Transverse momentum dependent
(TMD)

factorization theorem

Alexey Vladimirov
Universidad Complutense de Madrid

Overlap between QCD resummations

Aussois, Centre Paul Langevin
January 14, 2024



Outline

PART I (15.01)
» TMD factorization theorem: conditions, and approaches
» TMD factorization theorem: structure
» Wilson lines and process (in)dependence
» Divergences
» TMD soft factor

PART II (16.01)
» Renormalization of rapidity divergences
» Soft-rapidity correspondence
» Small-b OPE
» Phenomenology

Alexey Vladimirov



Nucleon Polarization
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CSS=[Collins, Soper, Sterman] (1981-1984)
Sivers effect (1990) — non-perturbative TMDs
Classification [Mulders, et al, 90’s]

Gauge structure, rapidity divergences, ... 00’s

Proof of TMD factorization [Collins,2011] [SCET,2009 - 2012]
2-loop [2015 — 2018], 3-loop [2019-2022], 4-loop [2022-..]

Power corrections [2021-...]
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OT@ D Preprints: JLAB-THY-23-3780, LA-UR-21-20798, MIT-CTP /5386

Collaboration
TMD Handbook

Renaud Boussarie!, Matthias Burkardt?, Martha Constantinou®, William Detmold*, Markus Ebert*3,
Michael Engelhardt?, Sean Fleming?®, Leonard Gamberg’, Xiangdong Ji¥, Zhong-Bo Kang?,
Christopher Lee!?, Keh-Fei Liu'!, Simonetta Liuti'?, Thomas Mehen'?, Andreas Metz?, John Negele*,
Daniel Pitonyak!!, Alexei Prokudin”!?, Jian-Wei Qiu'®!7, Abha Rajan'>#, Marc Schlegel>!?,
Phiala Shanahan*, Peter Schweitzer?, Tain W. Stewart*, Andrey Tarasov?>?2, Raju Venugopalan'¥,
Ivan Vitev!?, Feng Yuan?, Yong Zhao?**18

ArXiV: 2304.03302
» 350+ pages on TMD factorization and related topic
» Good introduction to the topic [with a strong SCET flavor]

» Various topics, from definitions to models, small-x, sub-leading power, etc.
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TMD factorization




CSS-approach SCET-approach Background
» Method of regions > Modes defined by field-approach
» Diagram-based method of regions » Modes defined by
» Particular » SCET operators physics

regularization » /soft-factor » QCD with 2

Vo spr— background fields
> Vsoft-factors » Mostly unpolarized & o
» difficult to generalize case > Ren(o;mahzatlon of

rap.div
> [Collins:2011zzd] » [Becher:2010tm] P
. » [Vladimirov:2021hdn]
» [Echevarria:2011epo]

» All approaches agrees with each other (in physical terms)
» The main difference is the treatment of the soft-factor/contribution/rapidity divergences

» I will discuss using background field-approach (because it is clearer and simpler)
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Standard TMD processes

h2 »
N X
7 a /".:é

SIDIS Drell-Yan

q2 = :i:Q2 momentum of hard probe
qf;. transverse component

Hadron tensor:

Wh? (g) = / diye™ ) (1 pal M ()| X)(X|JY (O)lpr, o), J* = grq
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q

Standard TMD processes

ht /\tg X
SIDIS Drell-Yan

2 = +Q? momentum of hard probe

qéﬂ transverse component

Limit of TMD factorization

2
Q — oo, § — 00, such that Q— = const
s
qr = finite
qr A
6—)0, 6—>0, but qr /0
AlexeyiViadimiroy
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Background field method for parton physics
(in a nutshell)

(RT J*(2)J%(0)|h) = /[DquDA]eiSQCD‘I’*[tZ g, AJJ*(2)J"(0)¥[g, g, A]

’ Cannot be integrated since ¥ is unknown ‘

Alexey Vladimirov
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Background field method for parton physics
(in a nutshell)

(RT J*(2)J%(0)|h) = /[DquDA]eiSQCD‘I’*[tZ g, AJJ*(2)J"(0)¥[g, g, A]

Parton model
W contains only collinear particles
\IJ[Q7 q, A] — ‘Il[q’ﬁy dn, A’ﬁ]
{8+1 - ’ 8T}Qﬁ S {17 >‘2a )\}(Iﬁ

’ Integral can be partially computed ‘
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Background field method for parton physics
(in a nutshell)

(RT J*(2)J%(0)|h) = /[DquDA]eiSQCD\P*[@ g, AJJ*(2)J"(0)¥[g, g, A]

