
Top-Bottom Interference Contribution to 
Fully-Inclusive Higgs Production

Felix Eschment

with M. Czakon, M. Niggetiedt, R. Poncelet, T. Schellenberger

based on Phys.Rev.Lett. 132 (2024) 21, 211902

19 July 2024, ICHEP 2024



Top-Bottom Interference Contribution to 
Fully-Inclusive Higgs Production

Felix Eschment

with M. Czakon, M. Niggetiedt, R. Poncelet, T. Schellenberger

based on Phys.Rev.Lett. 132 (2024) 21, 211902

and 2407.12413

19 July 2024, ICHEP 2024



Motivation
• Higgs production cross section central observable 

in Higgs physics
• HL-LHC anticipates 𝓞(2%) uncertainty
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LHCH(XS)WG YR4 `16

pp → H (gluon fusion) pp → qqH (VBF) pp → WH / ZH (Higgs Strahlung)

pp → ttH/bbH pp → tH

à Crucial to reduce theory uncertainty on gluon-fusion cross section as much as possible

https://arxiv.org/abs/1610.07922


Gluon fusion
• Loop induced process, LO known for almost 50 years
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𝑚! → ∞ Heavy-top limit (HTL): one fewer loop, 
one fewer scale
à Effective field theory (EFT)

• NLO:

𝑚! → ∞

Dawson `91
Djouadi, Spira, Zerwas `91Graudenz, Spira, Zerwas `93

Better agreement with rescaling: 𝜎!"#$ = 𝑟	𝜎!$%

𝑟 =

2

à rEFT, HEFT (Higgs effective field theory)

Georgi, Glashow, Machacek, 
Nanopoulos `78

≈ 1.065

𝑚! = 125 GeV
𝑚" = 173.055 GeV

https://doi.org/10.1016/0550-3213(91)90061-2
https://doi.org/10.1016/0370-2693(91)90375-Z
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.70.1372
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.40.692


Gluon fusion (YR4 `16)
• Yellow report from 2016 (LHCH(XS)WG YR4 `16), following 

Anastasiou, Duhr, Dulat, et al. `16
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30 I.4.1. The inclusive cross-section

where �LO
ex;t denotes the exact (hadronic) LO cross-section in the SM with a massive top quark and Nf =

5 massless quarks. Moreover, at LO and NLO we know the exact result for the production cross-section in
the SM, including all mass effects from top, bottom and charm quarks. We include these corrections into
our prediction via the terms ��̂(N)LO

ij,ex;t,b,c in eq. (I.4.1), consistently matched to the contributions from the
effective theory to avoid double counting. As a consequence, eq. (I.4.1) agrees with the exact SM cross-
section (with massless u, d and s quarks) through NLO in QCD. Beyond NLO, we only know the value
of the cross-section in the heavy-top effective theory. We can, however, include subleading corrections
at NNLO in the effective theory as an expansion in the inverse top mass [103–106]. These effects are
taken into account through the term �t�̂

NNLO
ij,EFT in eq. (I.4.1), with the factor RLO scaled out. They were

originally computed with the top mass at the OS scheme, but their scheme dependence is expected to
be at the sub-per mille level, following lower orders, and is hence considered negligible here. We also
include electroweak corrections to the gluon-fusion cross-section (normalized to the exact LO cross-
section) through the term ��̂ij,EW in eq. (I.4.1). Unlike QCD corrections, electroweak corrections have
only been computed through NLO in the electromagnetic coupling constant ↵ [107–109]. Moreover,
mixed QCD-electroweak corrections, i.e., corrections proportional to ↵ ↵3

s , are known in an effective
theory [110] valid in the limit where not only the top quark but also the electroweak bosons are much
heavier than the Higgs boson. In this limit the interaction of the Higgs boson with the W and Z bosons
is described via a point-like vertex coupling the gluons to the Higgs boson. Higher-order corrections
in this limit can thus be included into the Wilson coefficient in front of the dimension-five operator
describing the effective interaction of the gluons with the Higgs boson. The validity and limitations of
this approximation are discussed in Section I.4.1.a.iii.

I.4.1.a.ii Summary of results
The numerical results quoted in this section are valid for the following set of input parameters:

p
S 13 TeV

mh 125 GeV
PDF PDF4LHC15_nnlo_100

↵s(mZ) 0.118
mt(mt) 162.7 GeV (MS)
mb(mb) 4.18 GeV (MS)

mc(3GeV ) 0.986 GeV (MS)
µ = µR = µF 62.5 GeV (= mH/2)

Using these input parameters, our current best prediction for the production cross section of a
Higgs boson with a mass mH = 125 GeV at the LHC with a centre-of-mass energy of 13 TeV is

� = 48.58 pb+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory) ± 1.56 pb (3.20%) (PDF+↵s) . (I.4.3)

The central value in eq. (I.4.3), computed at the central scale µF = µR = mH/2, is the combina-
tion of all the effects considered in eq. (I.4.1). The breakdown of the different effects is:

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)
+ 20.84 pb (+42.9%) (NLO, rEFT)
� 2.05 pb (�4.2%) ((t, b, c), exact NLO)
+ 9.56 pb (+19.7%) (NNLO, rEFT)
+ 0.34 pb (+0.7%) (NNLO, 1/mt)
+ 2.40 pb (+4.9%) (EW, QCD-EW)

+ 1.49 pb (+3.1%) (N3LO, rEFT)

(I.4.4)
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at NNLO in the effective theory as an expansion in the inverse top mass [103–106]. These effects are
taken into account through the term �t�̂
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ij,EFT in eq. (I.4.1), with the factor RLO scaled out. They were

originally computed with the top mass at the OS scheme, but their scheme dependence is expected to
be at the sub-per mille level, following lower orders, and is hence considered negligible here. We also
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section) through the term ��̂ij,EW in eq. (I.4.1). Unlike QCD corrections, electroweak corrections have
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s , are known in an effective
theory [110] valid in the limit where not only the top quark but also the electroweak bosons are much
heavier than the Higgs boson. In this limit the interaction of the Higgs boson with the W and Z bosons
is described via a point-like vertex coupling the gluons to the Higgs boson. Higher-order corrections
in this limit can thus be included into the Wilson coefficient in front of the dimension-five operator
describing the effective interaction of the gluons with the Higgs boson. The validity and limitations of
this approximation are discussed in Section I.4.1.a.iii.

