajectory, we get the

BFKL equation for 2R Green’s function, e.g. for 1 pair [BrkL, '76] :

0 sC 9
a_YGY(pT17pT2) = QTA /d2 2K o [Ko(pTl,pT2,kT1,kT2)GY(kT1,kT2)
+(wi (pr1) + Wi (Pr2))Gy (P11, PT2) |,

For the 1 RR-pair the IR divergence at k — 0 cancels within the kernel.
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2-loop Regge trajectory from the EFT

The EFT formalism had been tested at 2 loops in [chachamis, et al., 2013] .
e e ’E‘w
‘ = —_ 7‘,2 - =
T o S ({ + M a1 -5 - ?}WH{% — 14
8 2 =(2 _
v S EE —13: —2“(”3 1)+14(1+52)+§
:E N@ f f —im {%—}—41_: + é(lZ(l—E)2 —7T2):| }hl’l‘),
€ €
2
~¢z:c:;-w wss::;:::w M@M % WhereE:l—'yE—ln4:£2.
B A

The coefficient in front of In? r coincides with [w(" (q%)]?/2
(exponentiation!). After subtracting it, the coefficient in front of Inr
reproduces the QCD result for 2-loop Regge trajectory [radin, Fiore, Kotsky *96] .
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II. One-loop corrections to massless
impact-factors
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Rapidity divergences at one loop

Only log-divergence ~ logr (

Reggeization of particles in t-channel.

Integrals which do not have log-divergence may still contain the

power-dependence on 7r:

» r7 ¢ —0forr— 0ande<0.
> 7 7¢ — oo for r — 0 and € < 0 — weak-power divergence (

in the table)

> r'T¢ 5 0o — power divergence. (Red)

cells in the table) is related with

cells

(# LC prop.) \ (# quadr. prop.) 1 2 3
L B | ¢4
. =l | B | Cen

The weak-power and power-divergences cancel between Feynman

diagrams describing one region in rapidity, so only log-divergences are left.
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Scalar integrals with power RDs.

2e 2e
Notation: {#}* =1 {(ﬁ) + (ﬁ) ]

Tadpoles:
Ai(p) = I ! A
1P = cos(me) 2e(1 —2¢) | p~ ’
1
A-o(p) = EAH(P)-
Bubbles:
1 2\ 1—2emA(p) 2
B_ = -— ——————~ + ABj_(— _ O
L) = g (L) + L an ) + 00,
2
B (p) = =—Br ),
p—
where
2 1 (2 \ T2 -2 T(1 +2€) -7 C
AB_y(=p",p-) = D <(—p2)2 2¢2T2(1 — ¢) :
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Logarithmic RDs

» [4+—]-bubble in transverse kinematics p~ = p* = 0:

)

1 [ 2\ in+2logr
B[+—](pT) = 3 ( ) >
al PT \PT €

» [+—]-bubble in p~ = 0 kinematics:

1?2\ T2(1 + e)T(2 + €) sin(e)
B 1P 7p+ = 5 <_>
[+ ]( T ) p% p% ;)
2
X [mﬂogr—logz—; — (1 +e) +w(1)} +0(r'/?)
T

» [+—]-bubble in light-like kinematics p? = 0:

s oo ) oMo (4
B0 =0 = [ prpe T = e ()

25 /44



Triangle integrals, logarithmic RD
Result for Q2 = 0:

¢ 2
Cry(t1,0,47) = q—ltl <IZ—1) % [logr +im — log |qt1|
(14 €) — (1) + 2Y(—e)] + O(r'/?),

coincides with the result of [c. Chachamis, et. al., '12] .

Result for Q2 #0 MmN, o190

2\ 1(Q?/t 1
Citn @ a) = Cittnona) + (4 ) HEB - Lan @t
t1 q_t1 t1
where
[ (-2
2X7¢ 2 1—27%dx
x) = -2 __/ a
€ € 1—2x
0
2X~¢ 2

- = +2[—L12(1—X)+%}+0(6)-
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Triangle with two light-cone propagators

Usual one-loop Feynman integrals with more than 4 propagators are
reducible to more simple integrals up to terms O(e).