Parton model
W contains only collinear particles
Y(q,q, Al = Y(qGn, ga, An]
Background technique 4\ {04,0-,0r}qn S {1,22, \}an
g9 = qu + Y -
A = A; + B \"Integral can be partially computed ‘

» qn, An: background (external field)
» 1, B: dynamical (to be integrated)

(RIT J*(2)J%(0)|h) = /[Dq’ﬁDqﬁDAﬁ}eiSQCD‘I’*[@ 0, AT [@n an, Arl(2) (T, 4, A]

T = [IDgDYDBIiSaco+ S0 Al g 4 4](2)1"lq + 4](0)

’ Generating function for operator product expanswn‘
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Background QCD with 2-component background ]

q— qn +qa + P AP — AE 4 AR+ BP

en

collinear-fields 4
(associated with hadron 1)

{8+7 877 8T}q‘7l 5 Q{L >‘21 )‘} qn;
{8+’ 6—7 8T} A% 5 Q{17 >‘27 >‘} A%»

anti-collinear-fields @~ | A fsccccccogpm oo
(associated with hadron 2)

{a+7 8—7 BT}Qn S, Q{A27 1, )‘} 4n,
{8+7 8*7 8T} Az 5 Q{A27 1, A} AZ

n
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TMD operator expansion
is conceptually similar to ordinary OPE
The only difference is counting rule for y

WH (q) = /d4ye‘i("y)(p1,mlJ”(y)IX><X|J"(0)Ip1,p2>, JH = gytq

_ 11 o1, 1 -
@y~1 =  {fhyuri~{— & )~ {1
9 gt gr  Q

To be accounted in operator expansion

2589 ~ NLP, yhOuq ~ LP

Alexey Vladimirov January 14, 2024
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/ [dq... ]t WU (Gn + Gn)v” (an + an) (W) (@5 + Gn)7* (g7 + qn) (0) 105

(p1,p2| JH(y) Jv(0) |p1,p2)

Mt 1
= (p1l{p21Ga7" an (¥) | X)(X]qn¥" g5 (0)|p1)|P2) + ...
1 tr(YET v Tom)
Ne 2 4

n,m

3l (—y)@lml(y) + ...

TMD distribution

o' (y) = (plg(y)..T...q(0)|p).
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/ [dq... ]t WU (Gn + Gn)v” (an + an) (W) (@5 + Gn)7* (g7 + qn) (0) 105

(p1,p2| JH(y) Jv(0) |p1,p2)

Mt 1
= (p1l{p21Ga7" an (¥) | X)(X]qn¥" g5 (0)|p1)|P2) + ...
1 tr(YET v Tom)
Ne 2 4

n,m

3l (—y)@lml(y) + ...

TMD distribution

o' (y) = (plg(y)..T...q(0)|p).

However, 0—q ~ A2 (but yuaéfq ~1)

M (y) — (pla(y~n + yr)..T...q(0)|p) + O(A?)
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/[d%--]eis[”'] TS (@ + @ )7 (an + an)(¥) (@ + @) (@n + gn)(0) T1To

(p1,p2| JH(y) Jv(0) [p1,p2)

Mt 1
= (p1l{p21Ga7" an (¥) | X)(X]qn¥" g5 (0)|p1)|P2) + ...
1 tr(Y* Ty T'im)
Ne 2 4

n,m

3l (—y)@lml(y) + ...

TMD distribution

o' (y) = (plg(y)..T...q(0)|p).

However, 0—q ~ A2 (but yuaéfq ~1)

M (y) — (pla(y~n + yr)..T...q(0)|p) + O(A?)

Also, taking into account EOM v~y q ~ )2

M (y) = play~n +yr)...0 T ..q(0)|p) + O(X?)

I't can be only v+, vt or o+,
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LO
Bl (—y)aMml(y)
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N
kg : ka ; |
ke E kq E E E
A B C b
NLO

(GnA+gn)(dq) ~ LP
(qﬁATQn)(qQ) ~ NLP
(@nA—qn)(qq) ~ N2LP

Wilson lines

Vladimirov January 14, 2024 12 /42



T i 5. g S
bk i : :
0 p : And hA- : An b And hA- : An
Bk i ] :
M o N e | D
A B C D
NLO

i%(qnqn)(qq) ~ N2LP

>
pip— ~pa o~ 1/y2
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NLO

Coefficient function

12/ 42

<
(2
=}
™
~
—
>
&
]
o
]
Gl
|



P T 72 : ..( ; )D-
- e e
P S O Y g
by E ki E E
G e I N
A B D
Whe — _NLC Z tr(’Y”fz'Yufm) /d4ye*iqy‘cv (%) ‘2¢[Fn](y+n + yT;N)q;.[Fn](y*ﬁ +yrip)

n,m

—02 _02
Cy =14asCp (21112 (%) +21n( Cf,
W Iz

71.2
) + ?) +a§....