I.4.1.a.ii Summary of results
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The central value in eq. (I.4.3), computed at the central scale µF = µR = mH/2, is the combina-
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the SM, including all mass effects from top, bottom and charm quarks. We include these corrections into
our prediction via the terms ��̂(N)LO

ij,ex;t,b,c in eq. (I.4.1), consistently matched to the contributions from the
effective theory to avoid double counting. As a consequence, eq. (I.4.1) agrees with the exact SM cross-
section (with massless u, d and s quarks) through NLO in QCD. Beyond NLO, we only know the value
of the cross-section in the heavy-top effective theory. We can, however, include subleading corrections
at NNLO in the effective theory as an expansion in the inverse top mass [103–106]. These effects are
taken into account through the term �t�̂

NNLO
ij,EFT in eq. (I.4.1), with the factor RLO scaled out. They were

originally computed with the top mass at the OS scheme, but their scheme dependence is expected to
be at the sub-per mille level, following lower orders, and is hence considered negligible here. We also
include electroweak corrections to the gluon-fusion cross-section (normalized to the exact LO cross-
section) through the term ��̂ij,EW in eq. (I.4.1). Unlike QCD corrections, electroweak corrections have
only been computed through NLO in the electromagnetic coupling constant ↵ [107–109]. Moreover,
mixed QCD-electroweak corrections, i.e., corrections proportional to ↵ ↵3

s , are known in an effective
theory [110] valid in the limit where not only the top quark but also the electroweak bosons are much
heavier than the Higgs boson. In this limit the interaction of the Higgs boson with the W and Z bosons
is described via a point-like vertex coupling the gluons to the Higgs boson. Higher-order corrections
in this limit can thus be included into the Wilson coefficient in front of the dimension-five operator
describing the effective interaction of the gluons with the Higgs boson. The validity and limitations of
this approximation are discussed in Section I.4.1.a.iii.

I.4.1.a.ii Summary of results
The numerical results quoted in this section are valid for the following set of input parameters:

p
S 13 TeV

mh 125 GeV
PDF PDF4LHC15_nnlo_100

↵s(mZ) 0.118
mt(mt) 162.7 GeV (MS)
mb(mb) 4.18 GeV (MS)

mc(3GeV ) 0.986 GeV (MS)
µ = µR = µF 62.5 GeV (= mH/2)

Using these input parameters, our current best prediction for the production cross section of a
Higgs boson with a mass mH = 125 GeV at the LHC with a centre-of-mass energy of 13 TeV is

� = 48.58 pb+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory) ± 1.56 pb (3.20%) (PDF+↵s) . (I.4.3)

The central value in eq. (I.4.3), computed at the central scale µF = µR = mH/2, is the combina-
tion of all the effects considered in eq. (I.4.1). The breakdown of the different effects is:

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)
+ 20.84 pb (+42.9%) (NLO, rEFT)
� 2.05 pb (�4.2%) ((t, b, c), exact NLO)
+ 9.56 pb (+19.7%) (NNLO, rEFT)
+ 0.34 pb (+0.7%) (NNLO, 1/mt)
+ 2.40 pb (+4.9%) (EW, QCD-EW)

+ 1.49 pb (+3.1%) (N3LO, rEFT)

(I.4.4)

30 I.4.1. The inclusive cross-section

where �LO
ex;t denotes the exact (hadronic) LO cross-section in the SM with a massive top quark and Nf =

5 massless quarks. Moreover, at LO and NLO we know the exact result for the production cross-section in
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originally computed with the top mass at the OS scheme, but their scheme dependence is expected to
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is described via a point-like vertex coupling the gluons to the Higgs boson. Higher-order corrections
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only been computed through NLO in the electromagnetic coupling constant ↵ [107–109]. Moreover,
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s , are known in an effective
theory [110] valid in the limit where not only the top quark but also the electroweak bosons are much
heavier than the Higgs boson. In this limit the interaction of the Higgs boson with the W and Z bosons
is described via a point-like vertex coupling the gluons to the Higgs boson. Higher-order corrections
in this limit can thus be included into the Wilson coefficient in front of the dimension-five operator
describing the effective interaction of the gluons with the Higgs boson. The validity and limitations of
this approximation are discussed in Section I.4.1.a.iii.

I.4.1.a.ii Summary of results
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Using these input parameters, our current best prediction for the production cross section of a
Higgs boson with a mass mH = 125 GeV at the LHC with a centre-of-mass energy of 13 TeV is

� = 48.58 pb+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory) ± 1.56 pb (3.20%) (PDF+↵s) . (I.4.3)
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Gluon fusion (YR4 `16)
• Yellow report from 2016 (LHCH(XS)WG YR4 `16), following 

Anastasiou, Duhr, Dulat, et al. `16
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where �LO
ex;t denotes the exact (hadronic) LO cross-section in the SM with a massive top quark and Nf =

5 massless quarks. Moreover, at LO and NLO we know the exact result for the production cross-section in
the SM, including all mass effects from top, bottom and charm quarks. We include these corrections into
our prediction via the terms ��̂(N)LO

ij,ex;t,b,c in eq. (I.4.1), consistently matched to the contributions from the
effective theory to avoid double counting. As a consequence, eq. (I.4.1) agrees with the exact SM cross-
section (with massless u, d and s quarks) through NLO in QCD. Beyond NLO, we only know the value
of the cross-section in the heavy-top effective theory. We can, however, include subleading corrections
at NNLO in the effective theory as an expansion in the inverse top mass [103–106]. These effects are
taken into account through the term �t�̂