I
B I} pri;py We apply method of (Bem, Dixon, Kosower, '921. The O(e)
remnant is proportional to (d — 4)1‘**? and integral
1] 1 is finite.
K2 =0 The resiut in Euclidean region (pi" >0, —p; >0,
+ ' 5 pP712 > 0):
1T Pr2; Py 71,2 :
I

- (=1
C+7 (p%17p%27p41‘>7 —P2 ) =
o 2p7, P7ok7

{pF1(PT2 — P71 + k1) [Blr—) (P71, pT) + (=p2 )C1—y (P71, PTa, —p3 )]
+P72(PT1 — Pr2 + K7) [ Bl (P72, —p2 ) + i Cray (P2, P11, PT)]
~k7(p71 + P12 — k1) By (k1. k* = 0)}

where k7. = pf (=p3).

The log r-divergence cancels within square brackets, as expected.
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Forward scattering vertices (impact factors) at one loop

The one-loop results for quark and gluon impact-factors had been
reproduced in [Chachamis, et al., '12] .
The Particle-Particle-Reggeon wis two scales of virtuality v, 19] :

7 (q) + Q+(q1) = qlg + q1), (1)
O(q) + Ri(q1) — g(qg+ qu), (2)

where ¢ = Q% # 0 and §, = 0 to ensure GI at r # 0 and
O(z) = tr[GL. G*],

with G, being the QCD field-strength tensor.
The result (2) had later been used by [Hetnschinski et al.; Fucilla et at.] for the
computation of the Higgs production impact factor at NLO.
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EFT for QMRK-processes with quark exchange

EFT for Reggeized quarks [Lipatov, Vyazovsky, '01] :

Lo=Q-id(Q: = W'[A4) + Quid (Q- ~W'[A_]¥) +he,

where p = p,v*, QMRK kinematic constraints:

9:Q5 = 0:Q5 =0,
AtQs =0, Q+n® =0. =

Reggeized quark propagator (Py = fipfis /4):
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Qv*q-vertex

q—

ol .
] @ Wﬁ |

c[F]-rfuql,chm“)] A“><q1, q) +ClAP]- AL (a1,q)

Lorentz structures:

——
Ff;(qlvk7q2) =Y + %7 <— [Fadin, Sherman, ’76]

q ( — 2(q1) (2) 9 ( __4

Al e = 2L (g - 252 ) A e = L (ny - 2
+u q— K qi" q— Boogt

Cancellation of RDs:
> A~ r~17¢ — cancels between diagrams
> O(r)-terms cancel between Bj_)(¢) and Bj_(q + q1)
> O(r~°)-terms cancel between Bj_(¢q) and C|_j.
» only O(logr)-divergence from C|_; is left
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Expressions for the coefficients

c[r) =

_asOp 1 { [(d—8)Q%+ (d — 6)t1]B(t1) — 2(d — T)Q*B(Q?)
4 2 Q% -t

—2[(Q% —t1)C(t1,Q%) — q— (t1C[—)(t1, Q% q-) + (Bj_)(q) — B_1(a + q1)))] },

_asCp Q%+t

ClaW] = ~ B2 L (- 2Q° - (@ 4n) Bl) ~20°B(@?)].
as 2
ca®) = — ﬁF (Qﬁﬁ [((d=6)t1 — (d—8)Q%) B(Q?) +2(t1 — 2Q*)B(t1)] ,
were s = (‘Zj—iﬁrr, t1 = —qi.
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ROg-vertex

w T T

+‘T Q@
@)
q H%;?m & S}ﬁm‘ P
+3T Q@ :
(4) (5)
| i
(7) (8)
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ROg-vertex

The one-loop correction is proportional to the Born vertex:

G0 = % (Q* —ti)n, —2q-(q1)),

with the coefficient

s1 B(t
[G(O)] 4 5 { (d—2)(d —(1;()6,22 —1)2
x [Ca ((d—2)(5d — 4)Q* — 2(d(7d — 24) + 16)Qt1
+(d —2)(5d — 4)t12) — 2(d — 2)*np(Q* — t1)?]
204(d - 4)Q*B(Q?)
C@-2)(@Q*—t)?
—-2C4 [g- (1O (t1,Q%,9-) + B_j(a) — Bij(a+ q1)) + (1 — Q*)C(t,

[(d—4)Q* — (d - 2)t1]

QM]}-
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III. One-loop corrections to
quarkonium impact-factors

34 /44



Ry — cc [1 S([)S]} @ 1 loop

Interference with LO:

Rg couphng dlagrams

:&Kﬁ_

DA A
c
Rg s ¢ ¢ Rg § Rg 10 ¢ R’gg
c c v
> c
gl m Sl M% Y
- c ¢ c
Agg, g Rgy, 92 Rg, g3 Rg 1 Rgg, 95 4
R
a9
uf,
. &9"97

» Diagrams had been generated using custom FeynArts model-file, projector on
the cc [1558)] -state is inserted

» heavy-quark momenta = pg/2 = need to resolve linear dependence of
quadratic denominators in some diagrams before IBP

» IBP reduction to master integrals has been performed using FIRE
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Rg — cc [15([)1}} and cc [3S£8}] @ 1 loop

c
Interference with LO: M
R

Induced Rgg coupling diagrams:

Some Rg-coupling diagramS' IR+ coe

SRR i e

B o
IMRgm c IndRgu2 C \nngna ¢ Aindggus ¢ A ind gysis
g 9 ¢ ¢
c
I3 g g
‘. c ¢ ;E 0 g 9 &
g 9 c

H Lo Rgﬂﬂ R_gir Aoz A, ng myus A gDu o R.gv RgmIE - g

R

- c
Ind Rg16 R g fgm7 ¢ R g Bgus "R [ L Ind Rgs210
? 'j}>w< M c B m.< GRS
o Qo

Rgigmic  ROoimgme  A9oicRgma  Ador Rgnu Rg o Rgats
gy Ry

g 9 o ¢ 9 ¢ ¢ 9 o . .9 g ) c;ﬁ:““‘
T - e i

\ngIlH mnkgmz mngma Ind. gnu R Ipegigm1s
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Integrals with massive internal lines

In presence of the linear denominator the massive propagator can be
converted to the massless one:

1 1
— = —+—= —
)+ EO@ —m?) () + k) + 7ig)? | () (+ g ) (& — m?)
= all the masses can be moved to integrals with only quadratic

propagators. New massless scalar integrals with RDs arise(k2 =0,
pP=4m’, p=q+aq,q =0):

B dP1
By (-kk—q) = / [+ — k)21 +k—q)?
dPl
C[+](O,—k,k_Q) = /[Z+]l2(l_k)2(l+k_q)27

dPi
Byy(p. k) = /[[+](l+p)2(l+k)27
dPl

Cralp.koa) = /Uﬂa+mau«?@+mP’

but they have the same complexity as already encountered ones.
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Results: Ry — cc [1 S([)g]} vs. Rg — cc {15[ q 1 loop

c
C c
v, v s g ‘
c C c [ ¢
——— ——— B c .
Rg Rg RS RS

Hi1, x Lo(ar)—(On-shell mass CT)
Results for 2R [ (o @) Hoo (o) ]

2 € 2 2
1qs . (21 a* < 19\ 2np 3 .
A ) SN (md gy o 2y 2 0 e M
5o <q2T) e|: (HM2+nq2r+6 3 o, | T Fsp (ar /M)