@M (y, 1) — Z3 (1){pld(y)[Wilson line]"* ¢(0)[p)

Dependence on p cancels
(not that simple...)
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Process dependence




TMD operator expansion

v
J has different geometry

JHe

| | | | |
Collinear factorization

Yyt o~ QTH1,1,1}

A S A A

n

Two
light-cone operators
4
Two
parton distribution function
PDFs & FFs

gi(An)[An, 0]q;(0)
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I 00
Jl/
)
JH@®
| | | |
TMD factorization

|
gt o~ Q7ML LA}
\

\

TMD operator expansion

has different geometry

\

\

Four

I

light-cone operators

Two
TMD distributions

TMDPDFs & TMDFFs
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TMD operator expansion

v
J has different geometry

JHe
| | | | |

TMD factorization
v o~ QL LAY

AN SR A

n n n n

Four
light-cone operators
A - 4
yr =b Two
q TMD distributions
TMDPDFs & TMDFFs

Q|

Gi(An + b)[An + b, £oon +b] [Eoon, 0]q;(0)

Alexey Vladimirov



Process dependence

The background can be taken in any gauge (since it is gauge invariant)

» Light-cone gauge kills operators with A 5 and A_ , (~ 1 in power counting).
» Convenient choice of gauges

» Collinear field AL =0
» Anti-Collinear field A_ =0
» Dynamical field: Feynman gauge

» However one needs to specify boundary condition. The result depends on it.

0 0
Ab(z) = fg/ doFET(z4+no) vs. AF(z) = 7g/ doFET (2 4 no)
—c0 “+ oo

qlz,z —oon] vs. q[z,z+ oon]
etc.
To specify boundary and WL direction, we should go to NLO

Vladimirov January 14, 2024 15 /42



NLO expression in position space

1= [ B

oo [—2zF2z— 4 0]«
for DY | for SIDIS | for SIA
‘ f’s are TMDPDFs or TMDFFs | - fa(=") is analytical in [ lower | Tower | wpper | half-plane.
‘ fu(z*) is analytical in | lower upper upper | half-plane.
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NLO expression in position space

I e T e
I—Lmdz dz C2:72 + 0]

for DY | for SIDIS | for SIA

‘ f’s are TMDPDFs or TMDFFS} > ’))15 Iytical in | Tower | Tower | upper | halplane.

is amalytical in | lower | upper | upper | half-plane.

)
zZt>0
z'<0 )
0 fu(zh) fa(z7)
I= dzt 22" 2 (To4+ 1 + Ir + Iso), Ic = n
/_OOZ (_2z+)a(0+ 1+ I+ 1) c o ()
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NLO expression in position space

I e T e
I—Lwdz dz C2:72 + 0]

for DY | for SIDIS | for SIA

‘ f’s are TMDPDFs or TMDFFs | - fa(=") is analytical in [ lower | Tower | wpper | half-plane.
‘ fu(z*) is analytical in | lower upper upper | half-plane.
@
z'>0
- N
— .-
z'<0 /
0 f + _(o—
nl{2 fn z
I=/ dz+%(10+11+12 Ic = (fa)
—o (=227) c (7)
for DY: Uim AA(z)=0.  lm_ AZ(:) =0, 0 Fields at oo
for SIDIS: lim  A%(z) =0, lim  A%(z) =0, (= interaction with transverse link)
2= —+00 zto—oo "

for SIA: Ab(z) =0, lim  Af(z) = 0.
zt oo

lim
2= —+o0

—>| Reproduce ordinary rules! |x

January 14, 2024 16 /42



Divergences of TMDs




TMD-twist-(1,1)
(Usual TMDs)

U, = [..]¢ = good-component of quark field (twist-1)
({21, 221,0) = (p, slé(z1m + b).. 5 & (zam) p, )

L I
I oon

b L}

@mmmelammmmmmmsmmmmssmsmmssmmm=ma=mnn=al
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TMD-twist-(1,1)
(Usual TMDs)

U = [..]¢€ = good-component of quark field (twist-1)

Bl ({21, 22},b) = (p, s|&(z1m + b).. D€ (22m) p, 5)

b yoon.
. el (L (2
UV divergence 1-loop = asCFe (E 3 +In (2p+’/_>>
» Local (number) e [} Zsl N (/ﬁ)) . }
» Anomalous dimension of costime = I Tt \e T2 T M @2
quark field in LC gauge requirceg £s<234later)
f
d V(1 6)
MQﬁFﬂ—h(xalﬁ us¢) = FTF,u—h(x, b; i, ¢)
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TMD-twist-(1,1)
(Usual TMDs)

U; = [..]¢€ = good-component of quark field (twist-1)

& ({21, 23,b) = (p, s|€(z1m +b).. 5 ..£(22m) |, 5)

Rapidity divergence

» Non-Local (depends on b)

» Not regularized by
dim.reg.