NNLO
ij,EFT in eq. (I.4.1), with the factor RLO scaled out. They were

originally computed with the top mass at the OS scheme, but their scheme dependence is expected to
be at the sub-per mille level, following lower orders, and is hence considered negligible here. We also
include electroweak corrections to the gluon-fusion cross-section (normalized to the exact LO cross-
section) through the term ��̂ij,EW in eq. (I.4.1). Unlike QCD corrections, electroweak corrections have
only been computed through NLO in the electromagnetic coupling constant ↵ [107–109]. Moreover,
mixed QCD-electroweak corrections, i.e., corrections proportional to ↵ ↵3

s , are known in an effective
theory [110] valid in the limit where not only the top quark but also the electroweak bosons are much
heavier than the Higgs boson. In this limit the interaction of the Higgs boson with the W and Z bosons
is described via a point-like vertex coupling the gluons to the Higgs boson. Higher-order corrections
in this limit can thus be included into the Wilson coefficient in front of the dimension-five operator
describing the effective interaction of the gluons with the Higgs boson. The validity and limitations of
this approximation are discussed in Section I.4.1.a.iii.

I.4.1.a.ii Summary of results
The numerical results quoted in this section are valid for the following set of input parameters:

p
S 13 TeV

mh 125 GeV
PDF PDF4LHC15_nnlo_100

↵s(mZ) 0.118
mt(mt) 162.7 GeV (MS)
mb(mb) 4.18 GeV (MS)

mc(3GeV ) 0.986 GeV (MS)
µ = µR = µF 62.5 GeV (= mH/2)

Using these input parameters, our current best prediction for the production cross section of a
Higgs boson with a mass mH = 125 GeV at the LHC with a centre-of-mass energy of 13 TeV is

� = 48.58 pb+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory) ± 1.56 pb (3.20%) (PDF+↵s) . (I.4.3)

The central value in eq. (I.4.3), computed at the central scale µF = µR = mH/2, is the combina-
tion of all the effects considered in eq. (I.4.1). The breakdown of the different effects is:

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)
+ 20.84 pb (+42.9%) (NLO, rEFT)
� 2.05 pb (�4.2%) ((t, b, c), exact NLO)
+ 9.56 pb (+19.7%) (NNLO, rEFT)
+ 0.34 pb (+0.7%) (NNLO, 1/mt)
+ 2.40 pb (+4.9%) (EW, QCD-EW)

+ 1.49 pb (+3.1%) (N3LO, rEFT)

(I.4.4)
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(I.4.4)• Exact N3LO HEFT calculation
• Improved QCD-EW predictions
• Exact top-mass dependence
• First N4LO approximation
• Progress on N3LO PDFs à See Giacomo Magni's talk

Mistlberger `18
Bonetti, Melnikov, Tancredi `18; Anastasiou, del Duca, Furlan, et al. `19; Bonetti, Panzer, Smirnov, et 
al. `20; Becchetti, Bonciani, del Duca, et al. `21, Bonetti, Panzer, Tancredi `22 

Czakon, Harlander, Klappert, Niggetiedt `21

Das, Moch, Vogt `20

Our Goal

https://arxiv.org/abs/1610.07922
https://arxiv.org/abs/1602.00695
Giacomo%20Magni's%20talk
https://arxiv.org/abs/1802.00833
http://arxiv.org/abs/1801.10403
https://arxiv.org/abs/1811.11211
http://arxiv.org/abs/2007.09813
http://arxiv.org/abs/2007.09813
http://arxiv.org/abs/2010.09451
http://arxiv.org/abs/2203.17202
https://arxiv.org/abs/2105.04436
https://arxiv.org/abs/2004.00563
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double-real

real-virtual

double-virtual

Calculated in Del Duca, Kilgore, Oleari, et al. `01
We use calculation from Budge, Campbell, De Laurentis, et al. `20 
as implemented in MCFM (Campbell, Ellis `99), scalar integrals with 
QCDLoop (Carrazza, Ellis, Zanderighi `16)

https://arxiv.org/abs/hep-ph/0105129
https://arxiv.org/abs/2002.04018
https://arxiv.org/abs/hep-ph/9905386
https://arxiv.org/abs/1605.03181
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amplitude; Analytical expression for IR counterterm
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double-real
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double-virtual

Calculated in Del Duca, Kilgore, Oleari, et al. `01
We use calculation from Budge, Campbell, De Laurentis, et al. `20 
as implemented in MCFM (Campbell, Ellis `99), scalar integrals with 
QCDLoop (Carrazza, Ellis, Zanderighi `16)

Single massive flavor: Interpolation of numerical grid of regulated 
amplitude; Analytical expression for IR counterterm

Two massive loops with different masses:
à Always factorized into one-loop 
contributions 

Deep asymptotic expansion in 𝑚"
# /𝑚!

#, 𝑚$
#/𝑚"

# : 
• Single massive quark flavor: Czakon, Niggetiedt `20
• Two massive quark flavors: Niggetiedt, Usovitsch `23

https://arxiv.org/abs/hep-ph/0105129
https://arxiv.org/abs/2002.04018
https://arxiv.org/abs/hep-ph/9905386
https://arxiv.org/abs/1605.03181
https://arxiv.org/abs/2001.03008
https://arxiv.org/abs/2312.05297
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double-real

real-virtual

double-virtual

Calculated in Del Duca, Kilgore, Oleari, et al. `01
We use calculation from Budge, Campbell, De Laurentis, et al. `20 
as implemented in MCFM (Campbell, Ellis `99), scalar integrals with 
QCDLoop (Carrazza, Ellis, Zanderighi `16)

Single massive flavor: Interpolation of numerical grid of regulated 
amplitude; Analytical expression for IR counterterm

Two massive loops with different masses:
à Always factorized into one-loop 
contributions 

Deep asymptotic expansion in 𝑚"
# /𝑚!