2\ € 2
1 (1] 12 NC 1 q_ 25 271F 3 2 2
sl (B} d o 2e Dy (L 2 2 F M
0 <q2T { €2 + € [ (n azr + 6 3 2N, + 1sg!] (ar /M)
10 (CF) (Ca)
Fls,[[)l] (r)y = —gnF + %[CFF ( )+ CAFls[ll ()],
0
(CF) _ (CF)
Flsgi] (T) Fls([:;] (7')7
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The Cr coefficient
(Cr) Lo+ L7(1—-27)
F s (r) = T4+1

— - [144L,7% 4+ 144L Ly — 16727% — 7273 4+ 7273 log(2
6(T+1)(27+1)2{ 1T+ 17+ 36L; 6m T T 4+ 727° log(2)

—1567° + 1277 log?(27 + 1) + 1687° log(2) — 24 (377 + 57 + 2) T log(T + 1)
+127°7 — 1087 + 127 log® (27 + 1) + 3log®(27 + 1) 4 1327 log(2)
+18(7 4 1)(27 + 1)*log(7) + 47° — 24 + 36log(2)}

+

y+R->cc[1S078] vs. g+R->cc[1S0"1]

F[CF]
F[CA,1508]
| gEEEE F[CA,1501]

F[CF] vs. F[CA]

qTr2/MA2
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The Cy coefficient for Ry — c¢ [15([)8]}

Co, - 1 2 (—acy (#2 - Lo(r r Loyr(2r — c
Flséglu et Ay (=124 (% = 1) + Lo(r + D@7 + 1) + L77(27 = 3) + L7)
+2L6(r(r((r — )7 — 6) — 4) + 1)}

1
+ {—216L17% — 324L1 7% + 108Ly 72 + 324Lq 7 + 108L,
36(t — 1)(m + 1)3(27 + 1)

5

41207275 460875 — 3670 log?(+ + 1) + 3670 log2 (27 + 1) — 3672 log?(2)

—727% log(2) log(+ + 1) + 21672 log(+ + 1) + 727° log(2) + 2287274 4 1520+
—3067% log? (7 + 1) + 1447% log? (27 + 1) — 30674 10g? (2)

+2527% log(2) log(r + 1) + 43274 log(+ + 1) + 3607% log(2) + 847273 + 608+3
—36073 1og? (7 + 1) + 22575 1ogZ (27 + 1) — 36075 log? (2) + 57675 log(2) log(+ + 1)
47273 log(r + 1) + 7272 log(2) — 1207272 — 121672 — 10872 log2(r + 1)

+17172 log? (27 + 1) — 10872 1og? (2) + 50472 log(2) log(T + 1) — 36072 log(r + 1)
—36072 10g(2) — 72(7 + 1? (272 — 7 — 1) log(r — 1)(log(2) — log(r + 1))

+36(27 + 1) log(r) [~ + 7% log(8) — 677 log(2) + (—7% + 47> + 67 4+ 4) Tlog(r + 1)
—87log(2) — log(27 + 2) + 1] — 18 (275 +177% 42073 + 672 — 67 — 3) log? (1)
—84n2r — 12167 + 1087 log2 (7 + 1) + 637 log? (27 + 1) + 1087 log? (2)

+5410g2 (7 + 1) + 91log2(27 + 1) + 727 log(2) log(r + 1) — 2887 log(r + 1)

— 1447 log(2) — 36 log(2) log(r + 1) — 72log(+ + 1) — 1272 — 304 + 54 log2(2)}
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The C'4 coefficient for Rg — c¢ [15([)1}}

(Ca) _ 1
Flsg}] (r)y = m{Qﬁl (7—2 4o - 2) (r+1)3% 4+~ [21:5 (T(T +1) (Tz - 2) + 1)

[y (72 +r—1) = (L2 + 2+ 1)2) + L6(r(7(6 — (1 — )7) +4) — 1)]
+2L5(r — )(r + 1% + 225 + L7}