» Rapidity anomalous
dimension

d

Alexey Vladimirov January 14, 2024 18 /42



TMD-twist-(1,1)
(Usual TMDs)

Uy = [..]¢ = good-component of quark field (twist-1)

Bl ({21, 22},b) = (p, sl&(zam + b).. 5 ..E(z2m) [p, 5)

b

B SO

[y,
$3voc

--

In non-singular gauges

infinity is a single point

Rapidity divergence

» = Anomalous dimension
of a distant cusp

» Distance b +» angle

Vladimirov January 14, 2024 19 /42



({21, 223,b) = (p, s|(z1m + b).. 2.6 (z2m) Ip, 5)

q CEEEE LR R

(@ =mmmmm-- .
b xooon
[ R L L L L LT
1 I Conformal transformation I I
V3l
JRARN
L 2 2
. . v =wv5=0
Spatially compact‘ e N 1 2 42
vl ¢ V2 VIV2) N s
R AR (v1v2) A+b2
* A3
Y .
. ‘.
¢
January 14, 2024 20 /42
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({21, 223,b) = (p, s|(z1m + b).. 2.6 (z2m) Ip, 5)

b

T TN

rapidity
Conformal transformation

2 _ 2

Spatially compact ‘ R . vy =3 —S
v 4 UV A d v b

1, . V2 (viva) ~ s

2D(p,b) = vs((viv2), 1)

RAD < SAD correspondance
Exact in conformal field theories

Alexey Vladimirov January 14, 2024 20 /42



In QCD:

ZD(M, b; 6*) = vs((v1v2), 1)

€ = % (Wilson-Fisher critical dimension)
s
Consequences
» Rapidity divergence is multiplicatively renormalizable, by factor R

1 __ d
D(b,p) = §R (b, V)mR(ba Wi v)

» Same RAD for all TMDs of twist-2 and twist-3 (same soft-factor at sub-leading power)
> ...

» N-loop RAD + (N+1)-loop SAD = (N+1)-loop RAD checked at N®LO
» Absence of odd-color structures in SAD

A

o

~
B

P
=

h:

Alexey Vladimirov January 14, 2024 21 /42



) 2
WHY ~ /dzbe_l(qu)‘Cba,e (Q;e) ‘ @E;]re(ml,b; €, 5+)<I>Ll;]re(m2,b; €07)
I

Here:
oM (z,b) = /dy_e_iwp+y7q>[r] (y™n+0b)

e for IR/UV divergences

¢ for rapidity divergences

>y Vladimirov



. 2 _ _
wer o [ et oy (L) 2] 12112 RGE O @1, 0121126 RGO et O

Should be:
ZV(Ev :U')Zl_Z(Ea /J’) \/ R(5+7 C)R(67= é) ~1

But there is 6+

Here we come to the issue of the soft factor

Vladimirov



Soft-factor




Standard approach (CSS, SCET)
introduce extra modes (collinear, anti-collinear, (ultra)SOFT)

)\'2

It results into “soft factor” in W

W o~ ®(2,b;6T)S(b, 6767 )®(2,b;67)

[2a
g
Ggl|  ¢.B"
g
’
/
arlt%ebﬂmear .
NN o
A

TMD soft factor
S(b) = (0|[Wilson loop]|0)
contains rapidity divergences
in “4+” and “—” directions

January 14, 2024 24 /42
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Standard approach (CSS, SCET)
introduce extra modes (collinear, anti-collinear, (ultra)SOFT)

[0 O+
wh| B G ALl B
it .’ A2 .
/95;; antfeoififear 1 /// n, A a4
A A
It results into “soft factor” in W Define each TMD in “full” domain
®qep (2, b;€)
STV (B ST VD (5. b 5 5T v —QCDA T
W~ ®(z,b;61)S(b, 6167 )P (2, b;67) (z,b;0T) Z.(6,¢.070-)
Zero-bin subtraction (SCET) Collins
not very well defined Z.b.(b) ~ S(b; different regulator)

Z.b.(b) ~ / [dgdqd Ale*S W
ft
see [Masr(l)ohar:2006nz]
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Standard approach (CSS, SCET)
introduce extra modes (collinear, anti-collinear, (ultra)SOFT)