#, 𝑚$
#/𝑚"

#

• Single massive quark flavor: Czakon, Niggetiedt `20
• Two massive quark flavors: Niggetiedt, Usovitsch `23

Phase-space integration with sector-
improved residue subtraction 
(Czakon `10) as implemented in C++ 
code Stripper

https://arxiv.org/abs/hep-ph/0105129
https://arxiv.org/abs/2002.04018
https://arxiv.org/abs/hep-ph/9905386
https://arxiv.org/abs/1605.03181
https://arxiv.org/abs/2001.03008
https://arxiv.org/abs/2312.05297
https://arxiv.org/abs/1005.0274


Results: Part I
• Effects of interference of top- and bottom-quark amplitudes on Higgs production in gluon fusion at 

the LHC
• PDF set: NNPDF31_nnlo_as_0118  NNPDF Collaboration `17
• 𝜇% = 𝜇& = 𝑚"/2 (central scale), uncertainties with seven-point variation
• 𝑚"	= 125 GeV ⇒ 𝑚!	≈ 173.055 GeV and 𝑚$ ≈ 4.779 GeV (both in OS-scheme)
• HEFT values obtained with SusHi  Harlander, Liebler, Mantler `16

Felix Eschment 7ICHEP 2024

• Interference effects much larger 
than pure top mass effect

• Interference effect at NNLO 
cancels against NLO

• Interference effect at NNLO 
larger than NLO scale variation 
(similar in HEFT but less severe)

• Interference NNLO scale 
variation increases compared to 
NLO

• Similar effects for different top 
quark mass (𝑚! ≈ 170.979 GeV)Czakon, FE, Niggetiedt, Poncelet, Schellenberger `23

https://arxiv.org/abs/1706.00428
https://arxiv.org/abs/1605.03190
https://arxiv.org/abs/2312.09896
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we subtract all infrared divergences from the amplitudes and add them back only after performing

the interpolation. The subtraction of infrared divergences can be simplified by first subtracting the

rescaled cross section of the HTL. By choosing the rescaling factor in such a way as to match the LO

cross section with finite quark mass

r “ �
LO
i

�
LO
HTL

, (2.2)

where the cross section �i refers to either the top-bottom interference or the cross section with just a

top quark, we already capture most of the infrared divergences. This procedure is standard for top-

quark masses, like seen in HEFT (1.1), but for the top-bottom interference contribution, the rescaling

is merely a computational trick, and should by no means be used to incorporate finite bottom-mass

e↵ects. The only infrared divergence which is not yet removed stems from a soft or collinear splitting

of the two-loop form factors. After subtracting these left over divergences with the corresponding

splitting functions, the regulated squared matrix element

xM p0q
ggÑHg

|M p1q
ggÑHg

y |regulated ” xM p0q
ggÑHg

|M p1q
ggÑHg

y

ˆ
„
r xM p0q

ggÑHg,HTL|M p1q
ggÑHg,HTLy ` 8⇡↵s

t̂
xP p0q

gg

ˆ
ŝ

ŝ ` û

˙
y xM p0q

ggÑH
|M p1q

ggÑH
´ M

p1q
ggÑH,HTLy

⇢

xP p0q
gg pzqy “ 2CA

ˆ
z

1 ´ z
` 1 ´ z

z
` zp1 ´ zq

˙
(2.3)

is free of infrared singularity apart from logarithmic ones. Note that the splitting function also removes

the soft divergences. The regulated squared amplitude for qg ›Ñ qH is defined analogous with the

above splitting function replaced by

´ xP p0q
qq pzqy “ ´TF p1 ´ 2zp1 ´ zqq . (2.4)

The amplitude for qq̄ ›Ñ gH, on the other hand, has no additional singularities and no subtraction

is needed.

2.1 MS-scheme

Compared to the calculation in the OS-scheme, we need to introduce two modifications: first, the

running of the mass has to be considered, and second, the renormalisation of the amplitudes has to

be altered. The latter does not require us to redo the entire calculation from scratch, in fact the

MS-renormalised amplitudes can be easily derived from the OS-renomalised amplitudes. To do this

we first use the renormalisation scheme invariance of the quark mass

Z
MS
m m “ Z

OS
m m

OS (2.5)

to derive the relation between the OS- and the MS-renormalised masses

m
OS “ m

ˆ
1 ` c1

↵s

⇡
` c2

´
↵s

⇡

¯2
` Op↵3q

˙
. (2.6)

The mass-renormalisation constants were first derived in Ref. [38, 39]. The renormalisation procedure

must also be consistent with the used FS, that means in the 5FS, the bottom quark has to be massless

inside closed bottom loops even when renormalising the bottom mass. Similarly, we have to decouple

the top quark, and in the 4FS also the bottom quark quark, from the running of ↵s

↵
pnlq
s pµq “ ⇣p↵pnl`1q

s pµq, ln m
2

µ2
q↵pnl`1q

s pµq,

⇣p↵s, Lq “ 1 ` ↵s

4⇡

4

3
TFL `

´
↵s

4⇡

¯2
„

´14

3
` TF

ˆ
20

3
CA ` 4CF

˙
L ` 16

9
T
2
FL

2

⇢
.