- %{6w275 — 3675 1og(2) log(T + 1) + 3672 log(r + 1) log(+ + 2) + 637274
18(1 — 1)(7 + 1)3
—98r% — 6374 log? (7 + 1) + 97 % log2 (27 + 1) — 6372 10g2(2) + 5474 log(2) log(r + 1)
—367% log(T + 1) + 367% log(r + 1) log(r + 2) + 367% log(2) + 1387273 — 196753
—7273 log? (7 + 1) + 3672 log? (27 + 1) — 7275 log?(2) + 14473 log(2) log(r + 1)
3673 log(r + 1) — 7275 log( + 1) log(r + 2) — 3675 log(2) + 187272
—1872 log? (7 + 1) + 4572 log? (27 + 1) — 1872 log?(2) + 10872 log(2) log( + 1)
+3672 log(r + 1) — 7272 log( + 1) log(r + 2) — 3672 log(2)
—18 (a7t 4577 + 72 — 37 — 1) 10g” (r) + 18 10g(7) [+7 log(2) — 7 (log(4) — 2)
4

— 3 log(4) — 2r2(1 + log(4)) — (+* - 473 — 672 —ar + 1) 7log(r + 1) — 7 log(8) — log(4)]

—12072 7 + 1967 + 367 logZ (7 + 1) + 187 log? (27 + 1) + 367 log2(2) + 9log2(+ + 1)
—367 log(2) log(T + 1) 4+ 367 log(T + 1) 4 367 log(7T + 1) log(7 + 2) + 367 log(2)
—36(r — 1)(r + 1)3 log(r — 1)(log(2) — log(r + 1)) — 18 log(2) log(r + 1)

+36log(T + 1) log(T + 2) — 6972 + 98 + 9 log? (2)}
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Ly
L1

Lo

Ly

Ls

L7

\/mln[1_|_27—_,_2\/m]7

(
e=

(

(

1 o1
- Lio [ —= ) — 14
7_)-i- 12(T+1) 12(
1 1 B
Liz 1+7) + Liz (*) + Lip (T
T . s

T+1

27’)+

Lia (3)

1 .
1) —L12

Lip(—2

2 + 12( )

(fﬂ)ﬂirb
2T )

: ! 27 +1
Lio (=2 _ 14 ol
12( T+1) DL (27+2)

21 +1 o241
—Lis | — L, (L2441
12 ( 7_2 ) + 12 ( 27_2

—Lig (T__l) — Lig(—7) + Lia (
2T

LM—%—D—Lu(

2

W
NCENES

1—7—)
T+1

)i

T
VTHVTHT

)

+ Lig(—2)

)riia (3-5) v (-2)
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(8]

Ry — cc [1 So } @ 1 loop, cross-check

In the combination of 1-loop results in the EFT:

QT QT QT

the Inr cancels and it should reproduce the the Regge limit(s > —t) of the
real part of the 2 — 2 1-loop QCD amplitude:

yg->'SPlig @ 1L, sIM2=10%3

Q :
== \ v+ ['50] 4o
8 B — 12IM?=0.01
© -oob T PRIM?=0.1
T . . — =t » The 2 — 2 QCD 1-loop amplitude can be
L, oo ‘ : —um=10  computed numerically using FormCalc
& o : (with some tricks, due to Coulomb divergence)
T R T TR T R E e TR
—t/M? » The Regge limit of 1/e divergent part
Solid lines — QCD, dashed lines — EFT, dotted agrees with the EFT result
lines — —2C4 In(—t/u%) In(s/M?) » For the finite part agreement within few

% is reached, need to push to higher s
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Conclusions and outlook

» High-Energy EFT is a well-tested computational tool in High-Energy
QCD at one loop with some applications at 2 loops

» The computations of one-loop corrections to impact-factors of heavy
quarkonium production are progressing

» EFT+tilted WL regularization is a convenient framework to compute
NNLO correction to the (Regge-pole part of the) BFKL kernel