[0 O+
| B G AL B
it .’ A2 .
\ [ // L
/9‘02; antieotfnear | | \ Gy AL |
A B
It results into “soft factor” in W Define each TMD in “full” domain
Pqep(z, b; Q)
~ .5t +5- S5 D(x,b;6T) ~ —eDE Bl
W~ ®(x,b;6T)S(b, 66 )P (2, b;67) (z ) Z.(6,¢.070-)
Altogether
S(b,6t67)

W~ , b; — docep(z, b; ¢
Qe (@b ) 5T a1 2 (b, G, 075 P (@ bi¢)
this extra factor compensates R(6T)R(57)
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Origin of scales ¢

» Renormalization of rapidity divergences introduces boost-dependent scales v+
®(z,b; v TYR(GE, L)

» Soft factor is boost-invariant S(b;6T57)

» Thus, the combination of soft factor and R’s is boost-invariant (because 6% cancel)

S(b,5+67)
Zb.(b,¢,5%67) Z.b.(b,C,0707)

R(6T,vT) R(6,v7) =(b,vtrv7)

» Factor ¥ can be distributed between TMDs

O (x, b, v )80 (b, v v )®(z,b,v7) = O(x, b, I/+)\/Eo(b, vtr—) \/Zo(b, viv=)®(z,b,v7)

”physical” TMD ”physical” TMD
» “Physical” TMD depends on boost invariant combinations

+ _ -
Cn2)P, 202
14 14

» To cancel IR divergences one must set (¢ = Q*

Vladimirov January 14, 2024 25 /42



Non-Standard approach
avoid overlap + renormalize

A2
antjzeollipéhr
S .
Z v —
o . A . p?‘ > ——p; .
The rapidity divergences are (naturally) regularized by ‘; _ , and renormalized
— +
Py > Vjp2

“physical” TMDs are defined on this “reduced” set of fields.

The renormalization condition is that W ~ ®;®5 (without any extra factor 3¢)

January 14, 2024 26 /42
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Non-Standard approach
avoid overlap + renormalize

)\2

antigcollsidhr

)\Z
The rapidity divergences are (naturally) regularized by

v , and renormalized

v
- +
Py > Vjpg

“physical” TMDs are defined on this “reduced” set of fields.

The renormalization condition is that W ~ ®;®5 (without any extra factor 3¢)

Final expressions from both approaches are identically the same.

However, “renormalization” approach is easier to generalize (e.g. beyond LP) b

(Also, there are indications that soft factor formula does not work at b2 order...) ¥

January 14, 2024 26 /42



W =

TMD factorization theorem for DY

b _, 2 _
o ) [ Sz iloy (2) Fali) bm el @b

4N, 2m)2

n,m

+ 2 2 2
-1 _ L +qTey, T2 @ +q
pt V s V

(Is g3 a power correction (??) = frame-dependence)

January 14, 2024 27 /42
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|
TMD factorization theorem for DY

-1 d2b . 2 _
w = ] Ztr(rmurmﬁ/We—mw’cv (%) Folir) (@bim Q@] (@b, &
Lo (‘LT L é)

QQ’Q

Evolution equations

d
;ﬁd—uzé[” (1:Q) = 7r (1, )M (11, ) 1)
(51, 0) = =D (1,) (2)

» Evolution is universal for all polarizations, depends only on color-representation
(quark/gluon)

» Hard coefficient function is also universal for all polarizations

» Hard coefficient function and ADs are known at 4-loops

» Collins-Soper kernel is independent non-perturbative function

Alexey Vladimirov January 14, 2024 27 /42



TMD factorization theorem for DY

= ;‘J’@ Z/ e lov (%) a1, oz, b 1,0

1 A
()
Q Q Q
Parametrization of TMDs

a0 (@ b) = fi(z,b) —i(b x $)M fin(x,b),

etc.

g | iR | e

© [0

Ul k) @ umo (-]
Unpolarized r-Mulders

& alek) @~ @ | hilrks N0 @
Helicity iders,“worm” gear

Sk Wk @ - &

" Traneveratty

v ‘ g.r(x.kr)é - é o
o, | A0 @ - @
Swors preirg

Protzolosity
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|
TMD factorization theorem for DY

_gljﬁ
W =
D [

o) _i(qb)‘CV (%) ’Qfl(xlyb;#, Q) f2(@2,b; 1, C)

1 A
+0 (q—T, —, —)
Q Q Q
LP expression is incomplete:
1. Violation of gauge invariance
QW ~qp

2. Frame-dependence

A2
2(¢g7)?

Factorization theorem holds, but variables flow....