(2.7)
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Gray, Broadhurst, Grafe, Schilcher `90

Here CF “ 4{3, CA “ 3, TF “ 1{2 and nl is the number of light quarks. We then use Eq. (2.6)

recursively to eliminate any residual logarithmic dependence on the OS mass and finally obtain

c1 “ CF

ˆ
1 ´ 3

4
ln

m
2

µ2

˙
,

c2 “ ´ 1

384
CF

ˆ
CA

ˆ
´132 log2

m
2

µ2
` 740 log

m
2

µ2
` 144⇣p3q ´ 1111 ` ⇡

2p32 ´ 96 logp2qq
˙

` 3CF

ˆ
´ 36 log2

m
2

µ2
´ 36 log

m
2

µ2
´ 96⇣p3q ` 71 ` 8⇡

2p8 logp2q ´ 5q
˙

` 4nlTF

ˆ
12 log2

m
2

µ2
´ 52 log

m
2

µ2
` 8⇡

2 ` 71

˙ ˙

´
ÿ

i

1

96
CFTF

ˆ
12 log2

m
2

µ2
´ 24 log

m
2

µ2
log

m
2
i

µ2
´ 52 log

m
2

µ2
` 32 log

m
2
i

µ2

` 48pxi ´ 1q2
`
x
2
i ` xi ` 1

˘
Li2p1 ´ xiq ´ 48

`
x
4
i ` x

3
i ` xi ` 1

˘
pLi2p´xiq ` logpxiq logpxi ` 1qq

` 48x
4
i log2pxiq ` 48x

2
i logpxiq ´ 16⇡

2px3
i ` xiq ` 72x

2
i ` 71

˙
,

(2.8)

where we defined xi “ mi

m
. The sum runs over all heavy quark flavours that are decoupled from the

running of ↵s. This includes m itself in case the corresponding quark is decoupled. Subsequently, the

amplitudes can simply be expanded to find the relation between the two schemes:

M
MS “ M

OS ` �M,

�M
p1q “ m

dM
OS,p0qpmq
dm

ˇ̌
ˇ̌
m“m

c1
↵s

⇡
,

�M
p2q “ m

d

dm

ˇ̌
ˇ̌
m“m

„
c1

↵s

⇡
M

OS,p1qpmq ` c2

´
↵s

⇡

¯2
M

OS,p0qpmq
⇢

` 1

2

´
mc1

↵s

⇡

¯2 d2
M

OS,p0qpmq
dm2

ˇ̌
ˇ̌
m“m

,

(2.9)

M
MS “ M

OS ` �M

�M
p1q “ mc1

↵s

⇡

dM
OS,p0q

dm

ˇ̌
ˇ̌
m“m

�M
p2q “ m

«
c1

↵s

⇡

dM
OS,p1q

dm

ˇ̌
ˇ̌
m“m

` c2

´
↵s

⇡

¯2 dM
OS,p0q

dm

ˇ̌
ˇ̌
m“m

�
` 1

2

´
mc1

↵s

⇡

¯2 d2
M

OS,p0q

dm2

ˇ̌
ˇ̌
m“m

(2.10)

where the superscript indicates the perturbative order in ↵s. For the cross section calculation, we take

the absolute square of the MS-renormalised amplitudes.

To compute the running of the quark masses, we use the public software package CRunDec [40] at

four-loop accuracy. For the reduction to master integrals of the real-virtual amplitudes we used a fixed

rational ratio of m
2
q{m2

H
. We therefore rationalise the evolved mass ratio and use it to generate the

grid points. We computed grids for five di↵erent quark masses, listed in tab. 1, and use cubic splines to

interpolate between these grids. The accuracy of the splines was verified by removing a mass grid and

recalculating the resulting cross-sections. The discrepancies between the recalculated cross-sections

and the original ones were below the Monte Carlo uncertainties, confirming the robustness of our

interpolation method.

– 5 –

Two possibilities:
1. Only Yukawa coupling in MS  à  Derivatives trivial since amplitude linear
2. Bottom mass always in MS  à Requires some work (derivatives, different mass value in integrals)

https://doi.org/10.1007/BF01614703
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• Much better convergence behavior in MS
• Using MS only for coupling vs. everywhere leads to similar results
• At NNLO, values for the first time compatible between MS and OS

'𝑚& '𝑚&  = 4.18 GeV

Czakon, FE, Niggetiedt, Poncelet, Schellenberger `23, `24
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double-realreal-virtualdouble-virtual

Table 1. Mass ratios used as Grid points. We choose Grid points close to the OS-mass of bottom and charm
quark, according to PDG recommendations [41] and MS-masses of the bottom quark at scales relevant for
7-point variation. We used mbpmbq “ 4.18 GeV, as recommended by the PDG.

Grid mass Value [GeV] Approximate ratio m
2
q{m2

H
Relative error [‰]

mb 4.78 1
684 0.2

mbpmHq 2.789 1
2011 0.9

mbpmH{2q 2.961 1
1782 0.2

mbpmH{4q 3.170 1
1557 1.0

mc 1.67 1
5602 0.1

Figure 2. Example diagram of the virtual-virtual corrections to Higgs production containing two fermion loops.
A full list of diagrams can be found in fig. 1 of Ref. [31]. With the bold fermion line a top quark and the other
a bottom quark, they constitute a new contribution in the 4-flavour scheme compared to the 5-flavour scheme.

Figure 3. Diagrams with two fermion loops contributing to the real-virtual corrections to Higgs production.
The set is complete except for permutations of external gluons and reversal of the bold-fermion-loop direction.
Initial-state quarks are massless, i.e. neither bottom nor top quarks when working in the 4-flavour scheme.
Quark-gluon initial states can be obtained from the quark-antiquark case by crossing. Relevance to the 4-
flavour scheme as in fig. 2.

2.2 4-flavour scheme

Up to this point we have used the 5FS, treating the bottom quark as massless except in closed fermion

loops that couple to the Higgs. This treatment is formally equivalent to introducing two versions of

the bottom quark: one with zero mass and another with finite mass which is absent from the proton.