Thank you for your attention!
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High-Energy Factorization (J/ photoproduction)

—1 .
The LLA. (Z Oé: h’ln ) formahsm [Collins, Ellis, '91; Catani, Ciafaloni, Hautmann,
n
'91,794]

. . . +
Physical picture in the. The LLA in ln% =InZ ~In(1+n):
LLA for photoproduction: 9
ANN———— &1}?&11:/5) (7]) X
H 1+n oo
d .
/ Zy/dq%“lc (#nvqgrlquHU’R)H(yaq%l)a
| 1/z 0
QT:T The strict LLA in In(1+7) = In 2
e stric in In =In5:
ILszszszszszszsvlc;r < ki ! M
~1ln(1
! C O-HéF+n)(77) x

!
!

2000000100009000000000/ .
The LLA(In(1/€)) contains some (N..)NLLA

+ ot
L= = ki =Py contributions relative to the LLA(In(1+7)).
The coefficient function H has been calculated at LO{xnien1, vasin, Saleev, '06]

and decreases as 1/ y? for y > 1.

| oo ®
k+ < k+ 1 P d
ILQQQQQQQQ.QJ 2 1 /dq%lc —’qi—]’/LF’/LR /—y’H(y,qQH)-
1+n Y
0 1/z
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High-Energy Factorization (7. hadroproduction)

Y, %
ki ’fg g ! ’f"gfl b
fo (2r) e A L R fo (2.r)
~ ———
Pt Cyg(z+,ar1)  HI™(apy.ar2)  Cgqlz-.arz) Py

Small parameter: z = MT2, LLA in " In" ! é:

. [e'e) [e'e] ]\/[ ) ‘
Uz[j b HEF(ZvﬂF,MR) = / dn/dQTldQT2 gi (A—/[T\/zaquTn/iFv/iR)
—oo 0

Mr _ .
><ng (W \/g()' '7’ q%Za HFs UR

)/@H quvqT27¢)
2 M2
0

The coefficient functions H!™ are known at LO in QUs [Hagler et.al, 2000; Knichl,
1g(1,8) 3p(1.8) 3g(8)
0 ’ J ) 1 -

Vasin, Saleev 2006] fOI' m =
The H'™ is a tree-level “squared matrix element” of the 2 — 1-type process:

Ry(qri,q) + R-(ar2,q; ) — ce[m].
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LLA evolution w.r.t. In1/¢

In the LL(In 1/£)-approximation, the ¥ = In 1/¢-evolution equation for
collinearly un-subtracted C-factor has the form:

1
e.ar) =501 - 9otai) +a. [ £ [ @ ke (Ear i)
13

with &s = asCa/m and
1

52-26) (e, 2 2.
m(2m) ~2¢k3, + (k) 2wq(ar)

K(k7,q3) =

where wy (q%) — 1-loop Regge trajectory of a gluon. It is convenient to go from
(2, ar)-space to (N, xr)-space:

1
C(N,xr) = /dQ_QeGIT e*Tar /dﬂ? N1 Cla,ar),
0

because:
» Mellin convolutions over z turn into products: f % — %
PRI B
> =0: e
Large logs map to poles at N =0: [ag " " In € — NFF

> All collinear divergences are contained inside C in xp-space.
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Exact LL solution and the DLA
In (N, gr)-space, subtracted C, which resums all terms o« (&s/N)"
(complete LLA) has the form [collins, Eliis, '91; Catani, Ciafaloni, Hautmann, '91,794]:
2 Y99 (N:as)
Yeg(V,as) (q
C(N.ar, ) = Ry (N 225:0) (92 7
ar HF

where 744 (N, as) is the solution of [jaroszewicz, s2]:

Qs .
w7 X(799 (N, @) = 1, with x(7) = 20(1) =9 (7) = (1 =),
where 9(v) = dInT'(y)/dy — Euler’s ¢-function. The first few terms:
B Qs il as

799(N7 aS) - W +2C(3) N4 + 24(5) N6 +...