AH
n* - nt 4+ — —n"
P

Solution: kinematic power corrections

Vladimirov January 14, 2024 27 /42



TMD evolution




d vr (1, ¢)
uZdTLQ‘I’m (1,€) = FT‘I’[F](M 9

d
C&@WWMO=—DWM¢MW£)

Integrability condition (CS-equation)

i'YF(,uwC) _ 2 d2 'D(b, /»‘) _ _Fcusp
d¢ 2 dp 2

» It provides evolution for Collins-Soper kernel
®odp
D(b, u) = D(b, /J/O) + *Fcusp (,LL)
wo M
» It specifies the structure of yp
2

wﬂmo=rmamm(%)—%m>

Alexey Vladimirov



AL (kg lr)
1021 %’» — )/
v TMD evolution is 2D evolution
i —_(2F _
10l Evolution field E = ( R D)
is conservative 3 X E =0
Evol.potential: E=VU
i Evolution eqn: Vol =E =vU
1 10 102
P [GeV?]
Rb;i— f] = exp/ dv-E =exp(Uy — U;) =
P

exp [/P ("/F(M C)df - D(uﬂ@)%)]

Alexey Vladimirov



Example 1
(wgsCy)
“1 dp &
nf= [ W1, ¢) = Dl by n
i M Gi
(s, Ci) given in [Collins’ textbook]
' 7
>
4
(g, Cr) Example 2
1254 Cf
mr= [ —vF(u, G) — D(pg.b)n (2L
i Gi
(kis Gi) N
7
v
(g, € Solution 3
Hi
InR= / v (p(t), (t))i
(g — pa)t + pi
Cf Cz
=D(p(t), b) ——————)dt
(15 G2) " (Cf—Ci)t-l-Ci)
>
w
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TMD distributions on the same equipotential line are equivalent.

b=0.2GeV~!
—— TMD(z,b,1)
—— TMD(z, b, 2)
1021 L TMD(z,b,3)
“; We can enumerate them by a lines
3 ot by (11,C)
o 10
1 [
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TMD distributions on the same equipotential line are equivalent. ]

— TMD(z,b,1)
— TMD(z, b, 2)

1021 L TMD(z,b,3)

We can enumerate them by a lines
not by (1, ¢)

{[GeVv?]

This the main idea of (-prescription
D(x,b;p, ¢) — P(z, b; line)

. _(Culline 1)\ TP
P(line 1) = ({u[line 2]) P(line 2)

@ is any...
‘ ‘ ‘ * optimal TMD is defined on
the line which passes though saddle point.
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TMD distributions on the same equipotential line are equivalent. ]

— TMD(z,b,1)
— TMD(z, b, 2)

1021 L TMD(z,b,3)

We can enumerate them by a lines
not by (1, ¢)

10+

{[GeVv?]

optimal line =¢,, (b)
1. In PT C,u(b) = %2e*7E(1 +as..)

2. Generally, is a functional of D

—
T

January 14, 2024 32 /42
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Small-b regime

(From TMD factorization to “resummation” approach)




“Resummation” regime

ALgr < Q

QT>>A

W~ /dee—ibQTW(b) /dee_’bQT Jim, W) + ..

W(b) = [Cv(Q)2 RD®)](Q — o) (w1, b; f20) ®(w3, bs pro)
N——
hard.c. evol. TMDs

One needs:

» Collins-Soper kernel at small-b
» TMDs at small-b ("matching”)
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Collins-Soper kernel at small-b

There are several ways:
1 Compute soft-factor and extract rapidity divergence
2 Compute TMD and extract rapidity divergence
3 Use RAD/SAD correspondence (actual 4-loop computation)

N N/Oo doy /oo doa QQCF e—dl5+e—0257
) 0 o [=20102 + b2 +40]1—¢

’

; " = asCr(U?b2)T (=€) In(616 " b2) + ...

r r 404 56
D = 2a,CpL + a2 { Ofo L2 + §L+CFCA (? - 1443) - ?CFNF] + ..

January 14, 2024
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TMDs at small-b
(small-b OPE)

G(An 4+ b)[An + b, con + b|I'[con, O]q /dzC(z L)g(zn)[zn, 0]Tq(0) + O(b?)
4 4 4
dy T 2
J1(@, b5, ¢) = / —C (*,L; M»C:#OPE) f1(y, porr) +O(07)
—_— Yy ) N—
™MD coef.func. PpE

= =X X

M L?[—A—éx x
® )

_ =1 1
Up = QaSC;,-F(ff)b'z‘/ da/ daa q(zin + b)y™ Zq(;é‘on — (1 —2a)b),
—o0 0

(A%)