Since the Yukawa coupling to the Higgs is an arbitrary parameter in QCD, all infrared poles and

gauge dependence must cancel independently of this parameter. This simple argument ensures that,

even though we only consider a subset of all Feynman diagrams allowed in the SM, the resulting cross

section will be internally consistent. Also, note that if the bottom quark mass is discarded while

maintaining a finite Yukawa coupling, the cross-section will vanish all together, as the scalar nature of

the coupling requires a helicity flip inside fermion loops. Although the above approach is consistent

in the framework of this calculation, the inhomogeneous treatment of light quark masses depending
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Table 1. Mass ratios used as Grid points. We choose Grid points close to the OS-mass of bottom and charm
quark, according to PDG recommendations [41] and MS-masses of the bottom quark at scales relevant for
7-point variation. We used mbpmbq “ 4.18 GeV, as recommended by the PDG.

Grid mass Value [GeV] Approximate ratio m
2
q{m2

H
Relative error [‰]

mb 4.78 1
684 0.2

mbpmHq 2.789 1
2011 0.9

mbpmH{2q 2.961 1
1782 0.2

mbpmH{4q 3.170 1
1557 1.0

mc 1.67 1
5602 0.1

Figure 2. Example diagram of the virtual-virtual corrections to Higgs production containing two fermion loops.
A full list of diagrams can be found in fig. 1 of Ref. [31]. With the bold fermion line a top quark and the other
a bottom quark, they constitute a new contribution in the 4-flavour scheme compared to the 5-flavour scheme.

Figure 3. Diagrams with two fermion loops contributing to the real-virtual corrections to Higgs production.
The set is complete except for permutations of external gluons and reversal of the bold-fermion-loop direction.
Initial-state quarks are massless, i.e. neither bottom nor top quarks when working in the 4-flavour scheme.
Quark-gluon initial states can be obtained from the quark-antiquark case by crossing. Relevance to the 4-
flavour scheme as in fig. 2.
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the bottom quark: one with zero mass and another with finite mass which is absent from the proton.

Since the Yukawa coupling to the Higgs is an arbitrary parameter in QCD, all infrared poles and

gauge dependence must cancel independently of this parameter. This simple argument ensures that,

even though we only consider a subset of all Feynman diagrams allowed in the SM, the resulting cross

section will be internally consistent. Also, note that if the bottom quark mass is discarded while
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the coupling requires a helicity flip inside fermion loops. Although the above approach is consistent

in the framework of this calculation, the inhomogeneous treatment of light quark masses depending
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Figure 4. Diagrams for the real radiation of a quark-antiquark pair in Higgs production. Permutation of
external particles and reversal of fermion-loop direction contribute additional diagrams. In the 4-flavour scheme,
radiation of massive bottom quarks has to be taken into account. Infrared divergences are regulated by the
finite mass and cancel with the contributions from Figs. 2 and 3. The shaded region in the first diagram might
be shifted to the PDFs in the 5-flavour scheme, whereas bottom quarks are absent from the inital state in the
4-flavour scheme.

b

b̄

b

b̄
t

Figure 5. Example diagram for a contribution to the bottom-bottom fusion channel at NLO in the 4FS. The
contribution is proportional to YbYt. Because the Higgs couples to an external bottom quark, it is not considered
in this calculation as a correction to gluon-gluon fusion.

on the loop structure is rather ad hoc and it is questionable if it will be compatible with electro-weak

corrections. It is therefore desirable to have an alternative computational framework without these

contentions. For that reason we also perform the calculation in the 4FS, in which the bottom quark is

always treated as a massive particle, and hence excluded from the proton PDFs. Then, amplitudes like

those depicted in fig. 2 or 3 exhibit logarithmic mass enhancements, which cancel once the radiation

of a massive quark pair (see fig. 4) is taken into account as well. These one-loop amplitudes are

computed with Recola [42, 43]. Note that we still exclude diagrams in which external bottom quarks

couple to the Higgs, as these diagrams as well as all the interference contributions are accounted for in

corrections to the bottom-bottom fusion production channel [44] in the 4FS (see fig. 5). Once again,

we can prove that this contribution on its own is gauge invariant and does not give rise to logarithmic

mass divergences by introducing a replica bottom quark. We let one of the bottom quarks couple to

the Higgs, while the replica has zero Yukawa coupling and is produced in the final state.

To validate that the cross section is free from any enhancements due to the bottom quark mass,

we computed the Higgs production cross section in top-induced gluon-gluon fusion within the HEFT

framework for various bottom quark masses. The results are presented in tab. 2. We found that the

4FS results for extremely low bottom quark masses are in very good agreement with the 5FS result,

– 7 –

• So far: b-quarks not coupled to the Higgs assumed as massless (5FS)
• While gauge-invariant, testing the effect of the neglected mass desirable à 4FS

• Exclude b-quark from initial state
• Infrared singularities regulated by finite 𝑚!, only sum of contributions free of log(𝑚!) divergences

Calculation of amplitudes equivalent to 5FS case
Amplitudes with Recola (Actis, Denner, 
Hofer, et al. `16)
Phase-space integration as separate 
calculation of LO Hbb production

https://arxiv.org/abs/1605.01090
https://arxiv.org/abs/1605.01090
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• Effects of 4FS concern b-quark not coupled to Higgs à also studiable within HEFT
• More stable calculation à can numerically test pole cancellation for small 𝑚!Table 4: HEFT cross section in the 5-flavour scheme and for di↵erent bottom-quark masses in the 4-flavour
scheme.