-
LLA

DLA [Bliimlein, ’'95]

L by Ppg(z = 0) = 254 4
The function R(7) is
R(vgg(N,as)) =1+ O(oz:;).
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Fixed-order asymptotics from HEF
When expanded up to O(as) the HEF resummation should predict the
5> M? asymptotics of the CF coefficient function &
For the v+ g — c¢ [359)] + g we have
1) o) 1) computed 1 — oo limit of the z and
For the g +g — cc [150 3Py, 3P, ] p = p%/M?-differential NLO “scaling
the NLO and NNLO(a2 In(1/2)) terms in functions” in closed analytic form,
¢ are predicted [M.N., Lansberg, Ozcelik 22]:

[m] [m] [m] [m]
State A0 A1 AQZ 322
) 1 —t & %,
35, 0 1 0 n
3 43 2 2 Z 40
Po 1 —2r e +3 = i
il 0 51 ~9 4
3 53 1 11
P2 ! —a3s | 'ty | 'ty ) .
and obtained numerical results for
sl 0 = o[y {Agn]‘s(l -2 NNLO “scaling function” co in front of
N ] ] M2 as In(1+n).
+—2C04 A + A In

+<%)3 nl c? |:2Ag'”] + Bgm]

[m

), M2
+4A1 “In

2

M

- + 24 m? =
HE o

+o<a§)},




Quarkonium in the potential model

Cornell potential:
V(r)=—-Cr as(1/r) +or,
T

neglect linear part, because quarkonium is “small” (~ 0.3 fm) — Coulomb

wavefunction (for effective mass -"172 = Q).
m1+meo 2

as?(mgwv)
05
0.4}

/3 3013 i’

myasC ;

R(T) — Qs Fe—iang mqQr mg=1.5 G@,V
2 0.3}

2 _C%Oli 3 1
() = =5 ’<T>7—20Fva

0.0 0.1 0.2 0.3 04 0.5

021
mp=4.8 GeV
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Non-relativistic QCD

The velocity-expansion for quarkonium eigenstate is carbon-copy of corresponding
arguments from atomic physics (hierarchy of E-dipole/M-dipole with
AS /M-dipole transitions):

Iy = 0(1)‘05[355”]>+O(v)‘ca[3p§8>]+g>
+ o] ) rou [0 )+

for validity of this arguments, we should work in non-relativistic EFT, dynamics
of which conserves number of heavy quarks. In such EFT, QQ-pair is produced in
a point, by local operator:

Axrqep = (J/¥ + X[ xT(0)kn1(0) |0),

Different operators “couple” to different Fock states:
X (0)w(0) & |ee['s§0]) X @)ai(0) & [ec [Ps{V]),
(00, T*(0) ]ca [3s§8>] > . xT(0)Ds(0) & ]ca [1131(8)] > o
squared NRQCD amplitude (=LDME):

DA = Oyt lxal g gy et 10) = (o),

@i/w
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Non-relativistic QCD

Velocity-scaling of LDMEs follows from velocity-scaling of corresponding
Fock states and of operators X'k,

1551) 3S§1) 15(8) 3S§8 1P1(1) 3P0(1) 3P1(1) 3P2(1) 1P1(8) 3P0(8) 3P1(8) 3P2(8)
e 1 4,\ 1)3 e
J/ 1 v 2wt ot vt ot
hc 7}2(—_)’[)2
Xc0 UQ(_—)’U2
Yet 1)2(_ 02
Xe2 U2 U2
Matching procedure between QCD and NRQCD:
v — 0:Aqep(99 = Yogw)) an Yo0(0)| X' (0)Kn1(0) |0) + O(v™),

= NRQCD factorization

o(gg — H+

formula (“theorem”) [Bodwin, Braaten, Lepage 95°’] :

> olgg = QQln] + X) (O1F).

n

X) =
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