2 1
Up- = 2a,CpT(—€)b* / do / daa q(zf,n+ (1 —2a)b) &Aﬁq(zgn —b),
Jooo Jo

Us = 2a,CpT(—e)b™ /[rlmld(h]{(l —€) qzln +b(1—20))y T g(z5n —b(1—-28))

fi(@, b, €) = f1(z) + aq (I){f?LyP@jH‘FCF (—L1+21<L +3L, 77) fil)

+ [ae [ e 0 erun 6 + 200} + 0te?) + 018,
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Table from [Moos, AV,2008.01744]

Twist of Twist-2 Twist-3 Order of
Name Function leading | distributions | distributions || leading power Ref.
matching | in matching | in matching || coef.function
unpolarized S1(,b) tw-2 fi(x) - NLO (af) | [21, 22]
Sivers Siz(x,b) tw-3 - T(—z,0,z) NLO (al) 23]
helicity g1.(z,b) tw-2 g1(x) Ty(z) NLO (a}) [16, 17]
worm-gear T | gi7(x,b) tw-2/3 g1(x) Ty(x) NLO ) (13, 14]
transversity hy(z,b) tw-2 hy(z) Tn(z) NNLO (a?) [19]
Boer-Mulders | hi (z,b) tw-3 - T (—=,0,z) NLO ) [14]
worm-gear L | hiz(z,b) tw-2/3 h(z) Tn(x) NLO ) [13, 14]
pretzelosity hir tw-3/4 - Tn(x) al) eq.(4.8)

[Rein, Rodini, et al,2209.00962]




®(x,0;Q,Q%)

A i i
b*’ b*
* b, b—0
b*(b) { const. <A~ b— o

limp 0 fxp(z,b) =1

P(z,b,Q,Q%) = R[b, Q)®(x, b; )Ine (2, b)

In(b)
do /dgr
A
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P(z,0;Q,Q%)
A
0(0,5,Q. Q%) = RIb, QU(e. i 1o 20 (5,0)

b b—0
* )
b*(b) N{ const. <A~ b— o

Non-perturbative

limp 0 fnp(z,0) =1
®~cfnp o fp (o)

~0.6GeV—1 In(b) g

do /dgr
y

~ 6GeV qT
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O(z,b;Q, Q%)

A

1 1
®(@,b,Q, Q) = RIb, Q& (w, by 7, ) fe (2, 0)
* b, b—0
br(b) ~ { const. <A~ b— o
Non-perturbative
e~ CQ fi ®~cfnp

limp 0 fxp(z,b) =1

~ 0.6GeV~1

In(b)
do /dgr
A

~ 6GeV

~02Q

qr

adimirov

2

T

4
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®(x,0;Q,Q%)
A 1 1
®(z,b,Q,Q%) = R[b, Qd(x, b; 5o g e (@)
E " b, b—0
% b (b)N{ const. <A™, b— 00
& OPE Non-perturbative .
1 ,b)=1
EP~CRf ®~cfyp imy_,0 fnp(z,b)
3
5‘
~Q! ~0.6CGeV! In(b)
do /dgr
)y
\‘
~ 6GeV ~02Q T
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O(z,b;Q, Q%)

A

0(0,5,Q. Q%) = RIb, QU(e. i 1o 20 (5,0)

5

:E . b*(b)w{ lc);)nst.<A_1, Z::go
%

~ Q1 ~0.6GeV! In(b) u

Node > zero

do/ chT position depends on Q
qr ~ 0.5 —-0.7Q

power corrections

~ 6GeV ~0.2Q qT
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0.05

0.04

0.03

0.02

doldgr [pb/GeV]

0.01

ry

1.005
= 1.000
s
£ 0.995
=

S
o

ART23
N4LL
[V.Moos, I.Scimemi, AV, P.Zurita, 2305.07473]
627 data points
4GeV< Q <1000GeV

adimirov

b ' ' ' 'ATLAS |
Vs =13 TeV
3 X*/Npe =376 1
)_‘_o_\_'l
b )_\4;‘_7 N
I
S == = < = < ==
= -

L L L ! 5»4@@%
7 14 21 28 %
qr [GeV] W
! s
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10 o T
cMs cms oms
10 228 228 228 . Vs =13 TeV VS =13 TeV VS =13 TeV
VS =194 GeV VE =237 GeV VS =274 GeV g 08 106 GeV < Q< 170 GeV. 170GeV <Q <350 GeV 350 GeV < Q < 1000 Ge’
) B f“ N ) g
o . = | o, T e =
2 I‘“ " e LT g o4
§ bl ol TR el T . s
£ - kg ) ]
= | AP .S - 0.2
& =T - L ¥
£, ﬁ\f‘_nf‘t
8 + T z { TI il H * T
i} 50 -
e i .1 e ity 10 |
i f goupt ==
s il
0! a 7 T s 7 0T s 7 14 20 28 s
05 o s 20 os o s 20 05 10 15 20 25 30 qr (Gev] qr(Gevl ar[Gev]
qr [GeV] qr [GeV] qrGeV]