Order �HEFT [pb]
p

s = 13 TeV
5FS 4FS (mb = 0.01 GeV) 4FS (mb = 0.1 GeV) 4FS (mb = 4.78 GeV)

O(↵2
s
) +16.30 +16.27 +16.27 +16.27

LO 16.30+4.36
�3.10 +16.27+4.63

�3.22 +16.27+4.63
�3.22 +16.27+4.63

�3.22

O(↵3
s
) +21.14 +20.08(3) +20.08(3) +20.08(3)

NLO 37.44+8.42
�6.29 +36.35(3)+8.57

�6.32 +36.35(3)+8.57
�6.32 +36.35(3)+8.57

�6.32

O(↵4
s
) +9.72 +10.8(4) +11.2(4) +9.5(2)

NNLO 47.16+4.21
�4.77 47.2(4)+5.4

�5.4 +47.5(4)+5.4
�5.5 +45.9(2)+4.3

�4.9

Table 5: Comparison between the 4- and 5-flavour scheme.
Order (�t � �HEFT) [pb] �t⇥b [pb]

p
s = 13 TeV

5FS 4FS 5FS 4FS
O(↵2

s
) – – �1.975 �1.971

LO – – �1.98+0.37
�0.53 �1.97+0.39

�0.56

O(↵3
s
) �0.3029(2) -0.2669(2) �0.447(4) �0.455(4)

NLO �0.3029(2)+0.10
�0.17 �0.2669(2)+0.09

�0.16 �2.42+0.19
�0.12 �2.43+0.21

�0.13

O(↵4
s
) +0.147(1) +0.135(1) +0.434(8) +0.389(11)

NNLO �0.158(1)+0.13
�0.03 �0.132+0.12

�0.03 �1.99(1)+0.30
�0.15 �2.04(1)+0.29

�0.14
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• Convergence for small 𝑚!, seems like numbers approach 5FS value
• Effect of finite 𝑚! is ~3%, order of magnitude as estimated in Pietrulewicz, Stahlhofen `23
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• Top-bottom interference in the 5FS vs. 4FS

4FS PDF set: NNPDF31_nnlo_as_0118_nf_4

• Difference between schemes below scale uncertainties
• Small effect on already small contribution à Use of (simpler) 5FS justified

Czakon, FE, Niggetiedt, Poncelet, Schellenberger `24

Table 5. Top-bottom interference contribution to the gluon-gluon fusion cross section for various computational
setups. The results are computed for LHC @ 13 TeV using the NNPDF31 nnlo as 0118 PDF set. The central
scale is chosen at µR “ µF “ mH{2. The scale uncertainties are determined with seven-point variation.

Order �tˆb [pb]
?

s “ 13 TeV

5FS 5FS 5FS 4FS

mt “ 173.06 GeV mt “ 173.06 GeV mtpmtq “ 162.7 GeV mt “ 173.06 GeV

mbpmbq “ 4.18 GeV mb “ 4.78 GeV mbpmbq “ 4.18 GeV mbpmbq “ 4.18 GeV

Op↵2
sq ´1.11 ´1.98 ´1.12 ´1.15

LO ´1.11`0.28
´0.43 ´1.98`0.38

´0.53 ´1.12`0.28
´0.42 ´1.15`0.29

´0.45

Op↵3
sq ´0.65 ´0.44 ´0.64 ´0.66

NLO ´1.76`0.27
´0.28 ´2.42`0.19

´0.12 ´1.76`0.27
´0.28 ´1.81`0.28

´0.30

Op↵4
sq `0.02 `0.43 ´0.02 ´0.02

NNLO ´1.74p2q`0.13
´0.03 ´1.99p2q`0.29

´0.15 ´1.78p1q`0.15
´0.03 ´1.83p2q`0.14

´0.03

the masses of the gauge bosons are defined in the on-shell scheme by default, the mixed approach is

inconsistent. Ignoring this issue, we note that the main improvements to the perturbation series of

our problem are already captured by the mixed scheme. For the top-quark mass, the renormalisation

scheme seems to have very little impact on the final result. Lastly, the NNLO result in the 4FS is

5.2% lower than in the 5FS and agrees well within scale uncertainties. The magnitude of this decrease

is of a similar size as observed in HEFT (see tab. 2).

Similar to the total cross section, the Higgs-rapidity distribution due to the top-bottom inter-

ference (right panel of fig. 6) also shows that the MS renormalisation generally yields smaller scale

uncertainties. The di↵erent schemes are compatible within the estimated error bands. The Higgs-pT
distribution (left panel of fig. 6) reveals that the main improvement of the uncertainties comes from

the low-pT region, specifically the first bin below 10 GeV. For higher pT , the scale uncertainties are of

very similar size, and even slightly smaller for the OS scheme. At low pT , the e↵ect of finite bottom-

quark masses is highly relevant, reaching almost 8% of the total cross section, whereas the e↵ect is

almost negligible (below 1%) above 50 GeV. The rapidity distribution shows less-pronounced features,

closely resembling a constant shift of about ´4% across all rapidity bins. The pT distributions were

compared to ref. [23] for the OS-renormalised cross section (see fig. 8). We find good agreement except

for very low pT , where the central value is identical but our scale uncertainties are slightly smaller.

The MS-renormalised pT distribution was also successfully checked against ref. [24] (see fig. 9).

In figs. 7, we compare distributions in HEFT against the cross sections in full QCD3. As is well-

known, the pT distribution is very sensitive to the inclusion of finite-quark-mass e↵ects, as the large-pT
tail has a di↵erent scaling behaviour in HEFT. This can be understood from a simple dimensional

analysis. At very high pT , the only relevant mass scale is pT itself. d�{dp
2
T

has mass dimension ´4,

ergo in full QCD the tail must scale as
d�

dp
2
T

„ p
´4
T

. (3.2)

But in HEFT the cross section must always be proportional to 1{v2, where v is the vacuum expectation

value, because the Higgs-gluon coupling in HEFT always gives a factor of 1{v. Therefore the large-pT
tail in HEFT scales as

d�

dp
2
T

„ p
´2
T

v
´2 (3.3)

3Contributions without top quark couplings are excluded, since they are negligible. We also neglect couplings to

quarks lighter than the bottom quark.