4GeV<Q<5GeV 5GeV<Q<6GeV  6GeV<=Q<=TGeV  7GeV<Q<8GeV

8GeV<Q<9GeV  11GeV<Q<12GeV 12GeV<Q<13GeV 13GeV<Q<14GeV I

4GeV 1000GeV

Very presice test of TMD evolution




"\ L L L L L L L L L
0 12 5 10 20 3040 60 80 120
r(GeV)

TMD factorization at NLP
» 4 TMDFFs, 16 TMDPDFs of twist-3

NLO expression for coefficient functions
LO evolution for twist-3 TMDs

NLP restoration of frame-invariance, gauge invariance, boost invariance

Qiu-Sterman-like terms in TMD factorization

Power corrections:
(many works during last year)
» I.Stewart, A.Gao, et al,

» S.Rodini, AV, et al,
» I.Balitsky, et al,
> ...

NLP TMD factorization is done!
e.g. [2306.09495] for SIDIS
(it is much more compli-
cated than one expected)




200 Power corrections:
160 1. gr/Q-corrections
Y-term
120
9w 2. A/Q & M/Q-corrections
Z 60 higher-twist
<) target-mass
&40
20 3. kr/Q-corrections
10 kinematic
45
e e ‘ [AV,2307.13054]
0 12 5 10 20 3040 60 80 120

qr{GeV)
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200 Power corrections:
160 1. gr/Q-corrections
Y-term
120
9w 2. A/Q & M/Q-corrections
Z 60 higher-twist
<) target-mass
&40

3. kr/Q-corrections
kinematic

(N T
0 12 5 10 20 3040 60 80 120
qr{GeV)

[AV,2307.13054]
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Power corrections:
1. gr/Q-corrections
Y-term

2. A/Q & M/Q-corrections
higher-twist
target-mass

3. kr/Q-corrections
kinematic

_‘)) \
A Y SRS R R S [AV,2307.13054]
0 12 5 10 20 3040 60 80 120
qr{GeV)
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200 Power corrections:
160 1. gr/Q-corrections
Y-term
120
9w 2. A/Q & M/Q-corrections
Z 60 higher-twist
<) target-mass
&40

3. kr/Q-corrections
kinematic

.i"il""l""‘{"f

0 12 5 10 20 3040 60 80 120
qr{GeV)

[AV,2307.13054]
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Power corrections:
1. gr/Q-corrections
Y-term

2. A/Q & M/Q-corrections
higher-twist
target-mass

3. kr/Q-corrections
kinematic

[AV,2307.13054]

1ok : 3
0 12 5 10 20 3040 60 80 120
qr(GeV)

This explains why there are problems with low-kr at Q ~ 10GeV
LHC is “pure” perturbation theory
EIC will be “more interesting”

: L
&
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(some) References

TMD factorization
» [1] J.Collins “Foundations of Perturbative QCD” [Collins:2011zzd]
» [2] Becher & Neubert, [1007.4005] (SCET, collinear anomaly)
»  [3] Echevaria, Idilbi, Scimemi, [1111.4996](SCET)
» [4] Vladimirov, Moos, Scimemi [2109.09771] (background QCD)
Divergences
» [5] Chiu, Jain, Neill, Rothstein [1202.0814] (rap.div. vs. double logs)
» [6] Vladimirov [1707.07606] (proof of renormalization of rap.div.)
» [7] Vladimirov [1610.05791] (SAD/RAD correspondence)
TMD evolution
» [8] Aybat, Rogers [1101.5057] (“standard solution”)
» [9] Scimemi, Vladimirov [1803.11089] (2D evolution)
Small-b
» [10] Moult, Zhu, Zhu, Jiao [2205.02249] (CS at small-b at 4-loops)
» [11] [Luo:2019szz, Ebert:2020yqt, Luo:2020epw] (3 loop for f1)
» [12] Scimemi, Tarasov, Vladimirov [1901.04519] (Small-b in background QCD)
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Collins-Soper kernel

081 D(p,2GeV)
0.6

0.4rF

0.2

[MAP22| [ART23

1
-0.24

4 5
b(GeV )

Very small uncertanties

all extractions 2019-2023
pheno + lattice

Alexey Vladimirov

(despite huge uncertanties in TMDPDFs)

08F Db, 2GeV)

E/1 T2 3 4 5
-0.2 b(GeV™")

MAP22+ART23+mean lattice
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