– 10 –
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• 𝒑𝑻 distribution: Except for first bin (only 
there three-loop is needed), known from 
previous calculations of quark-mass 
effects on Higgs+jet at NLO                            
Lindert, Melnikov, Tancredi, Wever `17

• Caola, Lindert, Melnikov, et al. `18 
• Bonciani, Del Duca, Frellesvig, et al. `22

• Find agreement with known results

• Rapidity: New result, all bins contain 
genuine three-loop corrections

• Mass-effects barely affect shape of 
distribution, but shift it downwards

https://arxiv.org/abs/1703.03886
https://arxiv.org/abs/1804.07632
https://arxiv.org/abs/2206.10490
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• Full theory: At very high 𝑝5, only scale is 
𝑝5 à 𝑑𝜎/𝑑𝑝5# ∼ 1/𝑝56

• Effective theory: dimensionful coupling      
à 𝑑𝜎/𝑑𝑝5# ∼ 1/(𝑣#𝑝5#)
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• Complete analysis of top-bottom-interference effects 
on the Higgs production cross section at NNLO

• Addresses one of the leading theory uncertainties

• 𝑀𝑆 scheme shows better perturbative convergence 
than OS scheme

• Good agreement between 4- and 5-flavor scheme

• Differential distributions, including novel rapidity 
spectra
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DiaGen
Czakon (private)

FORM
Vermaseren `00

Kira⊕FireFly
Klappert, Lange, et al. `20

• Variables: �̂�, �̂�, /𝑢, 𝑚"
# , 𝑚$

#

• Introduce dimensionless variables 
and fix ratio 𝑚$

# / 𝑚"
#

• 𝑧 parametrizes soft limit
•  𝜆 parametrizes collinear limit

~𝑧

~𝜆

~1
− 𝜆

à Solve master integrals with differential equations in 
𝑚'
(/𝑚)

( , 𝑧, and 𝜆

à Boundary conditions: *!
"

*#
" → ∞ with large-mass expansion

𝑧 = 1-𝑚/
0 /�̂� 

𝜆 = �̂�/(�̂�+(𝑢)
�̂�/�̂� = 𝑧 𝜆 
(𝑢/�̂� = 𝑧 (1-𝜆)

https://arxiv.org/abs/math-ph/0010025
https://arxiv.org/abs/2008.06494
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• Create grid with numerical values of squared amplitude
• Subtract IR singularities: 

à Interpolate to any phase-
space point with cubic 
splines

à Add back subtracted terms 
using analytical expression



Bonciani, Del Duca, Frellesvig, et al. `16
Bonciani, Del Duca, Frellesvig, et al. `19
Frellesvig, Hidding, Maestri, et al. `19

A,B,C,D:
F:
G:

Contributions with two closed fermion chains 
are always factorizable:

vanishing color factor Elliptic sector

Real-virtual corrections



Parametrization

~𝜆

~𝑧

• Variables: �̂�, �̂�, /𝑢, 𝑚6
7 , 𝑚8

7

• Introduce dimensionless variables 
and fix ratio 𝑚8

7/𝑚6
7

Ø 𝑧 parametrizes soft limit
Ø 𝜆 parametrizes collinear limit

𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)

�̂�/�̂� = 𝑧 𝜆 
/𝑢/�̂� = 𝑧 (1-𝜆)

𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚9
7/𝑚6

7  = 23/12
𝑚:
7/𝑚6

7  = 1/684
Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)



𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚9
7/𝑚6

7  = 23/12
Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

Evolution of differential equations

𝑧+,-  = 1 - *#
"

.*!
"

For 𝑚+
(/𝑚)

(  = 
23/12:
𝑧+,-  = 20/23 ≈ 0.87



Evolution in the (𝑧,𝜆)-plane 𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚9
7/𝑚6

7  = 23/12
Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

Poles of 
differentia
l 
equations 
in 𝜆



Evolution in the (𝑧,𝜆)-plane 𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚9
7/𝑚6

7  = 23/12
Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

Boundaries 
from 
numerical 
integration in 
the mass

Collect numerical 
samples for MI 
along straight 
integration contours



Evolution in the (𝑧,𝜆)-plane

Region below 
threshold 
covered by 
LME

LME
𝓞((1/𝑚'

()./)

𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚9
7/𝑚6

7  = 23/12
Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)



𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚:
7/𝑚6

7  = 1/684
Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

Evolution of differential equations

𝑧+,-  = 1 - *#
"

.*!
" < 0



Evolution in the (𝑧,𝜆)-plane

Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚:
7/𝑚6

7  = 1/684

Poles of 
differentia
l 
equations 
in 𝜆



Evolution in the (𝑧,𝜆)-plane

Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚:
7/𝑚6

7  = 1/684

Boundaries 
from 
numerical 
integration in 
the mass

Collect numerical 
samples for MI 
along straight 
integration contours



Evolution in the (𝑧,𝜆)-plane

Range of parameters:
• 𝜆 ∈ (0,1)
• 𝑧 ∈ (0,1)

𝑧 = 1-𝑚6
7 /�̂� 

𝜆 = �̂�/(�̂�+/𝑢)
𝑚:
7/𝑚6

7  = 1/684

Exploit 
symmetry of 
the problem 
at the 
amplitude 
level!



• Collected 2×100 numerical samples for MIs at 𝑚+
(/𝑚)

(  by
evaluation of the LME and numerical evolution above threshold

• Collected 1×100 numerical samples for MIs at 𝑚&
(/𝑚)

(  via
numerical evolution in the entire phase space

Construction of amplitudes
Insert into form factors and 
construct helicity amplitudes

Interference
gg-channel


